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THIS 

TRANSLATION AND COMMENTARY 

ARE DEDICATED, BY THE AUTHOR, 

<To tïje JWewotg of ïjts 

MARY BOWDITCH; 

WHO DEVOTED HERSELF TO HER DOMESTIC AVOCATIONS WITH GREAT JUDGMENT, UNCEASING 

KINDNESS, AND A ZEAL WHICH COULD NOT BE SURPASSED ; 

TAKING UPON HERSELF THE WHOLE CARE OF HER FAMILY, 

AND THUS PROCURING FOR HIM THE LEISURE HOURS TO PREPARE THE WORK ; 

AND SECURING TO HIM, 

BY HER PRUDENT MANAGEMENT, 

THE MEANS FOR ITS PUBLICATION IN ITS PRESENT FORM, 

WHICH SHE FULLY APPROVED ; 

AND 

WITHOUT HER APPROBATION THE WORK WOULD NOT HAVE BEEN UNDERTAKEN. 
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The children of the late Dr. Bowditch feel assured that every 

reader of this Translation and Commentary will be desirous to 

know something of the life and character of him who planned 

and executed so vast a work, and of her to whose memory it is 

dedicated. We have been blessed in our parents far beyond the 

lot of others. Such a father and such a mother are but rarely 

given by Heaven to any one. Both now sleep in the grave ; and 

our kindred dust will soon be mingled with theirs in that last 

resting-place. But after the lapse of many years, this work, 

devoted to the elucidation of one of the most abstruse and profound 

subjects of human investigation, will still endure, a memorial of 

the genius of its author. Upon this monument we would inscribe 

our filial tribute — a record of the parents’ virtues, of the children’s 

gratitude and affection. 

Nathaniel Bowditch was born at Salem, in Massachusetts, 

March 26, 1773, being the fourth of seven children of Habakkuk 

Bowditch, by his wife Mary, who was the daughter of Nathaniel 

Ingersoll. His ancestors had always resided in that place from 

its earliest settlement, having been, for the four last generations, 

ship-masters. Tradition has handed down the fact, that three 

VOL. IV. c 
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brothers, Jonathan, Joel, and William Bowditch, emigrated to this 

country from England, and, as is believed, from the city of Exeter, 

or its immediate vicinity. William became an inhabitant of Salem 

in 1639. His humble situation in life may be inferred from the 

title of “ Goodman,” by which he is mentioned, as distinguished 

from the more dignified appellation of “ Mr.” He was living in 

1649, in which year he had a grant of thirty acres of land from 

the town. The time of his death is unknown. 

He left an only child, of the same name, who was born in 

1640, and died in 1681. He was collector of the port of Salem 

under the Colonial government, and owned a warehouse and 

other real estate, and several small vessels, but died insolvent. 

He likewise left an only child, also named William, who was born 

in September, 1663, and died May 28, 1728, in the sixty-fifth 

year of his age. He was actively engaged as a ship-master for 

many years, and was well known as an enterprising merchant. A 

dangerous rock in the channel of the harbor, of which the original 

Indian name was “ Tenapoo,” still bears the name of “ Rowditch’s 

Ledge,” which was given to it in consequence of a vessel called 

the “ Essex Galley,” under his command, having struck upon it 

about the year 1700. He was for many years one of the selectmen 

for managing the affairs of his native town, and served also, during 

several sessions, as a representative in the General Court of the 

Province. He married, August 30, 1688, Mary, the daughter of 

Thomas Gardner, Esq., a wealthy merchant. She died in 1724, 

four years before her husband. He left an estate valued at between 

four and five thousand pounds. The grave-stones of both husband 

and wife are still to be seen in the burial-ground at Salem, 
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though the inscriptions are partially effaced. There were eleven 

children from this marriage, the seventh of whom was Ebenezer, 

who was born April 26, 1703, and died February 2, 1768, also 

in the sixty-fifth year of his age. He was the only son of this 

numerous household who left male descendants, and thus became 

the common ancestor of all who now bear the family name in 

Salem. He married, August 15, 1728, Mary, the daughter of 

the Hon. John Turner, one of the most distinguished citizens of 

Salem, long a member of the Provincial Council, and well known 

in the local history of that time. The annalist of Salem says of 

him, “ His deserts were equal to his honors,” * 

Ebenezer Bowditch preserved through life an irreproachable 

character, and possessed in a high degree the confidence and 

respect of the community. He pursued his father’s occupation, 

but, as it seems, without much success, since he left but little 

property at his death. His wife survived him till May 1, 1785, 

living in reduced circumstances, and being dependent upon her 

young grandson, the subject of this memoir, for many little 

attentions, by which her declining years were rendered more 

comfortable. They had six children, of whom the fifth was 

Habakkuk, born in 1738. He also was in early life a ship-master, 

and, as was the custom of that day, learned the trade of a 

cooper, a practical acquaintance with which was then deemed 

an important, though subordinate qualification for the discharge 

of the appropriate duties of his situation. At the commencement 

of the revolutionary war, he met with misfortunes in business, 

* Annals of Salem, from its first Settlement; by Joseph B. Felt; p. 423. 
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by which his circumstances became very much reduced ; and he 

was so disheartened, that he had not the energy to attempt to 

retrieve them. He subsequently worked at the trade of a cooper, 

which he had originally learned from the motive above stated. 

But he was able in this manner to earn only a scanty subsistence 

for his wife and children. Some idea may be formed of his 

poverty, from the circumstance that, for many successive years, 

he received fifteen or twenty dollars annually from the charity 

funds of the Salem Marine Society, of which he was a member, 

deriving from this sum, small as it was, quite an essential aid 

toward the support of his family. He was a man very remarkable 

for strong natural good sense, but had enjoyed no advantages 

of education. He was an attentive observer and an intelligent 

judge of men and events as they passed before him. He was 

extremely conversant with the Scriptures, and entertained liberal 

and enlightened views on the subjects of religion and revelation. 

He possessed a cheerful temper and an amiable disposition. But 

having yielded to the reverses which he had encountered, and 

which would but have stimulated others to greater efforts, he 

outlived those prospects of usefulness and happiness, which, 

upon his entrance into life, seemed to be within his reach. Upon 

one occasion, his son, alluding to the latter years of his father’s 

life as having been less happy than his earlier ones, expressed 

the hope that he might not himself “ live too long.” Habakkuk 

Bowditch was married July 23, 1765, and died July 18th, 1798, 

at the age of sixty years. 

Mary, the wife of Habakkuk Bowditch, had died December 16, 

1783. She was an excellent woman, discharging all the duties 
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of life with exemplary fidelity. By her death Dr. Bowditch 

was deprived of his earliest and best friend, at the age of ten 

years. Bat there can be no doubt that she had lived long enough 

to exercise a most salutary influence over her son’s mind, and 

that it is in a great degree to the teachings and example of this 

pious and affectionate mother, that we may trace the inflexible 

integrity, the unwavering love of truth, and the high moral 

principle, for which he was through life distinguished. From her 

he learned his first lesson as to the value of truth. While a child, 

playing behind his mother’s chair, he had, unobserved by her. 

unrolled a ball of yarn, from which she was knitting, and involved 

it in inextricable confusion. When she discovered the mischief, 

and addressed him with some severity of manner, he denied having 

done it. She at once entered into a very serious conversation 

with him, and while she told him that the original matter of 

offence was but trifling, she explained to him so fully the 

meanness and criminality of falsehood, and urged him with 

so much earnestness never again to be guilty of it, that this lesson 

of his infancy became indelibly impressed upon his heart. He 

was always a favorite child. She was interested in the early 

development of his character and talents, and, it is said, was 

sometimes obliged even to restrain and check his fondness 

for study, as being excessive. She has been heard to say that he 

would be “ something decided.” To use his own expression, “ she 

idolized him ; ” and he never spoke of her but in terms of the 

most respectful and affectionate remembrance. Her excellent 

influence extended to all her children. They grew up together, 

as one observed of them, “ a loving household,” remarkable 

d VOL. IV. 
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as a family for their excellent moral character and their strong 

mutual attachment. 

Dr. Bowditch survived all his brothers and sisters for nearly 

thirty years. The eldest, Mary, bom March 27, 1766, took upon 

herself, after her mother’s death, the whole charge of the family, 

and almost supplied, towards the younger children, the place of 

that excellent parent whom they had lost. She married, April 

20, 1791, Mr. David Martin, a ship-master, who died a few years 

afterwards. She herself died December 2, 1808, at the age of 

forty-two years, leaving to her brother’s care an only child, who 

afterwards always resided in his family, repaying his kindness 

by the attentions of a daughter, and being to us as an elder 

sister. As such, she unites with us upon the present occasion. 

The second child, Habakkuk, was born May 2, 1768, and 

was drowned in Boston about forty years ago. It is not known 

that he manifested any peculiar taste for the study of mathematics. 

The third child, Elizabeth, was bom May 16, 1771, and died 

December 9, 1791, in consequence of a fall down a flight of 

steps, having lingered in great agony a short time after the 

accident. Dr. Bowditch often mentioned, with much emotion, the 

circumstances of the death of this sister, who, being but two 

years older than himself, had always been the object of his 

peculiar regard and affection. In the midst of life and health, 

and with a countenance radiant with smiles and joy, she was 

about to leave her friends for a few moments, when a single 

misstep removed her from them forever. 
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The fifth child, William, was born May 5, 1776. He 

embraced a sea-faring life, and, while absent upon one of his 

voyages, died at Trinidad, in the autumn of 1799, at the age 

of twenty-three years. He was quite as remarkable for his 

mathematical talents as his elder brother, and, had he lived, 

might perhaps have been equally distinguished for the successful 

cultivation of this branch of science. In the first edition of the 

Practical Navigator he is mentioned as the author of one of 

the notes to Table XIV. Dr. Bowditch delighted to speak 

of the purity, and almost holiness of character of his brother 

William ; and another, who knew well his early virtues, has 

said of him, “ He was sanctified from his birth.” 

The sixth child, Samuel, was born September 13, 1778, and 

died April 5, 1794, at the age of sixteen years. He also possessed 

great quickness at mathematical calculations. But he pursued 

his studies with a waywardness and eccentricity which would 

probably have prevented his acquirements from being as great 

as might have resulted from a more regular and systematic 

cultivation of his naturally excellent talents. 

The seventh child, Lois, was horn March 29, 1781, married 

her cousin, Mr. Joseph Bowditch, September 28, 1806, and died 

without children, July 29, 1809, aged twenty-eight years. The 

eldest and youngest daughters only of this family were married, 

and they were also both on their death-beds at one time and place, 

prostrated by the same fatal disease, consumption.* Dr. Bowditch, 

* One of them, at this time, presented to the eldest child of Dr. Bowditch a little silver 
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in his last illness, said that it had always been a source of pleasure 

to him to remember that these sisters, when dying*, had each told 

him that he had been through life a good brother to them ; 

“ but,” added he, “ it gives me greater pleasure now than ever 

before.” He also said that “ they died with the calmness of two 

Stoics.” He once mentioned that, in settling the estate of his 

deceased sister, the Judge of Probate thought that he had 

discovered a mistake in the fact that the estate had not been 

represented insolvent, although more money had been paid away 

than had been received. The matter was explained, however, 

by the statement of the administrator, that he should have felt 

himself disgraced by leaving undischarged the few small debts 

incurred by his sister, chiefly during her last illness, while he 

possessed any means of his own with which to pay them. 

Such were the parents and such the brothers and sisters 

of Dr. Bowditch ; and amid the domestic influences which have 

been described were the years of his infancy and childhood passed. 

Many amusing and interesting incidents of this period of his life 

might be mentioned. It was one to which he himself always 

recurred with pleasure, as having been very happy, notwithstanding 

its many privations. If he was obliged, from motives of economy, 

to wear the thin garments of summer when the near approach of 

winter made them less comfortable, he would reply to the laugh 

of his schoolmates or playfellows by charging them with effeminacy 

for preferring warmer clothing. If, as was often the case, he sat 

medal, bearing upon it their names, and the inscription, “Virtue and Religion lead to 

Happiness.” Such had been the result of her own experience. 
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down to a dinner consisting chiefly of potatoes, he felt that a 

mealy potato was as good fare as he desired. He humorously 

described one occasion, upon which, when sent to buy a warm 

loaf of bread for breakfast, he found himself unable, on his way 

home, to resist the temptation of gradually eating out the soft part, 

so that, upon his arrival, the upper and under crusts had come in 

contact. Possessing health and activity of body, he engaged at 

one moment with earnestness and ardor in all the amusements 

of boyhood, and in the next returned with increased pleasure to 

his studies. Yielding sometimes to the impulse of the moment, 

as in the instance last cited, he committed trifling indiscretions, 

but nothing mean or vicious was ever developed in his character. 

Blessed with a joyous and happy temper, he contentedly 

accommodated himself to the necessities of his situation. The 

son of a poor mechanic, with no expectations from family or 

friends, he had within him an energy of purpose by which he 

was finally to surmount all obstacles. 

While he was yet in his infancy, his father removed with 

the family from Salem to the adjoining village of Danvers, and 

resided there several years. The house which he occupied is still 

standing. It is a humble cottage. The main building, as seen in 

front, exhibits but one door and one window. It was here that 

his mother first showed him the slight crescent of the new moon, 

and the fuller orb of the harvest moon, and perhaps first awakened 

in his mind a curiosity to know more of the nature and laws 

of the planetary system. He here received instruction from a 

school-mistress, whose aged relatives still live in the immediate 

vicinity, and by whom it is distinctly remembered that he was 

vol. iv. e 
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“ a likely, clever, thoughtful boy ; ” that “ his instructress took 

mightily to him ; ” that “ he was the best scholar she ever 

had ; ” that “ he learnt amazing fast, for his mind was fully given 

to it;” and that “ he did not seem like other children; he 

seemed better.” 

Upon the return of the family to Salem, he was sent, at the 

age of seven years and three months, to the best school in the 

town, kept by a Mr. Watson. The character of this “ seminary 

of learning ” may perhaps be better realized from the following 

circumstances than from any more general or elaborate description 

of it. There was but one dictionary in the school ; and a 

gentleman, who was a fellow-pupil with Dr. Bowditch, never 

saw one while he was there. Each day, the scholars were 

called upon to spell aloud, all together, in chorus, the word 

honorificabilitudinity;* spelling and pronouncing the first syllable, 

then the two first, three first, &c., which process, applied to the 

whole word, of course occupied several minutes. He early 

showed a great fondness for mathematics ; but, on account of 

his extreme youth, his master, it is said, refused to permit him 

to enter on that branch of study until he had obtained and 

produced from his father a special request to that effect. He, 

upon one occasion, solved a problem in arithmetic, which the 

instructer thought must be above his comprehension, and therefore 

charged him with having procured the assistance of some older 

scholar, giving him a severe reprimand for the attempt to deceive 

him. The timely interference and explanations, indeed, of his 

* This word, meaning honor, may be found in Bailey’s English Dictionary; and 

Shakspeare uses honorificabilitudinitatibus, in Love’s Labor Lost, Act 5, Scene 1. 
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eldest brother, saved him from any actual chastisement ; but this 

indignity and act of injustice Dr. Bowditch never forgot. 

But even the slight elementary instruction which he might 

have obtained at this school, he was obliged to forego altogether 

at the age of ten years and two months, when he was taken by 

his father into his cooper’s shop, that he might by his labor assist 

in the support of the family. After remaining here a short time, 

he entered as a clerk or apprentice into the ship-chandlery shop of 

Messrs. Ropes and Hodges, when he was about twelve years of 

age. In this shop he remained till his employers retired from 

business, at which time, as early as 1790, he entered the similar 

shop of Mr. Samuel Curwin Ward, where he remained until he 

sailed on his first voyage, in 1795. Here, when not engaged in 

serving customers, he spent his time in reading, and particularly in 

the study of mathematics, for which he then felt a confirmed and 

decided taste. Upon one occasion, a visiter entered the shop, and, 

looking at the two clerks, one of whom was asleep behind the 

counter, and the other diligently occupied with his slate and 

pencil, smiled and said, “ Hogarth’s apprentices ! ” Another visiter 

observed that, if he kept on ciphering so, he had not any doubt 

that, in time, he would become an almanac maker! And in fact, 

in the year 1788, he computed an almanac for the year 1790, 

which is still preserved in his library, being one of the most 

curious, if not most valuable, manuscripts in that collection. It 

is also stated that he occasionally tried his dexterity at 

philosophical experiments ; one instance mentioned being that, 

while in the shop of Ropes and Hodges, he constructed quite a 

curious barometer. There is now in his library, also, among 
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other similar articles, a very neat wooden sun-dial, which he 

made in the year 1792. 

These pursuits were, however, only the amusement of his 

leisure hours. He never allowed them to interfere with the 

discharge of his duty towards his employers. Upon one occasion, 

indeed, a customer called and purchased a pair of hinges, at a 

time when the young clerk was deeply engaged in solving some 

problem in mathematics, which he thought he would finish 

before charging the delivery of them upon the books, and when 

the problem was solved, he forgot the matter altogether. In a 

few days, the customer called again to pay for them, when Mr. 

Hodges himself was in the shop. The books were examined, 

and gave no account of this purchase. The clerk, upon being 

applied to, at once recollected the circumstance, and the reason of 

his own forgetfulness. From that day, he made it an invariable 

rule to finish every matter of business which he began, before 

undertaking any thing else. Upon his recommendation, given 

quite late in life, one of his sons adopted as a motto for a seal, 

“ End what you begin.” He has himself more than once said, 

that he never forgot the hinges. 

Having once heard, in 1787, from his brother William, a vague 

account of a method of working out problems by letters, instead 

of figures, he succeeded in borrowing the book which contained 

it, and was so much interested and excited by his first glance 

at algebra, that he could not get the least sleep during the whole 

of the next night. An old British sailor, residing at Salem on half 

pay, and who ended his days as an inmate of the Greenwich 
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Hospital, taught him the elements of navigation ; and when they 

last met, as he was about to embark for Europe, he patted him on 

the head, saying, “ My boy, you have a taste for these things : 

keep on studying, and you will be a great man yet:” — an approval 

which greatly stimulated and encouraged him. He rose each 

day at the earliest dawn, and devoted his morning hours to study. 

He has often been heard to say, that the time which he thus 

gained from sleep, gave him, substantially, all his mathematics. He 

passed the long winter evenings, too, by the kitchen fireside of his 

employer, Mr. Hodges, —which his diffidence, as well as the security 

it offered him from interruption, led him to prefer to the parlor, — 

quietly engaged in his favorite pursuit ; and occasionally, it is said, 

also rocking, at the same time, the infant’s cradle, at the request 

of the attendant, who wished to be doing something else. 

It happened that Mr. Hodges and another gentleman owned 

together in moieties a very irregularly-shaped field in Salem, 

and wished to divide it. Accordingly, the young apprentice 

undertook to make the proposed survey and division, and 

completed the task with the most minute accuracy. The 

co-tenant, however, refused to abide by this survey, since he 

thought that, as it was made by one who was in the employment 

of Mr. Hodges, it was probable that there had been an unfair bias 

in his favor. A regular surveyor was then employed, and Dr. 

Bowditch, who was very indignant at the suspicions entertained 

in regard to his own result, said that he could not help feeling a 

malicious pleasure when he found that the gentleman alluded to 

received for his half part several square feet less than he was 

entitled to. In 1794, he was employed by the town to assist 

/ VOL. IV. 
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Captain John Gibaut in making a survey' of Salem, which labor 

he accordingly performed ; and the exact area of the town, as 

ascertained by this survey, was computed by him. 

Being very fond of books, and having no guide in the selection 

of them, his reading in early life was of the most miscellaneous 

character. Thus he read through the whole of Chambers’s 

Encyclopaedia, in four folio volumes, without omitting an article ; 

and, as his memory, except as to persons and names, was 

wonderfully retentive, he in this manner acquired a fund of the 

most varied information. His intimate friends have often been 

surprised at finding him quite conversant with subjects apparently 

the most foreign from his favorite studies ; and one of the most 

profound scholars among them observed, that he could hardly 
H 

form an adequate estimate of the extent of his general attainments. 

He was an ardent admirer of Shakspeare, whose most beautiful 

passages were treasured up in his memory from earliest youth. 

His familiarity with the Old and New Testament was very great, 

surpassing that of many professed theologians. The family Bible, 

which he first read, is still preserved, having in it a curious 

map of the wanderings of the Israelites, and various engravings 

calculated to awaken that interest in the young reader, which 

every subsequent perusal in manhood and old age has a tendency 

to strengthen and confirm. Through the kindness of his friends, 

and especially of Dr. Prince and Dr. Bentley, both Unitarian 

clergymen of Salem, the former of whom was distinguished for his 

fondness for natural philosophy, he obtained the use of books which 

would otherwise have been unattainable by him. It happened 

that, in his youth, the extensive scientific library of the late Dr. 
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Richard Kirwan was captured in the British Channel by a 

privateer fitted out from Beverly, the next town to Salem. 

The enlightened and liberal owners of the vessel permitted the 

library thus captured to be sold at a very low rate to an association 

of gentlemen in Salem, and it became the basis of the present 

Salem Athenæum.* From this extremely valuable library, which 

was a better one than then existed in any part of the United States, 

except at Philadelphia, he obtained leave freely to take out books, 

and to consult and study them at pleasure. Among its treasures 

were the Transactions of the Royal Society of London. All the 

mathematical papers in these Transactions, and many scientific 

works, were wholly or partially transcribed by him, and are still 

preserved in his library, contained in more than twenty folio and 

quarto common-place books and other volumes. And this immense 

labor he was obliged to undergo chiefly from his inability to 

purchase the books in question, — which he wished to have by 

him permanently, for the purpose of convenient reference, — and 

partly, perhaps, from his desire to impress their contents more 

strongly upon his memory than could be done by a mere perusal. 

The title-page of one of these volumes states that it contains, 

with the next volume, “ A complete Collection of all the 

Mathematical Papers in the Philosophical Transactions ; Extracts 

from various Encyclopaedias, from the Memoirs of the Paris 

* It is an interesting fact, that, many years afterwards, “ an offer of remuneration was 

made to Dr. Kirwan, who respectfully declined it, expressing his satisfaction that his valuable 

library had found so useful a destination.”—An Eulogy on the Life and Character of 

Nathaniel Bowditch, LL. D., F. R. S., delivered at the Request of the Corporation of the 

City of Salem, May 24, 1838; by Daniel Appleton White; p. 43. 
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Academy ; a complete Copy of Emerson’s Mechanics ; a Copy of 

Hamilton’s Conics ; Extracts from Gravesande’s and Martyn’s 

Philosophical Treatise, from Bernoulli, &c. &c.” He always 

read with close attention, and endeavored to ascertain the exact 

meaning of every word about which he was doubtful. This led 

him, in after life, to collect around him dictionaries, which he 

constantly consulted. He had more than one hundred in his 

library. 

He began to learn Latin, January 4, 1790, without an instructer, 

that he might read Newton’s Principia, which he had before 
f 

attempted to understand by means only of his knowledge of 

mathematical subjects and the various equations and diagrams 

which it contained. He now read a copy of Euclid, which had 

been given him by his brother-in-law, Mr. Martin, and which was 

once the property of Dr. Mather Byles, a clergyman of Boston, 

distinguished for his humor and eccentricity. The book still 

retains his original pencil marks, recording the meaning of the 

simplest Latin words — “ tarnen, nevertheless ; rursus, again ; ” 

&c. He had previously read Euclid in English, and the letters 

“ Q. E. D.,” which had remained an impenetrable mystery to him 

on his previous attempt to read the Principia, were now explained 

by the “quod erat demonstrandum ” which he here discovered ; 

but he was for a long time perplexed by the words “ mutatis 

mutandis,” and unable to conjecture what particular change they 

indicated. He had received from Dr. Bentley a copy of the 

Principia, which had formerly been presented by that gentleman 

to a young friend, who kindly consented to relinquish his prior 

claims ; and this work he at last mastered, as he had done Euclid 
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before. The Hon. Nathan Reed, then an apothecary in Salem, 

afterwards a member of Congress, being himself fond of scientific 

pursuits, was attracted by this love of science manifested by Dr. 

Bowditch, and formed an intimate acquaintance with him. In his 

shop was an assistant who was a schoolmate and friend of Dr. 

Bowditch, and here their Sunday evenings were often passed 

together. Mr. Reed states as a fact, that Dr. Bowditch, while 

in Mr. Ward’s employment, actually translated Newton’s Principia 

into English. No such translation is, however, now to be found 

among his papers; though translations of parts of it, indeed, are 

contained in the manuscript volumes before mentioned. In a 

similar manner, and from the same motive, he acquired the 

elements of the French language ; to perfect himself in which, 

he took lessons during sixteen months, from a foreigner then in 

Salem, whom, in return, he instructed in English. At first, he 

declined learning the pronunciation, as a matter which could not be 

of any use to him ; but at last, the foreigner was so shocked at 

hearing him read the words parlez vous, &c., as if these had been 

English, that he almost insisted upon instructing him in the true 

pronunciation, telling him that it might be of importance in the 

business of life. And in fact, he had scarcely learned it, before 

his first voyage was decided upon, and to a French port, where 

he was thus enabled to act as a successful interpreter. 

Excepting a few lessons which he took in book-keeping from 

Mr. Michael Walsh, it is believed that he received no other 

regular instruction after leaving school. But it has been stated 

that Drs. Bentley and Prince rarely passed his employer’s 

shop, without stopping to converse with him ; and thus, perhaps, 

g VOL. IV. 
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by the interest he had awakened in their minds, he had secured 

to himself the gratuitous and invaluable assistance of the two ablest 

instructers whom the town then contained. The world, indeed, 

was his school, and Nature herself his best instructer. She offers 

her lessons to all, though many overlook or disregard her teachings. 

But his was one of those powerful intellects which only at intervals 

appear among men : it was stimulated and aroused to action by 

that sternest though best of monitors, necessity ; and it mastered 

every thing within its reach. Dr. Bowditch never considered that 

the obstacles in his path had the slightest tendency to retard his 

progress. On the contrary, he felt that they afforded him a foot¬ 

hold by which that progress was rendered more sure and steady. 

Much as he valued all the “ means and appliances ” of learning, 

— and he did value them beyond all price, — he thought it a great 

disadvantage to any one to be born and educated in the midst of ease 

and luxury, even though surrounded with every facility for mental 

cultivation ; since, to such a one, the needful stimulus or inducement 

to use the means within his reach would be almost surely wanting. 

He often mentioned with approbation, as containing much truth, 

the remark of a distinguished French mathematician to a young 

pupil, whose ready and intelligent answers had awakened his 

interest, and who, in reply to the question of his instructer, had told 

him his parentage and situation in life, — “Ah ! I am sorry. You 

are too rich. You must give up mathematics.” One remarkable 

exception, indeed, to this rule, Dr. Bowditch readily admitted in 

the instance of him whose genius reflected as bright a lustre on 

the noble house of Cavendish as had been received from it.* 

* “ En sorte qu’il n’y a nulle témérité à présager qu’il fera rejailler sur sa maison autant de 

lustre qu’il en a reçu d’elle.” — Cuvier’s Eulogy on Cavendish, before the Institute of France. 
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In the manuscript volumes before mentioned are often 

contained the precise dates at which he was studying and 

recording the mathematical papers there collected, and occasionally 

they contain mottoes or sentiments upon other subjects. Thus the 

title-page of one of them, under the date of December 13, 1794, 

has the well-known quotation, “ Nullius addictus jurare in verba 

magistri.” A minute analysis, indeed, of these volumes, in a 

more extended biography, might perhaps enable the reader to 

trace, step by step, the mental progress of Dr. Bowditch. It 

is only necessary, however, here to state, that he who, at the age 

of twenty-one years, had read the immortal work of Newton, was, 

even then, unsurpassed, and probably unequalled, in mathematical 

attainments by any one in the commonwealth. Those habits were 

then formed which were to render him as eminent among men of 

business, as, by his talents and acquirements, he was to become 

eminent among men of science. And his character, also, then 

exhibited all those beautiful and harmonious elements which it 

ever afterwards retained. That deep religious principle, which 

sustained and cheered him in the last hours of his life, had guided 

his boyhood, and was now the familiar and inseparable companion 

of his mature years ; and already were displayed those various 

social and personal virtues, which were to render him a moral 

exemplar to the community in which he lived. 

Dr. Bowditch began life with the same pursuits which his 

ancestors had followed for so many generations. Between the 

years 1795 and 1804, he made five voyages, — performing the first 

in the capacity of clerk, and the three next in that of supercargo, — 



28 MEMOIR. 

all under the command of Captain Henry Prince, of Salem. On 

his fifth and last voyage, he acted as both master and supercargo. 

He sailed upon the first of these voyages, January 11, 1795, in the 

ship Henry, bound to the Isle of Bourbon, and was absent exactly 

one year. His three next voyages were in the ship Astrea, which 

sailed, in 1796, for Lisbon, Madeira, and Manilla, and arrived at 

Salem in May, 1797 ; and again in August, 1798, sailed for Cadiz, 

thence to the Mediterranean, loaded at Alicant, and arrived at 

Salem in April, 1799; and in July, 1799, sailed from Boston to 

Batavia and Manilla, and returned in September, 1800; — and his 

fifth voyage was in the Putnam, which sailed from Beverly, 

November 21, 1802, bound for Sumatra, and arrived at Salem 

December 25, 1803. 

He has related that, upon the first of these voyages, he carried 

out, as an adventure, a small box of shoes, which article proved 

on his arrival at the Isle of Bourbon to be in great demand. 

He sold them for about three times the first cost, and having 

made an advantageous investment of the proceeds, he returned 

home quite elated, and feeling that the fickle goddess had smiled 

upon him more propitiously than she ever had done upon any 

mortal before. 

Of his second voyage, Captain Prince relates, that one day, 

when dining at the table of the American consul at Madeira, “ his 

supercargo laid down his knife and fork, and, after squeezing the 

tips of his fingers for two minutes,” gave to the lady of the house 

an answer to an intricate question which she had proposed ; to the 
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great astonishment of her clerk, who, after a long calculation, 

had succeeded in solving it, and “ who exclaimed that he did not 

believe there was another man on the island who could have done 

it in two hours.” 

During his third voyage, on the passage from Cadiz to Alicant, 

they were chased by a French privateer; but, being well armed 

and manned, they determined on resistance. The duty assigned 

to Dr. Bowditch was that of handing up the powder upon deck. 

And in the midst of the preparations, the captain looked into the 

cabin, where he was no less surprised than amused at finding his 

supercargo quietly seated by his keg of powder, and busily 

occupied, as usual, with his slate and pencil. He said to him, 

“ 1 suppose you could now make your will,” to which he smilingly 

assented. He did in fact give to his eldest son his instructions 

in regard to his last will, with the like calmness and composure, 

when there was not only an apparent danger, but an absolute 

certainty, of the near approach of death. 

Upon his arrival at Manilla, during his fourth voyage, the 

captain, being asked how he contrived to find his way, in 

the face of a north-east monsoon, by mere dead-reckoning, 

replied, “ that he had a crew of twelve men, every one of whom 

could take and work a lunar observation as well, for all practical 

purposes, as Sir Isaac Newton himself, were he alive.” During 

this conversation, Dr. Bowditch sat “ as modest as a maid, saying 

not a word, but holding his slate pencil in his mouth ; ” while 

another person remarked, that “ there was more knowledge 

h VOL. IV. 
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of navigation on board that ship than there ever was in all the 

vessels that have floated in Manilla Bay.” * 

In his last voyage, Dr. Bowditch arrived off the coast in 

mid-winter, and in the height of a violent north-east snow-storm. 

He had been unable to get an observation for a day or two, and 

felt very anxious and uneasy at the dangerous situation of the 

vessel. At the close of the afternoon of December 25, he 

came on deck, and took the whole management of the ship 

into his own hands. Feeling very confident where the vessel 

was, he kept his eyes directed towards the light on Baker’s Island, 

at the entrance of Salem harbor. Fortunately, in the interval 

between two gusts of wind, the fall of snow became less dense 

than before, and he thus obtained a glimpse of the light of which 

he was in search. It was seen by but one other person, and 

in the next instant all was again impenetrable darkness. 

Confirmed, however, in his previous convictions, he now kept 

on the same course, entered the harbor, and finally anchored in 

safety, f He immediately went on shore, and the owners were 

very much alarmed at his sudden appearance on such a 

tempestuous night, and at first could hardly be persuaded that 

he had not been wrecked. And cordial indeed was the welcome 

* An interesting incidental notice of Dr. Bowditch, in the case of a black cook who 

could work lunar observations, may be found in Zach’s Correspondance Astronomique, 

Vol. IV. p. 62. 

-j- Upon this occasion, he had given his orders with the same decision and preciseness as if 

he saw all the objects around, and thus inspired the sailors with the confidence which he felt 

himself. One of them, who was twenty years older than his captain, exclaimed, “ Our old 

man goes ahead as if it was noon-day ! ” 
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which he received from one who had been listening to the 

warfare of the elements with all the solicitude of a sailor’s wife. 

In his transactions with custom-house officers upon the continent 

of Europe, he found that they almost universally required a fee, not 

less for the performance of duty than for a violation of it; and 

several amusing instances might be mentioned as illustrating his 

own experience in this matter. Indeed, all his subsequent 

observation convinced him that there is hardly a labor or duty 

in life that is not rendered more light and easy by gratuitous 

compensation ; and therefore it was always his rule, not only 

during these voyages, but through life, to make it for the interest 

of those about him to be upon the alert in attending to his 

wishes, or complying with his requests ; though never did he 

attempt by this means to persuade any one to what he considered, 

in the slightest degree, a violation of duty, or breach of trust. 

During these voyages, he perfected himself in the French 

language, and acquired a knowledge of the Italian, Portuguese, 

and Spanish, especially of the latter language. Thus he read 

through the whole of the voluminous Spanish History of Mariana, 

during one of these voyages ; and many interesting facts there 

stated respecting Cardinal Ximenes and the Great Captain, &c., 

he distinctly remembered in his recent perusal of Prescott’s 

Ferdinand and Isabella, — the last work which he read before 

his death. An interpreter, with whom he was transacting 

business, and whose piety consisted in the external observances 

of a good Catholic, cautioned him against reading so many books, 

lest some of them should bring him into the hands of the 
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Inquisition. It is worthy of remark, that it was to this acquisition 

of the Spanish language, and the consequent opportunity afforded 

him of conferring an obligation upon an active merchant in Salem, 

by gratuitously translating for him a Spanish protest, that Dr. 

Bowditch always attributed his appointment to the situation 

which he, a few years afterwards, obtained against a powerful 

competitor, and for which he was much indebted to the influence 

and friendship of the merchant alluded to. In view of this 

circumstance, and that before mentioned respecting his knowledge 

of French pronunciation, with other incidents of a similar 

character, he used to say that nothing which he ever learned 

came amiss. It may here be mentioned that, as late in life as the 

age of forty-five, he learned the German language thoroughly,* 

and acquired, at about the same time, a slight knowledge of 

Dutch. À manuscript in his library contains probably ten thousand 

German words and English meanings, which he had transcribed 

that he might better remember them. He delighted to trace 

analogies between different languages, and especially to discover 

resemblances of foreign words to those of his mother tongue, of 

which many striking examples were detected and mentioned by 

him—the Hand sc huh of the German, meaning glove; and the 

verse in the Dutch New Testament in which the stoning of 

# In a letter of Dr. Bowditch to Baron Zach, dated November 22, 1822, published in 

Zach’s Correspondance Astronomique, Yol. X. p. 224, he states that he had, three years 

previously, purchased several of the most important works of the German mathematicians, 

and among others Zach’s Monatliche Correspondons, in twenty-eight volumes, — and adds, 

“ With this work I began to learn German, and have been amply rewarded for the labor.” 

His own experience led him to say, that this language could be acquired, in a degree 

sufficient for reading all mathematical works, by studying two hours each day for four months. 
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Stephen is described, and where it is added that the apostles 

made “ eenen grooten rowe over hem,” &c. The serious attempt 

to prove that jour was derived from dies, he thought not so absurd 

as he might have done, had not a Spanish boy who once shipped 

with him, having the Christian name of Benito, been in the next 

voyage entered upon the books by the good American cognomen 

of Ben or Benjamin Eaton. He was often amused at discovering 

in the dictionary of some foreign language, a definition expressing 

more clearly than elegantly the precise signification of a word.* 

He also acquired some knowledge of Greek, but how early in life 

is not known. He always began to learn a language by taking 

the New Testament and dictionary, and attempting immediately 

to translate. Thus he left in his library the New Testament 

in more than twenty-five different dialects or languages. 

But the long intervals of leisure which a sailor’s life afforded, 

he chiefly devoted to his favorite study, pursuing with unremitting 

zeal those researches in which he had already made such progress, 

notwithstanding the interruptions and embarrassments of his earlier 

days. Here, with only the sea around him, and the sky above 

him, protected alike from all the intruding cares and engrossing 

pleasures of life, he especially delighted to hold converse with the 

master-spirits who had attempted to explain the mysteries of 

the visible universe, and the laws by which the great energies of 

nature are guided and controlled. M. Lacroix mentioned to 

one of the sons of Dr. Bowditch, that from him he had 

received several corrections and notices of errata in his works, 

See Ebers’s* German Dictionary, passim. 

VOL. IV. I 
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which our navigator had discovered during these long India 

voyages. And in the ship in which he sailed were witnessed 

not merely the labors and vigils of the solitary student, but the 

teachings of the kind and generous instructer, anxious and 

eager to impart to others the knowledge which he had himself 

acquired. “ He loved study himself/’ says Captain Prince, “ and 

he loved to see others study. He was always fond of teaching 

others. He would do any thing if any one would show a 

disposition to learn. Hence,” he adds, “ all was harmony on 

board ; all had a zeal for study ; all were ambitious to learn.” 

On one occasion, two sailors were zealously disputing, in the 

hearing of the captain and supercargo, respecting sines and 

cosines. The result of his teaching, in enabling the whole 

crew of twelve men to work a lunar observation, has been 

before stated. Every one of those twelve sailors subsequently 

attained, at least, the rank of first or second officer of a ship. 

It was a circumstance highly in favor of a seaman, that he had 

sailed with Dr. Bowditch, and was often sufficient to secure his 

promotion. Connected with much testimony of this sort, is that 

of the uniform affability and kindness of manner displayed by 

Dr. Bowditch in his intercourse with all on board, which 

were especially calculated to increase the self-respect of the 

sailor, and inspire him with a due sense of his own powers, 

and of the importance of his occupation. In a letter from 

an officer in the United States navy, who sailed twice in the 

Astrea with Dr. Bowditch, at first as a cabin boy, and who died 

a few months after the friend of whom he speaks, the writer 

states some of the above particulars respecting Dr. Bowditch, 

and adds that “ his kindness and attention to the poor sea-sick 
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cabin boy are to this hour uppermost in my memory, and will 

be so when bis logarithms and lunar observations are remembered 

no more.”" 

It is unnecessary to state, that Dr. Bowditch discharged bis 

duty toward his employers with the utmost fidelity and exactness. 

His voyages were conducted with uniform skill and success, 

and to their entire satisfaction. It is said by Captain Prince, 

that Dr. Bowditch, though he had such a thorough knowledge 

of navigation, knew but little of what is called seamanship ; 

that he never went to see a launch in his life, &c. It 

is without doubt true, that the mere detail of seamanship 

was always irksome to him. He has often told his children 

that, upon common occasions, he left the management of the 

ship to his first officer ; but upon any emergency, he was 

not only ready and desirous, but, as is believed, perfectly 

competent, to perform all the duties which could, on such 

occasions, be required of an experienced and practical seaman. 

The following is the account of his habits when at sea, given 

by one who was his companion during several voyages. “ His 

practice was to rise at a very early hour in the morning, and 

pursue his studies till breakfast, immediately after which he 

walked rapidly for about half an hour, and then went below to 

his studies till half past eleven o’clock, when he returned and 

walked till the hour at which he commenced his meridian 

observations. Then came the dinner, after which he was 

* Charles F. Waldo, Esq., died August 31, 1838. 
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engaged in bis studies till five o’clock; then he walked till tea 

time, and after tea was at his studies till nine in the evening-. 

From this hour till half past ten, he appeared to have 

banished all thoughts of study, and, while walking at his usual 

quick pace, he would converse in the most lively manner, giving 

us useful information, intermixed with amusing anecdotes and 

an occasional hearty laugh. He thus made the time delightful 

to the officers who walked with him. Whenever the heavenly 

bodies were in distance to get the longitude, night or day, 

he was sure to make his observations once, and frequently 

twice, in every twenty-four hours, always preferring to make 

them by the moon and stars, as less fatiguing to his eyes. 

He was often seen on deck at other times, walking, apparently 

in deep thought, when it was well understood by all on 

board that he was not to be disturbed, as we supposed he 

was solving some difficult problem ; and when he darted 

below, the conclusion was that he had got the idea. If he 

were in the fore part of the ship when the idea came to 

him, he would actually run to the cabin, and his countenance 

would give the expression that he had found a prize.”* 

Another correspondent states that sometimes, when he wished 

to pursue his studies without disturbing those in the cabin 

by introducing a candle or lamp, he has seen him standing 

in the companion-way with his slate and pencil, working out 

some problem, at eleven o’clock at night, by the aid only of the 

binacle lamp.t 

* Judge White’s Eulogy, p. 27. 

t Another companion of his voyages says, “ He never manifested any moral failings 

whatever, but was always remarkable for his strict principles of conduct, and for the utmost 



MEMOIR. 37 

Such was Dr. Bowditch’s seafaring life, —not wasted in ennui 

or idle reveries, but every moment of it devoted to the improvement 

alike of his own mind and character, and those of every individual 

in the little world around him. Already, too, as might have been 

expected, he was beginning to win the honors of science ; and 

domestic life, from which the sailor is almost wholly debarred, 

was preparing for him its sweetest home. 

From our venerable University at Cambridge he received the 

highest encouragement to pursue the career upon which he had 

entered. In July, 1802, when his ship, the Astrea, was wind- 

bound in Boston, he went to hear the performances at the annual 

commencement of the College ; and among the honorary degrees 

conferred, he thought he heard his own name announced as 

Master of Arts ; but it was not until congratulated by a 

townsman and friend, that he became satisfied that his senses 

had not deceived him. He always spoke of this as one of the 

proudest days of his life ; and amid all the subsequent proofs 

which he received of the respect and esteem of his fellow-citizens, 

and the distinctions conferred upon him from foreign countries, 

he recurred to this with the greatest pleasure. It is, indeed, 

made the subject of express mention in his will. It was 

purity of mind and character ; detesting any thing of an opposite nature, even in word. His 

feelings,.indeed, were quick, and sometimes, though rarely, he was thought to give a too quick 

utterance to them ; but the excitement passed off in a moment.” Another says, ££ I have 

known Dr. B. intimately for more than fifty years, and I know no faults. This may seem 

strange; for most of your great men, when you look at them closely, have something to 

bring them down ; but he had nothing. I suppose all Europe would not have tempted 

him to swerve a hair’s breadth from what he thought right.” — Judge White's Eulogy, p. 56. 

k VOL. IV. 
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gratefully repaid by the services of a long life. For the last- 

twelve years, he was one of the select body of seven individuals 

intrusted with the immediate management and control of the 

College, having for many years before been a member of the 

more numerous body of Overseers, who have the general and 

more remote supervision of its affairs. Upon his decease, his 

associates in the Corporation of Harvard College state, “ that 

he so acquired the confidence of his contemporaries, as to be 

regarded as the pillar and the pride of every society of which 

he was an active member, the effects of which never failed to 

be seen and acknowledged by its prosperity and success ; ” and 

they proceed to admit the benefit which that institution “ has 

derived from the extraordinary endowments he possessed, and 

by which, in the exercise of his characteristic zeal, intelligence, 

and faithfulness, he ever sustained and advanced all its 

interests.” 

On the 28th day of May, 1799, he was chosen a member of 

the American Academy of Arts and Sciences. Some of the most 

valuable and interesting papers in its Transactions were the 

subsequent contributions of his pen ; and the presidency of 

this society, to which he was elected in May, 1829, in the 

place of John Quincy Adams, late President of the United States, 

is one of the highest honors which Science offers to her votaries 

upon this side of the Atlantic. A letter received from the officers 

of the Academy bears a like honorable testimony to the merits 

and services of their deceased associate and President : — “It 

is the common fate of mankind to die, and be forgotten. It is 

the privilege of the just and good to be associated in the 
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remembrance with tender and grateful recollections. It is the 

destiny of minds gifted above the common lot, and acting beyond 

the common sphere, to involve in general regret the communities 

that have known their worth. It is thus that, on the present 

occasion, our sincere and general regret is necessarily mingled 

with the sadness of domestic affliction,” 

On March 25, 1798, Dr. Bowditch married Elizabeth, 

daughter of Francis Boardman, Esq., who is said to have been 

a lady of remarkable intelligence, and worthy of his choice. 

After a few months spent in her society, he went upon his third 

voyage, and upon his return found his home desolate. She 

whom he first selected as his companion, was not to be the 

mother of his children. His wife had died, October 18, 1798, 

aged only eighteen years. Dr. Bowditch felt that an alliance 

so abruptly terminated, did not justly entitle him to retain to 

his own use the property of which he thereby became legally 

possessed ; and accordingly, he surrendered to the relatives of 

his late wife, every thing which he had thus acquired, including 

even certain small articles of plate, &c., which, but for the general 

character of the motive which influenced him, he would have 

gladly retained. Upon his second daughter and youngest child, 

he, many years afterwards, bestowed the name which had been 

borne by the wife of his youth. 

On October 28, 1800, he married his cousin Mary, the only 

daughter of his uncle, Jonathan Ingersoll, Esq. She was then 

scarcely nineteen years of age, having been born December 

4, 1781. Her father had been an active ship-master, and 
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was then living upon his estate in Danvers, from which, more 

than twenty-five years ago, he removed to Windsor, Vermont, 

where he still cultivates a farm upon the beautiful banks of the 

Connecticut, finding in the cares and labors of husbandry, at the 

advanced age of eighty-eight years, a pleasure greater than he 

ever experienced amid the more stirring scenes of his youth. 

Long may his honorable and peaceful life be preserved ! This 

marriage, which lasted more than thirty-three years, may be 

regarded as the most happy circumstance of Dr. Bowditch’s 

life. With personal attractions of no common order, domestic 

in her habits, of the most lively and cheerful disposition, with 

affections which age never chilled, governed ever by the strictest 

religious principle, the wife and mother was devotedly attached 

to her husband and children, sympathizing in the pursuits of the 

former, and guiding and directing those of the latter, making 

home the scene of the purest and most delightful influences 

and recollections, and associating with her presence in life and 

her memory in death, the idea of a being whose every act and 

thought were blameless. The stranger was attracted by her 

winning smile and affable manners. She made her house the 

agreeable resort of friends and visiters. Many sons and 

daughters of sorrow acknowledged in her that active benevolence 

and liberal aid which discovered and supplied their wants, or 

that kindly sympathy which soothed where it could not relieve. 

But there was one who was her heart’s idol, whom she reverenced 

almost as a being of a higher order than herself, regarding as 

worthless every thing else, in comparison with his approving 

smile. He, indeed, had reason always to rejoice, that a 

benignant Providence had made her the sharer and the guardian 
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of his home and his happiness. That bosom, where his head 

had reposed in life, with undoubting faith and trust, was the 

fittest pillow upon which it could be placed for its final rest 

in death ! 

The most important result of this period of Dr. Bowditch’s life, 

was the publication of The New American Practical Navigator, 

a manual in which were imbodied a scientific explanation of 

the principles of navigation, and also the practical application 

of these principles in the simplest and most effective manner.* 

Dr. Bowditch had prepared for publication two editions of the 

treatise of John Hamilton Moore, with notes and corrections, 

and in preparing a third revised edition of that work, he 

corrected so very many errors, that, in 1802, he was induced 

to publish it under his own name. From that time to the 

present, it has been exclusively used by every ship-master who 

has sailed from this country, and its tables and rules have been 

adopted in the works used in England and elsewhere. Into 

the original work, and the eight succeeding editions, many 

improvements, of great practical utility, have from time to time 

been introduced. Thus in the last edition, published in 1837, 

“ the body of tables has been increased from thirty-three to 

* This work is mentioned by Zacb, in his Correspondance Astron., Vol. VI. p. 206, 

A. D. 1822, who gives the entire title-page of the third edition, printed at Newburyport ; 

and in Vol. VII. p. 167, is an example taken from it. In Vol. X. p. 234, A. D. 

1824, we find the title-page of the fifth edition, printed in 1821. And many other 

notices occur in the same journal, of astronomical methods given by Dr. Bowditch in this 

work, which, as they were also the subjects of particular communications made by him 

to the American Academy, will be noticed hereafter. 

I VOL. IV. 
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fifty-six, some being entirely new, and others essentially improved 

or corrected.7’ * The successive additions thus made by the 

author, have prevented the competition of any other work. 

More than eight thousand errors were corrected by Dr. Bowditch 

in his first edition of it under his own name ; and when it is 

considered that one of these was no less than the very criminal 

inattention of setting down the year 1800 as a leap year, in the 

tables of the sun’s declination,! thereby making a mistake in 

some of the numbers of twenty-three miles, and causing the 

actual destruction of several ships, and the imminent danger of 

others, some idea may be formed of the great service thus 

rendered by him to the cause of nautical science.% The amount 

of labor requisite for insuring accuracy in the tables, by actually 

going through all the calculations necessary to a complete 

examination of them, was immense almost beyond conception. 

The following striking contrast is presented by the modest 

Preface of the American editor, and the boasting language of 

the original compiler. The one says, that “ the author had 

once flattered himself that the tables of this collection which 

did not depend on observations, would be absolutely correct ; but 

* Eulogy on Nathaniel Bowditch, LL. D., President of the American Academy of Arts 

and Sciences ; including an Analysis of his scientific Publications ; delivered before the 

Academy, May 29, 1838 ; by John Pickering, Corresponding Secretary of the Academy ; 

p. 13. 

t See Preface to the last edition of the work. 

t For many interesting details respecting this work, see “ A Discourse on the Life and 

Character of the Hon. Nathaniel Bowditch, LL. D., F. R. S., delivered in the Church on 

Church Green, [Boston,] March 25, 1838; by Alexander Young;” pp. 34 to 39;—and 

Mr. Pickering’s Eulogy, p. 10, &£c., and Notes, pp. 84 to 87. 
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in the course of his calculations, he has accidentally discovered 

several errors in two of the most correct works of the kind 

extant, viz., Taylor’s and Hutton’s Logarithms, notwithstanding 

the great care taken by those able mathematicians in examining 

and correcting them. He therefore does not absolutely assert 

that these tables are entirely correct, but feels conscious that 

no pains have been spared to make them so.” The other 

says, that “ he sells no sea-books, charts, or instruments, but 

such as may be depended on ; consequently he excludes all 

those old, inaccurate, and erroneous publications, the depending 

upon which has often proved fatal to shipping and seamen.” * 

The following is the summary elsewhere given of this work : 

It “ has been pronounced by competent judges to be, in point 

of practical utility, second to no work of man ever published. 

This apparently extravagant estimate of its importance, appears 

but just, when we consider the countless millions of treasures 

and of human lives which it has conducted, and will conduct, 

in safety through the perils of the ocean. But it is not only 

the best guide of the mariner in traversing the ocean ; it is also 

his best instructer and companion every where, containing within 

itself a complete scientific library, for his study and improvement 

in his profession. Such a work was as worthy of the author’s 

mind, as it is illustrative of his character; — unostentatious, yet 

profoundly scientific and thoroughly practical, with an effective 

power and influence of incalculable value.” f So, also, the 

London Athenæum says of this work, “ It goes, both in American 

and British craft, over every sea of the globe, and is probably 

the best work of the sort ever published.” 

* Mr. Pickering’s Eulogy, p. 11. t Judge White’s Eulogy, p. 29. 
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Dr. Bowditeh, however, did not himself consider this work 

as one which would much advance his scientific reputation. It 

was, in his view, only a “ practical manual.” * But it was the 

work by which, almost exclusively, he was, for a long time, known 

in this country, and it laid the basis of a wide-spread popularity, 

such as few, if any, works upon scientific subjects have ever 

gained for their authors. Several years ago, he was much 

amused by the following incident. Two young men came into 

the shop of his bookseller to purchase a copy of the Navigator. 

Upon being shown one bearing on its title-page the number of 

the edition, and purporting to have been revised and corrected 

by the author, one said to the other, “That is all a mere cheat; 

the old fellow must have been dead years ago ! ” They were 

astonished, and perhaps a little embarrassed, at being introduced 

to an active, sprightly gentleman, in full health and good spirits, as 

the author of this work, which they had known from their earliest 

entrance upon a sailor’s life. It was in honor, especially, of the 

memory of him who had written the Practical Navigator, that, 

# Dr. Bowditeh, in his letter to Baron Zach, Corr. Ast. Vol. X. p. 225, says, “ You 

will see that I have studiously avoided all scientific parade, and have published the work 

according to the method of instruction used in our country, where we prefer, in these 

matters, practice to theory.” Thus, owing to the errors incident to all nautical observations, 

he deemed it useless to aim, in the nautical tables, at the most minute degree of exactness, 

but only at that measure of it which was requisite for practical purposes; so that these 

tables might be used with the greatest possible promptness, and might, at the same time, lead 

to the greatest accuracy of result which was in fact really attainable. And he, in this 

letter, states that he is delighted to find that Zach, in a previous publication, concurs in 

this opinion. Upon this the editor remarks, p. 244, c£ mais c’est à nous de nous féliciter de 

nous trouver d’accord avec un navigateur d’une si grande expérience ; la nôtre n’est qu’une 

induction.” 
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when the news of his death was received at Cronstadt, all the 

American shipping, and many of the English and Russian vessels, 

hoisted their flags at half-mast in that naval depot of the Czars, 

— a tribute of respect which had been previously paid in the 

ports of Baltimore, Boston, and Salem. From the same motive, 

the badge of mourning was adopted by the members of the Naval 

School of the United States, as for the loss of a valued friend 

and instructer. 

Immediately upon the close of his seafaring life, Dr. Bowditch 

was elected President of the Essex Fire and Marine Company, 

which situation he held till his removal to Boston, in 1823. 

Here, also, he displayed his usual good judgment and discretion, 

and his usual success attended him. It was, indeed, an office 

for which he was eminently qualified by his whole previous life. 

After paying to the stockholders an average annual dividend 

of ten or twelve per cent, for the whole twenty years of his 

presidency, he left the institution with a large surplus of profits 

earned. In this situation, where he was necessarily brought 

more in contact with men of business than ever before, his easy 

and affable manners soon made him generally known ; and the 

intrinsic excellences of his character made him no less generally 

beloved and respected. 

During the years 1805, 1806, and 1807, he employed himself 

in making a survey of the harbors of Salem, Marblehead, Beverly, 

and Manchester ; and the result of his labors was a chart of 

remarkable beauty and exactness, upon which all the old and 

familiar landmarks of the pilots, though not known by him to be 

vol. iv. m 
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such, were so accurately placed in their true distances and 

bearings, as to excite among them the greatest surprise. 

His principal occasional labors, during his residence in Salem, 

consisted of twenty-three contributions to several volumes of the 

Transactions of the American Academy of Arts and Sciences, of 

which the following is an accurate list : — 

VOLUME SECOND. PART SECOND. 

Published in 1800. 

1. New Method of working a Lunar Observation. 

The object of this method was to establish a uniform rule for 

the application of corrections, so that there should be no variation 

of cases resulting from the distance and altitude of the observed 

bodies. Dr. Bowditch says of this method, in a note, that “ it was 

written several years ago, and before the publication of the 

Transactions of the Royal Society for 1797, in which is inserted a 

method somewhat similar, invented by Mr. Mendoza y Rios. An 

appendix to the New Practical Navigator has lately been published, 

in which the corrections are all additive, and the work is shorter.” It 

is particularly noticed and commended in the Connaissance des Terns, 

(1808,) then published under the direction of M. Delambre.* 

* Zach ( Cow. Astron., Vol. VI. p. 553, A. D. 1822) says, “ M. Bowditch dans son 

New american practical navigator a aussi donné pour la réduction des distances lunaires une 

nouvelle méthode abrégée, avec des tables, qui mérite d’être plus connue ; aucun auteur 

européen n’en a encore parlé ; il vient de la perfectionner dans sa quatrième édition stéréotype 

publiée à New York en août 1817. Nous la recommandons à l’attention des professeurs et 

auteurs des traités de navigation.” In Vol. X. p. 321, A. D. 1824, he says, “La méthode 

de M. Bowditch a l’avantage sur toutes les autres méthodes d’approximation, que toutes les 

corrections sont toujours additives, et qu’on n’a jamais besoin de faire attention à des cas 
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VOLUME THIRD. PART FIRST. 

Published in 1809. 

2. Observations on the Comet of 1807. [pp. 1—18.] 

3. Observations on the total Eclipse of the Sun, June 16, 1806, 

made at Salem. [pp. 18—23.] 

In a note to this communication, Dr. Bowditch makes, as is 

believed, the first public mention of an error in Laplace’s Mécanique 

Céleste, in the estimate of the oblateness of the earth, as calculated 

from the observed length of pendulums ; showing that Laplace’s 

result ought to have been, upon his own principles, ~ instead of 

4. Addition to the Memoir on the Solar Eclipse of June 16, 1806. 

[pp. 23—33.] 

5. Application of Napier’s Rules for solving the Cases of Right- 

angled Spheric Trigonometry to several Cases of Oblique- 

angled Spheric Trigonometry. [pp. 33—38.] 

This communication so alters Napier’s rules, as to make them 

include most of the cases of oblique-angled spheric trigonometry, and 

is marked by the same neatness, elegance, and simplicity, which 

characterized his first communication. These rules are now familiarly 

known in the text-books of Harvard College as “ Bowditch’s Rules.” 

VOLUME THIRD. PART SECOND. 

Published in 1815. 

6. An Estimate of the Height, Direction, Velocity, and 

particuliers ; les règles sont générales ; ” and proceeds to give a detailed account of it.— 

See also note to article 15. 
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Magnitude of the Meteor that exploded over Weston, 

in Connecticut, December 14, 1807. [pp. 213—237.] 

This communication is of a very interesting character, and it rests 

upon numerous observations collected with great labor and assiduity. 

Dr. Bowditch considers the meteor in question to have had a course 

about eighteen miles above the earth, a velocity of more than three 

miles a second, and a probable cubic bulk of six millions of tons — 

which others have estimated to be the contents of the pyramid of 

Cheops.* 

7. On the Eclipse of the Sun of September 17, 1811, with the 

Longitudes of several Places in this Country, deduced 

from all the Observations of the Eclipses of the Sun, 

and Transits of Mercury and Venus, that have been 

published in the Transactions of the Royal Societies of 

Paris and London, the Philosophical Society held at 

Philadelphia, and the American Academy of Arts and 

Sciences A [pp- 255—305.] 

8. Elements of the Orbit of the Comet of 1811. [pp. 313—326.] 

In this, as in his second communication, he arrived at his results 

after almost incredible labor, rendered necessary by the want of the 

# The Zeitschrift f'ùr Astronomie, Vol. I. p. 37, A. D. 1816, gives the results arrived 

at in this communication, and calls it “einer interressanten Arbeit.” 

f The Zeitschrift fàr Astronomie, Vol. I. p. 90, A. D. 1816, mentions the observations 

of the eclipses of the sun, June 16, 1806, and September 17, 1811, as contained in these 

volumes, &c., and states that “Bowditch hat den grossern Theil davon zu Lângen- 

bestimmungen benutzt und zugleich dabey, fur eine Menge amerikanischer Orte, Hiilfsgrossen 

zur leichtern Berechnung des Nonagesimus gegeben ; ” and Zach, in his Corr. Astron. 

Vol. X. p. 494, A. D. 1824, has a table of the longitudes and latitudes of places 

determined by astronomical observations calculated by Dr. Bowditch. 
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improved methods of the present day.* The original volume, 

containing his calculations in the case of this latter comet, now 

preserved in his library, contains one hundred and forty-four pages 

of close figures, probably exceeding one million in number, though 

the result of this vast labor forms but a communication of twelve 

pages.f 

9. An Estimate of the Height of the White Hills in New 

Hampshire. [pp. 326—328.] 

10. On the Variation of the Magnetic Needle. [pp. 337—344.] 

This communication, in like manner, which is of quite an 

interesting character, and of considerable practical importance, was 

the result of five thousand one hundred and twenty-five observations, 

during a period of four years. 

11. On the Alotion of a Pendulum suspended from two Points. 

[pp. 413—437.] 

This communication is also one of interest and value ; and the 

little wooden stand, from which a leaden ball was suspended, still 

exists, to remind us of the zeal and assiduity with which Dr. Bowditch 

watched the various curves and lines which the ball described.t 

* See Dr. Bowditch’s letter (Zach, Corr. Astron. Vol. X. p. 228) before referred to, 

where this fact is stated. The editor, in p. 248, gives the elements of the orbits of the comets 

calculated by Dr. Bowditch wholly from American observations. 

t Mr. Encke, in speaking to a friend of Dr. Bowditch, at Berlin, in 1836, said that he 

had known him from the time when this paper appeared ; and that he had never seen an 

American since, without asking him what he could tell him about its author ; — and the 

Zeitschrift fur Astronomie, Vol. I. p. 44, gives an account of this communication “ von dem 

amerikanischen Astronomen Bowditch.” 

Î This subject is mentioned in his letter to Baron Zach, before alluded to, ( Corr. Astron. 

Vol. X. p. 227.) The editor, in his note, p. 246, says the remarkable variety of the 

VOL. IV. n 
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12. A Demonstration of the Rule for finding the Place of a 

Meteor, in the second Problem, page 218 of this Volume. 

[pp. 437—439.] 

VOLUME FOURTH. PART FIRST. 

Published in 1818. 

13. On a Mistake which exists in the Solar Tables of Mayer, 

Lalande, and Zach* * [pp. % 3.] 

14. On the Calculation of the Oblateness of the Earth, by 

Means of the observed Lengths of a Pendulum in 

different Latitudes, according to the Method given by 

motions of a pendulum thus suspended, and the very curious experiments of Professor Dean, 

who explains, in this mode, the apparent motion of the earth as seen from the moon, engaged 

Dr. Bowditch in the examination of the theory of these motions. The result has been, he 

adds, “ une recherche très intéressante.” “ Comme ce mémoire mérite d’être mieux connu, 

et qu’il ne l’est pas généralement, vu la difficulté de se procurer des livres américains, nous 

en donnerons la traduction dans un de nos cahiers.” 

* Dr. Bowditch states, that “ The attraction of Jupiter produces an equation in the 

expression of the Sun’s distance from the Earth, and a Table is given for its computation, 

by Mayer, in 1770,” &c. ; “ and ever since this Table was first published, which is about fifty 

years, an error of six signs has always existed in the argument by which the correction is 

found ; so that, when the equation is really subtractive, it will frequently be found by the 

Table to be additive, and the contrary.” — “In De Lambre’s Solar Tables, published in 1806, 

the form of the table is wholly altered, the method of entry by a double argument being used ; 

and by thus taking a different path, the error is avoided, without noticing that it really does 

exist in the other works.” 

Baron Zach, in his Monatliche Correspondenz, Vol. VIII. p. 449, A. D. 1803, says 

that Bowditch, an American astronomer, has called his attention to this mistake ; and, after 

admitting its importance, frankly adds, “Allen Astronomen, welche sich mit Verfertigung 

der Sonnen-Tafeln besohâftigt haben, einen La Caille, Tob. Mayer, La Lande, De 

Larnbre und mir ist dieser Fehler entgangen.” 
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Laplace, in the Second Volume of his “Mécanique 

Céleste ; ” with Remarks on other Parts of the same 

Work relating to the Figure of the Earth. [pp- 3—24.] 

The object of this communication is to correct certain errors in 

the article “ Earth ” in Rees’s Cyclopaedia, to the end that currency 

should not be given to inaccurate ideas on the subject, by that popular 

work. 

15. Method of correcting the apparent Distance of the Moon 

from the Sun, or a Star, for the Effects of Parallax 

and Refraction. [pp. 24—31.] 

This is but the rule given in the Practical Navigator, making all 

the corrections in question additive. It is another instance of the 

simplicity at which he always aimed in his rules and formulas.* 

16. On the Method of computing the Dip of the Magnetic 

Needle in different Latitudes, according to the Theory 

of Mr. Biot. [pp. 31—36.] 

17. Remarks on the Methods of correcting the Elements of the 

Orbit of a Comet, in Newton's “Principia” and in 

Laplace's “Mécanique Céleste.” [pp. 36—48.] 

This communication proves that two equations in the Principia, 

the accuracy of which several commentators upon that work had 

* In Zach’s Monatl. Corres., Vol. XVII. p. 411, A. D. 1808, this method is mentioned 

as being in the Appendix to the New American Practical Navigator, printed at Newburyport, 

1804 ; and the editor says, “ Der Verfasser ist ein Americaner, Bowditch, und Delambre bat 

es der Mühe werth gehalten, eine umstandliche Darstellung dieses Verfahrens zu geben.” 

Then follows a somewhat minute account of the method.—.See note to article 1. 
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attempted to prove, and as to which no doubts had jet been expressed 

or insinuated, always made the corrections in question “ double of 

what they ought to be,” and restricts the method of Laplace as 

appropriate only where the number of observations is small. 

18. Remarks on the usual Demonstration of the Permanency 

of the Solar System, ivith Respect to the Eccentricities 

and Inclinations of the Orbits of the Planets, [pp. 48—5L] 

19. Remarks on Dr. Stewart's Formula for computing the 

Motion of the Moon's Apsides, as given in the Supplement 

to the Encyclopaedia Britannica. [pp. 51—61.] 

This is a very curious and interesting communication. A method 

which, notwithstanding doubts had been expressed respecting it, 

had been sanctioned as accurate by Dr. Hutton, by Lalande, and 

Playfair, — the latter of whom even considered its accuracy to have 

been demonstrated, — is in this memoir proved to have been true only 

in the particular case supposed ; and it is shown that, as a general 

method, it wholly fails. 

VOLUME FOURTH. PART SECOND. 

Published in 1820. 

20. On the Meteor which passed over Wilmington, in the State 

of Delaware, November 21, 1819. [pp-3—14.] 

21. Occultation of Spica by the Moon, observed at Salem. 

[p. 14.] 

22. On a Mistake which exists in the Calculation of Mr. 

Poisson relative to the Distribution of the Electrical 

Matter upon the Surfaces of two Globes, in Vol. XII. 
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of the “Mémoires de la classe des sciences mathématiques 

et physiques de VInstitut Impérial de France.” [pp. 15—17.] 

23. Elements of the Comet of 1819.* [pp. 17—19.] 

Besides the above contributions to the Memoirs of the American 

Academy, Dr. Bowditch was the writer of several other articles, 

among which may be mentioned the following : — 

1. Notice of the Comet of 1807. Published in the Monthly An¬ 

thology for December, 1807, Vol. IV. [pp. 653, 654.] 

2. Review of a liReport of the Committee [of Congress,) to 

whom teas referred, on the 25th of January, 1810, the 

Memorial of William Lambert, accompanied with 

sundry Papers relating to the Establishment of a First 

Meridian for the United States, at the permanent Seat 

of their Government.” Published in the Monthly An¬ 

thology for October, 1810, Vol. IX. [pp. 245—266.] 

This article occupies twenty-one pages, and proves very 

conclusively the great advantages of continuing to estimate the 

longitude from Greenwich, which Mr. Lambert considered “ a sort 

of degrading and unnecessary dependence on a foreign nation,” and 

an “ encumbrance unworthy of the freedom and sovereignty of the 

American people.” This Memorial the reviewer shows to be “ a 

compilation, with needless repetitions and palpable mistakes, 

evincing a great want of knowledge in the principles of the 

* For a statement of Dr. Bowditch’s communications to the Memoirs of the Academy, 

and an abstract of their contents, from which several of our remarks in the text are 

condensed, see Mr. Pickering’s Eulogy, pp. 17—-31. 

VOL. IV. 0 
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calculations ; ” and that, “ both as respects its object and execution, 

it was wholly undeserving the patronage of the National Legislature.” 

8. Defence of the Review of Mr. Lambert's Memorial. 

Published in the Monthly Anthology for January, 1811, 

Vol. X. [pp. 40—49.] 

Mr. Lambert having made an angry reply, charging his reviewer 

with “ twistical cunning,” <£ ingenious quibbling,” “ zeal for the honor 

of the British nation, and the convenience of British mariners,” . 

and challenging him “ to examine his computation of the longitude 

of the Capitol at Washington from Greenwich, and to point out a 

mistake that can be made palpable,” — Dr. Bowditch, in this reply, 

considers these charges of Mr. Lambert as beneath his notice, 

but accepts his challenge, and proves that there is an eiror in every 

one of the six examples he has given. 

These two papers were fatal to the proposed project; and, 

fortunately for the interests of science, Greenwich continues to be 

the first meridian of all who speak the English language. 

4. Revieiv of 11A Treatise on the most easy and convenient 

Method of computing the Path of a Comet, from several 

Observations ; by William Others, M. I). ; Weimar, 

1797; ”— and of “Theoria Motus Corporum Cœlestimn 

in Sectionibus Conicis Soient ambientium ; ” by Charles 

Frederick Gauss; Hamburg, 1809. Published in the 

North American Review for April, 1820, Yol. X.* 

[pp. 260—272.] 

* A copy of this article Dr. Bowditch sent to Baron Zach, with the letter before 

referred to, marking a part of it as written by Mr. Everett, the editor. Zach publishes 
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This article gives an account of several German astronomers 

and their most noted periodical publications. Thus it contains a 

notice of Dr. Gibers — “ the Columbus of the planetary world ” — 

and of Gauss, the authors of the two works reviewed ; an account 

of Bode’s Astronomisches Jahrbuch, Zach’s Monatliche Correspondes, 

and the Zeitschrift f iir Astronomie. It states the fact that, “ out of 

thirteen primary planets and satellites, discovered since the year 

1781, we are indebted to persons bom in Germany for twelve ; and 

that, in the determination of the orbits of these new bodies, they 

have done more than all the other astronomers in the world.” 

5. Review of “ A remarkable Astronomical Discovery, and 

Observations of the Comet of July, 1819; by Dr. Gibers 

of Bremen ; published in Bode’s Astronomisches Jahrbuch 

for 1822;” [and of two other articles in the same work, 

for the years 1822 and 1823, on the same subject, by 

Professor Encke of the Ducal Observatory at Seeberg, 

near Gotha.] Published in the North American Review 

for January, 1822, Vol. XIV. [pp. 26—34.] 

extracts from it in his notes upon this letter, Vol. X. p. 231, and says, C£ It will be interesting 

to the reader to learn how men of science in America render justice to those of Germany, 

while they reproach their brethren beyond the water for the little attention which they have 

bestowed upon our productions.” Dr. Bowditch mentions in this review an interesting 

paper which Mr. Ivory had published in the Transactions of the Royal Society of London, 

1814, giving a method of his own for computing the orbit of a comet, which, “ upon examination, 

turns out to be nothing more than that which Dr. Olbers had published in his work above 

seventeen years before, although this coincidence must have been wholly unknown to Mr. 

Ivory, and to the other members of the Royal Society. We consider this as a striking 

instance of the little attention paid in Great Britain to works of mathematical science printed 
A 

in Germany.” The passage added by Mr. Everett was merely that which states a like 

neglect of German literature. 
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A copy ot this article on Encke’s comet Dr. Bowditch also sent 

with the letter before mentioned, to Baron Zach, who, in his notes, 

states that Dr. Bowditch “ has here collected all that has been said 

and done respecting this famous comet.” In the concluding 

paragraph of this article, the reviewer expresses his regret that, 

“while Great Britain alone can boast of more than thirty public 

and private observatories of considerable note, we have not, in 

the whole United States, one that deserves the name.” He also 

speaks of the duties imposed on the importation of mathematical 

instruments and scientific works, as fines and penalties, which had 

been justly called “ a bounty upon ignorance,” &c. This whole 

paragraph is extracted by Zach, (Vol. X. p. 245,) and he says, 

“Voici de quelle manière un bon républicain exhale son chagrin 

en public ; c’est au moins quelque chose fi &c. 

6. Letter to Baron Zach, dated November 22, 1822 ; with a 

Postscript, dated December 20, 1823. Published in his 

Correspondance Astronomique for the year 1824,* Vol. 

X. [pp- 223—230.] 

7. Review, entitled “Remarks on several Papers published in 

former Volumes of this Journal [the first being remarks 

on “A New Algebraical Series, by Professor Wallace, of 

Columbia, S. C. ;”] published in Silliman’s Journal for 

1824, Yol. VIII. [pp. 131—139;] —and Remarks on Mr. 

* This letter has been already more than once referred to, and contains many interesting 

facts. The editor’s comments upon it occupy twenty pages. With this letter Dr. Bowditch 

had sent, besides his articles mentioned in the two last preceding items, a copy of the fifth 

edition of the Practical Navigator. The editor says of him, “ C’est le premier, et jusqu’à- 

présent le seul grand géomètre en Amérique.” 
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Wallace's Reply ; published in the same Journal for 1825, 

Vol. IX. [pp. 293—304.] 

The reviewer expresses his surprise that any offence should have 

been given by the mere statement of the historical fact that this 

“ new series ” was but the usual development of the binomial 

theorem, and the same which had been given by Euler fifty years 

before.* 

8. Review of “Fundamenta Astronomiceby Frederick William 

Bessel; 1818; — of the Tables of the Moon, by M. 

Burckhardt ; 1812 ; — of the New Tables of Jupiter and 

* Professor Wallace, in his Reply, states that he did not claim the series as new, and 

appeals to a reference which he had made in his original article to Mr. Stainville, &c., and, 

not knowing who his opponent was, says that he does not, like his reviewer, refer his readers 

“to the Complement des Eléméns d’Algèbre, however useful as a school-bool-cf &c. He also 

states, “ that the results which Euler has given do not include a single case of a transcendent 

function, and were only given as examples of the applications of the simplest case of the 

binomial theorem,” &ic. Dr. Bowditch, in his rejoinder, mentions the vague terms in which 

Mr. Stainville had been originally referred to, and says, “ It now appears that Mr. Stainville 

gave it as new for the first time in 1818, and Professor Wallace for the second time in 1824, 

Euler’s having been published in 1775 : ” and again ; “ It is believed that most persons, after 

reading what Professor W. has written, would suppose he claimed some, if not a very large 

portion, for his own. But the real fact is, that none of it is his. The whole of the first seven 

pages, and a large portion of the two remaining pages, of Professor W.’s first communication, 

are merely literal translations from Stainville and Gergonne ; and what is not copied from 

them is quite unimportant.” He also says, “It is a fact, notwithstanding the positive 

declaration of Professor W. to the contrary, that Euler’s demonstration is not restricted to this 

very simple case, but is general for all values of the exponent, whether integer, fractional 

negative, or surd ; and it is characterized by Lacroix as being elegant and rigorous.” This 

review will be found quite amusing and piquant. It is, like the articles on Mr. Lambert’s 

Memorial, both as to matter and style, a fair specimen of Dr. Bowditch’s powers as a 

controversial writer. 

VOL. IV. 
P 
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of Saturn, by M. Bouvard ; 1808 ; — of the Tables of 

the Satellites of Jupiter, êpc., by M. Delambre ; 1817 ; 

— of the Tables of Venus, of Mars, and of Mercury, by 

B. de Lindenau ; 1810, 1811, and 1813; — and of the 

Memoir on the Figure of the Earth, by M. de Laplace ; 

1817 and 1818.* Published in the North American 

Review for April, 1825, Vol. XX. [pp. 309—367.] f 

This brief but most comprehensive article upon modern astronomy 

will be found to possess an uncommon degree of interest. It 

consists of a series of biographical sketches, in which are described 

all who have been remarkable for the successful cultivation of 

physical science in modern times, bringing into view their actual 

and relative services and merits, and awarding to each the degree 

of approval to which he was entitled ; — the writer now dwelling 

with enthusiasm upon his favorite Lagrange, now bestowing a 

more qualified and guarded approbation, or a positive censure, upon 

others inferior in powers and attainments to that distinguished 

mathematician, or opposite to him in character.f It comprises, 

# The titles of the particular works reviewed, are here given in an abridged form, 

t In the Notes to Mr. Pickering’s Eulogy, p. 95, a list is given, without comment, 

of six of the above eight articles, the fifth and seventh not being noticed. All these 

occasional publications of Dr. Bowditcb, excepting the letter to Baron Each, were collected 

by him in two volumes, now in his library. 

Î Thus he says, “Upon the decease of Euler, Lagrange remained undisputedly the 

greatest mathematician then living,” hc% ; while of Dr. Bradley’s successor he says, “ Dr. 

Bliss was wholly unworthy of the office of astronomer royal. The account of his life by 

La Lande is comprised in less than a dozen words — ‘Bliss était astronome royal; il mourut 

en 1765.’ ” This article is the one, of all Dr. Bowditch’s occasional publications, which 

exhibits in the clearest light his peculiar talents and acquirements. Evidently the work of one 

possessing a knowledge of the actual state of mathematical science, in its various departments, 
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especially, a very full account of Dr. Bradley’s observations, and 

of Bessel’s services in reducing them ; of the best makers of 

mathematical instruments — Graham, Bird, Ramsden, Troughton, 

Jones, Reichenbach, Frauenhofer, Herschel, &c. ; of the successive 

astronomers royal at Greenwich, and of the other chief European 

observers ; and, lastly, “ it gives an account of the labors of those 

mathematicians who have improved the science of astronomy by 

their calculations of the effects of the mutual attractions of the 

heavenly bodies.” 

Dr. Bowditch was also, for many years, a contributor to the 

Annalist and Mathematical Diary, solving every question there 

proposed, in his usual style of simple elegance. He also wrote 

or corrected various articles in the American edition of Rees’s 

Cyclopaedia. And all these various publications were the 

employment merely of those leisure hours which were left to him 

after all the calls of active business, and all the claims of social 

and domestic life, had been most fully answered; and more than 

this, and notwithstanding all these duties and engagements, and 

all the occasional scientific labors which have been mentioned, such 

was his wonderful economy of time, that, within the same period, 

he also completed what has justly been characterized as the 

gigantic undertaking of making the Translation and Commentary 

now before the reader, — a work upon which, almost exclusively, 

will rest his fame as a man of science.* 

as extensive and minute as was possessed by any individual then living, — it is, throughout, a 

record of the most sound and impartial criticism. Any biography of him, which has not this 

review" in an appendix, must be incomplete. 

# Baron Zach, in his Correspondance Astronomique, Vol. X. p. 234, A. D. 1824, says, 

“ Nous finirons cette note par apprendre à nos lecteurs ce que nous a révélé le professeur 
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Upon recurring to the Translator’s Preface, in the first volume, 

it will be found there stated that “ the notes were written at the 

time of reading the volumes, as they were successively published. 

The translation was made between the years 1814 [misprinted 

1815] and 1817, at which time the four first volumes, with the 

several appendices and notes, were ready for publication.” The 

fifth volume, published by La Place twenty years after the others, 

was never translated by Dr. Bowditch, though he wrote many 

important notes upon it.* * It was his intention, however, had he 

lived, to translate the volume. Death has defeated forever 

that intention. The work which he had so nearly completed, no 

one lives to finish as he would have finished it ; but, like the 

beautiful painting from which was taken the engraving prefixed to 

this memoir, and which never received the final touch of the dying 

artist, it is the more interesting from the circumstances under 

which it was left incomplete. 

Euereit, que M. Bowditch a traduit en anglais toute la Mécanique Céleste de M. La Place, 

avec un ample commentaire, mais qu’on n’a pu encore le persuader de publier cet ouvrage qui 

ne pourrait que lui faire un honneur infini, ainsi qu’à son pays, mais nous soupçonnons 

qu’il attend pour cela l’ouvrage de MM. Plana et Carlini, qui est sur le métier, et qui ne 

tardera pas à paraître.” A similar public announcement of this fact had been made in the 

North American Review for April, 1820, Vol. X. p. 272; and the editor says that Dr 

Bowditch “ has not, however, yet been prevailed upon to do honor to himself and to his 

country, by the publication of so great and arduous a work.” 

* A day or two only before his death, he received from Europe a translation, executed 

by a young lady whom he had never seen, but who was soon to become his daughter, 

embracing in seventy manuscript pages the first part of the fifth volume ; —■ a suitable offering 

of filial duty to one who never lived to thank her in person for her kindness, but who left 

for her at his decease an affectionate letter, written exactly a week before his death. 
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As, in the course of publication, it became necessary to 

incorporate into the notes much additional matter, owing to the 

subsequent progress of mathematical science, they were all, in a 

great measure, rewritten ; and thus, perhaps, the present four 

volumes will be found to contain almost every thing of importance 

in the whole five volumes of the original work, excepting what 

relates to the earth’s temperature and the velocity of sound.'* 

Still, it was Dr. Bowditch’s intention to introduce into the fifth 

volume more original matter than into either of the preceding 

ones, making it, as it were, the general depository alike of all the 

results of his extensive theoretical investigations, and of the 

practical experience of a long life. It was, especially, a source of 

regret to him, that he could not prepare the Index to the work, 

which he felt assured, from his intimate knowledge of its contents, 

and of the relative importance of the different matters of which 

it treats, he was more competent to prepare than any one else. 

That duty, we believe, however, will at a future time be ably 

performed by a friend, (Benjamin Peirce, Esq., Professor of 

Mathematics in Harvard University,) whose revision of the entire 

work, when in the process of publication, and vigilance in detecting 

typographical errors, Dr. Bowditch always valued as an additional 

means of insuring its accuracy. 

It would not be our desire, were we competent to the task, to 

offer any criticism upon the present work. It will itself speak to 

every reader. A few remarks, however, upon the motives, views, 

and objects of the translator may not be inappropriate. 

* Mr. Pickering’s Eulogy, p. 54. 

VOL. IV. 9 
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In the first place, then, his great design was to supply those 

steps in the author’s demonstrations, which were not discoverable 

without much study and research, and which had rendered the 

original work so abstruse and difficult, as to lead a writer in the 

Edinburgh Review to say there were not twelve individuals in 

Great Britain who could read it with any facility/ Dr. Bowditch 

himself was accustomed to remark, “ Whenever I meet in La 

Place with the words ‘ Thus it plainly appears,’ I am sure that 

hours, and perhaps days, of hard study will alone enable me to 

discover lioiv it plainly appears.” So important did he consider 

the object which he thus had in view, that every letter which he 

received, proving to his satisfaction the fact of some young man’s 

having read his Translation and Commentary, afforded him 

much more pleasure than the favorable mention of it in popular 

journals, or even than the flattering approbation bestowed by 

competent judges ; since, while the one would be but an opinion, 

the other would be a proof, that the great end of his labors had 

been accomplished. He received several such letters. M. 

Lacroix wrote to him that he had recommended the work to a 

young professor at Lausanne. There can, indeed, be no doubt 

* “We will venture to say, that the number of those in this island who can read that work 

with any tolerable facility, is small indeed. If we reckon two or three in London and the 

military schools in its vicinity, the same number at each of the English Universities, and 

perhaps four in Scotland, we shall hardly exceed a dozen ; and yet we are fully persuaded that 

our reckoning is beyond the truth.” — Edinburgh Review, 1808, Vol. XI. p. 281. 

In America, two, and perhaps three persons, besides Dr. Bowditch, were able to read the 

original work critically ; but a competent judge has doubted whether the whole of it had 

been so read even by one. 
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that it has been truly said by a late foreign review,* respecting 

this Translation and Commentary, “ a work which existed in mere 

abstraction before, has been made as accessible, to all public and 

popular purposes, as its essential nature would permit ; ” and by 

another review,t “ the notes to each page leave no step in the 

text, of moment, unsupplied, and hardly any material difficulty 

of conception or reasoning unelucidated.” % Mr. Babbage, in a 

letter to the translator, August 5, 1832, says, “ It is a proud 

circumstance for America, that she has preceded her parent 

country in such an undertaking ; and we in England must be 

content that our language is made the vehicle of the sublimest 

portion of human knowledge, and be grateful to you for rendering 

it more accessible.” 

A second great object of the translator was, to continue 

the original work to the present time, so that it should place 

in possession of the reader the many recent improvements 

and discoveries in mathematical science. That the most 

eminent living: mathematicians consider this end to have been 

attained, clearly appears by the following extracts from letters 

addressed by them to Dr. Bowditch, and now before us : — M. 

Lacroix says, July 5, 1836, “ I am more and more astonished 

at your continued perseverance in a task so laborious and 

* London Athenæum, 1838. 

t London Quarterly Review, Yol. XLVII. p. 558. 

t An English professor of mathematics, who was at Rome in the winter of 1836—1837, 

told a friend of Dr. Bowditch, that he was indebted to these notes for his knowledge of 

La Place ; and that, though he did not expect to be very long absent from England, he had 

ordered the next volume to be sent after him to Italy, if it should appear before his return 

home. 
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extensive. I perceive that you do not confine yourself to the 

mere text of your author, and to the elucidations which it 

requires ; but you subjoin the parallel passages and subsequent 

remarks of those geometers who have treated of the same subjects ; 

so that your work will embrace the actual state of science at 

the time of its publication.” — M. Legendre, in a letter dated at 

Paris, July 2, 1832, says, “ Your work is not merely a translation 

with a commentary; I regard it as a new edition, augmented 

and improved, and such a one as might have come from the 

hands of the author himself, if he had consulted his true interest, 

that is, if he had been solicitously studious of being clear,” &c. — 

Mr. Bessel, also, in a letter dated at Konigsberg, February 18, 

1836, writes, “ Through your labors on the Mechanism of the 

Heavens, La Place’s work is brought down to our own time, 

as you add to it the studies of geometricians since its first 

appearance. You yourself enrich this science by your own 

additions, for which especial obligations are due to you.” — M. 

Puissant (in a letter dated May 31, 1835, and addressed to 

D. B. Warden, Esq., through whose agency Dr. Bowditch had 

transmitted to him a copy of this work) observes, “ The numerous 

additions which accompany the text, and which, in their turn, 

deserve to be translated into French, are the more important, 

as they clear away the difficulties which the subject frequently 

presents, and moreover include whatever Dr. Bowditch and other 

geometers have added to the theory of the motions of the 

heavenly bodies.” 

A third object of the translator was one which, though 

wholly subordinate to the others, he still thought of considerable 
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importance. La Place had so modified, by the action of his own 

mind, the various productions of other men of genius, that, while 

he stated the results of their labors, or adopted their improvements, 

he did not remember, or at least did not think it necessary to admit, 

the source to which he was, in each particular instance, indebted. 

His work told the great truths of science, but omitted to state by 

whom those truths had been first discovered and announced. But 

it must be remembered that it was concise in all its processes and 

expressions ; and he probably felt that every reader, whose genius 

could follow him into the depth of his abstruse speculations, must 

necessarily have previously read the same works from which he had 

himself derived assistance ; and that, familiar as they must be to the 

reader already, it would be superfluous, by any acknowledgment 

or quotation, to direct attention to them. Be this as it may, 

the fact is certain that, in the original work, credit is frequently 

not given to the eminent mathematicians of ancient and modem 

times, by whose labors those of its author were rendered less 

difficult or more effective. But Dr. Bowditch thought it due 

to the cause of literary justice, that, in every such instance, the 

omission in the original work should be supplied. Several of 

the communications which he received, mention his course in 

this respect with high approbation, and express the regret of 

the writers that La Place should himself have thought and acted 

otherwise. Dr. Bowditch was well aware of that natural self- 

love, by which every one is gratified at finding his labors approved 

by others ; and he could especially realize how great must have been 

the pleasure felt at being quoted by La Place for some important 

process or discovery which had contributed to the completeness of 

the Mécanique Céleste. He had communicated to the public, and 

vol. iv. r 



66 MEMOIR. 

to La Place himself, a notice of an error in the original work, 

which was corrected in a subsequent edition, but without even a 

private acknowledgment. That it was not publicly noticed by 

the author, was of course, for the reason above stated, no cause 

of any especial complaint. And Dr. Bowditch well knew by 

personal experience, upon more than one occasion, that it was very 

possible his own letter to La Place, or La Place’s reply, might 

have miscarried.* It has also been suggested, that La Place was 

extremely averse to the act of writing a letter at any time, however 

strong or urgent a motive existed for so doing. This was certainly 

the case with Dr. Bowditch. Often, upon the receipt of an epistle 

or note, he has taken his hat, called personally upon the writer, 

and given him a verbal answer.f 

# Eight copies of the first volume of this Translation and Commentary, sent by 

him as presents to the most distinguished institutions and astronomers of Germany, wholly 

failed to reach their place of destination ; and several copies of the first volume of Struve’s 

Observations, transmitted by the author as presents from the Imperial Observatory at Dorpat 

in Russia to the Royal Society of London, in 1821, found their way, with the original letter 

which accompanied them, to a bookstore in Boston, in 1824, where Dr. Bowditch accidentally 

saw and purchased them ; retaining one of which for his own use, he transmitted all the others 

as at first directed. He received no reply whatever, and presumed that the same evil destiny 

had again followed them. But some years afterwards, he found in Schumacher’s Astronomische 

Nachrichten, Yol. IV. p. 398, a letter to the editor, from Francis Baily, Esq., of London, 

dated January 19, 1826, giving an account of their curious wanderings ; of the agency of 

« Mr. Bowditch, the celebrated American astronomer,” in the matter ; and of their safe arrival 

at last, “ after a long and circuitous voyage of five years, from Dorpat to Boston, and from 

Boston to London. 

-j- When his third son went to Europe to pursue his medical studies, he gave him no 

letters of introduction, but, as a substitute for them, certain copies of a newly-published 

volume of this work to deliver as presents. 
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We should much regret that any of the preceding remarks 

should be construed as in the least degree attributing to La Place 

an intentional or unfair appropriation to himself of the fruits of 

the labor of others. We allude only to an error of judgment, 

which, though easily accounted for upon the above suppositions, 

is much to be regretted, as having occasionally exposed him to this 

more serious imputation. Any such omission of the author, as 

far as Dr. Bowditch was himself concerned, was, long before his 

decease, wholly effaced from his memory by the kindness shown 

to one of his sons by the widow of La Place, who transmitted, by 

•his hands, as a present to his father, a bust of her late husband, 

which has ever since been one of the ornaments of his library, 

and which, by a provision of his will, is eventually to be deposited, 

with the manuscript of this work, in the Library of Harvard 

College, there to remain an interesting joint memorial of the 

author and the commentator. 

Such were the three chief objects which it was the design of 

this Commentary to accomplish ; and the general merits of the work 

have been acknowledged, in language no less strong than that 

already quoted, by Professor Airy, Francis Baily, Esq., the late 

Bishop of Cloyne, and other astronomers of Great Britain, as well 

as by those of France, Germany, and Italy. Thus, Sir John 

Herschel, in a letter to the translator, dated March 8, 1830, says, 

44 It is very gratifying to me to commence a scientific intercourse, 

which I have long desired, with the congratulations which the 

accomplishment of so great a work naturally calls for ; and I trust 

that its reception by the public will be such (of which, indeed, 

there can be little doubt) as to encourage you to proceed to the 
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publication of the succeeding volumes, and that you will be 

favored with health, strength, and leisure, to enable you to 

complete the whole of this gigantic task in the masterly manner 

in which you have commenced it. It is a work, indeed, of which 

your nation may well be proud, as demonstrating that the spirit 

of energy and enterprise which forms the distinguishing feature 

of its character, is carried into the regions of science ; and 

every expectation of future success may be justified from such 

beginnings.” — There was also one delicate attention which he 

received from a female hand. Mrs. Somerville sent a copy of her 

translation of a part of this work to him who was so happily and 

successfully engaged in the same labors. This volume, invested by 

him in a rich and beautiful binding, still attests the pleasure which 

he derived from it as a tribute of respect to his genius from one of 

the most gifted women of the age. — M. Lacroix, in a letter of 

April 5, 1830, writes, “ Besides doing honor to the able, patient, 

and conscientious geometer, who has undertaken this great labor, 

your work, by the beauty of its typographical execution, does honor 

to the country where it is published. It is perhaps the most 

beautiful book which has appeared upon mathematics. The 

calculations in it possess the greatest neatness ; and the figures 

which you have inserted in the body of the work itself unite 

the greatest elegance with convenience. An undertaking so 

remarkable entitles you to the gratitude of those who are 

desirous of studying to the bottom the theory of the system of 

the world, which rests upon transcendental mechanics; and it 

makes us wish for the speedy publication of the remaining 

volumes.” — So also Mr. Encke of Berlin, in a letter dated 

May 5, 1836, speaks of it as a work “which, by the depth 
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of the researches with which it is accompanied, will insure 

to you a distinguished place among the astronomers who 

have employed themselves on the difficult branch of physical 

astronomy.” — Mr. Cacciatore, conductor of the Royal Observatory 

at Palermo, in a letter dated May 1, 1836, mentions it as 

having “ excited the enthusiasm of all who took an interest in the 

subject of it ; ” and in his treatise on Goniometry he remarks, 

“ The profoundness and clearness which are conspicuous in 

that work, demonstrate that it was only by the aid of such 

powers of analysis that a commentary could be written upon 

the immortal work of La Place, and that La Place cannot be 

read with advantage unless it is accompanied with the notes of 

Bowditeh. Italy must have a translation of it.” * 

The translation of this work was, as has been stated, completed 

as early as 1817 ; but so limited was Dr. Bowditch’s income, 

that it hardly sufficed to meet the expenses of a growing family, 

upon all of whom he was desirous to confer the advantages of the 

best education which the country afforded ; and all that was not 

needed for this purpose was expended in collecting around him 

the choicest scientific works of ancient and modern times. The 

American Academy, with that kindness and liberality which ever 

marked their intercourse with their late President, and which have 

characterized their proceedings since his decease, offered to publish 

the work at their own expense. He was also solicited to publish 

it by subscription. But his natural and praiseworthy independence 

of spirit induced him unhesitatingly to decline these gratifying 

* See Notes to Mr. Pickering’s Eulogy, pp. 96—100 

VOL. IV. 5 
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proposals. He was aware, from the character of the work, that 

it would find but few readers, and he did not wish any one to feel 

compelled, or to be induced to subscribe for it, lest he should have 

it in his power to say, “ I patronized Mr. Bowditch by buying his 

book, which I cannot read.” He was thus obliged to wait even 

longer than the time prescribed by the poet, “ nonumque prematur 

in annum,” — until, under more favorable circumstances, he was 

enabled to commence the publication at his own expense. 

But, though this work was not yet published, his fame as a 

mathematician had become fully established, and several of the 

scientific institutions of this country and of Europe conferred upon 

him their highest honors. The following are the foreign societies 

of which he was admitted a member, and the date of the several 

diplomas : — The Edinburgh Royal Society, January 26, 1818 ; the 

Royal Society of London, March 12, 1818 ; Royal Irish Academy, 

March 16, 1819; Royal Astronomical Society of London, April 18, 

1832 ; Royal Academy of Palermo, March 12, 1835 ; British 

Association, June 29, 1835; Royal Academy of Berlin, March, 

1836. It is worthy of remark, that France, the labors of whose 

greatest author have been by him rendered of so much more 

practical value and extensive usefulness, should alone have 

withheld from him the like honors.” In this country, he was 

elected a member of the American Philosophical Society held 

at Philadelphia, April 21, 1809; of the Connecticut Academy 

of Arts and Sciences, October 26, 1813; and of the Literary and 

* It is indeed mentioned in Mr. Pickering’s Eulogy, p. 101, that, but for his death, he 

would probably soon have been elected a member of the Royal Institute of France. 
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Philosophical Society of New York, January 17, 1815 ; &c. &c. ; 

and at the annual commencement in 1816, he received from 

Harvard College the honorary degree of Doctor of Laws. 

Dr. Bowditch always felt a deep interest in the various literary, 

scientific, and charitable institutions of his native town. It was 

chiefly through his instrumentality that, in 1810, a union was 

effected between the Philosophical Library, before referred to, and 

the Social Library, so called, which was the origin of the Salem 

Athenæum ; and from that period, during his whole residence in 

Salem, he continued to he one of its most active and influential 

trustees. Having felt, in early life, the importance of a ready 

access to books, he labored to promote a most free and extensive 

circulation through the community, of the works in this institution, 

and to niake its advantages as easy of attainment as possible, by 

every deserving individual. The gratitude inspired in his breast 

by the recollection of his own obligations of this nature, when he 

was but a poor apprentice, ended only with his life. Recurring to 

this subject in his will, he says, “These inestimable advantages 

have made me deeply a debtor to the Salem Athenæum;” and in 

return he bequeathed to it the sum of one thousand dollars. In 

accepting this bequest, the trustees admit most fully that “ the 

early benefits which he thus gratefully remembered in his will,” he 

had before repaid by his services and donations ; and they add 

that they “ see in this last act the unconscious and disinterested 

devotedness with which he, through a life of activity and business, 

fostered all the interests of learning and education.” 

Equally strong and lasting was his gratitude towards another 
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excellent institution, the Salem Marine Society. Composed 

exclusively, as its name denotes, of such as had made the sea the 

scene of their enterprising labors, Dr. Bowditch and his father 

had been both successively enrolled among its members. The 

kind and timely aid, to which, during several years of his infancy 

and childhood, he had been indebted for some of the absolute 

necessaries of life, he mentioned with emotion to his children, 

during his last illness, and deemed that he but paid a debt to this 

institution when he bequeathed to it a like sum of one thousand 

dollars, in aid of its charitable objects and purposes. His associates 

in this society were peculiarly competent judges of the value of 

his labors and services ; and we doubt if our language could 

be made to present a more simple and beautiful expression of 

gratitude and regard than is imbodied in the following extracts 

from resolutions adopted by them upon the occasion of his decease : 

— “In his death a public, a national, a human benefactor has 

departed. Not this community, nor our country only, but the 

whole world, has reason to do honor to his memory. When the 

voice of Eulogy shall be still, when the tear of Sorrow shall cease 

to flow, no monument will be needed to keep alive his memory 

among men ; but as long as ships shall sail, the needle point to 

the north, and the stars go through their wonted courses in the 

heavens, the name of Dr. Bowditch will be revered as of one who 

helped his fellow-men in a time of need, who was and is a guide 

to them over the pathless ocean, and of one who forwarded the 

great interests of mankind.” 

Each stranger who visits the hospitable city of Salem, is 

desirous to see the Museum of the Salem East India Marine 



MEMOIR. 73 

Society, or, as it is familiarly called, the Salem Museum. It is 

readily and gratuitously opened to his inspection. As he enters its 

spacious hall, his attention is arrested by a full length portrait of 

its late President. There the Commentator on the Mécanique 

Céleste seems still to preside in person over a favorite scene of 

his labors, inviting the attention of the visiter to what he has 

himself, in his will, described as “ a museum of a very rare 

and peculiar character, collected from distant countries, and 

affording a proof alike of the enterprise, taste, and liberality of 

such of the citizens of Salem as have followed a seafaring life.” 

The members of this society are such only as have sailed, in the 

capacity of masters or supercargoes, beyond the Cape of Good 

Hope or Cape Horn ; and besides the obtaining of curiosities 

from these distant regions, an object of much greater practical 

importance, the collection of facts and observations in aid of 

nautical science, has always been zealously promoted by this 

society, and is believed to have been suggested by Dr. Bowditch 

himself. A blank book is furnished to each member, uniformly 

prepared for recording these facts and observations during each 

voyage ; and, upon the return of the vessel, it is deposited with 

the society. It is then examined by a committee, who select 

and record in other volumes, having a convenient index for 

reference, all that they consider important ; and the result is 

a mass of nautical information, such as, probably, exists 

nowhere else in the world, and which Dr. Bowditch found of great 

service in preparing for the press the various editions of the 

Practical Navigator. He was for many years Inspector of its 

Journals, before he became its President, and, in both of these 

relations to the society, highly promoted its progress and 

t VOL. IV. 
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success. Owning Salem for our birthplace, we feel proud of this 

institution; and we know that the bequest to it by its former 

President of the like sum of one thousand dollars, was made from 

an actual sense of obligations conferred, as in the case of the two 

other institutions which he thus remembered. 

Besides these duties and engagements of a public nature, Dr. 

Bowditch became, in 1818, and was at his death, trustee for 

managing an estate of nearly half a million of dollars, which had 

been left by a merchant of Salem ; and it may truly be said that 

there seemed to be no end to the various little services and good 

offices which he constantly delighted to render, and for which he 

was always sure to find the requisite leisure. His fondness for 

imparting as well as acquiring knowledge, was still manifested ; 

as an instance of which it may be mentioned that he instructed 

several young ladies of Salem in French. 

In his political opinions, he was a decided Federalist, and 

during the late war between this country and Great Britain, he 

took great interest in the absorbing and important events of 

the time. It has been stated that, when this war was first 

declared, he was, for two or three days, wholly unable to attend 

to his usual engagements of business or study. At the end of 

this time, however, he addressed his wife with “ This will never 

do ; ” and, summoning a resolution to hope for the best, as the evil 

could not be avoided, he returned with alacrity to his ordinary 

course of life ; and nothing more was ever heard from him about 

the war, except that he often expressed the ardent hope of 

obtaining a speedy and an honorable peace, and used all those 
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exertions which he thought the crisis required to accomplish so 

desirable an end.* It is believed that, later in life, and in view 

of its incidental and remote results, he regarded this war, if 

not as a necessary vindication of the national honor, at least as 

far less disastrous in its consequences than he had anticipated. 

An instance may he mentioned of a fearless and independent 

discharge of duty, upon an occasion involving quite an exciting 

political topic. The legislature had passed a law in which a 

comma was inserted contrary, probably, to the true intention of 

the law-makers ; but the mistake (if it were one) existed in 

the original draft, and in all the printed copies of the statute. 

Certain acts had been done by the Federalists, under authority 

of the law as actually promulgated, which their political opponents 

thought indictable offences, and which would have been so, if the 

comma had been transposed. A term of court was held in Salem, 

and Dr. Bowditch was returned upon the grand jury, and his 

associates elected him foreman. lie had made himself thoroughly 

acquainted with this particular case, and had with him a legal 

opinion drawn up by one whose knowledge of law commanded 

universal respect. The prosecuting officer of the government 

attended before the jury, and, after stating that it was incumbent 

On one occasion, he was distributing votes at the ballot box, upon a very inclement 

day, by the side of a political opponent, whose efforts just counteracted bis own. Each was 

troubled with a severe cold, and Dr. Bowditch proposed that they should both go home, 

as he was satisfied that their absence would leave the final result the same as if they both 

continued their labors. His opponent smiled, and objected to the proposition, that it would 

indicate a lukewarmness in a good cause. This reason immediately operated upon Dr. 

Bowditch to withdraw his proposition, and the equal struggle was resumed. 
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upon him to give them any legal information which might be 

needed in the course of their duties, added that complaints would 

be laid before them of violations of this statute, which he 

accordingly proceeded to explain. Dr. Bowditch said, “ Sir, I 

doubt the accuracy of your explanation. Have you got the statute 

with you ? ” The legal adviser said he had, and produced it, and 

read it with a wrong emphasis, as if the comma were otherwise 

inserted. Dr. Bowditch indignantly interrupted him : “ Please, 

sir, to show me the book : ” and on looking at it, he added, “ Why 

did you so read it as, by your emphasis, to give us a false impression 

of its meaning?” The reply was, “There is no doubt the comma 

is inserted where it now is, only by mistake.” Dr. Bowditch 

said “It is your duty, sir, to tell us what the law is as you 

find it, not to tell how you think it ought to be improved or altered. 

We have no further occasion for your services at present ; when 

we wish them, we will send for you.” His associates on the 

jury, though nearly equally divided in political sentiments, were 

highly gratified by his characteristic promptness and energy, and 

refused to find any bills of indictment for the supposed violations 

of law, and unanimously passed a very full vote of thanks to him 

for the fairness and independence with which he had presided 

over their deliberations. 

For the last twenty years of his life, he retired altogether 

from the exciting scenes of political strife to what he called his 

“peaceful mathematics ;” though he still continued to entertain and 

express decided opinions upon public men and measures, and to act 

upon these convictions. Dr. Bowditch was never fond of public life. 

He never held a seat in the House of Representatives of his native 
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state, and was never a speaker in the assemblies of his fellow- 

citizens. He was, however, elected to the honorable office of 

one of the Executive Council of Massachusetts, which he held 

during the years 1815 and 1816, being, during one of those 

years, at the council board under the administration of Governor 

Strong, for whose dignified manners, commanding talents, and 

exalted character, he entertained the highest respect ; and this 

sentiment, it is believed, was cordially reciprocated on the part 

of the chief magistrate. At this board, upon more than one 

trying occasion, he gave his vote and exerted his influence in 

support of the law, and refused to screen from its penalties the 

murderer and other criminals who had deliberately violated its 

provisions without any palliating circumstances ; notwithstanding 

the strong and urgent appeals in their behalf, made by many 

excellent and benevolent citizens, among whom were some of 

his own personal friends. He considered that a capricious 

exercise of even the prerogative of mercy, would, in effect, 

convert a government of law into a government of men. 

Dr. Bowditch’s father had originally worshipped at the Episcopal 

church in Salem, but became a member of Dr. Bentley’s society 

while his son was quite young. Upon his second marriage, 

Dr. Bowditch removed to a different part of the town, and, for 

this and other reasons, became a member of the society under 

the pastoral care of his friend Dr. Prince, and always continued 

so during his residence in Salem. Within the walls of its 

ancient church was the first simple rite of the Christian religion 

administered to all his children. A coolness on the part of Dr. 

Bentley, originating in this removal from his society, resulted, 
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from political causes during the war, in an entire estrangement, 

which was always a source of regret to Dr. Bowditch, who made 

the first advances toward a reconciliation, by a direct call at his 

house with a friend who desired an introduction. The visiters 

were received with the utmost cordiality, and the intercourse, 

thus happily renewed, was never afterwards interrupted ; and the 

family still retain in their possession memorials both of the early 

and the late friendship of Dr. Bentley. It was indeed particularly 

delightful to Dr. Bowditch to find that the restoration of peace to 

the country, brought with it a renewal of that social intercourse 

which political dissensions had wholly interrupted. He often 

mentioned the visit of Mr. Monroe, the President of the United 

States, to the town of Salem, in 1817, as an occasion never to be 

forgotten, because it was the first upon which, after a separation 

of many years, were again brought together within the same 

circle so many of his earliest and most valued friends. 

Many and very flattering and advantageous proposals were 

made to Dr. Bowditch, from time to time, to induce him to leave 

Salem ; but his attachment to his native place proved stronger 

than any temptation to which he was thus exposed. In 1806, 

he was elected Hollis Professor of Mathematics in Harvard 

University.'* In 1818, President Jefferson desired him to accept 

* By a singular coincidence, it happened that, at the annual commencement of that year, 

he was seated between two strangers, one of whom, reaching forward, observed to the other 

the fact of his nomination to this office, and asked whether it would probably be accepted ; 

to which the other replied, that he rather thought not, since Mr. Bowditch would probably be 

afraid of “ singing small on classic ground.” But with the classics of his own science 

Dr. Bowditch was sure that he was more conversant than any one there, and his ability to 
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the like professorship in his University at Charlottesville in 

Virginia ; and in his letter containing this request he says, “We 

are satisfied we can get from no country a professor of higher 

qualifications than yourself for our mathematical department.” 

In the same year, he was also urgently requested to take charge 

of an insurance office in Boston. In 1820, Mr. Calhoun, the 

Secretary of War of the United States, requested him to consent 

to a nomination to the vacant professorship of mathematics at 

West Point, and says, “ I am anxious to avail myself of the first 

mathematical talents and acquirements to fill the vacancy.” 

In 1823, he received an invitation to take upon himself the 

charge of an institution in Boston, — similar to that which he 

then managed, —jointly with another, recently incorporated by the 

name of the Massachusetts Hospital Life Insurance Company, 

for which latter institution his services were considered almost 

indispensable. The salary offered at first was exactly three 

times that which he then enjoyed. After mature consultation 

with his friends, and after bestowing upon the proposal his own 

most careful deliberation, it was also decidedly declined. But 

those who made it would admit of no refusal. A new offer was 

forthwith made of a still more liberal compensation, ($5000;) and 

as he felt it to be more than an equivalent for any services which 

he could render, — and as any further refusal on his part, which 

should have led to the offer of a still higher salary, he would 

teach to others what he knew himself, he had often abundantly tested. But he declined the 

appointment, solely from an unwillingness to break away from all the pleasant associations 

connected with Salem. 
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have regarded as a mere extortion, — he felt that, in listening 

to the proposal, he was now obeying â call of duty, and he 

accordingly, though with great reluctance, determined to quit 

the town where, as he says in his will, “ he had passed so 

pleasantly the first fifty years of his life.” He could, indeed, 

hardly determine to make the sacrifice in question; and, even 

when it was determined upon, a vague hope and anticipation 

were long cherished both by himself and his wife, that eventually 

they should return and end their days amid the scenes of their 

childhood. Until his death he continued to take the same lively 

interest as ever in the affairs of that city. 

He left his early home attended with as cordial and sincere 

expressions of respectful and affectionate regret as could possibly 

have honored his departure. A public dinner was given to him 

upon that occasion, which will long be remembered by those 

present as a scene of the most interesting character ; while the 

recorded account of the festival will ever attest that it was 

a tribute paid to “ science supported by genius, guided by 

benevolence, and attended by all the virtues ; ” — to their 

“ distinguished citizen, the first of his countrymen in the walks 

of science, and second to no man on earth for purity and honor ; ” 

— to “ their respected guest, who reflected upon his country the 

brightest honors of science, and diffused in social life the warmest 

influences of benevolence.” And the wish was expressed, that 

he might “ enjoy a happiness as pure as his fame, and constant 

as the activity of his virtues ; ” and it was declared that, u as the 

monarchy of France had done homage to her La Place, so would 

the republic of America not be ungrateful to her Bowditch.” 
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It may here be mentioned, as an instance of Dr. Bowditch’s 

diffidence and aversion to all public display, that he previously 

obtained from the president of the day a promise not to call 

upon him to address, however briefly, his assembled friends ; — an 

incident which probably never before occurred upon a like occasion. 

It is also an interesting circumstance, that that gentleman (Hon. 

Benjamin Pickman) was the same individual to whom he was 

indirectly indebted in early life for his copy of Newton’s Principia.* 

This was the last occasion upon which Dr. Bowditch was 

personally to receive from his native city any public expression 

of those sentiments which continued, however, to be uniformly 

cherished and manifested towards him by its citizens to the 

close of his life. But honorable indeed to his memory were the 

proceedings of Salem consequent upon his decease, and gratefully 

will his children ever cherish the remembrance of them. The 

resolutions then adopted describe him to have been “ a townsman 

of singular simplicity, integrity, purity, and benevolence of 

character ; attaining from humble life, by his intellectual and 

moral energy, the highest honors of science, and the respect 

* Dr. Bowditch had, many years before, been a member of an engine club in Salem, — 

a voluntary association of gentlemen for securing each other’s property from the ravages 

of fire. At the occasional meetings of this club, of a social character, he stipulated that 

he should never be called upon for toasts or sentiments, unless he could be allowed to 

get them written and delivered by proxy. This was agreed to, and a friend, of “ infinite 

humor,” prepared accordingly a number of them, of a most appropriate character, which 

were from time to time produced, and highly applauded, and the more warmly from the 

above circumstance respecting their origin, which, though ostensibly concealed with 

suitable gravity, was yet known to all the members. 
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and gratitude of the community as a public benefactor ; ” and 

“ earnestly commend to the admiration and imitation of all, 

and especially of the young men of his native place, the 

noble example of active and patient industry, unconquerable 

perseverance, unbending uprightness and faithfulness in all 

the relations of life, and ardent love and constant pursuit of 

knowledge and truth, which were the foundations of a character 

of such honorable distinction and rare usefulness ; ” and declare 

that “ the people of Salem have ever retained a deep interest 

in his happiness and fame since he reluctantly left his native 

place for a sphere of more extended usefulness ; ” and that 

they “ now receive and acknowledge with grateful sensibility the 

evidence of his generous remembrance of his first home in the 

last days of his life, contained in his liberal bequests to three 

of the most useful and important institutions of the city.” * 

Thus, in 1823, Dr. Bowditch removed to Boston, with his 

wife and a family of six children, — four sons and two daughters, 

— the eldest of whom had not completed his professional studies, 

and the youngest of whom was but an infant. The remains 

of one interesting child, who died in 1820, at the age of ten 

years, and those also of an infant boy, repose in the burial- 

grounds of Salem. All the anticipations and motives which 

* Pursuant to another resolution, a public Eulogy was pronounced upon the deceased 

by Hon. Daniel Appleton White, which, listened to at the time with the deepest interest, 

will in its published form remain as true, beautiful, and discriminating a delineation of 

character, as might have been expected from one who himself possesses a high order 

of talent, who was long an intimate personal friend of the deceased, and whose thoughts 

are always clothed in a classic elegance of style. 
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determined Dr. Bowditch to this removal, were fully realized 

and justified by its ultimate results. In Boston he found many 

of his early friends, who had preceded him in this removal, and 

was in a few years followed by others. Strangers extended to 

him the hand of friendship, and gradually became endeared to 

him. He saw his three eldest sons engaged in the professions 

or pursuits which their tastes had led them to select, under 

circumstances more advantageous than his former place of 

residence would have afforded. His own increased income 

allowed him to enrich still more his valuable library ; and he 

found himself surrounded by sources of the purest and highest 

enjoyments. In his will he speaks of Boston as u the home of 

his adoption, where as a stranger he met with welcome, and 

had continued to receive constantly increasing proofs of kindness 

and regard.” 

The affairs of the Commercial Insurance Company were 

successfully conducted by him till the increasing labor of his office 

as Actuary of the Life Insurance Company, induced the latter 

institution to offer him the same salary which had been previously 

paid by both together, and which was subsequently still further 

increased to six thousand dollars. He now relinquished the 

charge of the other corporation, whose charter was surrendered, 

and its concerns prosperously closed. And it was without any 

regret that Dr. Bowditch bade farewell to the cares and anxieties 

attendant upon marine insurance, where occasionally an unforeseen 

accident intervenes to destroy the fairest prospect of success. The 

company of which he was President had met with two losses, 

of thirty thousand dollars each, within one week ; and though 
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one was a case of piracy, of which none lived to tell the tale, and 

the other a case of a tempest and shipwreck, and in each instance 

the vessels lost were of the first class, so that no error of judgment 

could be attributed to him, still the immediate influences of these 

disasters were disheartening ; and he felt that, with the multitude, 

success, and that alone, is wisdom, and that, in the majority of 

cases, their verdict is a just one. He himself, indeed, always 

was of opinion that continued ill-luck indicated incapacity. 

On one occasion, when he had refused to underwrite upon a 

vessel commanded by Mr. A ...., because “ he was unlucky,” 

the captain called upon him to complain of his imputing to him 

as a fault what was but a misfortune ; and, after trying for some 

time to evade a direct reply, Dr. Bowditch at last said, “ If you 

do not know that, when you got your vessel on shore on Cape 

Cod, in a moon-light night, with a fair wind, you forfeited your 

reputation as an intelligent and careful ship-master, I must now 

tell you so ; and this is what i mean by being unlucky.” 

It was with pleasure, therefore, that he now turned his 

undivided attention to the management of the institution which 

was truly “ the child of his affections.” The act incorporating 

this company with a capital of a half a million of dollars, 

conferred powers of effecting insurance upon lives and granting 

annuities ; and Dr. Bowditch, before he had even removed to 

Boston with his family, expressed so decidedly the opinion that the 

business would not be a source of profit with these limited powers, 

that, at his suggestion, an additional act was obtained, recognizing 

the right of the company to take money in trust to manage for 

individuals. His judgment proved perfectly correct upon both 
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points : while the former branch of business has been very trifling 

in its results, the amount of property already received in trust 

exceeds five millions of dollars, and the charge deducted for its 

management is the chief, almost the only, source of the profits 

of the company. He calculated interest tables, for the common 

year and leap year, specially designed for the use of this 

corporation, involving a great amount of labor ; and a few 

copies were privately printed. These tables have saved the 

constant employment of at least one clerk. The continually 

increasing degree of public confidence and general popularity 

which this institution has enjoyed, has been chiefly attributable 

to the financial skill, sound judgment, strict integrity, and watchful 

vigilance, with which he devoted himself to its administration, 

and the fearless and decided manner in which he always 

checked, prevented, and guarded against, every possible abuse. He 

considered the institution as being morally the guardian of the 

property intrusted to it belonging to widows, minors, and others, 

and was careful that they should fully understand the contracts 

made by them, or on their behalf, and that those contracts, when 

made, should be observed strictly according to their true intent 

and meaning. Displaying the utmost courtesy, and the most 

liberal spirit of accommodation towards other institutions and 

individuals who dealt with the company, he had always in view, 

in its widest sense, the permanent and ultimate good of the 

institution over which he presided, and never compromised its 

interests or rights. Disarming all jealousy upon the part of the 

legislature, by the open and frank communications which he made 

to its committees, he gradually overcame much of that prejudice 

which a republican form of government naturally tends to foster 
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against all large moneyed institutions. Identified almost with 

himself, the public, no less than the stockholders and depositors, 

reposed in it a degree of trust, which has probably never been 

exceeded by the most extensive and well-earned popularity of 

any similar institution. In the settlement of estates of deceased 

persons in the Probate Office for the county, the records often 

speak of it as “ the Bowditch Office.” 

Hardly a day passed which did not exhibit in full view all 

his most peculiar and methodical habits of business, and many 

of the most valuable and important of the distinguishing traits 

of his character. Instances without number might be cited. 

One of the wealthiest citizens of Boston, himself a member of 

the Board of Control of the company, wished, upon a Saturday, 

to deposit ten thousand dollars to be managed in trust. His 

balance in the bank, however, was less than that sum by three 

hundred dollars, and he offered to the actuary his check for that 

part, to be good on the next Monday. Dr. Bowditch said, “ I 

cannot, sir, receive any check payable at a future day as cash. 

It is a rule of the office, which you yourself assisted in making, 

that I shall never part with the money of the institution, or make 

any engagement in its name, without an actual payment, or 

sufficient collateral security received in return. It is my duty 

to enforce this rule against the most powerful and influential, 

as well as the most humble, individual who deals with the 

institution.” The gentleman was at first not a little astonished 

at such a novelty as the refusal to trust him for three hundred 

dollars for one day. Dr. Bowditch resumed, — “lam happy, sir, 

that it has become necessary to enforce this rule in an extreme 
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case. Having been once applied to yourself, no one else can ever 

object to a compliance with it. And it is in itself an excellent 

regulation.” A moment afterwards, finding that his own private 

balance in the bank was more than that sum, he offered to take 

the gentleman’s check himself, giving to the company his own 

check payable that day; which was done accordingly. 

Upon another occasion, a person called to take away a policy 

for which he had contracted. Dr. Bowditch asked him the time 

of making it and the amount ; then turned in a moment to two 

books in succession, went into the vault in which was contained 

the property of the company, and looking over a small file of 

papers in one corner, came out again, and said, “You have got 

it, sir.” — “ No, sir, I have not.” — “I am certain you have.” — 

“ Nothing but your being so certain that I have, makes me doubt 

at all that I have not got it.” — “I am ready to take my oath 

in court, if necessary, that it has been delivered to you.” — “ O, 

then, you remember, I suppose, placing it in my hands.” — “ No, 

sir, I have no particular recollection about the matter at all. 

But when a policy is once recorded in that book (pointing to a 

volume before him,) and has received the examination both of 

myself and the secretary, the original policy is always put by 

me in that corner of the safe. It is the rule of this office, that 

nobody shall deliver out an original paper but myself. I have 

the key of that safe ; your paper is not there. Therefore, if I 

were called upon in court, I could take my oath that you have 

received it.” The lost paper was of course found. 

A female had deposited with the office all her property, in 
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strict trust for her own life, the sum being sufficient to secure 

her an income of about six dollars a week. She subsequently 

became insane, and a guardian was appointed, who took her into 

his own family to reside. He complained every year that the 

income was not enough to pay the necessary expenses of taking 

care of her, and said that he must have part of the principal. Dr. 

Bowditch told him it was impossible ; that the company never 

would consent to any violation or modification of the original 

contract which the lady had made when in possession of her 

reason ; and added, “ You can have her placed in any private 

institution for the insane, at a much less weekly expense than 

you yourself charge.” Finally, one day, when he called for 

the annual income which was payable, he refused to receive it 

unless he could obtain also part of the principal ; and added that 

if the company would not pay it voluntarily, he should commence 

a suit to compel them to do so. Dr. Bowditch, fired with 

indignation, said, “ The moment a writ is served upon the 

company for such an object, I will institute a complaint against 

you as an unfaithful guardian, and get you removed from your 

trust.” From this time, the income was amply sufficient to meet 

all the wishes of the guardian. 

A gentleman wished to obtain a loan upon mortgage. On 

examination, it appeared that the former owner of the estate had, 

before his purchase of it, devised all his property, of every kind, 

to the lady he was about to marry, and, several years afterwards, 

died without children, leaving her his widow ; and that she had 

conveyed the estate in question to the applicant, with warranty. 

Notwithstanding the clear intent of the testator, this particular 
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estate legally belonged not to his widow, but to his brothers and 

sisters as his heirs at law. The loan must therefore be declined. 

But the equity of the case was so strong, that, upon the 

applicant’s giving such further security as was required, in 

addition to that afforded by the improvements which he had 

made upon the estate, the loan was at last agreed to ; and the 

secret of the defect of title thus discovered, was long preserved 

inviolate. It happened, by a singular coincidence, that the 

widow had died, and that her property, including the proceeds 

of this very estate, had been placed with the company in trust 

for a daughter, who, with a large family, was dependent upon 

the income which it afforded. The gentleman, ascertaining 

this fact, and being impatient of waiting for the expiration of 

about a year, when his title to the land would be rendered 

perfect by the statute of limitations, actually disclosed the 

defect to those legally entitled to the estate, feeling sure that, 

if they recovered it from him, he should be able to obtain his 

indemnity from the property thus placed in trust with the 

company. The heirs at law, as soon as they became apprized 

of their rights, brought a suit to enforce the legal claim, which 

had originated about thirty-nine years before. When Dr. 

Bowditch learned these circumstances, and found that the 

person in question, rather than wait silently a few months 

longer, had been willing to give effect to this unjust claim, 

and thus indirectly to deprive of her last resource this female 

and her family, he said to him, “You have involved yourself 

in one suit, and must lose it ; and never will I voluntarily 

part with one dollar of the widow’s money intrusted to me, to 

make good a loss which you have thus brought upon yourself. 
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You shall first have still another suit, against all the weight and 

influence which this company can command.” The gentleman 

died during the pendency of the original suit, by which event 

the action was ended ; and the period of limitation having been 

previously completed, a new suit could not be instituted. Nothing 

but the loss of life could have prevented his losing the cause. 

A gentleman called to deposit a small sum of money in behalf 

of a young lady, his ward, to remain till she was of age. It was 

readily received. Before he retired, another gentleman entered, 

who happened to be a very particular friend of the actuary. 

He said, “ Will you receive twenty or thirty thousand dollars 

in trust for me ? ” — “ No, I cannot receive it from you.” — 

“ Why not from me, as well as any one else ?” — “ Because you 

can take care of the money yourself. Whenever, as at present 

is the case, there is so much money in possession of the company, 

uninvested, that it will not be a decided advantage for them 

to take any more, I receive it only from such as cannot take care 

of it themselves. For such cases especially was the company 

designed. It is a sort of Savings’ Bank, except that it is on a 

larger scale than usual.” 

He also considered it very important that no money should 

be received in trust from foreigners or residents out of New 

England ; both as a means of preventing ill-will of any kind, 

and that the whole affairs of the company might be more 

strictly local, and therefore more safe, than they could be if its 

dealings were more widely extended. And thus it once happened, 

in a severe financial crisis, when it would, in his own opinion, have 
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been advantageous to the community, in the particular case, to 

have dispensed with the rule, that he yet looked to ultimate 

consequences, and refused a deposit of one or more hundred 

thousand dollars, which a resident in Nova Scotia wished to 

place with the institution. 

His intercourse with the three individuals associated as 

immediate officers of the institution under him, was uniformly 

of the most affectionate character. Requiring at all times 

great promptness and accuracy from them in the discharge of 

their appropriate duties, his kindness of heart won from them 

all, the same attachment which they would have felt towards a 

parent. These officers will never forget that he summoned them 

as witnesses to his will, telling them that before he died he 

wished to see them once more together, adding, “ This is, probably, 

the last time that I shall have that pleasure.” It was the last 

time. One of them (the secretary) had been his colleague 

from the foundation of the office ; and there had existed between 

them a daily intercourse of the most friendly character, without 

the slightest interruption, during fifteen years. To him Dr. 

Bowditch expressed, on his death-bed, the earnest wish that he 

would in no event desert the institution. Having- been addressed 

by the deceased as a son, he, as such, was one of the four individuals 

who, besides ourselves, attended his remains to the tomb. He will, 

we know, pardon the relation of the following anecdote : — Dr. 

Bowditch had one day gone out of the office for a few moments, 

and, on his return, found that he had accidentally left open the 

trunk containing all the convertible property of the company. 

The secretary might have had access to it. Without any 
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remark at the time, he took out the trunk, and the schedule 

of the property which ought to have been there, and carefully 

examined each item. He told us at the time, and the secretary 

of the company himself afterwards, that, though he would have 

unhesitatingly left his own property uncounted, and have felt 

that there was not the slightest risk from the exposure, he could 

not answer it to his conscience, as the responsible guardian of 

the property of others, knowingly to subject it even to a possibility 

of loss. 

An instance may be mentioned of his exact and equal justice, 

where a member of his own household was made its subject. 

Several years ago, it was the duty of the individual then the 

messenger of the office, to receive the interest paid upon notes 

and mortgages, and hand it immediately to the actuary, that 

the proper endorsements might be made ; and if, after business 

hours, persons called to make such payments, and were willing 

to leave the money with the messenger, taking his word that the 

proper endorsements should be made the next day, this officer was 

in the habit of accommodating them by so receiving it. Yielding 

to temptation, he spent a small sum thus received, ($120,) 

intending to replace it by his salary, which would be due in a 

few days. Dr. Bowditch’s eldest son, who then was, and still is, 

solicitor of the company, was called upon to write certain letters 

to persons supposed to be delinquent in payment of interest. 

When he was preparing to do so, the messenger of the company 

called, and with many tears confessed his wrongful appropriation 

of the money, and begged that, at least for the sake of his wife and 

children, it might be concealed till the next day, when he had 
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always intended to replace the sum ; adding the most solemn 

assurances that it should then certainly be done. The son 

consented, though reluctantly, to conceal from the father an act 

which he was induced to believe had been committed without any 

deliberate intent to defraud. On the next morning, the salary 

was paid, and almost immediately afterwards, instead of the 

promised application of it, was paid over by the messenger to 

an urgent creditor, who threatened him with the utmost severity 

of the law. Upon ascertaining this fact, the original otfence 

was without delay disclosed by the solicitor of the company to 

its actuary. Dr. Bowditch’s reply was, “ Had it been your own 

money, you would have been at liberty to listen to the dictates 

of compassion and humanity ; but as an officer of this institution, 

you have committed, though unintentionally, a great fault, which 

I can with difficulty overlook. You must give me your own 

check for the whole amount of the deficit, since by a timely 

exposure the company could have withheld the salary which 

has just been paid. This being done, all further action I leave to 

the directors.” The check was then given ; and this important 

though painful lesson of duty was cheerfully learned at the 

time, and has been as gratefully remembered since as the most 

kind and affectionate instructions which a parent’s love ever 

communicated. Before this incident, and, if possible, still more 

scrupulously since that time, Dr. Bowditch determined that no 

one should remain in any situation attached to the office, who 

was laboring under pecuniary embarrassments. To see the note 

of one of its officers offered upon change, would with him, at any 

time, have been a conclusive reason for his instant dismissal. 

He knew intimately the weakness of human nature ; that 

vol. iv. y 
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honesty and integrity may in a moment be lost by those fatal 

entanglements ; and he regarded the prayer for delivery from 

temptation as one of vital importance. In his own conduct, 

he practised upon the same rule. He never endorsed or became 

surety for any of his children, or made any engagements by 

which he might become liable to forfeit his independence. 

In adopting the forms for various blanks, and the books for 

the various accounts of the company, Dr. Bowditch introduced, at 

the first establishment of the institution, such perfect simplicity 

of method and arrangement, that scarce any subsequent change 

has been found from experience to be necessary ; the books having 

different columns ruled, and the matters stated in print at the top 

of each, which are to be recorded in it, so that a glance suffices 

to decide what would otherwise require perhaps a long search. 

Dr. Bowditch was very rapid and exact in all his calculations, 

such as computing interest, &c., and each one’s business was in 

succession finished with the utmost despatch, so that it was 

wonderful how much he was able to accomplish. He always 

bestowed his own final revision upon every contract made by the 

company, and every note or mortgage or other security made to 

or taken by it ; * * and frequently his minute and careful scrutiny 

\ 

* When a mortgage is paid off, the law makes it the duty of the lender to go to the 

public office where the same is recorded, and to acknowledge satisfaction in the margin 

of the record ; for making which entry the officer is entitled to a small fee, which is 

payable by the borrower. Dr. Bowditch, on such occasions, always took this fee, and, 

wrapping round it a piece of paper, on which were minuted such particulars of the 

mortgage as would identify it, and prevent him from discharging the wrong one, “This 

money,” said he, “will answer as ballast for the paper, and prevent that from getting 

out of my pocket, and the affair out of my memory.” 
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would detect some clerical error, which had escaped all who had 

preceded him. He was equally exact and particular in his mode 

of transacting all the other business of the company. Every day, 

at two o’clock, he balanced the cash account before he closed 

the office, that he might leave nothing unfinished. Only the day 

before his death, having a week previously found himself too 

feeble to make an endorsement upon a promissory note of half 

the principal, and to look over and execute a deed of release of 

half the mortgaged premises, he sent to the secretary to bring him 

the papers again, saying, “ You know I never like to leave any 

thing unfinished.” He made the endorsement, and executed the 

release in question only forty-seven hours before he died. He 

would never listen to two speakers, or attempt to attend to two 

matters at once. “ One thing at a time,” was his rule. It brought 

order out of chaos ; all the elements of confusion vanished at its 

magic influence. It was certainly the most efficient, and probably 

the only rule, that could have been devised for finishing all the 

various and complicated transactions which each successive day 

brought with it. Often, when engaged in making an entry, if, 

upon looking up, he saw a friend, he would exclaim, <£ In one 

moment ! ” and then proceed and deliberately finish the matter 

before him ; after which he would say, “ Now I am free, and will 

talk with you.” He had his La Place habitually by his side, and 

in the occasional intervals of leisure from the calls of business or 

friendship, he constantly recurred with delight to the teachings 

of this his favorite author. 

Dr. Bowditch enjoyed most heartily any laughable incident 

which occurred, and often, by his amusing comments or anecdotes, 
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awakened a like hilarity in others. Thus, upon one occasion, a 

person who called to buy a life annuity moved so feebly, and 

made so many grimaces and contortions, and groaned so dolefully, 

lamenting his ill health, and the short time he had to live, that it 

was very evident he was acting a part, with a view to make as 

good a bargain as possible. Dr. Bowditch enjoyed the affair 

highly, and, after the applicant had retired, he was describing 

the incident to a friend with so much comic effect, “ suiting the 

action to the word, and the word to the action,” that he even 

surpassed his original ; and the two officers of an insurance 

company in the room immediately beneath his own, came running 

up stairs with some anxiety to know the cause of such sounds 

of distress and such piteous ejaculations. 

It was indeed wonderful with what facility Dr. Bowditch 

could in an instant divert his attention from any subject to 

another of the most opposite character ; at one moment engaged 

in the every-day detail of the business of his office, at the next 

abstracted from all around him by the most elevated investigations 

of science ; and then, again, displaying either the utmost cordiality 

of friendship, or almost the wild hilarity of childhood, and apparently 

finding from each change an equal degree of relaxation. 

Dr. Bowditch’s disposition to afford every possible facility 

and accommodation to annuitants, depositors, and stockholders, 

was manifested upon all occasions. He habitually kept the office 

open during the afternoon of the day preceding that for the 

general payment of interest or dividends, of which he sent a 

private notice to those individuals who had the largest number 
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of different sums to receive, stating his readiness then to pay 

them ; which arrangement saved both them and all others who 

might have applied at the same time with them on the following 

day, from the disagreeable but unavoidable delay to which they 

must then have been subjected. This not only gratified the 

individuals in question, but was indeed, indirectly, an equal 

accommodation to every one else, besides that it insured greater 

accuracy than if the entries were made in a hurry, with many 

standing around waiting impatiently for their own turn. 

He was also desirous that females who had annuities or 

deposits in trust, should come in person to the office to receive 

their payments, as he wished them to see and judge for themselves 

as to the management of their property, and that he might himself 

give them any explanations and information which they desired; 

and the moment a lady entered, she took immediate precedence 

of every one else, and the claims of some of the most considerable 

depositors have often been thus postponed to those of a poor 

widow who had intrusted to the institution her little all. No 

female annuitant, indeed, ever left the presence of Dr. Bowditch 

without having been delighted with his courteous and polite 

reception, and with the ready, frank, and kind manner in which 

her inquiries had been answered or her wishes attended to. 

The courtesy thus shown to female annuitants was extended to 

females applying for loans upon mortgage — but in rather a 

peculiar way, viz. the uniform refusal of their request. And it 

was certainly with some ingenuity that this rule of the company 

was supported exclusively by reasons based upon gallantry towards 

the sex. He said to them, “ It is impossible to accede to your 
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request, because, should any delinquency occur, the company 

could never be so rude or harsh as to institute a suit against a 

woman, or to take forcible possession of her estate. Therefore 

we never lend except to a man, with whom we can immediately 

resort to all the strict measures of the law, in case it becomes 

necessary.” So plausible a reason was always satisfactory. 

Prompted by a similar motive of politeness was another of 

his private rules. Aware of a difficulty which he through life 

experienced in remembering names, and that the self-love of 

applicants at the office would be hurt at the necessity of 

informing him who they were, he was in the habit of referring 

every one whose familiar features thus perplexed him, to another 

officer of the institution, to get the number of the policy or 

mortgage respecting which question had been made. The clerk 

understood this request, and began by asking the name, which 

was a less mortifying question from him, than it would have been 

from the principal of the office. He then handed the name and 

number to the actuary on paper. 

The most difficult duty to be performed by the actuary of 

this company, and at the same time one of almost daily recurrence, 

was that of refusing applications for loans of money which he 

thought it not safe for the institution to grant. It often required 

great firmness and decision. Powerful influences, direct and 

indirect, were often resorted to in order to obtain a favorable 

answer. But it is emphatically true that Dr. Bowditch understood 

the art of saying “ No ; ” and while he decidedly and peremptorily 

declined an offer as inadmissible, so that no time should be wasted 
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in profitless discussion, it was always his endeavor to do it with 

as much courtesy of manner as possible. He was well aware, 

however, that this was the most thankless part of the actuary’s 

duties ; that though a manly, independent, and decided course, 

would certainly secure the respect and approbation of the majority, 

and promote the interests of the institution, it must also necessarily 

give offence in individual cases. Such cases did occur. There 

never lived the man whom Dr. Bowditch feared to address in 

what he considered the language of truth, and he often spoke 

with a plainness and directness to which his hearers had not 

been accustomed. 

It was always a painful duty, however, to be compelled to 

disappoint applicants by the refusal of their requests, though it 

was one which, as has been stated, Dr. Bowditch never hesitated 

to perform. Sometimes, indeed, he declined requests, which he 

subsequently thought might, with some slight modification, have 

been admissible ; and in such cases he was always ready and 

willing to recede from his first position. An instance of this kind 

occurred a few weeks before his death. The proposal made by 

a friend was declined, as not coming within the rules of the office. 

The applicant had no idea that Dr. Bowditch at that time was 

laboring under a serious disease, and manifested some surprise 

and irritation at this unfavorable answer. With a slight change 

in the terms of the proposal, by which the original objection 

was removed, it was, in a day or two afterwards, acceded to. It 

was soon known that Dr. Bowditch was alarmingly ill. No one 

was more earnest and constant in his inquiries respecting his 

health, than the gentleman alluded to. The day but one before 
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his death, Dr. Bowditch made some remarks to his eldest son, 

desiring him to communicate them in his name to that gentleman. 

A letter was accordingly written, in which, after stating his 

uniform sentiments of esteem and respect during a long inter¬ 

course, and alluding to a common descent from the same remote 

ancestor, (John Turner,) as having strengthened by relationship 

the feelings of good-will which a knowledge of character had 

first produced, — Dr. Bowditch proceeds to say that if any 

incident has ever occurred between them of a less friendly 

description, he has never let the sun go down upon his 

remembrance of it, and hopes that it has been equally forgotten 

by his friend. A reply was received, in which the writer says, “ I 

have ever been inclined to reverence the silver hairs of an honest 

man. Associated with the consideration that they are connected 

with great public services, inflexible independence of thought 

and action, and a very high order of intelligence, duty, not less 

than inclination, commands our respect.” A copy of the original 

communication, sent by his son, as he had desired, and the reply 

to it, were read to Dr. Bowditch only twenty-three hours before 

his death. They were the last to which he ever was a listener. 

He died, as it were, in the very act of forgetting and forgiving, 

and asking a like forgetfulness and forgiveness of, all the incidents 

connected with one occasion upon which he feared that, as actuary 

of the Life Insurance Company, he had perhaps unnecessarily 

said “ No.” * 

* Of a similar character is the anecdote of his once asking the pardon of some young 

men in the Salem Athenæum for having upon a certain occasion spoken, as he thought, 

somewhat too quickly to them. — Judge White’s Eulogy, p. 57. 



MEMOIR. 101 

During the late disastrous period, when every bank in the United 

States was compelled to suspend, specie payments, Dr. Bowditch 

conducted the affairs of the Company with such caution, that — 

though this was the largest moneyed institution in New England, 

having a capital equal to that of ten common banks, and though its 

dealings were necessarily extended throughout the community — 

the actual loss sustained by the reckless management of other 

institutions, and by the numerous bankruptcies which destroyed 

all commercial confidence, was less than that of any one bank 

in the city, and was more than balanced by the reserved profits 

resulting from the success of a financial measure which he had 

previously suggested and executed. 

Such was Dr. Bowditch, the Actuary of the Massachusetts 

Hospital Life Insurance Company. He had qualifications rarely, 

if ever, found united in one individual, and they had here their 

happiest and fullest exercise, and accomplished a most useful 

result. Not inferior to his fame throughout the scientific world 

as the author of this work, will be the reputation which he has 

left among all connected with that institution, as one who, (in 

the language of the Board of Control in one of their resolutions 

adopted after his decease,) “ by the clearness and simplicity of 

the regulations he devised and adopted, and the intelligence, 

fidelity, and inflexible resolution with which they were adhered 

to and executed, has preëminently contributed to the present 

stability and prosperity of the institution.” In another of these 

resolutions they describe him as “ one who lived long enough to 

perform all the duties of a long life, although not permitted to 

attain old age ; who has left to his family a bright example, 
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and a name that will be known and honored throughout the world 

so long as virtue and science shall be held in reverence.” 

It is gratifying to us to reflect that the institution whose 

continued prosperity was almost the last earthly wish of Dr. 

Bowditch, has been intrusted to the hands of one whom, of all 

others, he would have himself selected to be his successor ; under 

whose auspices we doubt not that it will long possess, as heretofore, 

the unlimited confidence of its friends and of the community. 

Dr. Bowditch was, from 1826 to the end of 1833, a Trustee 

of the Boston Athenæum. At the time of his appointment, it 

was in a situation far from prosperous. One whose name has 

ever stood foremost upon the list of public benefactors in this 

city, generously offered to the institution eight thousand dollars, 

if a like sum in addition could be obtained. Dr. Bowditch, with 

the assistance of a friend equally zealous in the cause, undertook 

the task of procuring the performance of this condition. They 

first waited upon a nephew of the original donor, who, upon the 

circumstances being stated to him, immediately said, “ I will 

follow the example of my uncle, and give the same sum, provided 

you can get from others sixteen thousand dollars.” This brilliant 

success in the outset, in reality, as he perceived by the condition 

thus annexed, doubled his future labors. But he saw in it only 

an opportunity of urging more strongly upon others a like 

munificence, as the withholding of each small sum might endanger 

the loss of the whole promised bounty. His efforts, therefore, 

were unremitting. With that persuasive eloquence which is 

always inspired by disinterested zeal in a good cause, and which 
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few could resist from his lips, he appealed so forcibly to those he 

addressed, that he obtained much more than the requisite sum. 

One great object to which the funds thus gained for the institution 

were applied, was that of perfecting its collection of works of 

science ; and here his labors were no less useful than they had 

been before. He had previously accomplished one measure, far 

more important in his view than any other, and without which 

he felt that any future labors would be of but little advantage, — 

namely, that of permitting subscribers to take books from the 

library for the use of themselves and their families. The benefit 

of a like arrangement he had long experienced while connected 

with the Athenaeum in Salem. This was at first vehemently 

opposed by some of the most intelligent of his associates, who 

apprehended from this plan evil consequences, which have been 

proved by experience not to result from it. There can be no 

doubt, indeed, that the final attainment of this his favorite object 

has been of great benefit to the citizens of Boston. 

These services were remembered so gratefully by this insti¬ 

tution, that, on his decease, its trustees felt themselves called 

upon publicly to declare their nature and extent, in order that 

the community might duly appreciate its obligations to him. 

Death had removed the necessity of that silence which was 

more grateful to the modesty of the living, than would have 

been even that just and appropriate eulogy, which, after 

alluding to his particular services above mentioned, proceeds 

thus : — “ But Dr. Bowditch has far higher claims to notice ; 

he stood at the head of the scientific men of this country, and 

no man living has contributed more to his country’s reputation. 
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His fame is of the most durable kind, resting on the union of the 

highest genius with the most practical talent, and the application 

of both to the good of his fellow-men. Every American ship 

crosses the ocean more safely for his labors, and the most eminent 

mathematicians of Europe have acknowledged him their equal in 

the highest walks of their science. His last great work ranks 

with the noblest productions of our age.” — “ But it is not 

merely the benefactor of this institution, and the illustrious 

mathematician, whose labors have given safety to commerce 

and reputation to his country, whom we lament. It is one 

whose whole life was directed to good ends ; who combined the 

greatest energy with the kindest feelings ; who was the friend of 

every good man and every good undertaking ; the enemy of 

oppression, the patron of merit, the warm-hearted champion 

of truth and virtue. It is the companion, whose simple manners 

and amiable disposition put every one at ease in his presence, 

notwithstanding the respect which his genius inspired ; and who 

could turn, apparently without effort, from the profoundest 

investigations, to take his part, with the light-heartedness of a 

child, in the mirth of the social circle. His heart was as tender as 

his intellect was powerful. His family found him as affectionate 

as he was wTise ; he was equally their delight and their pride. 

They could have no richer inheritance than his character ; and 

nothing but such a character could afford them consolation for 

such a loss.” And for this consolation they refer us, in their 

concluding resolution, to “ the contemplation of a life so gloriously 

spent, and which has left such enduring monuments of excellence 

in every department, whether of science or of practical utility, to 

which it has been devoted.” 
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A marble bust of Dr. Bowditch, executed some years since 

by John Frazee, of New York, was presented to this institution 

by the gentlemen at whose request it was taken. Though it 

accurately represents the features, the artist has not succeeded 

in arresting that bright and cheerful expression of the deceased, 

which his children will ever most delight to recall. 

Under his auspices as President of the American Academy, 

one volume of its Transactions* has been published. He also 

procured an important modification of the terms upon which a 

donation had been made to that body by Count Rumford ; so that, 

from being wholly worthless, it has been rendered available for 

the general objects of the society. He obtained the hall over the 

Life Insurance Company’s office for the use of this institution, 

where its excellent collection of books was neatly and elegantly 

arranged under his direction. His youngest son, who had 

succeeded in making a fine catalogue of his own library, he had 

requested at his leisure hours to prepare one likewise for this ; 

which labor has been nearly completed since his decease. An 

artist has, at the request of the Academy, recently executed a 

marble bust of their late president, in whose death they lament 

the loss of “ their distinguished associate and head, whose name 

* This is called Vol. I. of a New Series, to avoid the necessity of sending to 

foreign members of the Academy copies of all the earlier volumes; as he considered that 

Vol. I. of the Old Series contains some mathematical papers of so inferior a character, as 

to indicate a low state of that science in this country at the time of its publication. It 

may be observed that, by tbis arrangement, he was obliged also to consign to the like obscurity 

all bis own communications, as they are recorded in the subsequent volumes of the Old 

Series. 

b b VOL. IV. 
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has for many years conferred honor upon their institution, and 

whose communications are among the most valuable contents 

of the volumes of their Memoirs ; ” — “of a friend and fellow- 

citizen, whose services were of the highest value in the active 

walks of life, whose entire influence was given to the cause of 

good principles, whose life was a uniform exhibition of the loftiest 

virtues, and who, with a firmness and energy which nothing 

could shake or subdue, devoted himself to the most arduous and 

important duties, and made the profoundest researches of science 

subservient to the practical business of life.” # 

Dr. Bowditch was accustomed to say, after his appointment 

to a seat in the Corporation of Harvard College, that his two 

high holidays were those occasioned by the literary exercises 

and festivities of the annual Commencements of that institution. 

On these days he might always be seen listening with interest 

and attention to the various performances. 

Though not himself a practical mechanic, there was no class 

in the community whom he more valued and respected. Many 

intelligent mechanics will remember the familiar and friendly 

manner in which Dr. Bowditch has often joined them when 

* The Eulogy pronounced, pursuant to another resolution of the Academy, by John 

Pickering, Esq., one of Dr. Bowditch’s earliest and most intimate friends, has been before 

referred to. It presents to the reader, with the utmost fidelity and accuracy, and with 

great thoroughness of research, an analysis and estimate of the scientific labors and services 

of the deceased, to which we with pleasure acknowledge our own obligations in preparing 

the present memoir. 
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walking, and continued to walk with them arm in arm. Living 

in a republic, he respected in others, and aspired himself to no 

aristocracy, but that of character and talents — that which results 

from useful and honorable labors either of the hands or of the 

head. No sight ever afforded him such pleasure as that of the 

working classes of the city, upon one day in seven, dressed in 

their Sunday clothes, and forgetting the laborious occupations 

of the week, enjoying with their wives and children the pure air 

and beautiful scenery of the Boston Common. 

The Boston Mechanics’ Institution considered him justly enti¬ 

tled to the honor of being elected its President, even though his 

manual dexterity in any particular craft might be doubtful. He 

received this appointment January 12, 1827, and resigned the 

office April 27, 1829.* A valuable apparatus was purchased by 

subscription, which he promoted by his influence and example ; 

and lectures upon the steam engine, and other similar important 

subjects, were delivered with much success. And it is believed 

that all the lectures now delivered so generally before various 

institutions in Boston, upon almost every evening in the week, and 

by which so much valuable information is diffused through the 

community, find almost their first precedent in this country in 

the course given by the mechanics of Boston, with Dr. Bowditch 

at their head. 

By the same body of men Dr. Bowditch was placed on the 

select list of honorary members of the Massachusetts Charitable 

He was chosen first honorary member of this society, May 15, 1829. 
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Mechanic Association, (February 4, 1828 ;) while those whom he 

through life had most benefited were proud to own him as 

one of their profession, and elected him a member of the Boston 

Marine Society, (March 2, 1830.) The latter society, upon his 

death, say, “ ‘ He hath wrought a good work, and rests from his 

labors.’ His intuitive mind sought and amassed knowledge, to 

impart it to the world in more easy and comprehensive forms. 

His life and example, in all their phases, present more to admire 

and approve than we may hope to see imitated and achieved by 

another individual.” Both these societies, receiving unitedly in 

his will the same affectionate and honorable mention, unitedly 

listened to the Discourse which the Rev. Alexander Young had 

previously delivered before his parishioners,* in the church where 

the deceased had worshipped. 

Thus various and important were the public relations which 

Dr. Bowditch sustained in the community around him, and thus 

* The first in the series of the publications of this class in point of time, it details very fully 

the incidents of Dr. Bowditch’s life, and especially those illustrating his personal and social 

habits and character. Some slight errors in this Discourse, chiefly respecting the time when, 

and the circumstances under which Dr. Bowditch gained particular acquirements, a subsequent 

investigation has enabled others to correct ; but the substantial accuracy and fidelity of those 

moral delineations, which it was his peculiar province and design to present, will ever remain 

unimpeached. On the afternoon of the day when it was delivered in Boston, it was repeated 

at the church of the late Dr. Prince in Salem. Of its delivery upon this latter occasion, it is 

recorded that “ in that compacted audience, there were several present who had witnessed 

the whole career of Dr. Bowditch, from earliest childhood to the lofty summit of his usefulness 

and fame ; and among others, Captain Henry Prince, under whose command he had performed 

his four first voyages; ” — and it is added that “it was a striking evidence of the sincere and 

deep sympathy of the audience in the commendations bestowed by the preacher upon the 
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uniform and unqualified is the testimony given respecting the 

value of his diversified labors and services. Beautifully has one 

of his eulogists* said, “The world has been the wiser and the 

happier that he has lived in it.” And his death was announced 

in one of the public journals,t with but the following brief 

comment : “ A star has fallen.” Connected with so many 

different classes of society, he seemed, as he walked through the 

streets, constantly to meet an acquaintance or a friend. None 

were so high that they did not feel themselves honored by his 

notice, and none so humble as to be beneath it. The little child 

on its way to school was often arrested by some kind inquiry 

from one who had been prepossessed by its sweet or intelligent 

countenance, and detained by a dialogue which ended in a kiss, 

or some other act of endearment ; and virtuous age ever received 

his reverence. The Chief Magistrate of the Commonwealth, 

with friendly sympathy, was present at those simple funeral rites 

by which we felt that the deceased would be most appropriately 

honored ; and one in humble life, who was to us a stranger, 

asked permission to take a last look at his lifeless remains, 

“ because he had known Br. Bowditch and loved him.” 

character and merits of the departed, that, after the discourse was finished, though large 

numbers of them had been standing for three hours, they continued in the church to listen to 

the dirge commencing with the unrivalled lines, — 

‘Unveil thy bosom, faithful tomb; 

Take this new treasure to thy trust, 

And give these sacred relics room 

To slumber in thy silent dust.’” 

* Mr. Young. 

c c VOL. IV. 

f National Intelligencer, March 21, 1838. 
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But for his residence in Boston, Dr. Bowditch would never 

have possessed the means of publishing this work at his own 

expense ; and notwithstanding all his daily duties and occasional 

labors above described, during his residence here, and the 

performance of multiplied good offices to individuals as before, 

and by which, in the aggregate, almost as much service was 

rendered to society as by his more public efforts, — he also found 

the leisure which he needed for this the last great undertaking 

of his life.* The estimated cost of publishing the five volumes 

exceeded twelve thousand dollars, and was equal to one third 

of all his property at that time. To this undertaking, involving 

so much expense and labor, he was strongly urged by his wife, 

who assured him of her willingness to make any sacrifice which 

* The first volume was published in the year 1829, the second in 1832, and the third 

in 1834. These three volumes were from the press of Isaac R. Butts. The fourth volume, 

from page 684, has been stereotyped at the Boston Type and Stereotype Foundry. If Dr. 

Bowditch had lived, he would probably have stereotyped all the others. Connected with the 

publication of this work, may be mentioned two anecdotes exhibiting a trait of character in 

the translator which has been before alluded to. Robert W. Macnair, whose name is affixed 

to the second volume as a compositor, was one with whose accuracy, neatness, and assiduity, 

Dr. Bowditch was always much pleased ; and he was gratified to find that he felt such a 

pride in the appearance of the volume, as the result, in part, of his own manual dexterity, 

that he wished the fact of his agency in preparing it to be thus always known. Dr. 

Bowditch, on learning his death, (which took place after a short illness, February 27, 1833,) 

expressed to his widow his sympathy for her loss, and, notwithstanding her husband had 

been employed and paid by another, gave her at parting the sum of fifty dollars, as an 

acknowledgment of the zeal and fidelity which had been shown in his service. And 

during his own last illness, he told his children that with the printers and publishers of this 

work he wished them “ to deal liberally.” And when, after his death, this circumstance 

was communicated to them, they said, “It is like him; he always acted so towards us 

while living.” 
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it might render necessary.* She knew that, in the event of his 

death, he had made her his sole legatee. But, like himself, she 

valued money only as a means of attaining desirable ends. And 

to what more noble or worthy purpose could it possibly be applied 1 

She did not live to see the publication completed, though she found 

the reward of her advice, in those high terms of commendation 

with which each successive volume was mentioned by the most 

eminent scientific men of the age, in this and in foreign countries, 

and in the constantly increasing fame and reputation which were 

thus gained by her husband. The letters of this description, 

already, in part, laid before the reader, the wife listened to as to 

the sweetest music, for they contained the praises of one dearer 

to her than herself. And so deep was Dr. Bowditch’s conviction 

that, but for her disinterested advice and urgent solicitation, the 

publication would never have been commenced, that he prepared a 

dedication of the work to her memory. This document, in his 

own hand-writing, manifesting, as it does throughout, a deep 

feeling of affection, he had always preserved ; and, during his last 

illness, he gave to it the sanction of a love stronger even than 

death, by enjoining on his children as his last wish, that they 

should prefix it to this the posthumous volume of his work, and 

thus pay a public tribute of respect to the memory of their mother. 

Willingly do we perform this sacred duty. It is indeed fitting 

that they who in life were inseparably connected, no less by the 

bonds of an earthly marriage, than by the more intimate union of 

mind and heart, should forever remain associated in the memory 

The publication was indeed decided upon in a family conclave, in which there was 

no dissenting voice. 
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of every reader of this work, as those to whom he is jointly and 

alike indebted for any pleasure or profit which he may have 

derived from its perusal. 

As early as 1826, Dr. Bowditch first perceived in his wife the 

symptoms of that fatal disease which had deprived him of two 

sisters, and which, after the lapse of eight years, was to remove 

from him a still nearer friend. At intervals during this period, 

his wife enjoyed her usual health, and her accustomed cheerfulness 

never deserted her. She gradually became more and more feeble. 

Aware of her situation, and resigned to it, no one except her 

confidential medical adviser heard from her lips those convictions 

of her approaching end, which she knew, if expressed to them, 

would send sadness to the hearts of her husband and children. 

They were not, however, deceived. When, a few days before 

her death, she was borne in a chair by two of her sons into that 

library where she ever delighted to sit, it was only her pale 

countenance and debilitated frame which told us — and they did, 

alas ! tell us but too truly — that soon one seat would be vacant, 

and one voice silent, in that assembled household. The blow, 

however, fell suddenly and heavily at last. We were awakened 

at midnight, and told that the fatal hour had come. To him who 

first reached her apartment she extended her hand, and, giving 

to his a gentle pressure, — a proof of consciousness and of love, — 

she murmured a few words so feebly that they did not reach his ear, 

but they were distinctly heard by her attendant : “ My dear, you 

have come to bid me farewell.” She died also in the presence 

of her eldest children. The unbroken slumbers of the youngest 

left them, for a few hours longer, happily unconscious of their 
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loss; and one was destined to learn the event in a distant land, 

who therefore had not a personal knowledge of those consoling 

circumstances which a brother’s pen could at best but inadequately 

describe. It was truly, as the historian of America * has said, 

when speaking of a similar death-bed, “ too serene for sorrow, 

too beautiful for fear.” The wish which she had often expressed 

had been granted. She died before her husband, April 17, 1834, 

and was followed to the tomb only by those few whose home had 

ever been gladdened by her presence.! 

Dr. Bowditch bore this heavy calamity as a Philosopher and 

a Christian. The early morning witnessed the funeral obse¬ 

quies which he attended ; and that forenoon saw the Actuary of 

the Life Insurance Company engaged in his usual routine of 

business, and at intervals examining the proof-sheets of this 

work, upon whose progress he was never more to look with 

a pleasure heightened by her participation ; and the kindly 

ministrations of time were aided by this cheerful discharge of 

duty, and by this devoted pursuit of science, till he was himself 

summoned to receive the glorious rewards of eternity. To the 

stranger he appeared as he had ever done before. To his friends 

and family his character displayed a strength and grandeur never 

until then fully appreciated. Most deeply, however, did Dr. 

# George Bancroft. See his History of the United States, Vol. I. p. 388. 

f Trinity Church, in Boston, was rebuilt after Dr. Bowditch removed to this city ; and 

he became proprietor of one of the new tombs constructed beneath it. On the day of his 

wife’s funeral, he executed an instrument transferring this tomb to his four sons in trust, as 

the future burial-place of himself and his descendants. That trust has already been fulfilled 

towards himself, and also towards a granddaughter, bora subsequently to his death. 

d d VOL. IV. 
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Bowditch feel this loss ; and sometimes, particularly during his 

own last illness, he alluded to it with much sensibility. His 

countenance, after her death, exhibited, more frequently than 

before, a degree of thoughtfulness sometimes amounting almost 

to sadness. Indeed, he frequently stated to his children, though 

the fact may not have been apparent to the public, or even to his 

friends, that though life had still many charms for him, it had lost 

forever what he had always regarded as its brightest attraction. 

And we felt that this event had devolved upon us additional duties 

of filial tenderness and regard towards him who had been so 

severely bereft. 

The various other incidents of Dr. Bowditch’s life, during his 

residence in Boston, which led to the display of his peculiar 

talents and virtues, were few of them so conspicuous and 

remarkable as to be especially deserving of selection, though 

scarce one can be mentioned which would not add greater 

clearness to the reader’s previous impressions. He one day 

fearlessly seized a carman who was cruelly beating a horse, and 

obliged him to desist by the mere alarm which his vehement and 

indignant manner inspired, though in bodily strength wholly his 

inferior. When Lafayette visited this country, Dr. Bowditch 

found himself, he hardly knew how, in the street near his chariot 

wheels ; and amid the acclamations of the multitude, he too 

waved his hat and joined his voice to the praises of a virtuous 

and honorable life, which were then spontaneously rising from 

countless numbers of grateful citizens. 

When a Roman Catholic school, in the adjoining town of 
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Charlestown, occupied by defenceless females,* was attacked at 

night, and its frightened inmates dispersed by the imprecations 

and torches of a hand of deluded fanatics, he felt indeed that 

the fair fame of the state had received a deep, if not an indelible 

stain, and that the same town which is memorable as the scene 

of the first of freedom’s battles in modern times, would also 

exhibit a monument of the most ruthless violation of private 

rights. He most openly expressed his abhorrence of this act, 

and calling upon the Bishop, whose church and residence almost 

adjoined his own, said to him, “ Though our forms of worship 

are the most opposite and widely separated of all the creeds by 

which the Christian church has ever been divided, upon this 

ground I make common cause with you. This act has awakened 

me from a pleasant dream of security, and shown to me that the 

fanaticism of one class of this our orderly community, if it had 

the power, would not want the will, to attack with fire and sword 

all those whose peculiar modes of faith or religious institutions 

should happen to excite suspicion or incur hatred.” And he 

at the same time gave him a small sum toward the immediate 

relief of those whom the flames had deprived of the necessaries of 

life. In recollection, doubtless, of this incident, the bells of the 

Catholic church were prevented, by orders from the Bishop, from 

being rung during Dr. Bowditch’s last illness, — although it was 

at the season of Lent, — “ that the last days of a good man 

might not be disturbed.” 

* The immediate cause of this outrage was the supposed confinement of a female 

against her will ; and this belief was chiefly occasioned by the popular prejudice against 

Catholics, convents, and nunneries. 
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Such, indeed, was his respect for the law of the land, that, 

when he had but a few days to live, he expressed the determination 

to make the effort to seethe Governor of the Commonwealth, should 

he again call to inquire respecting his health, that he might 

assure him of the pleasure he felt at a recent act, by which 

he considered the law to have been suitably vindicated ; namely, 

the disbanding of certain military companies, for an open violation 

of discipline on a day of public parade. The interview accord¬ 

ingly took place. 

The existence of domestic slavery in the Southern States of 

the Union is a subject of so much importance, and its discussion 

has been the source of so much excitement in the community, 

that it may perhaps be proper briefly to state Dr. Bowditch’s 

views in regard to it. Considering slavery to be one of the 

greatest of moral evils, his whole principles and sympathies were 

on the side of the oppressed. He scorned the selfish and timid 

considerations by which many were led to refrain from or to 

check the free discussion of its character and tendency. It was, 

however, a subject upon which he thought and acted for himself. 

The blacks he regarded as a race of men naturally less intelligent 

than the whites ; and he believed that their present servile condition 

had so degraded them, that an immediate emancipation, extorted 

from the slaveholders, while it would find the slaves ill fitted for 

self-government, would also prevent the experiment from having 

that fair chance of success, which would be afforded by a cordial 

cooperation of their former masters. He would gladly have seen 

a national debt, even of immense magnitude, voluntarily incurred 

for the purpose of accomplishing this object, and at the same time 
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indemnifying the slaveholders, and thus securing to the slaves 

their aid and good-will. Indeed, under the original compact made 

between the several states, he did not think that the moral right 

existed in the free states to attempt to compel the emancipation 

of the slaves without making such compensation. And though 

Congress has exclusive jurisdiction within the District of Columbia, 

he did not think that, even there, the measure of the immediate 

abolition of slavery should be introduced, without first obtaining 

the consent of those states by which the District was ceded to the 

general government. He had the greatest horror at the thoughts 

of the proposed annexation of Texas to this Union, and was 

delighted with Dr. Channing’s pamphlet, as he would also have 

been with Mr. Adams’s speech in Congress upon this subject. He 

was in like manner utterly hostile to the admission of any new 

slave-holding state into the Confederacy. He often said that he 

never wished to shake hands with, or even to see, a northern man 

who, surrounded by free institutions at home, had voted for any 

extension of the evils of slavery. Such a person he deemed 

rightly characterized as one of the “ white slaves of the north.” 

Though he did not himself approve of all the views and measures 

of those who advocated the immediate abolition of slavery, he 

admitted that no great moral or religious revolution had ever been 

accomplished except through the agency of a few enthusiastic 

and excited spirits, whose apparently excessive and over-zealous 

efforts at last aroused the many to a sound, moderate, and 

successful reformation of abuses. Such he hoped would be the 

issue of the like efforts in the present instance. He considered 

the movement begun which would sooner or later prove fatal to 

this institution. 

e e VOL. IV. 
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Upon one occasion, Dr. Bowditch was introduced by a friend 

to a stranger, who had heard much of his reputation, and was 

obsequious and almost servile in his manner of addressing him. 

Dr. Bowditcli replied with stateliness and reserve. After the 

interview was ended, the stranger said, “ If there does not go 

an aristocrat, there never was one ; ” to which remark the friend 

replied, “ He an aristocrat ! I care not how many such we have 

among us. The truth is, you treated him as one, and he despised 

you for your cringing manners, and want of a proper self- 

respect.” 

At the time when Dr. Bowditch was preparing to leave forever 

the home of his ancestors, almost his last act had been to repair 

with pious reverence the dilapidated monument beside which he 

had seen his grandmother’s remains deposited,* and beneath which 

reposed the ashes of all her relatives of many former generations 

— the tomb of John Turner. In September, 1835, the board 

whose peculiar province it was to take care of the burial-grounds 

of Salem, finding several tombs out of repair, advertised them for 

sale, and unceremoniously ejected the remains of some who, in 

their day, had been Salem’s greatest benefactors. The act was 

at first the result of a want of due consideration in two or three 

* Dr. Bowditch often mentioned that his grandmother, on her death-bed, refused to be 

buried in this tomb, saying that, many years before, at the funeral of one of the family, a 

mourner took up her father’s skull, and holding it before her, said, “ This is the skull of an 

Indian warrior.” She seemed to have a prophetic dread of the possibility of the outrage 

subsequently to be committed, and preferred that her remains should be consigned to the 

safer custody of her parent earth. 
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individuals, members of this board ; but finding themselves actually 

committed by it so far that they could not retract, they induced 

their associates officially to adopt and defend the measure. The 

tomb in question was thus violated. Dr. Bowditch was indignant 

at an act which was alike revolting to his private feelings, at 

variance with every dictate of humanity and civilization, and 

which, if acquiesced in, would be a permanent public disgrace 

to the city which he loved. He headed an address to that board, 

and subsequently one to the selectmen. The public press 

was loud in its denunciations of the act. The board reconsidered 

their decision. None indeed, apparently, at last regretted it more 

sincerely than themselves. Dr. Bowditch said, on this occasion, 

that had the act been rendered necessary for the promotion of 

any public object, he would have cheerfully surrendered his own 

private wishes to the interests of the community. Accordingly, 

when, a short time afterwards, the city authorities of Boston 

wished to lay out an avenue or public walk through one of the 

burial-grounds, — and had met with such sincere and vehement 

opposition from two or three individuals, whose relatives were 

there buried, that a useful public measure was in danger of being 

abandoned, — Dr. Bowditch waited on those gentlemen, and, 

sympathizing as he did most fully in all their feelings, yet wholly 

succeeded in conquering the repugnance, which he satisfied them 

ought to yield to other and higher considerations. 

Dr. Bowditch was in person under the common size. His 

hair, originally of a light color, was entirely gray at the age of 

twenty-one years, and gradually became of a silvery whiteness. 

His high forehead, bright and penetrating eye, open and intelligent 
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countenance, are, we think, accurately shown in the annexed 

engraving ; though the changes which, with the rapidity of 

lightning, passed across those expressive features, as they in 

turn exhibited the feelings of benevolence, or the most intense 

thoughtfulness, — at one moment radiant with smiles, and at 

another dark with virtuous indignation, — can never be realized 

but by such as have themselves seen and studied there the outward 

manifestation of all that was most excellent and beautiful in his 

character. His, indeed, was a face never to be forgotten. 

Intellect there altogether predominated over sense. 

He always possessed great bodily activity, and late in life he 

might often be seen running along or across the streets with as 

much quickness as in youth. In his daily walks, indeed, he 

seemed constantly eager to outstrip all his competitors. He 

was very methodical in his habits of exercise, seldom walking 

less than five or six miles each day. He fully appreciated 

the importance of this practice to a person of sedentary pursuits. 

Throughout the summer, he was in the habit of driving with 

a horse and gig eight or ten miles in the afternoon ; and during 

one or more seasons, he mounted his horse and rode before 

breakfast.* 

* He always drove with great rapidity. A friend, who was riding at a very moderate 

rate, was once passed on the road by him, and when they next met said, “ You whisked by 

me like the tail of a comet.” At another time, a person called upon one of Dr. Bowditch’s 

sons, and, after a few remarks upon the furious mode in which some young men wrere in the 

habit of driving, demanded of him compensation for a slight injury which had been thus 

occasioned, as he believed, by him. The supposed youthful offender proved to be Dr. 

Bowditch himself, by whom, however, the blame of the accident was laid wholly upon the 
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It has been strikingly said of him that “ he icas a live man !” * 

All his processes of body and of mind, all his thoughts, all his 

actions, were full of life. When any thing pleased him, he would 

rub his face with his hands, or rub his hands together, with an 

expression of the most free and unrestrained delight ; and when 

any thing displeased him, and he felt excited enough to determine 

to speak, he always, as he said, found himself upon his feet, 

without knowing how he got there ; and except in a standing 

position, his tongue never became effectually loosed. On such 

occasions, his vehement and earnest manner was most impressive 

in its effect upon the beholders, and it truly appalled the individual 

against whose unjustifiable opinions or conduct his censures were 

directed.! 

other party. He once attended Commencement at Cambridge with quite a spirited horse, 

and in the evening started to return to Salem. His horse, however, seemed very unwilling 

to move, and almost insisted upon turning into the yard of a clergyman’s house on the road. 

Dr. Bowditch resorted to the argument of the whip, and at last reached Salem, after a drive 

at the rate of about three or four miles an hour. On the contrary, a country clergyman, 

who had also attended Commencement, was very much alarmed at the rapidity with which 

his horse carried him home, and at his impetuous and almost ungovernable movements. The 

double mystery was easily explained ; and when the clergyman received back his own animal, 

he said, “ I am delighted, Dr. Bowditch, that my poor beast fell into such good hands. If the 

mistake had happened, as I was afraid it had, with some gay young collegian, my horse would 

have been terribly beaten.” Dr. Bowditch said that his conscience smote him as he listened, 

and thought how little cause there was for this self-congratulation. 

* See anecdote in Judge White’s Eulogy, p. 57. 

t It has been observed of Dr. Bowditch, that, “though no ‘rude and boisterous captain 

of the sea,’ there may have been occasions when a happier combination would have been 

produced, had the same measure of the fortiter in re been blended with more of the suaviter 

in modo.” (North American Review, January, 1839.) We do not deny that such instances 

sometimes, though they rarely occurred. Dr. Bowditch, in a conversation with his eldest son 

// VOL. IV. 
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Dr. Bowditch generally enjoyed excellent health, the result, 

beyond doubt, of his regular and temperate habits. At the age 

of thirty-five years, however, his life was considered in danger 

from the disease of which, at that precise time, (1808,) his two 

sisters were dying. He, like them, was attacked with the 

alarming symptom of bleeding from the lungs. Upon this 

occasion, his friend Thomas W. Ward, Esq., relinquished all his 

own engagements, and devoted himself to the invalid during a 

journey of several weeks. As they were leaving an inn in a 

town about twenty miles from Salem, the landlord beckoned to 

Mr. Ward, and asked him where his friend lived, and, on being 

told, advised their return, in the apprehension that the latter could 

not even live to reach the next stage in their intended route. By 

the invigorating effect, however, of the exercise thus taken in the 

open air, his disorder was checked, and his health completely 

reestablished. Until this time, he had never tasted wine. It was 

then prescribed as a medicine. When a young man, — but at 

what precise age is not known, — he had agreed to sit up with a 

friend who was ill, and, being unwilling that so much precious 

upon this subject, once said, “ There is a gentleman in this, city, (naming him,) who possesses, 

such courtly manners, that he can utter a bitter sarcasm, or express profound contempt, in the 

most mild and conciliatory language. Such, however, is not my case. If 1 am obliged to 

measure my words, or even to think the least about them, I lose the substance of what I 

intended to say. When I feel that I cannot remain silent, I speak — and in such terms that 

no one can mistake my meaning. But, my speech being ended, the whole affair is over. I 

pour out, indeed, the contents of my vial of wrath, but I then let it be seen that it is left 

empty.” And though it is certain that his was not that guarded demeanor, which, upon every 

occasion of life, prevents the utterance of a word which it may be desirable to recall, it is 

also certain that this was a source of more regret to himself than of pain to others. 
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time should be idly spent, he passed the whole night in 

mathematical computations. He was much alarmed, the next 

morning, to find his vision obstructed by little motes or specks 

passing before him in grotesque variety and constant succession. 

It was ascertained that he had taxed his eyes beyond their powers, 

and it was two years before he was able again to use them freely. 

Dr. Bowditch removed to Boston a few months before the 

necessary arrangements could be made for his family to join 

him in that city. Hardly had he been there two days, when, 

under the influence of a disorder to which he had never till then 

been subject, he fell senseless in the street. It happened that 

the hospitable mansion of the same friend, to whom, as just 

stated, he had before been so much indebted, was now freely 

offered him as a temporary home. Only once again did this 

vertigo cause him to fall in a similar manner ; and then great 

indeed was the consternation excited in his family as they 

perceived a crowd approaching bearing his apparently lifeless 

body, while, from a wound in his head, blood was flowing 

profusely. A tendency to this species of attack, however, always 

continued. But, ascertaining that it was brought on by exercise 

immediately after eating, and that it was always carried off by 

sitting down and resting a few minutes, he avoided its exciting 

cause, and thus never experienced any subsequent ill effect from 

it. It was rarely, however, after this, that he walked alone. And 

often, when attended by one of his sons, has he stopped to look in 

at the window of some shop which they were passing, or even 

walked in, and asked for a seat, because he felt the sure indications 

of approaching danger. He well knew the delicate organization 
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of human life, upon which depend alike all the functions of the 

body and of the mind, and he often expressed his surprise that 

what seemed so fragile should yet be able to resist so much. One 

of his favorite quotations, indeed, was that of the beautiful lines 

by Watts — 

“ Strange, that a harp of thousand strings 

Should keep in tune so long ! ” 

And it should ever be remembered that the publication of this 

work was commenced after he knew that he could no more 

expect the robust and fearless health of his youthful days. 

Dr. Bowditch always continued his habits of early rising. 

He greeted the rays of the morning sun of summer as they first 

entered his library, and by hours of study anticipated its tardy 

beams in the winter. Often has he been heard to exclaim, as it 

then first met his eye, 

“ See, from ocean rising, bright flames the orb of day ! ” 

with as much enthusiasm as at that period of his life when he had 

made the same glorious luminary his guide over the trackless deep. 

The following may not be uninteresting as a strictly accurate 

description of each day of his life, for all the period of his 

residence in Boston : * — He had formerly been in the habit of 

walking before breakfast, but during this period he breakfasted 

immediately after rising, in the winter by candle light, and 

always before the rest of his family. He then applied himself to 

* See the similar account, drawn up by us at the request of Judge White, and printed in 

the notes to his Eulogy, p. 70, &c. 
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mathematics, gaining from two and a half to three hours’ study ; 

after which he walked about a mile and a half, attended by one 

of his sons, and commenced the business of the day at his office 

a few minutes after nine o’clock. There also, as has been stated, 

mathematics was the occupation of all the moments left at his 

own disposal. He frequently walked home in the forenoon for a 

few minutes, as he found his eyes strengthened and refreshed by 

being at intervals in the open air for a short time.* Every day 

at two o’clock the office was closed, and he then walked as before, 

being usually accompanied by a friend who still lives to find 

in the recollection of this daily intercourse one of the most pleasing 

reminiscences of the past. He dined at a quarter before three, 

P. M. After dinner he indulged in a short “ siesta,” which 

lasted from fifteen minutes to an hour, sometimes even longer. 

He always awoke bright, and prepared to recommence his studies, 

which he pursued for about an hour and a half to two hours. 

He always, near the close of the afternoon, went to his office 

again, though it was not open for the transaction of business, 

to see if any thing needed his attention or explanation ; and in 

the latter months of the year, he was frequently detained there a 

considerable time. He then walked a third time, usually with 

one of his sons, and returned to tea. At all his meals, his diet 

was perfectly simple. His health was indeed, latterly, wholly 

dependent upon the observance of a very exact and particular 

regimen. During the evening he continued his studies, and from 

* It was from this motive that he performed his ablutions as regularly and frequently as the 

most pious Mussulman. A basin of cold water was as habitually resorted to by him upon 

entering or leaving his house, as his books were at other times. 

VOL. IV. g g 
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time to time joined in conversation with his family, or threw aside 

his books to devote himself to his visiters and friends. It has been 

well remarked, that “ you never saw the mathematician, unless 

you inquired for him” * as mathematics was a topic which he 

never obtruded upon any one. He had other and most abundant 

resources of knowledge, with which he could instruct or amuse. 

He always expected the members of his household to be at home by 

ten o’clock. The house was then closed, and he usually retired 

between ten and eleven. There is no doubt that, taking the whole 

year together, he got as much as six, and perhaps eight hours a 

day, for his mathematics, besides the time devoted to his business 

and other pursuits.! 

Dr. Bowditch was never fond of reading works upon logic, 

or even upon moral philosophy, or any abstract speculations upon 

the nature and powers of the soul. He felt his mind perplexed 

rather than enlightened by most treatises of this sort. They 

produced, he said, upon him the effect described by Milton, as 

produced upon those who 

“reasoned high 

Of providence, foreknowledge, will, and fate, 

Fixed fate, free-will, foreknowledge absolute ; 

And found no end, in wandering mazes lost.'' 

He felt that he was a free and an accountable agent, and he did 

* Christian Review, September, 1838. 

t Astronomy even entered somewhat into his management of his family. Thus his 

children, for the first few years of their lives, on going into the library in the morning, if they 

had behaved well during the preceding day, received three dots on the arm from his pen, 

which he called “ the Belt of Orion." 
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not care to analyze very nicely the source of this feeling. He also 

considered the time spent in reading most works of imagination 

unprofitably employed. He preferred history and biography. 

Boswell’s Johnson delighted him. Raynal’s History of the Indies 

he read in early life with great interest, and he never forgot its 
/ 

facts or its peculiarities of style. The Eloges of Cuvier he 

regarded as master-pieces. There was, indeed, hardly a striking 

anecdote of any of the eminent men of the present and of former 

times, which he did not seem to have gathered up in the course 

of his miscellaneous reading ; and his excellent memory placed 

them constantly at his disposal. He mentioned with approbation 

the remark, “Why read any thing which you cannot quote?” 

Not that he was himself ever in the least degree pedantic, 

or ostentatious ; but only because he valued fact far before 

fiction. 

Of late years, certainly, his reading was almost exclusively 

confined to mathematics. He owned the works of Scott, which 

he highly valued for their true delineations of nature, and for their 

freedom from the immorality which characterizes the pages of 

some of the earlier novelists ; but he rarely indulged himself in the 

recreation of reading even his works of fiction. He reserved 

them, as he said, till the thermometer stood at 90°, and he read 

them when he did not feel the energy to devote himself to abstruse 

studies. His recollection of the characters and incidents of these 

novels was remarkable. He would dwell with delight on Jeanie 

Deans, and often recall some of the amusing and characteristic 

scenes of the Antiquary. The earlier volumes of Lockhart’s 
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Life of Scott had been republished in this country before he died* 

and he had read them with avidity and delight. There were 

many traits in the character of Scott, as there described, which, 

as we think, greatly resembled his own ; and those later volumes, 

which carry the reader with a saddened interest to the closing 

scene of his life, and which Dr. Bowditch never saw himself, 

spoke to us, who had been thus recently bereaved of a parent in 

every respect equally entitled to our love, with a peculiar pathos. 

We had seen the same lofty virtues displayed through many years, 

which invested the poet’s death-bed with its high moral interest ; 

and we actually beheld the euthanasia which, though mentioned 

by Scott, we fear he was himself hardly able fully to realize ; and 

many of the precise expressions which had fallen from the dying 

lips of the one, had been also used by the other. — The works of 

Byron, on the contrary, Dr. Bowditch never admitted into his 

library; and many years ago he owned a small French work, in 

four volumes, which had been presented to him during one of his 

voyages, but which was not a book of very exemplary morality. 

It had engravings which attracted the notice of one of his sons, 

when he had begun to study French. Soon after, the books 

disappeared : Dr. Bowditch had burned them, though he had kept 

them many years on account of the donor, and the really beautiful 

execution of the work. He subscribed to very many periodicals, 

and by glancing his eye over them cursorily, he seemed to find 

out what articles were worth a careful perusal, and made himself 

master of whatever was important. 

He used playfully to denominate as “ the poet’s corner” that 
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part of his library where were to be found Shakspeare, Pope, 

Milton, &c. ; * and it is quite a remarkable fact, that upon the 

inside of the two leather covers, in which he kept the proof-sheets 

of this work while in the process of publication, and which were 

therefore constantly before him, he had entered in his own hand¬ 

writing extracts from Burns’s “ Cotter’s Saturday Night,” and the 

following stanza of Hafiz, the Persian poet, as given by Sir 

William Jones : — 

“On parents’ knees, a naked, new-born child, 

Weeping thou sat’st, whilst all around thee smiled. 

So live, that, sinking in thy last, long sleep, 

Calm thou mayst smile, whilst all around thee weep.” 

So likewise there and in his Newton’s Principia, we find copied 

by him verses of Voltaire and other French writers in honor 

of that illustrious author.t Among the poets of America, Bryant 

was his favorite. He has often said that he thought “ The Old 

Man’s Funeral’’was one of the most beautiful poetical pieces in 

the English language. Never can it be hereafter perused by us 

without recalling one of the most interesting and touching scenes 

at the close of his own life. Dr. Bowditch often delighted to 

* He, a few years ago, expressed his satisfaction at having been tempted to read Milton 

again, by the beauty of a new Boston edition of that author. — Mr. Young’s Eulogy, p. 81. 

t Upon these covers he had also written the mottoes, “ Ohne Hast, ohne Rast,” (Goethe,) 

and “Ne tentes aut perfice;” with extracts from Virgil, Ovid, Lucretius, Halley, Cumberland, 

Bolingbroke, and Charles Lamb. Among the lines quoted from Voltaire are the following 

upon “The Academicians who measured the Earth in Lapland:”—• 

“ Vous avez recherché dans ces lieux pleins d’ennui, 

Ceque Newton connut sans sorter de chez lui.’’ 

h h VOL. IV. 
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quote the stanzas “ On two Swallows that flew into a Church 

during divine Service,” commencing, 

“Gay, guiltless pair, 

What seek ye from the fields of heaven? 

Ye have no need of prayer, 

Ye have no sins to be forgiven.” 

The author * was his friend, and he deemed that Boston might 

well be proud to own him as her son. 

Dr. Bowditch was fond of music, and when young played a 

good deal on the flute ; but he soon abandoned it altogether, as 

leading to an unprofitable employment of time, and the formation 

of bad habits. For the same reasons, he through life altogether 

abstained from the use of tobacco in any of its forms, and never 

played at any game of cards. Chess he also avoided, as not 

affording any relaxation of body or mind, and as leading to no 

useful or practical object. Dr. Bowditch was rarely induced to 

pass an evening at the theatre. Fictitious representations of life, 

either under tragic or comic aspects, always left upon his mind 

a feeling of dissatisfaction with its realities. But when he did go 

to hear some popular actor, his laugh was more loud and cordial, 

or the starting tear betrayed itself more readily, than if this had 

been an excitement to which he was more habituated. Much as 

he was gratified by the sight of innocent hilarity, he did not feel 

at home in the ball-room or crowded assembly. He seldom, it 

might almost be said never, went into general society, but nothing 

contributed more to his happiness than a familiar intercourse with 

his friends. 

* Charles Sprague, Esq. 



MEMOIR. 131 

Dr. Bowditch was very quick in his judgments of character, 

and having formed his opinion, he was slow to change it. A 

moral failing once noticed in any one, he always associated with 

the idea of that individual ; and a character which once attracted 

his respect and love he ever continued to regard with interest, 

apparently overlooking the slighter blemishes which a more intimate 

acquaintance may have disclosed. He had a few particular 

friends, in whose society he especially delighted. Thus while he 

lived at Salem, and also during his residence in Boston, there 

were three or four individuals with whom he associated more than 

with all his other friends and acquaintance together. They were 

the companions of his daily walks, and at their houses almost 

exclusively he made his evening visits. 

Dr. Bowditch showed a like constancy and perseverance in 

any course of life, or in the prosecution of any measure which he 

had undertaken. Deciding only after due deliberation, he acted 

without the slightest hesitancy or vacillation of purpose. He 

believed fully in the scripture, “ Unstable as water, thou shalt 

not excel.” He has often reproved the use of the expression 

“ I can’t do it ; ” saying, “ Never undertake any thing but with 

the feeling that you can and ivill do it. With that feeling success 

is certain ; and without it failure is unavoidable.” 

Dr. Bowditch’s intercourse with his family was entirely free 

and unreserved. No feeling of restraint was ever inspired by his 

presence. Among his children, he was himself a child. One 

occasion is remembered, when, after partaking with them in some 
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frolic, he laughed at his own want of dignity, and proceeded 

humorously to contrast the scene around him with a description 

of the formal observances and requirements of past times. 

A model for the imitation of all parents, he avoided every thing 

calculated to interrupt the mutual confidence and familiarity which 

existed between him and his family. Though readily granting any 

reasonable favor, he was never weakly indulgent. Inculcating 

by precept and example the most valuable lessons of life, affection 

ever prompted and directed his admonitions, and a sound judgment 

always controlled the impulses of affection. The censure of an 

instructer uniformly brought with it the weight of a father’s 

displeasure ; since Dr. Bowditch never weakened the authority 

which he had thus delegated to another, by expressing a doubt 

whether, in any particular instance, it had been judiciously 

exercised. He devoted much of his own time (though not so 

much of late years as formerly) to the instruction of his children, 

particularly the elder ones ; his chief endeavor being to awaken 

in them a taste for mathematics. He persuaded one of his sons 

to learn French when very young, by the stimulus of a small 

compensation for the translation of a certain number of pages. 

The result satisfied him, however, that this was inexpedient. The 

best works in the language were read before they could be duly 

appreciated, and they could never afterwards be read with the 

interest of a first perusal. His experience, also, led him to 

acquiesce in a child’s pursuit of any study, though comparatively 

useless in itself, if voluntarily undertaken, and prosecuted with 

ardor; as he believed that it might be attended with incidental 

advantageous results, and that it would certainly assist in forming 

a habit of industry. 
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If a predisposition were manifested for any occupation in life, 

the father candidly stated his own opinion, and enforced his 

views by such arguments as occurred to him, but left the final 

choice of his child free. In one instance of this kind, he, by 

his advice, induced the adoption of a profession other than that 

for which a slight preference had been at first felt ; while in 

another case, he readily yielded at last his own wishes to the 

strong predilection which one of his sons manifested for a seafaring 

life ; judging wisely in both cases. He often spoke of the feeling 

of independence resulting from the consciousness that one is able 

to maintain himself by his own exertions, saying that “ A man 

whose capital is in his head is free from all anxiety about 

investments, and has a much more certain income than any one 

else.” He early impressed upon his sons the necessity which they 

would be under of earning their own livelihood, and he regarded 

it as a most fortunate necessity. One of his eulogists says, “ He 

would not, as we happen to know, have accepted the offer of a 

fortune for one of his sons, at the risk of any unpropitious influence 

upon his opening mind and character.”# 

As his children grew up, they became his companions. His 

most intimate friends were those who day by day met around his 

own fireside. To them his most secret thoughts were disclosed, 

except only in those cases where silence was a duty which he 

owed to others. Each of his children may well apply to him 

(as was indeed done by one of them who communicated in 

a letter to a younger brother the information of his dangerous 

* Judge White’s Eulogy, p. 50. 
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illness) the beautiful language in which Marcia speaks of 

Cato : — 
“Though stern and awful to the foes of Rome, 

He is all goodness, Lucia — always mild, 

Compassionate, and gentle to his friends ; 

Filled with domestic tenderness, — the best, 

The kindest father! I have ever found him 

Easy and good, and bounteous to my wishes.” 

We feel assured that only one who had often seen Dr. Bowditch 

by his own fireside, could have penned the resolutions received 

after his decease from the Faculty of a neighboring university, 

(Yale College,) which state that they “ respectfully and feelingly 

sympathize with the children of the illustrious deceased, whose 

memory, justly dear to the country which he honored, is cherished 

still more affectionately by those who were so happy as to call 

him their father”* 

* We have thought that the reader might be interested in the following remarks of Rev. 

N. L. Frothingham, D. D., being an incidental notice of the death of Dr. Bowditch, in a 

discourse delivered at the First Church in Boston, on Sunday, March 25, 1838: — “We 

need not wait for the consummations of a future world, to see that the righteous spirit is more 

than a match for death. It wins the victory even now. The eyes of the public have been 

turned, within a few days, to a remarkable instance of this ; and they will long remain fixed 

upon so serene and noble a spectacle. A great man has been struck down among us. A 

good man has gone his way from us. His was a mind eminent among the loftiest, and as 

benignant as it was strong. His renown, that travelled over the world, was the least portion 

of his deserts. His unaffected goodness was as noble as his genius. His character was as 

striking as his fame. Who, that ever saw him, forgot him? There was a divine stamp set 

upon his clear, high brow. A healthy vigor looked out of bis cheerful but thoughtful eyes. 

He was in the midst of the abstractest science, and in the midst of the world’s busiest interests, 

at the same time, — not absorbed by the one, not disturbed by the other, seeing calmly through 
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We have endeavored, by these various details, to lay before the 

reader such facts and circumstances as would in some degree 

both. Strangers might well turn as he passed, to ask who he was ; and his most intimate 

friends would feel that they themselves knew of him but the half. 

“ I can hardly bear to hear him described chiefly as an Astronomer or a Mathematician, — 

though among the most illustrious that have lived, — he was so honestly, heartily, bravely, 

entirely, a man. There was something in him brighter than talent, and deeper even than that 

profound knowledge which led the way with a modest silence where there were few intellects 

that could so much as attend him. It was the light and depth of a true soul. While he 

demonstrated the subtlest problems, and scaled starry heights, he displayed the simplest, the 

most practical, the most engaging worth. It was an instruction to behold him. All the 

affections of youthful life beamed from his face. His feeling was as keen as his intelligence. 

To be with him was a wholesome delight ; for his was the energy and the very inspiration of 

good sense, — a free, natural, unseducible spirit, playful and sublime. He was full of 

humanity. And in using that word, I do not understand it in the technical sense in which it is 

commonly taken, being applied often to the weakly charitable, and assumed often, as if it 

were exclusively their own, by visionary schemers and itinerant philanthropists. But I mean 

that he was rich in the elements and endowments that best distinguish our nature ; wise 

beyond books ; benevolent without theory, or feebleness, or parade ; active, affectionate, 

manful ; pursuing his way without fear or favor ; poised upon himself, and seeming to be lifted 

by a calm philosophy above all the groveling interests, and fanciful systems, and transient 

fashions, and heated delusions of the world. 

“ Alas, that such a one should be withdrawn in the midst of his labors and glory ! But 

that £ alas’ he left for others to say. For himself, it was neither expressed nor felt. He left 

life as cheerfully as he had traversed it. There was no difference between his last days 

and those which had gone before them, but that they were still more admirable. He had 

thought as a philosopher. He showed now the most precious fruits of his thought. He 

submitted and suffered like a Christian disciple. He expired like a saint. Such a 

‘ euthanasia,’ as he himself called it, with nothing but peace and hope in it, exhibits the 

full power of Christian principle. It ought not to be confined to the knowledge of a few, 

and cannot be. It will spread as far as his name, and do good, as his studies had done 

before.” -— MS. 
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enable him to form his own judgment respecting the most striking 

peculiarities which marked the habits and character of Dr. 

Bowditch. We thought it not advisable to attempt an elaborate 

analysis of what w7e felt ourselves incompetent fully to measure 

and comprehend. In his general manners he was affable and 

courteous, social in his feelings, and in all the domestic relations 

most kind and tender. Crowned with the honors of science, he 

retained the modesty and simplicity of a child. Endowed with 

the highest genius, none was more wholly free from pride. 

Frank, open, and naturally without reserve, he could yet be 

most cautious and discreet. No less ardent than steadfast in his 

attachments ; easily seeing and sincerely regretting the foibles 

or faults of his friend, he yet loved him still. Having a boundless 

extent of mental and moral resources, their varied display gave 

to the longest intimacy the interest of a recent acquaintance. 

With a benevolence as universal and as active as ever dwelt in 

the heart of a philanthropist, his treasures of knowledge were 

freely imparted to the world : and much of his valuable time, 

and of the small earnings of his honorable industry, was devoted 

with judicious and unostentatious liberality to the promotion of 

the happiness and welfare of others. Holding in slight estimation 

the services which he thus rendered, he manifested a lively and 

enduring sense of kindness received. Quick and excitable, indeed, 

when he saw the occasion, he was yet most placable and forgiving, 

and never harbored ill-will for a moment. The occasional indis¬ 

cretions of an ardent temperament he redeemed by displays of the 

most magnanimous virtue. Devoted to the loftiest speculations, he 

was not neglectful of the most trifling and minute duty. Undeterred 

by fear, uninfluenced by any prospect of advantage, he followed 



MEMOIR. 137 

truth, and obeyed conscience ; and the popular clamor, and even 

the coolness of some whose friendship he valued, were alike 

unheeded. He possessed an energy, promptness, and decision, 

equal to every emergency, and which insured success in each 

undertaking. He endeavored to save each moment of time, and 

apply it to the uses of eternity. Governed by the highest and 

purest motives, the most distinguishing and beautiful trait of his 

character was his perfect integrity. Never was he more truly 

indignant than at the want of this quality in others. Any 

thing, indeed, mean or dishonorable, and especially any thing 

like fraud, equivocation, or falsehood, always received his sternest 

rebuke.* It has been truly said, that, in questions of morals, 

you could no more becloud or mystify him than in questions of 

quantity ; that whatever he saw in right or ivrong, he saw as 

clearly as in plus or minus ; and that he carried out a practical 

obedience to whatever he believed, alike in both cases.f 

On January 1st, 1838, Dr. Bowditch, to the casual observer, 

seemed likely to enjoy many more years of health and strength. 

Nor had he himself any idea that his brief days were already 

numbered. To a female annuitant who then called at the office 

for her quarterly payment, he said he felt “ very well ; ” but she 

* Thus, many years ago, in Salem, one of his sons, at a female school, being in an 

apartment with one other boy, threw a ball which broke a mirror ; and his comrade advised 

concealment. He was so much pleased when his son told the truth immediately about the 

affair, that, though he was then obliged to live with rigid economy, and the payment was 

really inconvenient to him, he bought a new mirror, and expressed far more pleasure at the 

son’s performance of so high a duty as telling the truth, than he did regret at his carelessness. 

t Christian Review, September, 1838. 

vol. iv. k k 
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was to receive her next payment from the hands of a stranger. 

He had attained the precise age at which two of his ancestors 

had been called to the tomb ; and in the midst of this apparently 

perfect health, in the full and active enjoyment and exercise of all 

his faculties of body and mind, and surrounded by so much to make 

life desirable, his own summons came to quit it. He received it 

with the calmness of a Philosopher, and the cheerfulness of a 

Christian. After having experienced slight pain and uneasiness 

for three or four months, about the end of December, he mentioned 

his symptoms to his third son, — a physician, — who wished him 

immediately to submit to his prescriptions. He replied that he 

had not then leisure to be ill; that the affairs of the Life Insurance 

Company required his constant attention ; and that he could not 

put himself under the hands of the doctors until after the payments 

of the first part of the month of January had been completed. 

As soon as possible, however, after the period thus mentioned, 

his son, who considered the symptoms to be of an alarming 

character, persuaded him to call in the aid of the same eminent 

medical adviser and friend,* to whose attentions his mother had 

been so much indebted during her protracted illness. Almost 

immediately it was decided that the disease under which he labored 

was a tumor in the abdomen, of a dangerous and probably a fatal 

character. The symptoms rapidly became more and more decided, 

and at intervals the most acute pain was experienced, lasting 

sometimes for twenty or thirty minutes, and from which relief 

could only be obtained by means of hot applications. His stomach 

now rejected all solid food, and could only bear the slightest 

* James Jackson, M. D., now President of the American Academy of Arts and 

Sciences. 
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quantity even of liquid, and sometimes none at all. Death by 

starvation was in prospect. A general debility of the whole 

system was the unavoidable consequence of the small degree of 

nourishment which he was able to take. He became emaciated 

to a degree of which even his consulting physician, with all 

his extensive practice, had never before seen an instance. The 

disease had wholly gained the mastery over his body. But 

his mind seemed to acquire strength and energy as the crisis 

approached. He was fully apprized of his danger, arranged all 

his worldly affairs, and executed his will in a manner with which 

he expressed himself perfectly satisfied. He continued to sit in 

his library part of each day, until the day before his death, when 

he for the first time was unable to rise from his bed. He rode 

to his office every day until February 17, not quite four weeks 

before his death. It was an elevating spectacle to see such an 

unconquerable spirit struggling to discharge every duty, even 

when the body had almost refused to perform its functions, and 

when death was most legibly written upon the countenance. 

Subsequently, the secretary of the company, by his desire, came 

each day to his house with such papers as required his signature, 

or with the books for him to examine ; and as lately as the 7th 

of March, he transmitted to the company whose affairs he had so 

long superintended, the complete account of the transactions of 

the preceding month, drawn up as usual ; and with it he sent a 

farewell communication, which he had dictated and signed. In 

this he states that his declining health would probably make it 

the last which he should ever address to them, and takes an 

affectionate leave of those who had had the control of the 

institution, and of those who had been associated with him in 
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its management. He also alludes to the length of time during 

which the institution had been under his charge, and earnestly 

commends its interests “ to that Providence which had seen fit to 

bless their efforts to make it deserving of public regard.” To this 

letter he received a most affectionate reply, not attested as an 

official act by the secretary of the company, but personally signed 

by each of the twelve directors, who assured him in the strongest 

terms of their respect and regard, of their conviction of the value 

of his past services, and of their deep and sincere sorrow for his 

serious illness. The promissory note upon which he made the 

endorsement before mentioned, has upon it the latest specimen of 

his hand-writing. 

In like manner he continued to correct the proof-sheets of this 

volume ; and within a week of his death, he said that the sheet 

which he was then revising contained the discussion of a difficult 

problem ; that M. Poisson thought he had made an improvement 

upon the method of the author, whereas he believed he had shown 

that, on the contrary, the supposed improved method was fairly 

deducible from that of La Place : and he added, “ I feel that I 

am Nathaniel Bowditch still — only a little weaker.” The last 

page upon which his eye was ever to rest, was the thousandth, 

though no part of the volume subsequent to the six hundred and 

eighty-fourth page has received that final revision which he was 

accustomed to bestow upon it, after the friend before alluded to 

had laid before him the list of typographical errata, which he had 

discovered.* The reader will therefore pass a charitable judgment 

* Whenever one hundred and twenty pages were printed, Dr. Bowditch had them bound 
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upon this latter portion of the volume. Dr. Bowditch hoped to 

be spared to finish its few remaining pages. It called forth the 

last efforts of his powerful intellect, and afforded him amusement 

and solace almost as it were to the hour of death. 

He continued to take a lively interest in all such passing 

events as he considered to have an important bearing upon the 

welfare of the community. He was able to see a few, and only 

a few, of his most valued friends ; and he conversed with them 

and with his family upon his approaching separation with the 

utmost resignation and calmness. To two of his most intimate 

friends, then absent in Europe, he sent a message, assuring them 

of his continued attachment. Throughout his illness he was only 

“ watched by eyes that loved him.” The kind offices of others 

were not needed. Filial hands alone ministered to his wants ; 

filial hearts alone anticipated his wishes. To his eldest daughter, 

as she stood hour after hour behind his chair, or beside his bed, 

gently rubbing his head in the manner which had ever been 

agreeable to him, he playfully remarked that her fingers were like 

“ Perkins’s Tractors,” and that the process itself was “ Terrible 

Tractoration.” He said of her to one of his sons, “1 feel 

respecting Mary to-day, as I did the day when she was born ; ” 

and to the inquiry how he then felt, he replied, “ It was the 

happiest day of my life, for I then first had a little daughter.” 

in a pamphlet form, and sent them to Professor Pierce, who, in this manner, read the work 

for the first time. He returned the pages with the list of errata, which were then corrected 

with a pen or otherwise in every copy of the whole edition. 

II VOL. IV. 
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He once said to her in a smiling manner, “ You seem to my 

eyes to be forty years old. This expression in itself may not 

be flattering to you ; but I mean by it, that you have compressed 

the services of many years into the brief period of my illness.” 

And one day, as he was examining his papers, and burning those 

he thought of no value, he met a copy which he had made several 

years before of those beautiful lines in Scott’s Marmion — 

“ O woman, in our hours of ease, 

Uncertain, coy, and hard to please, 

And variable as the shade 

By the light, quivering aspen made, 

When pain and anguish wring the brow, 

A ministering angel thou ! ” 

This he handed to her, saying that of the compliment contained in 

the two last lines she was certainly deserving. * 

With no less assiduity did his younger daughter delight to 

discharge such kind offices as did not require the greater skill 

and experience possessed by her elder sister ; and he who of late 

years had always assented to her request to be the companion 

of his noon-day walk upon the Sabbath, and who indeed had 

always regarded her with peculiar tenderness as the child of his 

* During his illness, he examined and burned very many papers ; and after his death, 

it was found that he had probably, in this manner, and at this time, destroyed all the 

correspondence between himself and his wife before and after marriage ; and also a manuscript 

folio volume, in about seventy pages of which his eldest son had, several years before, recorded 

the details of his early life, as taken down from his own lips, and which volume had been left 

in his library that the narrative might be continued from time to time. 
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old age, now made a like affectionate return for these her efforts 

to please him. His eldest son he once addressed in the language 

of Scripture, “ My first-born, my beloved.” He employed him to 

draft his will, and all his various letters and other documents. 

His second son attended to his requests in regard to all matters 

of business, and the arrangement of his pecuniary affairs. He 

was particularly desirous to discharge all his debts, however 

trifling, before he died, or to leave the means for their instant 

discharge afterwards. To this son he mentioned, the day before 

his death, a female, of whose little concerns he had always taken 

care, and said to him, “ I wish you to call upon her before you 

visit any one else, after attending my funeral, and inform her 

that I have transferred her to your charge, and that you will 

supply my place to her through life.” His two eldest sons no 

longer resided under the parental roof, and as they were one 

evening leaving his presence, he said to them, “ Farewell, my 

sons ; my blessing goes with you.” His third son had the peculiar 

privilege, as his medical attendant, to pass nearly all of each day, 

and the whole of each night, in his apartment, enjoying an 

unreserved intercourse with him of the most elevating character ; 

and boundless indeed, to a degree, as he admits, far beyond his 

deserts, was the gratitude which owned his constant attentions. 

His youngest son was, like the elder ones, absent from his father’s 

house, but upon learning his illness, each evening saw him a 

visiter there ; and on the last night but one of his life, when an 

elder brother intended to act as a watcher, he asked and readily 

obtained his father’s consent to be allowed that privilege. The 

teachings of that night he will never forget. He had asked his 

father for a kiss when leaving him upon one of these evening 
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visits, and received the reply — “ Kiss you, my dear ! Yes, if I 

die in the act ! ” At another time he said, “ I leave behind me a 

family of love, which, I rejoice to believe, will long continue a 

united household, after I shall have been removed from it by 

death.” To her who in early years had been left alone among 

strangers, he recalled the dying words of the sister who had then 

intrusted her to his care — “ Promise to be a father to my child ; ” 

and he stated that he had always endeavored to redeem the 

pledge then solemnly given, and had never intentionally made any 

distinction between her and his own children ; and that he had 

made an adequate provision for her by his will, that she might 

not feel herself dependent even upon them, though he doubted 

not for a moment, that each of them would always be ready to 

welcome her to his home and his heart. He then thanked her for 

that performance of household duties which had so much lightened 

the labors of his wife and himself, and added that if any occasion 

had ever occurred (which there had not, to his knowledge) when 

he had shown her less affection than the kindest parent ought to 

have shown to the most dutiful daughter, she must overlook and 

forget it as accidental. In various ways he constantly showed the 

most considerate affection for his family. Thus he said that he 

had himself found great consolation, after the death of friends, in 

reflecting that they met their fate with a cheerful and resigned 

spirit ; and he added, “ I am happy that I can leave to you the 

same consolation.” And we indeed saw in him a soul perfectly 

calm and serene. Two nights only before his death, after awaking 

at midnight, and speaking a few moments very impressively 

respecting his approaching end to two of his sons who were 
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present, he yet sank again, apparently in less than five minutes, 

into the most tranquil sleep. 

To one of his sons, who, as he thought, was not always 

sufficiently careful of making remarks which, though innocently 

intended, might give offence, he said that upon a certain occasion 

he had himself, in speaking to a female friend, alluded to one of 

her features as not handsome ; and that after she had gone, his 

wife blamed him for doing so, because the lady in question might 

have received the impression that he thought her countenance 

disagreeable ; when in reality there was scarce a being in the 

world, to whom they were both more attached, or upon whose face 

they were always more delighted to look ; that this advice of his 

wife, dictated by the truest kindness of heart, he had often 

reflected upon, and, as he hoped, had been benefited by it. He 

then said, “ There is no friendship or connection so intimate as to 

justify a disregard of a constant endeavor to please;” and added 

that upon one occasion, when his wife had appeared in the library 

in a new dress, and he, happening to be engaged in his studies, 

had not noticed the circumstance, she seemed quite disappointed, 

and said to him, “ I purchased this dress on purpose to please you, 

as being of your favorite color, and now you do not seem to care 

the least about it.” He added, “ I immediately left my books, told 

her she must lay the blame not upon me, but upon mathematics ; 

that the dress suited my taste exactly ; and thus succeeded in 

restoring her cheerful looks. And ever afterwards,” said he, 

“ through life, I endeavored, whenever she came into my presence, 

not to omit to express towards her, outwardly, something of that 

pleasure which I always really felt.” 

VOL. IV. m m 
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To another of his sons he was speaking of truth as never to 

be in the slightest degree or upon any inducement disregarded, and 

holding up his finger, and repeating the words with most solemn 

emphasis, said, “ Follow truth — truth — truth ! Let that be 

the family motto.” So many, indeed, are the touching incidents 

of his last illness which throng upon the memory of his children, 

that a selection is almost impossible, where each was such 

an exhibition of moral greatness. He had expressed the wish 

to be approached with smiles and cheerfulness. Feeling no 

melancholy in his own soul, he was averse to the manifestation 

of it in others. Observing, therefore, one of his family whose 

countenance was marked with sadness, he called for his volume 

of Bryant, and opening at his favorite piece, read, 

“ Why weep ye, then, for him who, having won 

The bound of man’s appointed years, at last, — 

Life’s blessings all enjoyed, life’s labor done, — 

Serenely to his final rest has passed?” 

He then proceeded to read all the remaining lines, remarking upon 

each, that he believed or hoped it was applicable to himself, or 

that he thought it not so. His voice, though low, was throughout 

clear and firm, and the incident was a truly impressive one. 

Rarely was a complaint or murmur extorted from him even by 

the most excruciating pain. One evening, as his eldest sons were 

present, he said, “ Much as it usually gratifies me to see you, your 

presence now is unwelcome. I am suffering so much, that I 

cannot enjoy the society of any one. You can do nothing for my 

relief. I had rather you would go home.” On another occasion, 

when the torture he experienced was almost beyond endurance, 
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he exclaimed, “Why was I born !” After he had obtained relief, 

one of his sons asked him why he had made that remark. He 

said that he meant, “ Why was I born to suffer so much ! But 1 

see the reason. It is that I may be weaned from this world.” 

Happily, a few weeks before his death, he had longer 

intervals of ease. On one of these occasions, he asked a son if 

he remembered the word, derived from the Greek, signifying an 

easy death. Being answered in the negative, he said that in 

Pope’s Works there was a letter from Dr. Arbuthnot, which he 

had not read for forty years, but which he distinctly remembered 

as containing this word, with a note mentioning that that 

excellent man died shortly afterwards ; so that he had always 

associated the idea of an easy death with that of excellence of 

character. The book was opened, and the letter found. The 

writer says, “ A recovery in my case, and at my age, is impossible. 

The kindest wish of my friends is euthanasia.” To this subject 

he upon more than one occasion afterwards recurred, and, applying 

it to his own situation, said, “ This is indeed euthanasia.” 

The following is an extract from the private journal of his 

third son, under date March 4, 1838, recording a dialogue which 

took place between him and his father : — “ He said, 11 have left 

in my will the manuscript of La Place to the College. I wish 

I had not done so ; for who will care any thing about it ? It is a 

mere bagatelle.’ I told him that, though in itself valueless, it 

would be interesting, perhaps, at some future period, for the lover 

of mathematics to look upon his original manuscript copy of so 

great a work. 1 O,’ said he, ‘ the work will soon become obsolete, 
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and nobody will look at it.’ — { Very true, it will become obsolete ; 

and what work is there that will not become old ? but still we honor 

talent, even if the labors of that talent are superseded by later 

writers.’ — ‘ Yes,’ replied father, ‘ Archimedes was of the same 

order of talent with Newton, and we honor him as much ; and 

Leibnitz was equal to either of them. Euclid was a second-rate 

mathematician ; yet I should like to see some of his hand-writing. 

My order of talent is very different from that of La Place. La 

Place originates things which it would have been impossible for 

me to have originated. La Place was of the Newton class ; and 

there is the same difference between La Place and myself as 

between Archimedes and Euclid.’ ” * 

Not less interesting were many incidents which occurred during 

his interviews with others. A young lady had been playing, by his 

desire, upon a harmonicon. As the strains of the music rose and 

* A similar anecdote is mentioned by Mr. Young, (Eulogy, p. 83,) of Dr. Bowditch’s 

admitting La Place to be altogether his superior, and saying, “ I hope I know as much about 

mathematics as Playfair.” The word hope is probably a verbal mistake for think, since the 

expression otherwise seems to imply a disrespect for Playfair, such as Dr. Bowditch did 

not entertain, and to which, therefore, he could not, as we believe, have given utterance. 

Dr. Bowditch was always of opinion that men are born with the same diversities of 

intellectual, as of physical powers and stature. Thus he would speak of one as “ a man of 

small calibre,” and say of another that he had reached his “ couche de niveau.” And he 

considered as wholly absurd a remark once made in his hearing, “ I have no doubt that any 

man could become a mathematician if he only had time ! ” It seemed indeed, in his own 

case, that he became a mathematician notwithstanding the want of time; and a striking 

contrast is exhibited by Mr. Pickering, (Eulogy, p. 56,) between the long life of La Place, 

exclusively devoted to the pursuit of science, and the comparatively short life of his translator, 

of which so much was occupied by other important engagements. 
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fell upon the ear, like that of the Æolian harp, he listened 

intently ; and when the last cadence had died away, and the 

musician approached to take her leave, he gave her an affectionate 

greeting, and after she had retired said, “You must tell her that 

she has been playing my dirge.” A lady visited him, and as she 

was quitting the apartment, he said, “ Good night,” twice, 

with a tone of voice, and an expression of countenance, which 

indicated his conviction that he saw her for the last time ; 

and then he immediately added, “ Good morning at the 

resurrection.” 

Exactly a week before his death, the President of Harvard 

College, Mr. Quincy, had an interview with him, the following 

account of which he reduced to writing immediately afterwards : 

— He says, “ I found him sitting in his chair, in his library, 

emaciated, pale, and apparently wasted by his disease to the last 

stage of life ; his mind clear, active, and self-possessed. He 

spoke of his disorder as incurable ; that he felt himself gradually 

sinking, and that he could not long survive. 11 have wished to 

see you,’ said he, ‘ to take my leave, and that you might have the 

satisfaction of knowing that I depart willingly, cheerfully, and, 

as I hope, prepared. From my boyhood, my mind has been 

religiously impressed. I never did or could question the existence 

of a Supreme Being, and that he took an interest in the affairs 

of men. I have always endeavored to regulate my life in 

subjection to his will, and studied to bring my mind to an 

acquiescence in his dispensations ; and now, at its close, I look 

back with gratitude for the manner in which He has distinguished 

VOL. IV. n n 
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me, and for the many blessings of my lot. As to creeds of faith, 

I have always been of the sentiment of the poet, — 

For modes of faith let graceless zealots fight; 

His can’t be wrong, whose life is in the right.’ ” * 

Then he alluded to the lines of Hafiz, before mentioned, saying 

of them, “ ‘ They are lines of which I at this moment feel all 

the force and consolation. I can only say, Mr. Quincy, that I 

am content ; that I go willingly, resigned, and satisfied.’ t After 

this he spoke to me of his works, his gratification that the four 

first volumes, which constituted the principal work, were so nearly 

completed. ‘ There are only about ten pages wanting ; perhaps 

I may live to finish them. I have been to-day correcting the 

proofs.’ He then showed me his will, explained his motives, asked 

me to read it, and my opinion. In every respect, his state of 

mind was such as at such a moment his best friends could have 

wished, — calm, collected, rational, resigned, — looking confidently 

for an existence beyond the grave, — happy in reflecting on 

the past, and in anticipating the future. On taking leave, he 

impressed a kiss on my hand, saying, ‘Farewell!’” On another 

* Dr. Bowditch often repeated passages from Pope’s “ Essay on Man ” and “ Universal 

Prayer.” 

f The following lines, which he had also copied on the covers of his portfolio, are 

strikingly applicable to the frame of mind which he now manifested : — 

“Parent of nature, Master of the world, 

Where’er thy providence directs, behold 

My steps with cheerful resignation turn. 

Fate leads the willing, drags the backward on. 

Why should I grieve, when grieving I must bear; 

Or take with guilt, what guiltless I might share ? ” 

Cleanthes, translated, by Bolingbroke. Orig, Epist. 107. 
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occasion, he mentioned the early impression made on his mind by 

the remark of a Quaker lady, that the external symbols and 

observances of religion were only valuable as indicating the 

existence of an inward principle, and a life in accordance with it. 

Among those, also, who had the happiness of a like interview, 

were two of his subsequent Eulogists ; one of whom (Judge 

White) says, “ Being deeply affected by his whole appearance and 

conversation, and absorbed in the feelings which these produced, I 

could not retain much of the language which he uttered, though 

the general impression of what he said was indelibly fixed in my 

mind. I recollect, however, very distinctly his expressions in 

speaking of his early and deep feeling of religious truth and 

accountability. ‘ I cannot remember,’ he said, ‘ when I had not 

this feeling, and when I did not act from it, or endeavor to. In 

my boyish days, when some of my companions, who had become 

infected with Tom Paine’s * infidelity, broached his notions in 

conversation with me, I battled it with them stoutly, not exactly 

with the logic you would get from Locke, but with the logic I 

found here, (pointing to his breast ;) and here it has always been 

my guide and support : it is my support still.’ With feelings of 

humility inseparable from the purest minds in such a situation, 

he expressed the satisfaction which he felt from having always 

endeavored to do his duty.‘ My whole life,’ he said, ‘ has been 

crowned with blessings beyond my deserts. I am still surrounded 

with blessings unnumbered. Why should I distrust the goodness 

* The well-known “ Age of Reason,” by Thomas Paine, was a work which at that time 

had many readers in the community. 
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of God ? Why should I not still be grateful and happy, and 

confide in his goodness 1 ’ And indeed why should he not ? ” * 

In his interview with the other, (Rev. Mr. Young,) he dwelt 

much upon the kindness and assistance which in early life he had 

received in Salem, and expressed a like affection and gratitude 

towards the city in which he was to end his days. Mr. Young 

says that every one of the friends who then visited him “ will bear 

testimony to his calm, serene state of mind. The words which 

he spoke in those precious interviews they will gather up and 

treasure in their memory, and will never forget them so long as 

they live.” f 

During his illness, Dr. Bowditch was asked to state his 

particular religious belief, and replied, — “ Of what importance 

are my opinions to any one 1 I do not wish to be made a show 

of.” When mention was made of the various teachers of mankind, 

inspired and others, (Socrates, Moses, &c.,) at the name of Christ, 

he said, “ Yes — the greatest of them all.” He dwelt often upon 

the fitness of the gospel to purify the heart and elevate the soul ; 

and preferred to rest its authority upon these views, rather than 

upon any other. A recent article in the Christian Examiner, upon 

the point that a belief in miracles is not essential to a belief in 

Christianity, received his approbation. 

The Rev. John Brazer, D. D., of Salem, was a friend who 

rarely visited Boston without passing the night under his roof, and 

* Eulogy, p. 53. 1 Discourse, p. 94. 
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whose own house had often had as an inmate for several weeks 

a daughter of Dr. Bowditch. He, during the last illness of the 

latter, offered up for him within his church a prayer which, in the 

words of a correspondent, “touched all hearts.” More than one 

interview left his mind also filled with the same delightful 

impressions. In one of them, Dr. Bowditch, after alluding to the 

intimacy which existed between themselves, and also between 

himself and certain absent friends, observed that he felt himself 

“ capable of faithful friendship.” And in a brief public notice of 

his decease, this clergyman observes, “ And so he was, in a degree 

never surpassed. Aching hearts can now testify to this ; and 

there are some who feel that there is a void left in their affections, 

which can only be filled by a reunion with him in another world.” 

Dr. Bowditch had requested his children to send to Dr. Brazer a 

small legacy, saying, “ I know that it wall be grateful to my friend 

to be assured that I thought of him with unabated love and 

confidence in my dying moments.” 

He had through life delighted to attend to the interests and 

feelings of many who were comparatively alone in the world ; and 

for these services, they now expressed the warmest gratitude. A 

short time before his death, he received from a young lady who, 

being herself an invalid, could not in person express her sentiments 

towards him, a letter, in which she addresses him as “ her 

dear father,” and assures him that “ his kindness fell not upon 

stony ground, when it fell upon an orphan’s heart;” and the 

last person who had an interview with him, (except the members 

of his own family,) was another lady, before alluded to, (p. 143,) 

who expressed the delight which it had afforded her, and said that 

o o VOL. iv. 
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she never could have been happy if he had died without her 

having had an opportunity of acknowledging her many and great 

obligations to the best of friends. 

He himself literally never forgot a kindness. Thus he 

enjoined it on his children to transmit a legacy from him to the 

widow of one of his early employers, as being his oldest friend, 

“one whose affection had ever been to him as that of a mother, 

knowing no interruption or abatement.” And he remembered 

in a similar manner a near relative, from whom he had always 

received a sister’s welcome when he visited Salem. 

One little being alone stood to him in the relation of a 

grandchild, the daughter of his eldest son. Desirous of leaving 

for her some small token of his remembrance, a silver cup was 

made by his directions, bearing the inscription, “ Elizabeth Francis 

Bowditch, from her grandfather, Nathaniel Bowditch, March 1st, 

1838,” which, a day or two afterwards, he placed in her own hands. 

Though the image of that affectionate relative has long since 

faded away from her infant memory, that visible emblem will in 

after years remind her of one who, on the day of his death, when 

his failing senses led him erroneously to believe that he was 

addressing her mother, said, “ Give my love to the little one.” 

There was one who was a sister to him by marriage, as she 

had always been in affection. Her daily visits during his illness 

were ever most welcome. She was a wife, and is a widow ; 

was a mother, and is childless. She asked him his belief in a 

recognition of friends after death. He said to her, that, to his 
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apprehension, it was not clearly revealed. She exclaimed, “Do 

not say so. The chief consolation I have here, is the hope of 

meeting my lost ones again.” He saw her grief as she retired, 

and in the course of that day told his family to be sure to inform 

him when she next called, as he wished much to see her. She 

came again. He said to her, “ Let me assure you of my 

conviction that if, in the future world, it will be best that we 

should know again the friends we have here loved, that happiness 

will certainly be ours. What I meant to say yesterday was, that 

I do not think that Almighty Wisdom has explicitly revealed to 

mortals its decrees in this particular. But of one thing I am 

certain ; all will be for the best. I approach the unseen world 

with the same reverence as I would the Holy of Holies, and 

have no desire to draw aside the veil which conceals its mysteries 

from my sight.” 

He had always entertained a most important as well as just 

sentiment, to which he constantly recurred during his illness, 

namely, that the highest intellectual cultivation and acquirements 

are entirely worthless, when compared with moral excellence. 

Often have we heard the author of this Commentary, during 

his last days, say that the consciousness which he then felt that 

throughout life he had endeavored to discharge its various duties, 

and the humble hope that those efforts would be approved 

hereafter, were far sweeter to him than any praises which he had 

already received, or the thoughts of any reputation which might 

await his name in future times as having been a faithful laborer 

in the cause of science. 
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Indeed, he valued his own peculiar studies for their elevating 

moral tendency, and for producing, as it were, an indirect effect, 

more important and lasting than their immediate results. Thus, 

a few days only before he died, he listened with attention and 

pleasure to a recent publication of Mrs. Sigourney, as it was read 

to him by his eldest son, where that wTriter says, “ The adoring 

awe and profound humility inspired by the study of the planets 

and their laws, the love of truth which he cherishes who pursues 

the science that demonstrates, will find a response among 

archangels” 

His own life, indeed, which had been spent in search of the 

true and the right, had led to that unwavering belief and trust 

in the wise providence of God, and that humble and confiding 

submission to his will, which dispelled from the chamber of death 

the gloom which so often enshrouds it. His eye shone with 

its wonted brightness. His feeble voice inculcated, in its low 

and scarcely audible accents, its lessons of wisdom and love, with 

an earnestness and solemnity that seemed almost like inspiration, 

and spoke to the hearts of his hearers. Though his emaciated 

countenance told of many an hour of severe pain, the patient 

sufferer recalled the blessings he had enjoyed through life, and 

gratefully acknowledged those which still surrounded him. He 

was often, during his intervals of ease, playful and humorous in 

his remarks, but without any levity of thought or manner. He 

did not affect any indifference to life, but was perfectly willing to 

quit it. His was 

“Earth’s lingering love, to parting reconciled.” 
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He approached his end with feelings the most becoming to the 

man and the Christian. His spirit was perfected by the sufferings 

through which he passed. Truly we esteem it a high privilege to 

have been present at such scenes. May the lesson of his life 

and his death be read by us aright ! 

On the morning of Friday, the sixteenth of March, at about 

six o’clock, when his sight was quite dim, his third son told him 

that he thought the time had come when he had better take leave 

of all his children. He answered, “ I know it ; I feel it.” Each 

in succession then approached ; and as the father returned the kiss 

he received, he inquired who it was ; and in this manner he took 

a most affectionate farewell of his children, all of whom were 

gathered around his bedside. He said, ,‘ O ! sweet and pretty 

are the visions that rise up before me. 4 Now let thy servant 

depart in peace, for mine eyes have seen thy salvation.’ I say 

these words not because I have entire love for all the * . . . . but 

because I love the words, and feel kindly towards all * . . . .” 

Upon drinking a little water, he said, “How delicious! I have 

swallowed a drop — a drop from 

£ Siloa’s brook, that flowed 

Fast by the oracle of God.’” 

Soon after this time, he fell into a tranquil sleep, from which, 

at about half past nine, he awoke, and once more desired to see 

his family assembled ; then, looking round upon them, and 

addressing each by name, he said, “ There, my children, I have 

known you all ; have I not, perfectly 1 O ! it is beautiful to me 

# His voice here became wholly indistinct. 

PP VOL. IV. 
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to see you all about me — pretty ! It is beautiful to me to bless 

you all. May God forever bless you, my dears ! It is for the 

last time that your father blesses you.” It pleased Heaven, after 

this, to afflict him with the most severe bodily suffering during 

nearly three hours ; but about noon it left him, and the quiet, 

tranquil state of body and mind returned. He addressed his 

son with the epithet “ my dear,” and said, “ It is coming ! I 

am ready.” And at one o’clock, Death gently set his seal upon 

that placid countenance. 

He was buried on the morning of the following Sabbath. The 

face of spring was hidden by the falling snow. The streets of 

the city were silent and deserted. Every thing seemed to feel 

the quiet of the day and hour. Dust was given back to dust : 

the spirit had returned to God who gave it. 
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We have thought that a few particulars respecting the library of Dr. 

Bowditeh, and its future intended appropriation, might be of some general 

interest. Montaigne has said of the apartment which contained his books, 

that he endeavored “ to sequester this corner from all society, conjugal, filial, 

and civil.” Dr. Bowditeh, however, did exactly the reverse ; he selected for 

his library the family parlor. To us it will always be the scene of the most 

happy associations. It will ever present one common centre of attraction, 

bringing our hearts near together, and uniting us in the close and intimate 

circle of brotherhood. It will recall a husband never so much immersed in his 

studious researches, as to be forgetful of those little proofs of affection which 

first won and ever secured in return the affections of the wife ; and a wife 

never so much occupied with household duties and cares, as to neglect for a 

moment the kindest and most considerate attentions which woman’s love ever 

prompted. A father’s advice, also, and a mother’s gentleness, will speak to us 

from the inanimate objects around. There the present will be full of the past. 

Nor will it be without its interest to many others. Who, indeed, that has ever 

seen Dr. Bowditeh in that library, will fail to acknowledge the truth as well as 

beauty of the description given by one who was himself only an occasional, but 

always a welcome visiter there : — “ You saw the Philosopher, entering, with 

all the enthusiasm of youth, into every subject of passing interest. You saw 

his eye kindle with honest indignation, or light up with sportive glee; you 

caught the infection of his quick, sharp-toned, good-natured laugh, and felt 

inclined to rub your hands in unison with him at every sally of wit, or every 
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outbreaking of mirthfulness. Let the conversation turn in which way it might, 

he was always prepared to take the lead ; he always seemed to enter into it 

with a keener zest than any one else. You were charmed and delighted ; the 

evening passed away before you were aware, and you did not reflect, until you 

had returned home, that you had been conversing with unrestrained freedom 

with the first Philosopher in America.” * 

Though, of course, it cannot have the same degree of interest to others, 

which is felt by the children of the deceased, we are confident, then, that 

all who have ever been favored with an interview like that above described, 

will be happy to learn that it is our hope and expectation, that for very many 

years that apartment will remain as it was left by our father ; that the chair 

in which he sat, the desk and the portfolio containing the last proofs of this 

work which were ever submitted to him, the table around which were 

usually seated his family and friends, and the noble array of works of science 

which adorn the walls of the apartment, will all long remain undisturbed. 

That collection is one which, in its particular department, we believe to be 

unsurpassed, and probably unequalled, by any in the United States ; and as 

no one of our number has in any considerable degree inherited the peculiar 

tastes of his father, it is obvious that to us it will be of but little practical 

utility. But we knew that he himself always freely lent his books to 

every one having a fondness for scientific pursuits, and who had not the means 

of otherwise obtaining them. We remembered, also, that a free diffusion 

of knowledge was, indeed, ever the chief object of his own life ; and we 

have dedicated “ The Bowditch Library ” to the use of the public, as far as, 

in the exercise of a sound discretion, we deemed consistent with the safety 

of the books loaned. 

Many of the most rare and valuable works in this library were presents to 

* President Wayland, of Brown University. Christian Review, September, 1838. 
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Dr. Bowditeh from various societies or authors in other countries, — a 

circumstance which adds greatly to the interest of the collection ; and we 

feel assured that, containing all the volumes wdiich he habitually consulted 

wdiile preparing this work, and also all the manuscript proofs of his early 

industry, this library will, as long as it shall exist, remain a most interesting 

monument to the memory alike of the Ship-Chandler’s Apprentice, and the 

Commentator upon La Place. 

ADDITIONAL NOTES. 

Note to page 28. 

Dr. Bowditeh, in his last illness, in answer to the direct question of the writer, replied 

that he had made six voyages ; and the anecdote respecting his being in Boston in July, 

1802, attending to his vessel, which was wind-bound, seems to favor the supposition of 

another voyage besides the five mentioned in the text. We find, however, that the ship Astrea, 

Stamvood master, arrived in Boston, from Batavia and the Isle of France, July 10, 1802. 

One who was an inmate of his family from the time of his second marriage, October, 1800, 

says that he made but one voyage afterwards. Of that the journal is extant, to speak for itself, 

beginning November, 1802. So that we believe the text to be correct. 

Note to page 60. 

There are extant several portraits of Dr. Bowditeh : — 

1. There are two miniatures, taken at the times of his first and second marriage, 

apparently by the same artist. They have no merit either as likenesses or paintings. 

2. About the year 1820, portraits of Dr. Bowditeh and his wife were painted by James 

Frothingham of Salem, which, though wanting in expression, are yet in other respects very 

good. It was from his portrait of Mrs. Bowditeh, that, after death, Miss Lalanne painted for 

the writer the miniature which is engraved for this memoir ; certain alterations being introduced, 

which have made the likeness more accurate. 

99 VOL. IV. 
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3. The portrait by Gilbert Stuart was painted in 1828, and, even in its unfinished state, 

is, we think, far superior to any other. A friend, who admired it very much, and selected the 

frame for it, has written on the back, “ The last work of Stuart. {Sancte inviolateque 

servatum sit.’ ” 

4. The portraits belonging to the Salem East India Marine Society and the Salem 

Marine Society, are by Charles Osgood, having been copied by him from Stuart’s picture, 

with the aid of a few additional sittings. 

Note to page 69. 

In the farewell address of his Royal Highness the Duke of Sussex, the President, 

delivered at the last anniversary meeting of the Royal Society of London, November, 1S38, 

an outline is given of Dr. Bowditch’s life, with the following summary of the merits of this 

Translation and Commentary : — 

“ Every person who is acquainted with the original must be aware of the great number 

of steps in the demonstrations which are left unsupplied, in many cases comprehending the 

entire processes which connect the enunciation of the propositions with the conclusions ; 

and the constant reference which is made, both tacit and expressed, to results and principles, 

both analytical and mechanical, which are co-extensive with the entire range of known 

mathematical science: but in Dr. Bowditch’s very elaborate Commentary every deficient 

step is supplied, every suppressed demonstration is introduced, every reference explained 

and illustrated ; and a work which the labors of an ordinary life could hardly master, is 

rendered accessible to every reader who is acquainted with the principles of the differential 

and integral calculus, and in possession of even an elementary knowledge of statical and 

dynamical principles, 

“ When we consider the circumstances of Dr. Bowditch’s early life, the obstacles which 

opposed his progress, the steady perseverance with which he overcame them, and the courage 

with which he ventured to expose the mysterious treasures of that sealed book, which had 

hitherto only been approached by those whose way had been cleared for them by a systematic 

and regular mathematical education, we shall be fully justified in pronouncing him to have 

been a most remarkable example of the pursuit of knowledge under difficulties, and well 

worthy of the enthusiastic respect and admiration of his countrymen, whose triumphs in the 

field of practical science have fully equalled, if not surpassed, the noblest works of the ancient 

world.” 
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Note to page 82. 

The following are the children of Dr. Bowditch, mentioned in the order of their ages : —• 

1. Nathaniel Ingersoll Bowditch, a graduate of Harvard College, 1822, is engaged in 

the practice of the law in Boston. 

2. Jonathan Ingersoll Bowditch, having made a number of India voyages, is now president 

of the American Insurance Company in Boston. 

3. Henry Ingersoll Bowditch, a graduate of Harvard College, 1828, having pursued the 

study of medicine, is now established in that profession in Boston. 

4. Charles Ingersoll Bowditch, born December 1, 1809, died February 21, 1820. 

5. A son, born July 7, 1813, died the next day. 

6. Mary Ingersoll Bowditch. 

7. William Ingersoll Bowditch, a graduate of Harvard College, 1838, now a student 

at law. 

8. Elizabeth Boardman Ingersoll Bowditch. 

Note to page 108. 

We have said that Mr. Young’s Discourse contains some trifling errors. Prepared in the 

course of a few weeks, it could hardly have been otherwise. Upon several points, we 

ourselves were at first mistaken. In justice to him, it is proper to specify these errors, that 

no vague impression of general inaccuracy may be left on the reader’s mind. It is incorrectly 

said, in p. 23 of his Discourse, that Dr. Bowditch’s instructer was an Irishman named Ford, 

and that when he solved the problem so quickly, he was actually punished for lying; in p. 39, 

that he learned French without an instructer; and in p. 59, that his knowledge of navigation 

was picked up during the intervals of his voyages. The anecdote in p. 51, of the report 

that “ La Place once remarked, ‘ I am sure that Dr. Bowditch comprehends my work, for he 

has not only detected my errors, but has also shown me how I came to fall into them,’ ” 

may be correct ; but Dr. Bowditch never heard of it. The statement in p. 68, of his entire 

abstinence from politics, is correct only of the latter part of his life. Such was his political 

zeal in early life, that he once assisted in carrying an invalid upon his bed to the polls to vote. 

The anecdote in p. 87, respecting his magnanimity in giving up the benefit of his chart of 

Salem to one who had endeavored to appropriate it wrongfully to himself, is related as it was at 

first told to us; but we are satisfied, from subsequent inquiries, that there was but one interview 
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between the parties, and that the account, though it has a basis of truth, is probably very much 

exaggerated. So in the anecdote, p. 33, respecting his solution of a question proposed by 

an Englishman while at the theatre, it is not true that he proposed in return one which the 

latter could not solve ; as is proved by a written account of this incident entered by Dr. 

Bowditch in one of his common-place books at the time. In page 88, it is said that he, 

latterly, usually took one glass of wine after dinner, and another in the evening; and 

seldom or never more. He took two glasses at each time, which he called his certain quantity. 

Notwithstanding the numerous details and anecdotes collected by Mr. Young, it is believed 

that the above are all the matters stated by him, relating to Dr. Bowditch, which require 

correction or qualification. 

We have not thought it necessary to quote from this Discourse, in cases where the original 

information was obtained from conversations with us, or where the same materials were 

placed by others at the disposal both of Mr. Young and ourselves. A statement of some of 

these sources of information, will enable the reader to judge of the relative authenticity of 

different parts of the present memoir. During some months before the removal of the 

family from Salem, the writer, having a taste for antiquarian researches, spent several leisure 

hours of each day in examining the public records and other sources of information, for 

the purpose of tracing back his ancestry to the first settlement of that town. One of 

our number went to Salem the week after his father’s death, where he remained during 

several days, making inquiries of those who had formerly been most nearly connected by 

business or friendship with the deceased. He invited Mr. Young to join him in a visit to 

Danvers, and the latter was thus present at the interview with the relations of Dr. Bowditch’s 

first instructress, of which he has given an account. He likewise procured a drawing 

of the house his father there occupied, which Mr. Young caused to be engraved for his 

Discourse. Among others, Captain Prince was inquired of respecting his recollections of Dr. 

Bowditch. He referred us to a written account, containing anecdotes of the second, third, 

and fourth voyages, which his son had drawn up a day or two before, and sent to Mr. 

Pickering, (not taken down by Mr. Pickering from that gentleman’s own lips, as was thought 

by Mr. Young.) This account was afterwards lent by Mr. Pickering both to Mr. Young and 

ourselves. The original journals of all Dr. Bowditch’s voyages, except the second, are still 

preserved in his library, and verify the accuracy of Captain Prince’s dates, &c., given in his 

account. The whole series of the successive editions of the Navigator are also in the library, 

the prefaces to which show very clearly the most important circumstances connected with 

the commencement and progress of that work. All Dr. Bowditch’s occasional publications 

having been collected and bound together by him, we were enabled even to add one or two 
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to those discovered by Mr. Pickering, who himself added several to the list given by Mr. 

Young. Dr. Bowditch’s manuscripts were given to the writer of the present memoir. 

Among them is a separate ^file of all the letters received by him relating to the Mécanique 

Céleste, and another containing all his diplomas, and letters offering him any appointments, 

either of honor or profit. Every thing connected with the printing of the Mécanique 

Céleste, and the management of the Life Insurance Company, and indeed most of the 

recent incidents of his life, are, it is needless to say, within our own personal knowledge ; and 

those of his last illness, especially, are indelibly impressed upon our memory. The information 

which we possessed from these various sources, we were happy to communicate to Mr. Young. 

Every one who reads them both, will perceive that in its really important details, his 

Discourse agrees with the present memoir. The summary of character which is given by 

him we believe to be a strikingly just one, and sufficient, if nothing else had ever been 

written, to place before the reader quite a distinct and faithful portrait of Dr. Bowditch. 

Note to page 110. 

The property left by Dr. Bowditch at his death, exclusive of his dwelling-house in Boston, 

and the library, furniture, &c., in it, consisted of printed copies of this work, 

valued in the inventory at • • • • .. $5,000 00 

And other personal estate, valued at.. 31,571 38 

Total,...$36,571 38 

r r VOL. IV. 



166 MEMOIR, 

The Translator presented this Work to the Institutions and Individuals named 

in the following List, and pei'haps to Others not known to us.* 

American Academy of Arts and Sciences, Boston, Massachusetts. 

Boston Athenaeum. 

Salem Athenaeum. 

Nantucket Athenaeum. 

Harvard University, Cambridge, Massachusetts. 

Brown University, Providence, Rhode Island. 

University of Vermont, Burlington, Vermont. 

Philosophical Society held at Philadelphia. 

New York Philosophical Society. 

Professor Adrain, of New Brunswick, N. Y. 
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of an opportunity of sending it safely, it will be forwarded by us according to the wishes of our 

deceased father. 
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PREFACE. 

After having explained, in the two preceding books, the theories of the 

planets, and of the moon, it now remains to examine those of the other 

satellites and comets, which are the chief objects of the present volume. The 

satellites of Jupiter are the most interesting of all the satellites, except that of [6000] 

the Earth. The observation of these bodies, the first which were discovered 

in the heavens by the telescope, goes no farther back than two centuries ; and 

in fact we ought not to estimate the interval of time in which their eclipses 

have been observed, at more than a century and a half. But, in this short 

interval, these bodies have presented to our view, by the rapidity of their 

revolutions, all those great changes which time produces with extreme 

slowness in the planetary orbits, the system of the satellites being an image 

of that of the planets. Their frequent eclipses have made known the principal 

inequalities of their motions, with a degree of accuracy which could never have [6000q 

been attained by observations of their elongations from Jupiter. To obtain the 

theory of these motions, we shall develop, in the first place, the differential 

equations of the orbits, and then, by integrating these equations, we shall 

ascertain the various perturbations. These inequalities differ but little in their 

forms from those of the planets and moon ; but the relations which exist 

between the mean motions and the mean longitudes of the three inner satellites 

of Jupiter, augment some of these inequalities so much as to give them a great 

influence on the whole of their theory. These mean motions are very nearly 

in a subduple progression, and from this peculiarity arise several very sensible 
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inequalities, whose periods are different ; but in eclipses they are all transformed 

[6001] into one of 437days,659. Bradley first noticed this period in the return of 

the eclipses of the first and second satellites. Afterwards, Wargentin explained 

in a full manner the law of the inequalities on which it depends. The cause 

of it he attributed to the mutual attractions of these three satellites, but 

without submitting it to analysis, which was not then sufficiently advanced for 

that purpose. Mathematicians have since improved their methods, and have 

applied them to the investigation of the perturbations of these satellites. 

These great inequalities were the first results of the investigations, as they 

had been the first which were discovered by observation ; we shall here 

develop them with all the detail their importance requires. 

The relative positions of the orbits of the three inner satellites give rise to a 

singular phenomenon, which at present is unique in the theory of the motions 

of the heavenly bodies. The mean motion of the first satellite, plus twice that 

[6002] of the third, would be equal to three times the motion of the second, if 

these motions were exactly in a subduple progression ; but this equality is 

incomparably more correct than the law of the progression, and the small 

variations, which have been noticed by astronomers, are within the limits of 

the errors of the observations. Another result, which is not less remarkable, 

is that, since the discovery of the satellites of Jupiter, the mean longitude of the 

first, minus three times that of the second, plus twice that of the third, has 

never differed from two right angles but by a nearly insensible quantity. It 

would be improbable to suppose that the primitive motions of these three bodies 

exactly satisfied these equations. It is much more reasonable to suppose they 

[6002'] were very nearly correct at the origin of the motions, and that afterwards the 

mutual action of the satellites was sufficient to make them rigorously accurate. 

This has been proved by analysis, as we have already seen in the eighth 

chapter of the second book. We have here resumed this interesting subject, 

and treated it by another method ; and the results, agreeing with those of the 
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book just cited, serve to confirm them. We may, in the preceding equations, 

instead of the mean sidéral motions and longitudes, substitute the mean 
° [ol)U<3] 

synodical motions and longitudes, and in general we may refer the motions and 

longitudes of the three satellites to an axis moving according to any law ; 

whence it follows that they cannot all be eclipsed at the same time. For, in 

the simultaneous eclipses of the second and third, the first is always in 

conjunction with Jupiter ; it is always in opposition in the simultaneous 

eclipses of the Sun produced on the surface of Jupiter by the other two [6003'] 

satellites. 

The mean motions and epochs form six of the twenty-four arbitrary 

quantities, which the integrals of the twelve differential equations of the 

motions of the four satellites must contain. The preceding relations establish 

between these constant quantities two equations of condition, which reduce 

them to twenty-two ; but the arbitrary quantities which these equations cause 

to disappear, are replaced by the constant quantities of an inequality which is 

denoted by the name of the libration of the satellites, whose period rather [6004] 

exceeds six years. This inequality is apportioned among the three inner 

satellites, according to a ratio depending on their masses and distances ; but, 

as all the researches of Delambre, for the discovery of such an inequality by 

observation, have been fruitless, it must be very small. Therefore, at the 

origin, the motions of the three inner satellites and their epochs must have very 

nearly satisfied the two preceding equations. The secular equations of the 

mean motions of the satellites, do not alter these inequalities. In consequence 

of the mutual action of these bodies, these equations are so modified, that the 

secular equation of the first, plus twice that of the third, is equal to three times 

the secular equation of the second ; and even the inequalities, which vary 

slowly, conform so much the more to this arrangement as their periods are 

longer. The libration, by which the motions of the three inner satellites are 

balanced according to the laws we have just mentioned, extends to their rotatory 
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motions, if these motions are equal to those of revolution, as appears to be the 
[6005] ^ 1 

case by observation. Then the attraction of Jupiter, by causing the rotatory 

motions of the satellites to participate in the secular equations, modifies these 

motions so that the rotation of the first, plus twice that of the third, is always 

equal to three times that of the second satellite. We may here observe a great 

analogy between the libration of the satellites and the actual libration of the 

moon, whose theory has been explained in the fifth book. We have there 

seen that the attraction of the earth upon the lunar spheroid, produces a 

rigorous equality between the mean motions of rotation and of revolution; 

and that the two arbitrary quantities, which disappear in consequence of this 

equality, are replaced by those of an equation produced by the actual libration. 

We have also seen that the secular equation of the mean motion of revolution 

does not alter this equality, as the earth’s action causes the rotatory motion 

of the moon to participate in that equation. 

The orbits of the satellites suffer changes analogous to those of the great 

variations of the planetary orbits ; their motions are also subjected to secular 

equations similar to those of the moon. We shall explain, in detail, the theory 

of all these inequalities, the observation of which will furnish the best data for 

the determination of the masses of the satellites, and of the oblateness of 

Jupiter. The great influence of this last element upon the motions of the 

nodes, determines its value with greater accuracy than direct measurement. 

By this means we find that the axis of revolution of Jupiter is equal to its 

[6006] equatorial diameter multiplied by 0,9287 ; which differs but very little from the 

ratio of thirteen to fourteen, given by a mean of the most exact measures of 

the oblateness of that planet. This agreement is a new proof that the gravity 

of the planets towards the principal planet, is composed of the attractions of 

all its particles ; as we have found in the seventh book, for that of the moon 

relative to the earth. 
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However perfect the theory might be, there still remained an immense task 

to fulfil, in order to reduce the analytical formulas into tables. Bouvard first 

computed the coefficients of these formulas in numbers ; but, in that state, 

they yet contained thirty-one indeterminate constant quantities, namely, the 

twenty-four arbitrary quantities of the twelve differential equations of the 

motions of the satellites, the masses of these bodies, the oblateness of Jupiter, 

the inclination of its equator, and the position of its nodes. To obtain the [6006q 

value of all these unknown quantities, it was necessary to discuss a very great 

number of eclipses of each satellite, and to combine them in the most judicious 

manner to obtain each element. Delambre executed this important work with 

the greatest success, and his tables, which represent the times of the eclipses 

with as much accuracy as the observations themselves, afford to the navigator a 

sure and easy method of finding immediately, by the eclipses of the satellites, 

particularly by those of the first, the longitude of the places at which he 

may stop. 

One of the most curious results of these researches, is, the knowledge of the 

masses of the satellites, which seemed to be out of our power to find, because 

their extreme smallness renders it impossible to measure directly their 

diameters. We have selected for this purpose the data which appear to be 

the most advantageous in the present state of astronomy ; and there is reason 

to believe that the values of the masses which have been obtained are very [6006"] 

near the truth. These values may hereafter be verified, when the course of 

time shall have made known more accurately the secular variations of the 

orbits. We shall now give the principal elements of the theory of each 

satellite, resulting from the comparison of the formulas of the theory with the 

observations. 

The orbit of the first satellite moves upon a fixed plane, which passes always 

between the equator and the orbit of Jupiter, through the mutual intersection 
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of these two last planes, whose relative inclination is, according to observation, 

[6007] equal to 3°,4352. The inclination of this fixed plane upon the equator of 

Jupiter, is, by theory, only 20" ; consequently it is insensible : therefore we 

may consider the first satellite as being in motion upon the equator of Jupiter. 

No excentricity peculiar to this orbit has been discovered ; it merely partakes, 

in a slight degree, of the excentricities of the orbits of the third and fourth 

satellites. For, in consequence of the mutual action of all these bodies, the 

excentricity peculiar to each orbit affects the others more feebly as they are 

more distant. The only sensible inequality of this satellite, is that which has 

for its argument the double of the excess of the mean longitude of the first 

satellite above that of the second, and which produces in the return of eclipses 

[6007'] the inequality whose period is 437days,659 ; it is one of the data which we have 

used in finding the masses of the satellites ; and as it depends wholly on the 

action of the second, it determines the value of its mass with great exactness. 

The observations of the eclipses of the first satellite, were, in the first 

instance, the cause of the discovery of the velocity of light, which has since 

been better determined by the phenomenon of aberration. In the present 

state of the theory of this satellite, when the observations of it have become 

very numerous, it has appeared to me that they can be used to determine this 

phenomenon with greater precision than by direct observation. Delambre, 

at my request, has cheerfully undertaken this discussion, and he has found 

[6008] 62",5 = 20s,25 for the whole aberration, which is exactly the same as Bradley 

had determined, from a great number of very delicate observations upon the 

fixed stars. It is very satisfactory to perceive such a perfect agreement 

between two results deduced from entirely different methods. From this we 

may infer that the velocity of light, in all the space comprised within the earth’s 

orbit, is the same as upon the circumference of that orbit ; and this result may 

also be extended to all the space included within the limits of Jupiter’s orbit ; 

for, on account of its excentricity, the variation of the radius vector of that 
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planet is very sensible in the duration of the eclipses of the satellites ; and 

the discussion of these eclipses proves that its effect is exactly the same as in 

the hypothesis of a uniform motion of light. 

The orbit of the second satellite moves upon a fixed plane, which passes 

always between the equator and the orbit of Jupiter, through their mutual 

intersection, and with an inclination to that equator of 201". The inclination [6009] 

of the orbit to this fixed plane is 5152", and its nodes move upon this plane 

with a retrograde motion, whose period relative to the tropics is 29years,9142 ; 

this is one of the data which are used in determining the masses. No 

excentricity peculiar to this satellite has been perceived by observation, but 

it participates a little in the excentricities of the third and fourth. Its two 

principal inequalities depend on the actions of the first and third satellites. 

The relation which exists between the longitudes of the three inner satellites, 

reduces these inequalities to a single term, whose period relative to eclipses 

is 437days,659, and its coefficient is the third of the data which are used in 

finding the masses 

The orbit of the third satellite moves upon a fixed plane, which passes 

always between the equator and the orbit of Jupiter, through their mutual 

intersection; the angle of inclination of this fixed plane to Jupiter’s equator 

being 931". The orbit of the third satellite is inclined 2284" to its fixed 

plane, and its nodes have upon this plane a retrograde tropical motion, whose 

period is 141years,739. Astronomers at first supposed that the orbits of the [6010] 

three inner satellites were in motion upon the equator of Jupiter itself; but 

they found that the inclination of this equator to the orbit of the planet, 

deduced from the eclipses of the third satellite, was less than that obtained 

from the eclipses of the other two satellites. The cause of this difference was 

unknown ; but it arises, however, from the circumstance that the orbits of the 

satellites do not move upon Jupiter’s equator, but upon different planes, which 
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are so much the more inclined to the equator, as the satellites are more distant 

from the planet. We have found a similar result for the moon, in the second 

chapter of the seventh book [5352] ; and it is upon this that the lunar 

equation in latitude depends, whose value being determined by observation, 

has given the ellipticity of the terrestrial spheroid with as much exactness as 

that which is deduced from the measured degrees of the meridian. 

The excentricity of the orbit of the third satellite presents some singular 

anomalies, the cause of which has been found from the theory. They depend 

on two distinct equations of the centre. The one peculiar to this orbit 

[6011] corresponds to a perijove, whose annual sidéral motion is 29010"; the other, 

which may be considered as an emanation of the equation of the centre of the 

fourth satellite, corresponds to the perijove of this last body. It is one of the 

data which we have used in finding the masses. These two equations, by 

their combination, form a variable equation of the centre, corresponding to a 

perijove whose motion is not uniform. They coincided, and were added 

together in 1682, and their sum amounted to 2458". In 1777, the one was 

subtracted from the other, and their difference was only 949". Wargentin 

attempted to represent these variations by means of two equations of the 

centre ; but as he did not refer one of them to the perijove of the fourth 

satellite, he was compelled by observation to abandon this hypothesis, and had 

recourse to that of a variable equation of the centre, whose changes he 

determined by observation, from which he obtained nearly the same results as 

those we have just mentioned. 

Lastly, the fourth satellite moves upon a fixed plane, which is inclined to the 

equator of Jupiter by 4547", and passes through the line of nodes of that 

equator between this last plane and that of the orbit of the planet. The 

[6012] inclination of the orbit of the satellite to the fixed plane, is 2772" ; and its 

nodes have upon this plane a retrograde tropical motion, whose period is 
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531 years. In consequence of this motion, the inclination of the orbit of the 

fourth satellite upon Jupiter’s orbit incessantly varies. It was at its minimum 

about the middle of the last century, remaining nearly stationary at about 2°,7 

from the year 1680 to 1760; and during that interval its nodes upon the orbit 

of Jupiter had a direct annual motion of about 86 These results, deduced from 

observation, were adopted by astronomers, and used for a long time with 

advantage in the tables of this satellite. They accord with the formulas 

[73657, &c.] which make the inclination and the motion of the nodes nearly 

the same as those found by astronomers from the discussion of the eclipses ; 

but, in later years, the inclination of the orbit has sensibly increased, and it 

would have been difficult to discover the law of its variation without the aid [6012'] 

of the theory. It is curious thus to see, springing up from analysis, these 

remarkable phenomena, which had been, in some measure, discovered by 

observation ; but the results, being the combination of several simple inequalities, 

were too complicated for astronomers to be able to discover their laws. The 

excentricity of the orbit of the fourth satellite is much greater than those of 

the other orbits. Its perijove has an annual direct motion of 7959" ; this is 

the fifth of the data which we have used in finding the masses. 

Each orbit participates a little in the motions of all the others. Their 

planes, which are called fixed, are not rigorously so; they move very slowly 

with the equator and orbit of Jupiter, passing always through their mutual [6013"] 

intersection. The inclinations of these planes upon the equator of Jupiter 

vary incessantly, in proportion to the inclination of the orbit upon the equator 

of the planet. 

The theory of the satellites being founded upon the observations of their 

eclipses, it is important to have the expressions of the durations of these 

eclipses, noticing every thing which can have any influence, particularly the 

ellipticity of the mass of Jupiter. We have obtained these expressions by 
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considering generally the figure of the shadow projected by an opaque body, 

from the action of a luminous one. We may from this determine the durations 

of the eclipses, supposing them to commence at the moment when the centres 

of the satellites begin to penetrate into the shadow of the planet. But their 

discs, though inappreciable in themselves, may become sensible by means of 

the times required to make them disappear in eclipses ; moreover the magnitudes 

of the satellites, of which but little is known, their different brightness, the effect 

of the penumbra, and probably, also, that of the refraction of the sun’s light in 

Jupiter’s atmosphere ; all these causes, whose effects it is almost impossible to 

estimate, make it necessary to recur to observation, to determine the mean 

durations of the eclipses of Jupiter’s satellites in the nodes, or when the latitude 

above the orbit of the planet is nothing. These durations, by observation, are 

[6013] 9426" for the first satellite, 11951" for the second, 14838" for the third; 

lastly, 19780" for the fourth. 

The observations of the satellites during the times of entering and quitting 

the shadow of Jupiter, and those of their shadows upon Jupiter’s disc, would 

throw much light upon the magnitudes of their discs, and upon several of the 

other elements of the theory of the satellites. This kind of observations, which 

has hitherto been too much neglected by astronomers, ought to receive more of 

their attention ; for it appears to me that the interior contacts of the shadows 

[6013'} would determine the times of conjunction with greater exactness than by 

eclipses. The theory of the satellites is now so much advanced, that what 

yet remains to be done, can be determined only by very exact observations. 

Therefore it becomes necessary to try new methods of observation, or at least 

to satisfy ourselves that those we use deserve the preference. 

The extreme difficulty of making observations on the satellites of Saturn, 

renders their theory so imperfect, that we hardly know, with any great degree 

of accuracy, their revolutions and their mean distances from that planet ; it is 
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therefore useless at present to consider their perturbations. But the position 

of their orbits presents a phenomenon deserving the attention of mathematicians 

and astronomers. The orbits of the six inner satellites appear to be in the plane 
[603.4] 

of the ring, whilst the orbit of the seventh differs considerably from it. It is 

natural to suppose that this depends on the action of Saturn, which, by its 

ellipticity, retains the six inner orbits in the plane of its equator, as it maintains 

in the same plane the ring by which it is surrounded. The sun’s action tends 

to draw them from it ; and as this effect increases very rapidly, being nearly as 

the fifth power of the radius of the orbit, it becomes quite sensible in the outer 

satellite. The orbits of the satellites of Saturn move, like those of the moon 

and the satellites of Jupiter, upon fixed planes, which pass always between 

the equator and the orbit of the planet through their mutual intersection, and 

which are so much the more inclined to that equator as the satellites are farther 

from Saturn. This inclination is considerable relative to the outer satellite. 

Its orbit is much inclined to the fixed plane which corresponds to it, and 

its nodes have upon this plane a retrograde motion, whose value we have [6014'] 

endeavored to determine, using the observations that have already been made 

for this object ; but, these observations being very uncertain, the results which 

we have given can be considered only as a very imperfect approximation. 

We know yet less about the satellites of Uranus. It only appears from 

Herschel’s observations, that they all move in a plane, nearly perpendicular 

to the planet’s orbit ; which evidently indicates a similar position in the plane 

of its equator. We shall show that the oblateness of the planet, combined [6014"] 

with the action of the satellites, can retain these orbits very nearly in that 

plane. This is all that can be said relative to these bodies, since, on account 

of their smallness and distance, we are unable to obtain a more thorough 

knowledge of them. 

The theory of the perturbations of the comets is the object of the ninth book. 
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The greatness of the excentricités and of the inclinations of their orbits, does 

not permit us to apply to these bodies the formulas which are used for the 

planets and satellites. In the present state of analysis, it is not possible to 

represent the motions of a comet by analytical expressions, including an 

[6015] indefinite number of revolutions, and we are reduced to the necessity of 

determining them by parts, by means of quadratures. The most simple method 

of doing this, is that proposed by La Grange, in which the orbit of a comet is 

considered as an ellipsis which varies incessantly ; each elliptical element is 

then expressed by the integral of a differential function, which may be obtained, 

very nearly, by -several methods afforded by analysis. We have here given 

these differential functions, under the forms which appear to be the most 

convenient, and we have also given a very exact method of integrating them by 

approximation. It would have been pleasant to have made an application of 

this method to the return of the comet of 1759, but various occupations have 

prevented ; we shall, however, develop the process with sufficient detail to 

prevent any other difficulty in its application than what arises from the 

substitution of the numbers. 

Then we shall notice, by a particular analysis, the case of a comet which 

approaches so near to a planet as to have its orbit wholly changed ; this 

singular case deserves so much the more attention, as it appears to have 

happened to the first comet of 1770. The fruitless attempts of astronomers 

[60X5'] to reduce the observations of this comet to the laws of the parabolic motion, 

are well known. Lexell first discovered that it had described, during its 

appearance, the arc of an ellipsis corresponding to a revolution of rather more 

than five years and a half. Burckhardt, by a profound discussion of the 

observations of this comet, and of the elliptical elements proper to represent 

them, has confirmed this remarkable result, upon which there cannot now be 

the least doubt. But, with so quick a revolution, this comet ought to have 

appeared several times ; nevertheless, it was never seen before 1770, and has 
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not been seen since. To explain this double phenomenon, Lexell remarked, 

that, in 1767 and 1779, the comet passed very near to Jupiter, whose action in 

1767 might have decreased its perihelion distance, so as to render it visible to 

the earth in 1770, instead of being invisible, as it was before ; and, by a 

contrary effect, that action in 1779 could have increased its perihelion distance 

so as to render it afterwards invisible. But this explanation requires that the 

elements of the orbit of the comet, determined by its positions observed in 1770, 

should satisfy the two preceding conditions, at least by making but very slight 

corrections in these elements, and such as are included within the limits of the 

alterations which the attraction of the planets might produce in them. Now this 

is found to be the case, by applying these formulas to the investigation of the 

perturbations of the comet by the action of Jupiter at these two epochs. The 

possibility of this double change in the perihelion distance at those times being 

thus proved, the explanation given by Lexell becomes highly probable. 

Of all the comets which have been observed, the one just mentioned is that 

which approached nearest to the earth ; it must, therefore, have suffered very 

sensible perturbations. We find by calculation, that the earth’s action increased 

its sidéral revolution two days ; and the comet, by its reaction upon the earth, [6015"] 

must likewise have altered the duration of a sidéral year ; and by calculation it 

appears that the decrement of the year would be a ninth part of a day, if the 

mass of the comet were equal to that of the earth. The researches lately made 

by Delambre, to improve the solar tables, do not allow us to attribute to the 

comet’s action a decrease of three seconds in the length of a year ; we are 

therefore very sure that the mass of the comet is not a five-thousandth part of 

that of the earth. In general the correspondence between the observed places 

of the planets and satellites with those which are determined by noticing only 

the mutual actions of these bodies upon each other, proves that, notwithstanding 

the great number of comets which traverse the planetary system in every 

direction, their attraction, up to the present time, has been insensible ; thus their 
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masses must be extremely small, and astronomers have no reason to fear that 

their action can alter the accuracy of the tables. 

In the tenth book, several subjects are noticed relative to the system of 

the world. One of the most interesting, by its connection with universal 

gravitation, and by its influence upon the observations of the heavenly bodies, 

[6016] is the theory of astronomical refractions. The air, through which we see 

those bodies, refracts their rays by certain laws, which it is of importance 

for astronomers to ascertain fully; they depend on the constitution of the 

atmosphere, and on the variations it suffers in its pressure and temperature. 

We have explained in detail the analysis of these laws, which require some 

particular expedients when the body is very near the horizon. Then the refraction 

of its light depends upon the law according to which the temperatures of the 

strata of the atmosphere decrease as they are more elevated. The law which 

we have assumed combines the advantage of an easy calculation with that of 

representing, at the same time, the experiments on the diminution of the heat, 

the observations on the refractions, and the heights of a barometer at different 

elevations. Fortunately, when the elevation of any heavenly body exceeds 

eleven or twelve degrees, its refraction depends wholly upon the state of the 

air in the place of the observer, and this state is indicated by our meteorological 

instruments. At equal temperatures, the volume of the same quantity of air 

is reciprocally proportional to the pressure it suffers ; but, to obtain the 

variations of this volume, corresponding to those of a mercurial thermometer, 

we must know exactly how this instrument corresponds with an air 

[6016'] thermometer. Gay-Lussac has made a great many very correct observations 

upon this subject ; he has taken an extreme degree of care in graduating 

accurately several mercurial and air thermometers, using particular caution in 

drying the glass tubes ; for their humidity, in the experiments upon this subject 

by different observers, is the chief cause of the difference of the results. 
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Then, by immersing these thermometers in the same vessel of water, at the 

temperature of melting ice, and of boiling water, he has found, by the mean of 

a great number of results corrected for the effect of the expansion of the glass, 

and for the variations of the barometer during each experiment, that a mass of 

air represented by unity, at the degree of melting ice, becomes 1,375 at the 

heat of boiling water, under a pressure of 0metre,76 of the barometer. Tobias [6016"] 

Mayer, who was as correct in his experiments as he was great in astronomy, 

found, by observations whose accuracy he warrants, that, by the same increment 

of temperature, the mass becomes 1,380. This differs but very little from the 

preceding result, with which the experiments of Dalton agree perfectly. To 

obtain the corresponding changes of two mercurial and air thermometers, 

Gay-Lussac divided exactly into two equal parts the space taken up by these 

two fluids in each thermometer, from the degree of melting ice to that of 

boiling water, which gave him the 50th degree of each thermometer. By 

immersing them in a vessel of water, raised to that temperature, he has 

observed that their differences were always extremely small, and alternately of 

a contrary sign, so that the mean difference determined by twenty experiments 

was found to be insensible ; whence we may infer that, from zero to the heat 

of boiling water, the march of the two thermometers, is very nearly the same. 

These results are sufficient for the theory of refractions, in which it is only 

necessary to know the density of the air corresponding to the indications of the 

barometer and thermometer. But, in the theory of heat, it is necessary to 

estimate the real degrees of heat indicated by those of a mercurial thermometer ; 

and this will be given with great accuracy by the experiments just mentioned, 

if the increment of heat of a mass of air submitted to a constant pressure, be 

proportional to the increase of its volume. Now this hypothesis is at least very 

probable ; for, if we imagine the volume of the mass of air to remain the same 

whilst its temperature increases, it is natural to suppose that the elastic force, 

of which heat is the cause, will increase in the same ratio. By submitting it [6016///] 
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[6016""] 

[6017] 

in this last state to the pressure it suffered in the former case, its volume will 

increase as its elastic force, and therefore as its temperature. Hence it 

appears, that an air thermometer indicates accurately the variations of heat; 

but, its construction being difficult, it is sufficient to have compared its march 

with that of a mercurial thermometer by very exact experiments. 

Heretofore no use has been made of hygrometrical observations in the 

calculation of refraction, and it is desirable that the influence of the humidity 

of the air upon these phenomena should be determined by direct experiments. 

We have endeavored to supply this defect, by supposing that the refractive 

powers of water and its vapor are proportional to their respective densities. 

In this probable hypothesis, the refracting force of the vapor exceeds that of air 

of the same density ; but, under equal pressures, the air exceeds in density that 

of the aqueous vapor; hence it follows, that the refraction arising from that 

vapor diffused in the atmosphere, is very nearly the same as that of the air 

whose place it occupies, so that the effect of the humidity of the air upon the 

refractions is almost insensible. This is confirmed by some observations of 

the meridian altitudes of the sun, seen through clouds which left its limb 

well defined ; the refraction of its light did not appear to be changed by this 

circumstance. 

We know that the air is a compound of two gases, azote and oxygen ; and it 

is probable that the refractive force is not the same for both of them ; therefore 

the refractive force of the atmosphere would change if the proportion of these 

gases should be altered. But it follows from the numerous and very exact 

experiments of Humboldt and Gay-Lussac, that this proportion remains always 

very nearly constant upon the surface of the earth ; and Gay-Lussac, having 

ascended in a balloon, obtained some atmospherical air at the height of more 

than six thousand five hundred metres [over four miles] ; the analysis of this 
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air has given him the same ratio between these two gases, as that found 

on the surface of the earth. 

The refractive force of the atmosphere may be determined, either by direct 

experiments upon the refraction of the air, or by astronomical observations. 

The great number and the accuracy of these observations have induced me to 

prefer the last method, and I have deduced from them a formula for computing 

the refractions when the apparent altitudes exceed twelve degrees. I believe 

that this formula will give these refractions very accurately, supposing the 

refractive force of the air to be in the ratio of its density, and that its 

temperature and humidity have no sensible influence upon it ; three points 

which ought to be verified by a great number of observations and experiments. 

It appears to me that the best method of obtaining this object, is to observe, in [6017'] 

the extremes of heat and cold, and in those of elevation and depression of the 

barometer, the meridian altitudes of some stars which do not rise more than 

twelve or fifteen degrees above the horizon. For this purpose, a series of 

observations has been commenced at the observatory at Paris, and it is 

proposed to continue them during a great number of years. The theory also 

supposes that the density is constant throughout any stratum of air concentrical 

to the earth ; and it is possible that the winds and other causes may produce 

variations of density which cannot be ascertained, but may have an influence 

upon the refractions. It is to this we ought chiefly to attribute the small 

discrepancies perceived in the observations of the same star on different days. 

However perfect the instruments of astronomy may become, this source of 

error will always be an obstacle to the extreme accuracy of the observations. 

The preceding researches, grounded upon the constitution of the atmosphere, 

have conducted to a very simple formula for measuring the height of a mountain 

by a barometer. In this formula we have noticed the variations of gravity 

VOL. IV. E 



XV111 PREFACE, 

depending on the different latitudes and elevations above the level of the sea. 

We should be pleased to have introduced into it the effect of hygrometrical 

measures, but we have not sufficient experiments for that object. Ramond 

[6017"] has determined, with great exactness, the principal coefficient of this 

formula, by means of numerous and exact observations of the barometer, 

which he has made upon several mountains whose heights are well 

known. 

The atmosphere extinguishes a part of the rays of light which traverse it. 

We have determined the law of this extinction, which ought also to take place 

in the sun’s atmosphere. It follows from these formulas, compared with a 

[6017"'] curious experiment of Bouguer upon the intensity of light of several points 

of the sun’s disc, that, if the sun were deprived of its atmosphere, it would 

appear to us twelve times more luminous than it now does. 

One of the principal arguments formerly used in opposition to the motion 

of the earth, was the difficulty of reconciling this motion with that of bodies 

detached from its surface and left to themselves. Being then ignorant of the 

[6018] laws of mechanics, it was supposed that the spectator ought to fly off with 

the whole of the velocity depending on the rotatory motion of the earth and 

its motion of revolution about the sun. The knowledge of these laws leaves 

now no doubt upon this subject; but they show that the effect of the earth’s 

rotation upon the motion of projectiles, although of small moment, may 

become sensible by proper experiments. We have here explained the analysis 

of this motion, which agrees with the experiments heretofore made to discover 

the earth’s diurnal motion by the fall of bodies which descend from a great 

height* 

After having examined several cases in which the motion of a system of 
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bodies which attract each other, may be exactly determined, we have resumed 

the theory of the secular equations depending on the resistance of an ethereal 

fluid surrounding the sun ; a theory which has been before considered at the 

end of the seventh chapter, but it is here extended to an unlimited time. 

This resistance would really take place in nature, if the solar light were 

produced by the vibrations of such a fluid. If it is an emanation from the sun, 

its impulsion upon the planets and upon the moon, being combined with the 

velocities of those bodies, will produce in their mean motions an acceleration 

whose analytical expression is given ; but this effect is destroyed by the 

diminution of the sun’s mass, which must take place in this hypothesis. Then, 

as the attractive force of that body incessantly decreases, the orbits of the 

planets become more and more dilated, and their motions are diminished 

incomparably more than they are augmented by the impulsion of the light. 

As no variation in the mean motion of the earth is indicated by observation, 

we may infer, First, that the sun, during the last two thousand years, has 

not lost a two millionth part of its substance ; Second, that the effect of the 

impulsion of light upon the moon’s secular equation is insensible. The 

analysis of this effect may be applied to gravity, considered as being the 

result of the impulsion of a fluid producing the effect of gravity, by moving 

with extreme rapidity towards the attracting body. From this it follows, 

that, to satisfy the phenomena, we must suppose this fluid to havo an 

excessively great velocity, at least one million times greater than that of 

light. This velocity would be infinite in the hypotheses admitted by 

mathematicians relative to the action of gravity ; these hypotheses may 

therefore be used without fear of any perceptible error. We shall here 

observe that these various causes of alteration in the mean motions of the 

planets and satellites, do not produce any effect in the positions of their 

apsides ; and since it is evident from observation, that the motion of the 

moon’s perigee is subjected to a very sensible secular equation, we may from 

[6018'] 

[6018"] 
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thence conclude that the moon’s secular equations must not be attributed 

either to the resistance or to the impulsion of a fluid. We have, in the seventh 

book, developed the laws of these equations, and the real source of them. 

Lastly, we shall conclude this volume with a supplement to the theories 

of the moon and planets. Jupiter, Saturn, and Uranus, compose a separate 

system, upon which the inferior planets have no sensible influence. This 

[6018'"] system, by the mutual action of the three bodies upon each other, suffers great 

inequalities, which we have developed in the sixth book. The discovery 

of these inequalities has given to the tables of Jupiter and Saturn an 

unlooked-for degree of accuracy. Bouvard has again discussed, with the 

greatest care, all the oppositions of these two planets, from the time of 

Bradley to the present moment, as observed at Greenwich and Paris, by 

means of great transit instruments, and the best mural quadrants. On the 

other hand, the theories of these three planets have been reviewed with 

particular care, and I have discovered some additional inequalities, which 

render the formulas still more accordant with observation. These formulas, 

reduced to tables by Bouvard, represent with remarkable accuracy the modern 

observations, those of Flamsteed and Tycho, and even those of the Arabs and 

Greeks, as well as the Chaldean observations, which Ptolemy has transmitted 

to us in his Almageste. The singular precision with which Jupiter and 

Saturn, from the most remote period, have obeyed their mutual action, proves 

to us that the influence of causes foreign from the planetary system is 

insensible. One of the principal advantages of these new researches is the 

exact knowledge of Saturn’s mass, whose value is determined by this means 

much better than by the elongations of the satellites. The inequalities 

produced by Uranus are too small to enable us to determine its mass from 

them ; that which we have adopted in the sixth book, seems to agree very 

well with observations [9159a—g]. 
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Nothing now remains, to fulfil the engagement which was entered into at 

the commencement of this work, but to give an historical account of the labors 

of mathematicians and astronomers on the system of the world ; this will be 

the object of the eleventh and last book.* 

* Subsequently the author published this portion of his work in six books, making in all 

sixteen. This portion of the work contains improvements and additions to several parts of 

the Mécanique Celeste, together with some historical notices relative to the most important 

subjects, as will be seen in the fifth volume. 
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depending on their masses and distances. Calculation of this ratio [7267—7279].§29 

CHAPTER XII. THEORY OF THE FOURTH SATELLITE 259 

Determination of its motion in longitude [7354]. Determination of its motion in latitude above the 

orbit of Jupiter [7355]. Astronomers have found by observation, that, from the time of the 

discovery of the satellites till about the year 1760, the inclination of the orbit of the satellite 

upon the orbit of Jupiter, was nearly 2°,7 [7362] ; and that the motion of its nodes was direct, 

and about 8' in a year [7362, &c.]. These results of observation are a necessary consequence 

of the formulas. After the year 1760, the inclination increased considerably, so that these 

numbers could not be used in the tables. Formulas for the duration of an eclipse [7369, 7383], 

and [7385]......-.§30 

CHAPTER XIII. THEORY OF THE THIRD SATELLITE. 276 

Determination of its motion in longitude [7405]. It bas an excentricity peculiar to its own orbit, 

and participates very sensibly in that of the fourth satellite, which introduces into its motion 

two distinct equations of the centre, of which the one corresponds to the perijove of the third 

satellite, and the other to the perijove of the fourth satellite [7406, &c.]. From this there 

results a compound equation of the centre, with a variable excentricity. Wargentin had 

discovered this variable excentricity by observation [7406], but without ascertaining the law 

of its variations. 
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Determination of the satellite’s motion in latitude [7427.] Formula for the duration of its 

eclipses [7436,7437].......§31 

CHAPTER XIV. THEORY OF THE SECOND SATELLITE.288 

Determination of its motions in longitude [7463], and in latitude [7482], Formula for the duration 

of its eclipses [7483, 7492, 7493]..§32 

CHAPTER XV. THEORY OF THE FIRST SATELLITE.. 300 

Determination of its motions in longitude [7513], and in latitude [7522], Formula for the duration 

of its eclipses [7523, 7530, 7531].§33 

CHAPTER XVI. ON THE DURATION OF THE ECLIPSES OF THE SATELLITES.309 

Formulas for the duration of eclipses, supposing that the satellites are eclipsed at the moment of 

the immersion of their centres in the shadow of Jupiter [7533—7561]. Comparison of this 

duration with observation [7558—7565]...§ 34 

CHAPTER XVII. ON THE SATELLITES OF SATURN.oAC> 

The inequalities of the motions of these bodies have not yet been observed [7580]. The only 

remarkable phenomenon which they present to our view, is the constant position of all their 

orbits in the plane of the ring, excepting, however, that of the outer satellite, which varies 

sensibly from that plane [7581']. Explanation of this last phenomenon [7582, &c.]. It depends 

on the circumstance that the orbit of the outer satellite moves upon a plane passing between 

Saturn’s orbit and equator, through their mutual intersection ; this orbit being very sensibly 

inclined to that equator. Analytical and numerical determination of the motion of the orbit of 

this satellite upon this plane [7583, &c.].§ 35, 36, 37 

CHAPTER XVIII. ON THE SATELLITES OF URANUS.356 

The mutual action of the planet and its satellites may retain the orbits of the satellites in the 

plane of its equator [7771—7799'].....§ 38 

NINTH BOOK. 

THEORY OF COMETS. 

Difficulties of this theory. The greatness of the excentricities of the orbits of the comets, and of 

their inclinations to the ecliptic, does not permit us to apply to their perturbations the formulas 

which are used for the planets [7800]. We must calculate these perturbations from point to 

point, in different portions of the orbit, limiting ourselves, in each operation, to a small extent.. 361 
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CHAPTER I. GENERAL THEORY OF THE PERTURBATIONS OF COMETS. 

General equations of the troubled orbit [7805—7812]...§ 1 

We can satisfy these equations by some analytical formulas, which include a large arc of the 

orbit, when the radius vector of the orbit of the comet is either very small or very great in 

comparison with that of the disturbing planet. In the first case, the disturbing action becomes 

insensible, and may be neglected ; in the second case, the comet moves very nearly in an ellipsis 

about the common centre of gravity of the planet and sun [7814—7845].§2 

General formulas to determine the perturbations of the elements of a comet [7846—7898'].§3 

Formula to determine the difference between two successive returns of a comet to the perihelion 

[7899'—7921].§4 

Method of determining the numerical values of the perturbations of the elements, by means of 

generating functions. Explanation of the theory of these functions [7922—7942].. .§ 5 

Reflections on the use of these formulas, and on the manner of varying the application of them to 

different portions of the orbit [7943—7947].§ 6 

General analytical expressions of the perturbations, in the case where the disturbing planet is very 

distant [7947'—8010].§ 7, 8 

Manner of using these formulas, by applying them to the computation of the orbit of a comet, 

as, for example, that of the year 1759 [8010'—8013] ...§9 

CHAPTER II. ON THE PERTURBATIONS OF THE MOTION OF A COMET WHEN IT APPROACHES 

VERY NEAR TO A PLANET. 

We may then suppose the planet to have a sphere of attraction, within which it wholly controls 

the relative motion of the comet, and beyond which the comet’s motion depends solely upon the 

sun’s action [8014—8038'].§10 

Development of this hypothesis. Determination of the elements of the orbit of the comet when it 

quits the sphere of the planet’s attraction [8039—8075].§11 

A more simple method of obtaining these values, when the perturbations are not considerable 

[8076—8092].§12 

Application of these results to the comet of 1770. The attraction of Jupiter could have changed 

its orbit in 1767, so as to render the comet visible in 1770, instead of being invisible, as it had 

been before. Again, the attraction of the same planet in 1779, could have changed the orbit so 

as to render the comet forever afterwards invisible. Calculation of the perturbations in the 

time of its sidéral revolution by the attraction of the earth [8093—8125].§13 

CHAPTER III. ON THE MASSES OF THE COMETS, AND THEIR ACTION UPON THE PLANETS.. 

The comet of 1770 is that which approached the nearest to the earth, and its action upon the earth 

did not change sensibly the duration of the sidéral year [8132]. Hence it follows, that the mass 

of this comet must be very small, and that it is less than of that of the earth [8132]. We 

may obtain the same result from the consideration that this comet passed through the whole 
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system of Jupiter’s satellites, without producing any sensible alterations in their motions [8133']. 

General reflections, tending to prove that the masses of all the comets are extremely small, so 

that the stability of the planetary system is not disturbed by their action [8134—8136].§14 

TENTH BOOK. 

ON SEVERAL SUBJECTS RELATIVE TO THE SYSTEM OF THE WORLD. 

CHAPTER I. ON ASTRONOMICAL REFRACTIONS... 

Differential equation of the motion of light in the air, supposing all the strata of the atmosphere 

to he spherical, and the densities variable according to a function of their height 

[8141—8154].§ 1 

Investigation of the refraction suffered by light from the various attractions of the different 

mediums through which it passes [supposing the light to be an emanation from the luminous 

body]. From this investigation it follows that the sine of incidence is to the sine of 

refraction, in a constant ratio, depending on the nature of the medium. The refraction 

changes into reflexion beyond a certain degree of obliquity. When the successive mediums 

are terminated by plane and parallel surfaces, the velocity of light and its direction are at each 

moment the same as if it passed immediately from a vacuum into each of them [8156—8235]. § 2 

Application of these results to the successive attractions that the different strata of the 

atmosphere exert upon the luminous particles which traverse them. Differential equation of 

the motion of light [8236—8264']...§ 3 

Integration of this differential equation. To effect it generally, we must know the law according 

to which the densities of the strata of the atmosphere decrease as their heights increase. 

The two limits of this law are a constant density, and a density decreasing in a geometrical 

progression for equidistant heights. Investigation of the refractions in these two cases. The 

first gives a refraction which is quite too small [8265—8282].§4 

The second hypothesis supposes a uniform temperature throughout the whole extent of the 

atmosphere [8283]. Integration of the differential equation in this hypothesis [8286—8339]. 

Reduction of the integral into a continued fraction, by means of generating functions 

[8340—8362]. This makes the refraction too great [8370, &c.] ; therefore, this hypothesis 

cannot be admitted. This is conformable to observations upon the heat of the atmosphere, 

which decreases as the height increases [8370'].§5 

Integration of the differential equation, supposing the density of the strata of the atmosphere to 

decrease in arithmetical progression, whilst the heights follow a similar progression. This 

supposition makes the refraction too small, and does not satisfy the decrement of heat of the air; 

but it agrees better with observation than the hypothesis of a constant density. The true 

constitution of the atmosphere must therefore fall between these two hypotheses [8371—8404]. § 6 
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Integration of the differential equation in an hypothesis composed of the two preceding. The 

formulas which result from it, for the refractions and for the decrement of the heat of the air, 

agree with the observed phenomena [8406—8462'].§7 

Formula which gives the astronomical refractions for all altitudes which exceed 12° [8474]. In 

these high altitudes, the refraction depends only upon the state of the barometer and of the 

thermometer, in the place where the observation is made [8474', &c.].§8 

Discussion of the elements which enter into this formula. These elements are the variations 

of the density of the air by the variations of its pressure and heat; and the refraction of 

atmospherical air corresponding to a given temperature and pressure. Determination of the 

most exact values of these elements [8484—8505].  § 9 

Examination of the influence which the humidity of the air can have upon the refractions [8506]. 

Theory of evaporation [8509, &c.]. Formula which represents the variations of the elastic 

force of the vapor, corresponding to a change of temperature [8512]. The influence of the 

vapor of water upon the refractive force of the air, is nearly insensible, because the excess of 

its refractive force above that of the air, is very nearly compensated by its decrease of density 

[8537, &c.].§10 

CHAPTER II. ON TERRESTRIAL REFRACTIONS. 541 

Definition of these refractions, and determination of the formulas which express them 

[8542—8582].§11 

CHAPTER III. ON THE EXTINCTION OF THE LIGHT OF THE PLANETS IN THE ATMOSPHERE 

OF THE EARTH, AND ON THE SUN’S ATMOSPHERE.551 

Formulas which give this extinction of the light in the earth’s atmosphere for different 

inclinations of the luminous ray to the horizon [8583, &c.]. We may suppose, in these 

formulas, without any sensible error, that the temperature is uniform ; then the logarithm of the 

intensity of the light is as the astronomical refraction divided by the cosine of the apparent 

altitude [8600, &c.]...§12 

Calculation of the height of the atmosphere of the sun, using the experiments of Bouguer upon 

the different intensities of the light near its limb and near its centre. Determination of the 

decrement of the light of the sun in passing through its own atmosphere. If the sun’s 

atmosphere were removed, it would appear twelve times as luminous as it now is 

[8603—8646].§13 

CHAPTER IV. ON THE MEASURE OF HEIGHTS BY A BAROMETER...565 

Relation which exists between the heights of a barometer and thermometer, and the elevation 

above the earth’s surface. Formula for measuring heights by a barometer, adapted to every 

latitude, and taking into consideration the diminution of gravity on account of the height of 

the observer [8648—8690]...§ H 

CHAPTER V. ON THE DESCENT OF BODIES WHICH FALL FROM A GREAT HEIGHT.5/3 

Equation of the motion of a falling body, noticing the rotatory motion of the earth, whatever be 

the figure of the earth and the resistance of the air. If the body falls from a point at rest, it 
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deviates from the vertical towards the east during its fall, but the deviation is nothing in the 

direction of the meridian [8691—8769'].....§15 

Calculation of the deviation of the body when it does not fall from rest [8770, &c.]. If it be 

projected upwards, it will fall to the west of the vertical [8809]...§16 

CHAPTER VI. ON SOME CASES WHERE WE CAN RIGOROUSLY ASCERTAIN THE MOTIONS OF 

SEVERAL BODIES WHICH MUTUALLY ATTRACT EACH OTHER. 

Conditions in which this motion may be ascertained. Determination of the curves described by 

the bodies when the preceding conditions are satisfied. Application of this method to the 

motions of three bodies. If the moon, at the origin of its motion, had been placed in opposition 

to the sun, and at a distance from the earth which is equal to a hundredth part of the radius 

of the earth’s orbit ; also, if the earth and moon had been projected in parallel directions, with 

velocities proportional to their distances from the sun ; the sun and the moon would alternately 

have succeeded each other on the horizon, and would always have been in opposition to each 

other [8810—8883'].§17 

CHAPTER VII. ON THE ALTERATIONS WHICH THE MOTIONS OF THE PLANETS AND COMETS 

MAY SUFFER BY THE RESISTANCE OF THE MEDIUMS THEY PASS THROUGH, OR BY THE 

SUCCESSIVE TRANSMISSION OF GRAVITY. 

The effects of this resistance are to diminish the excentricity of the orbit and its greater axis, 

while the perihelion remains immovable [8884—8930].§18 

Application of this theory to the resistance caused by the impulse of light upon the heavenly 

bodies, whether we consider it as being produced by the vibrations of an elastic fluid, or as 

an emanation from the sun. From this results a secular equation of the mean motion 

[8931—8959].»....§19 

Comparison of the secular equations of the earth and moon depending on this cause. They are 

to each other as unity to 63,169 [8987']....,...§ 20 

Investigation of the secular equation of the earth, which would result from the diminution of the 

sun’s mass, if the light be an emanation of its substance [8988, &c.]. This inequality is to that 

which depends on the impulse of light, as —1 to 0.0002129 [9015]. It follows from this theory, 

that the impulse of the sun’s light upon the moon, does not produce a secular equation of a 

quarter of a second in that satellite [9018] ; it also follows, that, for more than two thousand 

years last past, the sun’s mass has not varied a two millionth part [9023].».§21 

Investigation of the secular equation which might be produced in the planets by the successive 

transmission of gravity, supposing it to be produced by the impulsion of a fluid [9024, &c.]. 

This equation decreases as the velocity of the gravitating fluid increases. If we were to 

attribute the moon’s secular equation to this cause, we must suppose the fluid to have a velocity 

seven millions of times greater than that of light [9034] ; and as it is certain that nearly the 

whole of this secular equation arises from the diminution of the excentricity of the earth’s orbit, 

it follows that the successive transmission of gravity can contribute to it only an extremely 

small portion ; which would require a velocity in the gravitating fluid at least one hundred 

millions times greater than that of light [9035] ; so that we may consider its transmission as 

being altogether instantaneous. The secular equation of the earth, depending on this cause, 

being only a sixth part of that of the moon, must of course be nothing, or insensible [9036]. .§ 22 
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CHAPTER VIII. SUPPLEMENT TO THE THEORIES OP THE PLANETS AND SATELLITES.646 

Investigation of some new inequalities in the theories of Jupiter and Saturn, in consequence of 

the nearly commensurable ratio of their mean motions. Application of these inequalities 

to observation. Definitive formulas of the heliocentric motions of Saturn and Jupiter 

[9037—9150].§23 

Investigation of a small inequality of the same kind which occurs in the moon’s motion 

[9150"—9158]...§24 

CHAPTER IX. ON THE MASSES OF THE PLANETS AND SATELLITES.680 

Manner of calculating these masses, by comparing the analytical formulas of the perturbations 

with a great number of very accurate observations. Table of their most exact values obtained 

by this method [9159—9168].§25 

ON ASTRONOMICAL TABLES. 

Method of rectifying and improving these tables, by using the method of equations of condition 

[9169—9170].§26 

FIRST SUPPLEMENT BY THE AUTHOR. 

OF THE SUBJECTS TREATED OF IN THE THEORY OF THE CAPILLARY ATTRACTION. 

ON CAPILLARY ATTRACTION [9171].68o 

Section I. Theory of capillary attraction [9222, &c.]...695 

Section II. Comparison of the preceding theory with observation [9656, &c.]...790 

SECOND SUPPLEMENT BY THE AUTHOR. 

OF THE SUBJECTS CONTAINED IN THE SUPPLEMENT TO THE THEORY OF CAPILLARY 

ATTRACTION. 

806 On the fundamental equation of the theory of capillary action [9757, &c.] 

New manner of considering the capillary action [9900, &c.].. • ■ 834 
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On the apparent attraction and repulsion of small bodies which float upon the surface of a fluid 

[10155, &c.].909 

On the adhesion of a plate to the surface of a fluid [10258, &c.]...9^7 

On the figure of a large drop of mercury, and on the depression of mercury in a glass tube of a 

great diameter [10376, &c.].9'1 

General observations [10461, &c.] ..  1005 

IN THE COMMENTARY. 

Among the subjects contained in the Notes, we may mention the folloiving : 

Table of the symbols which are used in the theory of Jupiter’s satellites [6021a—6024?]. 

Numerical values of the symbols n, n', n", n!" ; N, N', N", N'" ; M ; g, g1} g2, g3 ; p, pi: p2, p3 

[6025a—p]. 

General integration of a linear differential equation of the second degree [60497c, Z]. 

Times of the synodical revolutions of the satellites, by Delambre [6781?, &c.]. 

Mass of Jupiter, by Professor Airy, deduced from the elongation of the fourth satellite [6787c?]. 

Encke’s estimate from the perturbations of Vesta, u7 [6787c?] ; Nicolai’s estimate from the 

perturbations of Juno, [6787e]. 

Computation of the values of a, a', a", a"' [6790Æ, &c.]. 

Correction of the signs of some of the inequalities [6843Æ, 6845?, 6847e, 6849e, &c.]. 

Formulas of integration by quadratures, which are useful in computing the perturbations of the orbit 

of a comet [7929a—z]. Application of these methods to the computation of the time of the return of 

Halley’s comet, by Pontécoulant, Damoiseau, Lubbock, &c. [8009a—?]. 

Formulas for computing the elements of the orbit of a comet, by means of quadratures, supposing the 

intervals of time to be equal to each other [8009Æ—8015z]. Table of the differentials of the elements of 

the orbit [8013c?—k]. Table of formulas for computing these elements by means of quadratures 

[80146—jo], and [8014u]. 

Principles of the wave theory of light, by Huygens, and its application to the laws of reflexion and 

refraction [8137a—8139a]. In this theory, the velocity of light decreases in going from a rarer into a 

denser medium, which is contrary to the results in the Newtonian theory of emission, where the velocity 

is supposed to increase upon entering into a denser medium [8137n—?•]. The demonstrations of the 

laws of reflexion and refraction by means of the principle of the least action, as usually given, will not 

apply in the wave theory [81397c], because in this theory the time is a minimum [8139n]. 

The fundamental equation [8262] which expresses the differential of the refraction, may be considered 

as a deduction from the usual law of refraction which is obtained from observation [8262c—/]. This 

equation may be reduced to the form [8262a:] given by La Grange, and it becomes integrable, as he 

remarked, by assuming a particular relation between the elevation of any stratum of the atmosphere and 

its density [8262z, &c.] 

Experiments of Biot and Arago on the refractive power of different gases, show that the refraction 

produced by any gas is always rigorously proportional to its density [8264a—-p]. 

VOL. IV. I 
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The hypothesis of a uniform density is equivalent to that proposed by Cassini [8267a] ; and the simple 

process proposed by him gives the same form to the expression of the refraction, for altitudes exceeding 

ten degrees, as the more complicated hypothesis of La Place [8267Z, &c.]. Formulas for calculating the 

refraction, by Bouguer [8374?], by Simpson [8374Z], by Bradley [8383cZ]. Bradley’s rule for correcting 

the refraction on account of the temperature and density of the air [8383/*] ; correction of this formula 

[8383*]. 

Expression of the heat of a stratum of the atmosphere in terms of the pressure and density of the air 

[8400c]. La Place’s formulas for the density of the strata of the atmosphere [8411—8412'], give a too 

rapid decrease of the pressure of the atmosphere at high elevations, and make the decrement of heat too 

rapid, particularly in low altitudes [8435n, 8444c, ?', 8445??, &c.]. La Place’s formula makes the 

temperature at the summit of the atmosphere equal to —91°,5 of Fahrenheit’s thermometer [8444a:], 

which is a much greater depression than that which is assumed by Fourier, who estimates the temperature 

of the planetary space to be —58° of Fahrenheit [8444?/’]. Oriani’s formula [8469*, 8473]. La Place’s 

formula of the refraction in altitudes exceeding twelve degrees, is equivalent to the methods of Bradley, 

Simpson, and Cassini [8474e—-8475c]. Names of several persons who have treated on refraction [8538c]. 

Leslie’s hypothesis of the density of the strata of the atmosphere [8538*]. Ivory’s formulas for the same 

purpose [8539/:—Z] ; these give, with a great degree of accuracy, the temperature and density of the 

atmosphere in the two extreme cases, namely, near the surface of the earth, and at the greatest elevation 

to which Gay-Lussac ascended in a balloon [8540a]. The temperature of the planetary space, deduced 

from Mr. Ivory’s hypothesis, is nearly —74° of Fahrenheit’s thermometer, differing 16° from Fourier’s 

estimate —58° [8540c, 8444?/']. 

Expressions of the terrestrial refraction in various hypotheses of the decrement of heat [8549g—*]. 

Effect of the earth’s atmosphere on the intensity of the sun’s light [8593c]. 

In calculating the height of a place by a barometer, La Place uses for a hypothesis of the temperatures 

of the strata of the atmosphere, the method of De Luc, as modified by La Grange [8662*]. Reduction of 

La Place’s formula for computing the height of a place, from metres to fathoms, and from degrees of the 

centigrade thermometer to those of Fahrenheit [8690/']. 

Application of the method of definite integrals to the computation of the effects of a resisting medium 

on the motions of a heavenly body [89086—o]. Hypothesis of the resistance assumed by Mr. Encke, in 

computing the perturbations of the orbit of the comet which bears his name [8908/?]. Calculation of the 

coefficients of the terms of the series which expresses the resistance, by means of elliptical functions 

[8909^ &c.]. 

Formulas of reduction of elliptical functions [8910*, &c.]. Determination of the quantities 

b-li b-b l(>lb 6(i\ b((lb b(]\ &c-5 by means of elliptical functions [8911?:—z'\ 

Expressions of Sa, de, (5??, corresponding to one revolution of a comet [8917c—Z]. 

Application to Encke’s comet [8917g—?]. Formulas used by Encke in computing the resistance 

suffered by this comet [8917??i—8919*]. From the numerical results of the calculations in [8919a c], 

it is probable that the periodical revolution of Encke’s comet, which is a little over 1200 days, is decreased 

about one tenth of a day in each revolution, and the mean distance from the sun is decreased about 

part of its value [8919 e]. When this comet is at the same distance from the sun as from the earth, the 

action of the resisting medium upon the comet will retard its progress in the direction of the tangent of its 

path, about one sixth part of the attraction of the earth upon the comet [8918u>, &c.]. The orbit 

approaches nearer to a circular form by means of the resistance of the medium [8927?/]. 

Formulas for the heliocentric motions of Jupiter and Saturn, for January 1, 1830 [9128—9148]. 

Method of computing the perturbations of the planets by a double integration by quadratures, which 

has the important advantage of including all the powers and products of the excentricities in the values 

of the terms which occur under the signs of integration [91466, &c.]. This method has been successfully 

applied to the computation of the inequalities of Jupiter and Saturn, from their mutual action [9146c]. 

Explanation of this method, with tables of formulas [9146*—9151/?]. Example of the method of reducing 
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these formulas to numbers [9151/, &c.]. Comparison of the results of the calculations by Hansen and 

Pontecoulant, of the great inequalities of Jupiter and Saturn, by this method, and by that of La Place 

[9152^—s], 

Table of the values of the elements of the orbits of the planets [9159/', g']. 

On Capillary Attraction [9171]. The capillary action is expressed by the difference between the 

attractive force of the particles and the repulsive force of heat [9173c] ; and it may be attractive or 

repulsive [9173/']. This subject is treated of by Gauss [9173g-], and by Poisson [91737, &c.]. Computation 

of the action of a spherical mass of a homogeneous fluid upon an external column [9254], and upon an 

internal column [9273], Action of a concave or convex spherical segment [9275, 9276], The effect of 

noticing the change of density of the fluid near its surface and near the sides of the vessel in which it is 

contained, is to change the functions K, H [9259a, b], into K, H [9161/], respectively. 

Action of an ellipsoid upon an internal column [9294, 9301]. Action of a body of any form upon an 

internal column [9301]. General differential equation of the surface of a fluid in a capillary tube [9318] ; 

its form when the tube is cylindrical [9324, 9323?;, q]. Radii of curvature of the surface of the fluid 

[9326, 9326']. Integral of the differential equation of the surface of a fluid in a cylindric tube [9342, 

9350]. Capillary elevation or depression of a fluid in a tube [9355, 9358, 9360, 9374, 9375]. Elevation 

of a fluid in a conical tube [9359e, &c.]. 

Elevation of a fluid between two cylindrical surfaces is the same as in a tube whose radius is equal to 

the width of the space between the two surfaces [9409] ; and the same result holds good between two 

parallel planes [9412, 9453]. Differential equation of the surface of a fluid between two parallel planes 

[9415^ g], Integration of this equation by means of elliptical functions [9415m—9417m.] 

Extreme value of the elevation of the fluid near the planes when their distance is infinite [9431]. 

Figures of the surfaces of a small column of fluid contained within a conical capillary tube [9456, &c.]. 

Inclination of the axis of the cone to the vertical when the capillary action balances the gravity of the 

fluid [9472, 9474], Differential equation of the figure of a drop between two parallel planes [9486] ; its 

integral [9511, &c.]. Form of a drop of fluid suspended between two planes inclined to each other 

[9525', &c.]. Theorem to determine the inclination when the capillary action balances the gravity [9549]. 

If two parallel planes be dipped into a fluid at their lower extremities, the planes will tend towards each 

other [9552, &c.]. Expression of this force [9580g, &c.]. Inquiry into the cause of the convexity or 

concavity of the fluid contained in a capillary tube, or between two near planes [9587, &c.]. This surface of 

a fluid, in a capillary tube, is very nearly that of a concave hemisphere, when the action of the tube on the 

fluid is equal to, or exceeds, the action of the fluid on its own particles [9629, &c.] ; and when the action 

of the tube on the particles of the fluid is nothing, the surface will be very nearly that of a convex 

hemisphere [9650, &c.] Experiments of the elevation of water and oil of oranges in a capillary tube 

[9667—9669, 9670, 9670'], and between parallel planes [9674, &c.]. 

Experiments of a drop of fluid suspended between two inclined planes [9692] ; comparison of this 

experiment with the theory [9709]. Experiments with a bent capillary tube [9719, 9722], and with a 

capillary siphon [9726]. Experiments on the concavity and convexity of the surfaces of fluids in tubes 

[9737, &c.]. 

Capillary effect of a barometer [9750, &c. 9753]. Experiments of M. Dulong on the change in the 

convexity of the surface of the mercury in a barometer, by boiling it ; showing that this arises from the 

oxydization of the mercury [9754?;., &c.]. 

Consideration of the change of density near the surface [9841c, &c. 99207;, &c.]. The formulas are not 

changed by this consideration, but merely the signification of the coefficients [9842/, z]. 

Calculations applied to a vertical cylinder of revolution [9896g', &c.]. 

Action of a parallelopiped upon a plane in a vertical direction [9974c7]. Action of a wedge upon a plane 

[9976c, &c.] ; of the successive concentrical laminae of a homogeneous fluid [9977Æ, &c.] ; when the change 

of density near the surface is considered [9977?', &c.]. Extension of the calculation from a cylinder with a 

circular to one with any base [99807;, &c.]. Angle of inclination at the side of the tube, independent of 
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the curvature [9980<y] ; when the tube has no action upon the fluid [9980, &c.] ; when it has the same 

action upon the fluid as upon its own particles [9980?/, &c.] ; when it has a greater action [9981/, &c.]. 

Correction of the computed pressures on opposite sides of turn vertical and parallel planes dipped in a 

fluid [9981?i, &c.]. 

Elevated mass proportional to the circumference of the base [9985a]. Modification of La Place’s 

remarks relative to the action of a tube upon a fluid at its upper extremity [10012a, &c.]. Differential 

equations of the upper and lower surfaces of a fluid in a capillary tube investigated [10016a, &c.] ; 

difference between theory and the experiments of Gay-Lussac [10017g-, &c.]. 

Case of two fluids in a vertical column [10020a, &c.] ; elevation of the central point in consequence of 

the introduction of the upper fluid [10024a, &c.]. Dr. Young’s experiment explained [10025/?, &c.] ; 

common surface of the two fluids [10027a, &c.]. 

Effect of change of temperature from mixture of two fluids [10150e, &c.] ; applied to experiments of 

Gay-Lussac [10150???, &c.]. 

Investigation of the surface of a fluid when there is a point of inflexion [10168/e, &c.] ; when the two 

branches are equal and similar [10170/?, &c.] ; point of inflexion must be on a level with the outer fluid 

[10195/?, &c.] ; effect of moving the planes towards each other till the point of inflexion disappears 

[10199?, &c.] ; when the distance of the planes is small [10200/?, &c.]. Case of a concave surface 

[10200m, &c.] ; when there is a point of inflexion [10201??, &c.]. When the planes will attract, and 

when they will repel each other [10214m]. 

Case of a glass disk dipped into a vessel of water, and then gradually raised up [10280c, &c.]. 

Formulas for a drop of mercury, published by La Place in the year 1812 [10385e,/]. Depression of the 

mercury in a barometer [10442a, &c.]. 

Drop of water upon a surface of mercury [10450e, &c.]. Phenomenon of endosmose [10469a, &c.]. 

Comparison of La Place’s theory with Poisson’s “ Nouvelle Théorie de l'action capillaire, etc." [9173h, 

9258?/, 9259??, 9323?-, 9372/ t, 94l0o, 9415/?, 9416??, o, 9417/ 9425?, 9485Z, 9514?t>, 9522/ 9549c, 9580g,, 

9702/?, 9852e, 9976??, 9980e, m, 10024z, 10025g-, 10027?/ 10045/ ???, 10089/?, 10094e, 10103e, 10150/ 10164/ 

10169.?-, 10170/ 10171g?, 102006, 10241/ 10264s, 10280??, 10281?/, 10293/c, 10355/ 10380g-—le, 10439??, 

10440a, c,m, q, 10442/?, s, 10444a, 104506—g, 10450/?, 104526, c,d,p, q, r", s, 10453s, 10456e—k]. 



SECOND PART 

PARTICULAR THEORIES OF THE MOTIONS OF THE HEAVENLY BODIES. 

EIGHTH BOOK. 

THEORY OF THE SATELLITES OF JUPITER, SATURN, AND URANUS. 

We propose in this book to consider the perturbations of the satellites, 

particularly those of Jupiter. By comparing the results of the analytical 

theory with many observations of their eclipses, we find, that the disturbing 

force of the sun, and the mutual attraction of the satellites upon each other, 

produce all the inequalities in their motions. The expressions of these 

inequalities, being reduced to numbers, produce accurate tables of the 

motions of the satellites. 

CHAPTER I. 

EQUATIONS OF THE MOTIONS OF THE SATELLITES OF JUPITER, 

1. The formulas of the second and sixth books, relative to the 

perturbations of the planets, may be applied, in the same way, to the 

perturbations of Jupiter’s satellites.* But the almost commensurable ratios 

*(3211) Many symbols are used in this theory of Jupiter’s satellites, and as the 

definitions are scattered in various parts of the book, we have here made an alphabetical 

catalogue of the most important of them, with occasional references to the places where 

they are defined. 

[6019] 

[6020] 

[6021a] 
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[6020'] 
which obtain in their mean motions, and the great ellipticity of the spheroid 

of Jupiter, render several of these inequalities, which can be neglected in 

[60216] 
■ «] 

• *'] 

. d\ 

■ e] 

• /] 

• g] 

. h] 

. i] 

*] 
*] 

in] 
n\ 

o] 

ff] 
r] 

*1 

n 
u] 

v] 
m] 

w'] 

x] 

y] 

A 

[6022a] 

6] 

«] 

<*] 

e] 

/] 

• ff] 

. h] 

- i] 
. ft] 
• *] 

. m] 

o n_a_t> 

^(0),^(1)3^(2),&C} Developed as in [6090] ; wff/l),in [6141] ; .Æ'CO), ^'U), &c. [6146] ; - ^ [6385, &c.] ; 

a, a', a", a'", The mean distances of the satellites from the centre of gravity of Jupiter [6061, 6797—6800]; 

at, bt, ct, Arcs depending on the valuations of the equator and excentricity of Jupiter’s orbit, [6400-6405,6527]; 

a, b, c, These symbols occur in the equation of a plane touching the shadow of Jupiter [6956, &c.j ; 

B, Is the radius of the equator of Jupiter [6045] ; and in [6082'] it is put B — 1 ; 

B(0), B(l), Developed in [6296] ; 

6(0), ftp), 6(2)  Developed in [6305, 6802—6826]. For 6, b, see the refex-ences in [6021 c', cT\ ; 

C, C, C", Defined in [6706] ; 

c, Is annexed at the end of any number, to denote that it has been altered from the original work, 

to correct for some error in the calculation, as in [6843r, &c.] ; ct is used in [6527, &c.] ; 

c, Is defined in [6612'] ; 

D, Represents, in [6027], the radius vector of the sun’s relative orbit about Jupiter ; 

D', Is the mean value of the l’adius vector D [6104] ; 

d, d', d". These symbols are defined in [6055, 6566] ; 

E, Is the mean longitude of the sun at the epoch, in its relative orbit about Jupiter [6101', 6102] ; 

e, e', e", e'", The excentricities of the orbits of the satellites [6061', &c., 6238, &c.] ; 

F, Defined in [6130] ; F', in [6147] ; 

j. Defined in [7003 or 7026] ; 

G, Defined in [6137, 6145] ; G>, [6163] ; 

g, gp gp g3> Defined in [6205, 6225, &c., 6025o] ; g2+iy gp-pip git + Ti> g3t+T3 are longitudes 

of the pei’ijoves of the first, second, third and fourth satellites, from the fixed equinox ; 

H, The ratio of the excentricity to the semi major axis of the orbit of Jupiter [6275'] ; 

h, hi, h", 7i"', Defined in [6205] ; h^ [6227-6228'] ; 7x2 is used as in the planetary theory [6067—6077] ; 

I, The longitude of the perihelion of Jupiter’s oi-bit [6276] ; 

i, The rotatoiy motion of Jupiter about its axis, in the time t, is l-epi’esented by it [6316'] ; 

i is used in [6433, &c., 6775, &c.], as a general coefficient; 

if -J-o, Is used in [6664—6708, &c.] ; 

k, Is defined in [6093,6122, &c.] ; k, in [6609, &c.] ; 

L, H, l,V,l",V", Are defined in [6300] ; l, l l in [6427] ; 1L, in [6367] ; 

Mt E, The mean longitude of the sun in its relative orbit about Jupiter [6102, 6025?n] ; 

Mt-\-E—I— V, The mean anomaly of Jupiter, coxxnted fi’om its perihelion [6275x7—g, 7313] ; 

M, The mass of Jupiter [6028] ; and in [6082] M = 1 ; and if we neglect m in comparison with 

M we shall have, from y. = M -f- m [6054], p. = M = 1, nearly ; 

mm, The masses of the fii-st, second, third and foux’th satellites [6021,6024,7162—7165] ; 

m, m', m", mw, m=I0OOO.m ; m'=10000.m' ; m"=l0000,m" ; m///=10000.m'" [68416—e] ; 

nt p £, n't -p s', n"t -ps", n'"t ~p s'", the mean longitudes of the satellites, viewed from the centre of 

gravity of Jupiter, referred to the fixed plane, and counted from the fixed vernal equinox, 

as in [6062', 6091, 6175', 6782, &.c.] ; nt, n't, n"t, are defined in [61766] ; 

m. Defined in [6112 or 6124] ; W'2, jtfk, &c., [6134, 6162a, &c.] ; JYg, in [6447] ; JVf 2, in [6469'] ; 

JY/} JV/, JV", JYf", appi-oximate values [6485, 6486] ; values computed in_ [6025e—Z] ; 

o. Is used in connection with it in forming the angle if-po in [6664—6708, &c.] ; 

P, Is used as a constant coefficient in [6683—6691] ; 

Pi P > P » V ' Defined and computed [6300, 6424, 6025p] ; 1p, [6366, 6927] ; 
12 3 

pt-pA, p t p-A , ^Z-j-A, p t-pA , repx-esent the distance of the nodes of the satellites from the 
11 2 2 3 3 

epoch [6300, 6427, &c.] ; 

Q, Ç/, Ç?', Are used as coefficients in [6671—6689, 6725—6747, 6850—6862, 6873'] ; 
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the planetary theory, sufficiently great to be noticed, when we propose to 

determine accurately the motions of the satellites. We shall therefore 

q, The mean values of the semi-diameters of the shadow, where the satellites pass, these discs 

being viewed from the centre of Jupiter, [7103—7110, 7533—7557] ; q, defined in [7032] ; 

General expression of this function [6030] ; similar functions R' [6467], R" [6565]. In 

[6982, 69S2', 7019-7110], R, R1, are used for the semi-diameters of the sun and Jupiter; 

r'", The radii vectors of the first, second, third and fourth satellites [6023, 6024, 6036'] ; the centre of 

gravity of Jupiter being taken as their origin ; 

The sun's mass [6025] ; 

The tangent of the sun’s latitude above the fixed plane [6040, 6300, 6398] ; 

s'", The tangents of the latitudes of the first, second, third and fourth satellites, above the fixed 

plane of xij [6033, 6036', 6300] ; these are changed, in [6426', &c.], into the latitudes above 

the orbit of Jupiter; 

, s', s", s"', The latitudes of these satellites, supposing them to move inthe plane of Jupiter’s equator, [6051 ,&c.] ; 

Is used in [7069—7579], for the semi-duration of an eclipse of any satellite when in the nodes; 

In [7153—7156] denotes the time of the sidereal revolution of the fourth satellite ; 

Is the general expression of the time, which is expressed in Julian years in [7284, &c.] ; t is 

connected with constant coefficients g, g^, gn, g [6229, &c.] ; M [6102] ; n, n', n", n'" 

[6175', &c.] ; p, p^, pn, pa, [6427], &c. The value of t in eclipses corresponds 

with the definition in [7070] ; 

R, Represents the whole time of duration of an eclipse [7081] ; 

JJ, The angle which the projection of the sun’s radius vector D, upon the fixed plane, makes with 

the axis of x [6041], &c. ; 

u, Is defined in [6068 or 6072] ; 

JF", Represents, in [6029—6052], a part of the function —R, depending on the ellipticity of Jupiter ; 

Is used in [7313, &c.], for the mean anomaly of Jupiter, as in [6022a] ; 

R, 

r, r', 

S, 

S', 

s, s', 

1 

T, 

T, 

t, 

V, V , V", V , 

dv, 

v. 

X, F, Z, 

X, 

x, y, 

a= 

A 

The longitudes of the first, second, third and fourth satellites, counted on the fixed plane, from the 

axis of x, [6032, 6036'], in their relative orbits about the centre of Jupiter ; 

In the computation of eclipses, represents the angle which is described by the satellite, by its 

synodical motion, on the orbit of Jupiter, from the time of the conjunction [7055, &c.] ; 

Represents, [6059-6066], the angle included between the two radii r, r-\-dr, of the first satellite ; 

Represents, in [6045'—6052], the sine of the declination of the first satellite m, relative to the 

equator of Jupiter ; 

Represent the three co-orftinates of the sun, in its relative orbit about the centre of gravity of 

Jupiter, [6026—6042] ; but in [6963, &c.] they represent the co-ordinates of the sun’s 

surface; and X!, Y', Z', [6971] the co-ordinates of Jupiter’s surface ; 

In eclipses, has also another signification, as in [7071, 7376', 7431,7487,7526]; and Zalsoin [7053/]; 

z' ; x", y", z" ; x"', y"', z"' ; the rectangular co-ordinates of the four satellites [6022, 6024], 

the origin being the centre of gravity of Jupiter. In [6956—7061] x, y, z are taken for 

the rectangular co-ordinates of a plane which touches the surfaces of the sun and Jupiter. 

The value of x in eclipses is used according to the definition in [7056]. 

In [6801—6947] a represents the ratio of the two semi-major axes of the satellites acting upon each 

other; the least number, a, being the numerator, and the greatest, a', the denominator; 

In calculating eclipses, in [7047—7112], a. represents the greater axis of the elliptical section of 

the shadow of Jupiter, through which the satellite passes; and in this case sin.y2=—, 

[7073], using the values of a, &, corresponding to the satellite under consideration; 

£ is used in [6917] ; 

[6022n] 

• o] 

• P\ 

• ?] 
. r] 

• s] 

• t] 
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[6020w] 

MOTIONS OF THE SATELLITES OF JUPITER. [Méc. Cél. 

resume the differential equations of these motions, using the following 

symbols ; 

[6023o] /?', p', 0 
K’> vC6228]; fi', [6228']; 

• P] 

* ?] 

. r] 

• *] 

• <] 

. u] 

• u 
. «>) 

. ar] 

• 3/1 
• *] 

[6024a] 

• 6] 

• F] 

• «] 

. d] 

• e] 

• /] 

• ff] 

. h] 

• 1 

. *] 

. 1] 

r> L’ r2’ r3’ 

6, f 

Z"> l'" 

9, 

6', 
A, A , A , 

’ l r 
A 

x, x', x", xm 

V > A/ ; 

. n] 

• «I 

• Pi 

• ?] 

. r] 

. s] 

• *] 

Defined in [6226] ; £ ", 0'" [6227'] ; 

also in a table of these symbols [6229c/] ; 

Defined in [6205, 6229—6233] ; 

y, The inclination of J upiter’s orbit to the fixed plane [6313'] ; the fixed plane in [6398] is the 

orbit of Jupiter in 1750 ; 

^i^/^i-The inclinations of the orbits of the first, second, third and fourth satellites to the fixed plane 

[6315, 6489, &c.] ; 

Is the symbol to denote the variation of any quantity on account of the disturbing force [6056] ; 

The longitudes of the satellites at the epoch ; these being connected with nt, n't, n"t, n!"t, 

as in [6175', &c.] ; 

Is used in [6558, &c.] ; 

Corresponding to each of the four satellites, is defined in [752S, 7490, 7434', 7380] ; 

ff"; ?a, Ç Ç, Ç" ; ?3, f3', ?/, ?/'i are defined in [6422-6426] ; 

0, ©', ©", ©w, The mean longitudes of the satellites, as viewed from the centre of gravity of Jupiter, and 

counted from the earth’s moveable vernal equinox [7285, 7285a] ; 

The inclination of Jupiter’s equator to the fixed plane [6312] ; 

The inclination of Jupiter’s equator to the variable orbit of this planet [6360] ; 

Defined in [6300, 6427, &c.] ; XA in [6368] ; 

Defined in [6343—6346] ; computed in [7206—7209] ; 

Defined and used in [6664—6711] ; used in [63176, &c.] ; 

For a spherical form of Jupiter, is defined in [6999] ; for a spheroid, in [7025] ; 

Is first used for M in, as in [6054, &c.] ; afterwards in [6963, &c.], /x — o is taken for the 

equation of the sun’s surface; and [P = o for that of Jupiter [6971]. Both these 

values of [x are finally eliminated, and it is used in [6863, 7151, &c.] for the ratio of 

to 0,0217794; 

Represents, in [7307], the mean longitude of Jupiter in its orbit about the sun, counted from the 

earth’s moveable vernal equinox ; beuce II -J- 200° is the mean longitude of the sun in 

its relative orbit about Jupiter; 

The longitudes of the perijoves of the satellites [6062, 6199']. From [7286c] to the end of this 

theory, the longitudes are counted from the earth’s moveable vernal equinox ; ®-/5 [6620] ; 

Represents the ellipticity of the mass of Jupiter [6044] ; 

Is defined in [7049] ; 

This symbol is defined in [6113 or 6325] ; II in [6324'] ; 2, in [6235d] ; 

Is the longitude of the ascending node of the sun’s relative orbit about Jupiter, referred to the 

fixed plane [6314] ; 

The longitude of the ascending nodes of the orhits of the satellites, relative to the fixed plane 

[6316, 6489, &c.] ; 

The ratio of the centrifugal force to the force of gravity, on the surface of Jupiter’s equator [6044] ; 

The retrograde motion, or precession of Jupiter’s equator upon the fixed plane [6313] ; 

The longitude of the descending node of Jupiter’s equator upon the variable orbit of the planet[6361]; 

Defined in [6184] ; 

defined in [6216, &c,, 6217c, d], valued in [6864] ; 

x , 
V 

{*> 

n, 

<ar, me', <nr", 

P> 

2, 

1, 

. m] V/’V’h 

<f>, 

— T', 

a>, 

±1- 1 , 2 1 3 

0,1 

o
' , &c. 0,2 , &c. ; defined in [6213, 6214, &c., 6307] ; computed in [6865—6868] ; (0,1), (0,2), &c. ; 

(1), (11), (111), Defined in [6172—6175] ; used in [6749—6766]. 
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m = the mass of the first satellite ; 

x, y, z, the rectangular co-ordinates of the first satellite m, referred to the 

centre of gravity of Jupiter, as the origin of the co-ordinates, 

supposing that centre to be at rest; 

r =1^/33_j-y9_|_32 [914/], the distance of the satellite m from the centre of 

gravity of Jupiter. The symbols m, x, y, z, r, being marked with 

one, two or three accents, correspond respectively to the second, 

third or fourth satellite ; 

S = the sun’s mass ; 

X, Y, Z, the rectangular co-ordinates of the sun, referred to the centre of 

gravity of Jupiter as their origin, supposing this centre to be at 

rest, and the sun to describe a relative orbit about the planet; 

D — [/Xz-j-Yaj^-Z% is the distance of the sun from Jupiter’s centre of gravity ; 

M =the mass of Jupiter. This is put equal to unity in [6082, &c.] ; 

M 
-}-ôV represents the sum of the particles of Jupiter, divided respectively by 

their distances from the centre of the first satellite m. 

[6021] 

[6022] 

[6023] 

[6024] 

[6025] 

[6026] 

[6027] 

[6028] 

[6029] 

The numerical values of n, n', n", n"', are given in [6782, &ic.] ; N, JY', JV", JY'", 

in [6835, &c.] ; M, in [6840] ; g, gv gQi g3, in [7176—7195] ; and p, px, p3, in 

[7226—7245]. As these numbers are frequently used in this book, we have here 

collected them together, to the nearest second, for convenience of reference. The methods 

of computing them will be given in [6781a, &c.]. The numbers, n, nhe., correspond 

to a Julian year of 365£ days, and to a fixed equinox. 

n — n. 1,000000 = ri. 2,007294 = ri'. 4,044090 = ri". 9,433419 ; 

ri = n. 0,498183 = ri. 1,000000 = n". 2,014697 = ri". 4,699569 ; 

ri1 = n. 0,247274 == ri. 0,496353 = ri'. 1,000000 = ri". 2,332643 ; 

ri" = n. 0,106006 = ri. 0,212785 = ri'. 0,428698 = ri". 1,000000 ; 

JY= n. 0,999311 = ri. 2,005911 = ri'. 4,041303 = ri". 9,4269167; 

JV = n. 0,498011 = ri. 0,999655 = ri'. 2,014003 = ri". 4,6979499 ; 

JY" = n. 0,247239 = ri. 0,496282 = ri'. 0,999857 == ri". 2,3323090 ; 

JY'" = n. 0,105996 = ri. 0,212766 = n". 0,428658 = ri". 0,9999070 ; 

M= n. 0,000408 = ri. 0,000820 = n". 0,001651 = ri". 0,00385196 ; 

n = 825826010// ; ri = 411412427// ; ri'= 204205635'-'; ri" — 87542591"; 

JY = 825256713// ; JY' — 411270707// ; JY" = 204176373" ; JV'W = 87534450//; 

M= 3372 lV'; 

n — M= 825488799"; n' — M= 411075216//; ri'— M— 203868424'' ; ri" — M =. 87205380// ; 

g = 606990"; ^=178142"; g= 29010// ; g= 7959"; 

p = 571389// ; p= 133870"; p= 28375//; p= 76S3//. 

[6025a] 
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Function 
R. 

[6030] 

This being premised, we shall represent, by the symbol R, the following 

function ;* 

r — m'’ (xx'+yyrj[-zz^ m 

?'3 {O' —»2 + O'—yf + O' — z)2} • 

+ 

m".(xx" fyi/'fzz") 
/3 1 

r^3 

5. (Xœ -f Yÿ + Z») 

m 

SK_*f+ (y"-y)s+(*"-*)si* 

m 
m 

l(ar—x)*+ (/'-2/)2 + (^-^)2F 

X?3 KX-*)»+ (F—y)a + (Z-*J*J* 

— iF. 

1 

2 

3 

4 

5 

[6031] TTh’s function, i? [6030], contains all the disturbing forces of the motion 

[6030a] 

[6030&] 

[6030c] 

[6030d] 

[6030e] 

[6030/] 

[6030g-] 

[60307i] 

[6030Î] 

[6030Æ] 

[6030Z] 

* (3212) If we suppose, in the values of R, X, (u. [913, 914, 914'], that there are five 

bodies m, mi, mi', mi", mi'", revolving about the central body or planet M ; and instead of 

mi'", with its co-ordinates a?"", y"", z"", we write S, X, Y, Z, respectively ; we shall 

find, that the expression of R [913] will become the same as in [6030] ; the term •—SV 

being introduced for the correction arising from the elliptical form of the planet M ; and 

the terms of [914], depending on the products mi mi', m'm"', lint mi"' ; mi'ni", mi'mi'" ; 

mi" mi'", being omitted. Now these last terms may evidently be neglected, because they 

contain only the co-ordinates of the disturbing bodies mi, mi', ni", ni'", and their partial 

differentials relative to the co-ordinates x, y, z of the body m, vanish from the functions 

/dR\ 

U/’ 

dR\ 

f/J’ 

dR\ 
—j, which occur in the fundamental equations [915], for computing 

the motions of the satellite, in its revolution about the primary planet M. It only remains 

therefore to ascertain whether the quantity SV, as it is defined in [6029], is the correction 

to be introduced in the value of R, on account of the ellipticity of the planet M. Now 

we have calculated, in the lunar theory, that the increment of Q [4773], arising from the 
~1 YU, 

elliptical part of the planet, is represented by ———.SV', which, on account of the 
JVl 

7Tb 
smallness of — is very nearly equal to SV; moreover we have, in [4774a], R =-Q ; 

and as the radius vector r is supposed to be the same, whether the planet be spherical 

or elliptical, it is evident that the increment of R, can be derived from that of Q, by 

merely changing its sign ; from SV [6030/t] to —dU[6030, line 5] ; observing that 

the value of SV, in the notation used in [4767, 4765] is the same as in [6029]. We 

may however observe, that the author uses V for <5 U [6029—6052] ; but as the letter 

V is used in other parts of this book [7313, &cc.] for the mean anomaly of Jupiter, it was 

thought best to change V into SV, in order to conform to the notation in [4767, &c.]. 
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of the satellite m; and ive have seen, in [915, that the differential 

equations of this motion depend on its partial differentials. 

We shall refer these co-ordinates to otherss ivhich are more convenient for 

astronomical uses ; putting 

v = the angle comprised between the axis of x, and the projection of the 

radius vector r, upon the plane of xy; 

s = the tangent of the latitude of m, above the plane of x y. [In the 

formulas, 6426', &c. s is taken for the latitude of the planet above 

the orbit of Jupiter.] 

Then we shall have,* 

r. cos. v 
X =_ 

y/1 -)-ss 

r. sin. v 

y=vwfs' 
rs 

z = . 
y 1 -j-ss 

Marking successively in these expressions the quantities r, s, v, with 

one, two and three accents, we obtain the expressions of x'3y',z'‘, x",y",z"; 

x"', y'", z!". This being premised, if we neglect quantities of the order, s4, 

we shall find, for the part of R [6030], relative to the action of the 

satellites,f 

* (3213) Substituting the expression of u [4776] in [4777—4779], we get 

[6034—6036], respectively. 

t (3214) If we develop the expressions [6034—6036], according to the powers of s, 

neglecting terms of the order s4, we shall get the values of x, y, z [6039a] ; and by 

accenting the symbols we get the values of x', y', z' [60395]. 

x — r.{ 1 — §s2).cos.v; y=r.( 1 — ^s2). sin-u ; z = r.(l — £s2).s; 

x' = /.( 1 — ^/2) .cos.F ; y' = /.( I — £/2) .sin.F ; z! = r'. (1 — |/2) .s'. 

Substituting these values in the first member of [6039e], it becomes as in its second 

member, and by using [24] Int. it changes into [6039/]. Again, by developing the first 

member of [6039g], it becomes as in its second member; and this is reduced to the form 

[60395], by the substitution of the values [6039/ 6023] and the value of r = 2_p2'2, 

which is similar to [6023]. Then using, for brevity, the symbol TV [60395:], it becomes 

as in [6039i]. The power —| of this expression is given in [6039/]. Multiplying 
7ïlï 

[6039/] by —, and [6039/] by —m, and adding the products, we get [6039m], which 

[603iq 

Symbols. 

[6032] 

[6033] 

[6034] 

[6035] 

[6036] 

[6036'] 

[6037] 

[6038] 

[6034a] 

[6039a] 

[60396] 

[6039c] 

[6039d] 
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Part of R 
depending 
on the 
satellites. 

[6039] 

R = S (1—|5'2).cos.(U— — 

m'.rr'. [ss' —^(s2-f-s/2) .cos. (y'— v) ] 

| r2—2rr'. cos. (y'—v) -\-r>2\i 

m 

[ r2—2/V.cos. (y'—v)-\-r/212 
1 

2 

rf ^-{(1—i«S—ès'/2)-COS.(^"—V)+5S"} - 

m".rr". { ss"—i(s2-j-s"2) .cos. (F'—v) | 

[ r2—2?t".cos. («"•—p)4“U211 

+ PS - {(1 -è^-lO-cos.(«"'-*)+^"'} 

m"1’ .rr1"’. { s/''—|{s2-{-s///2) .cos. (V"—p) } 

| r2—2rr///.cos.(p/"—p) -f-rW2j1 

| r2—2r?y/.cos.(p''—p)-f-//21 s 

4 

| r2—2ttw.cos.(pw—p)-j-rw2]2 

6 

Symbols. 

[6040] 

[6041] 

[6041'] 

We shall put, in the relative orbit of the sun about Jupiter, 

S' — the tangent of the latitude of the sun S, above the fixed plane; 

U= the angle which the projection of D, upon the fixed plane, makes 

with the axis of x. 

Then if we neglect the terms of R, divided by JD4, which may be done on 

account of the great distance of Jupiter from the sun, in comparison with 

that of the satellite from Jupiter, we shall evidently have, for the part of R 

[6030], depending on the sun’s action, the following expression;45 

represents the value of the two terms of R [6030, line 1], being the same as in 

[6039, lines 1,2]. 

[6039e] 

[6039/] 

[6039g-] 

[6039/t] 

[6039i] 

[6039Æ] 

a?aAf yy'-\-zz' = rr'. [ (1—is2—|s2) .(cos.p'.cos.p-j-sin.p/.sin.p)-f-5s/j 

= r/.j (1 —Vs2—J-s'2).cos.(p'—p)-j-ss' ( 

«)» = (/2+y/2+/2)-2(^+yy+^')+(^+y2+^2) 
= r'2—2rr'.cos.(p'—p)-f-r2—2rr'. j ss'—1(s2-{-s''2).cos.(p''-p) | 

= W—2rr'. [ss—|-(s2-{-s''2).cos.(p'—v) ] 

W = /2—2?t.cos.(p'—v)-\-r2 

[6039Z] \{p'-xf-\-{y'-yY^-{z-zy} 2 = Jffs+W z.rr .{5/—i(s2-f-s,2).cos.(p'~-v)} 

rrn-n m\xx'-\-yy'+z z') m! _m'r t2 i0/2\ , y 
[6039»] -^-ji— ^ »)+»! « n 

—ml. W~*.rrf. | ss'—2-(s2-|-s/2).cos.(p'—v) [. 
In like manner the terms [6030, lines 2,3], produce these in [6039, lines 3—6] ; which 

may also be derived from [6039, lines 1, 2], by merely accenting the letters. 

*(3215) Developing the first member of [60426], and using the values of r, X), 

[6042a] [6023, 6027], we obtain [6042c]. Involving this to the power —£, and then multiplying 

it by —S, neglecting terms of the order mentioned in [604T], we get [6042af] ; 
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R = jl-3s*-3S'Qjr3(l-sQ-S'*).co$.(2U-2v)Jr]2sS,.co$.(U-v)\. 

To determine the part of R, relative to the attraction of the spheroid of 

Jupiter, we shall observe that this part is equal to —ôV [6030c]. If we 

suppose this spheroid to be elliptical, and put 

p = to its ellipticitj ; 

9 = to the ratio of the centrifugal force, to the gravity, at the surface of 

the equator of Jupiter; 

B = the radius of the equator of Jupiter; which is put equal to unity 

in [6082']; 

v = the sine of the declination of the satellite m, relative to the 

equator of Jupiter; 

then we shall have, as in ^ 35 of the third book,* 

whence, by transposition, we obtain [6042c] ; 

(X-*0»+ ( F-y)2+(Z-*)2 = (X2+ Y*+Z*)-2(Xx+ Yy+Zz)+{a*+f+#) 

= IP—2(Xæ+Yy-f^)+r2; 

_8_1 i ^ 3 [Xx+Yy+ZzW 

{[X—xf-\-{Y—yf-\-{Z-zfÿ D Z>3 ' ' ^ 2Dr> 

S.{Xx+Yy+Zz) S___ _ S Sr2 3[Xx+Yy+Zzf $ 

D3 “ \{X—xf^-( Y—yfB{Z—zfy _ Ï) - 22)3 — 22)5 

The terms in the first member of [6042e] are the same as the part of R depending on S', 

in [6030, line 4] ; and we must reduce the corresponding expression, in the second member 

of [6042e], by substituting the value of Xr-j-Yy-\-Zz. Now this expression is easily 

deduced from that in [6039e,/], by changing x', y', z', r', v', s' into X, Y, Z, JD, U, S', 

respectively; hence we get [60426] ; whose square, neglecting s4 [6038], is as in [6042^]; 

and by reduction, using [20] Int. we obtain [6042&], 

Xx+Yy+Zz = Dr,\(l—^2—£S'2).cos.(£7— ®)+jS/j 

(Xr+ Yy+Zz)* = -DV j (1 —s*—S'2).cos.2( U—v) +2s&'.cos.( U—v) \ 

= {(l -s2—S'2)+(l-s^—S'2) .cos.2( U—v) -f4*S'.cos. ( U- v) j. 

Substituting this last expression in the second member of [6042e], and making a slight 

reduction, it becomes as in [6042]. 

* (3216) To conform to the notation, which is used in this article, we must change 

[1726'] into cp [6044'] ; and ah [1795'] into f> [6044] ; hence [1812] becomes 

M M 
^“7 + “5 *(è9—p)• —A)• The quantity V, in this expression, is defined in 

M 
[1428w], and is what is called —-|-5U in [6029]; hence the expression SF} 

corresponding to the notation of the present article, is 

3 

Part of R 
depending 
on the sun. 

[6042] 

[6043] 

[6044] 

[6044'] 

Symbols. 

[6045] 

[6045'] 

[60426] 

[6042c] 

[60424] 

[6042e] 

[6042/] 

[6042g-] 

[60426,] 

[6042i] 

[6042Æ] 

[6046a] 

[60466] 

VOL. IV. 
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[6046] 
Part of 

— R 
depending 
on the 
ellipticity 
of Jupiter. 

[6047] 

[6048] 

[6049] 

[6046c] 

[6046d] 

[6046c] 

[6047a[ 

[60476] 

[6047c] 

[6047rf] 

[6047e] 

[6047/] 

[6047g-] 

M 732 

If Jupiter be not elliptical, we shall have, by ^ 32 of Book III.,* 

ôV= p)- (y2—i)+^- (1—v2).cos.2^} ; 

h being an arbitrary quantity depending on the figure of Jupiter, and 

ns [1616xx] the angle, formed by one of the two principal axes of Jupiter 

situated in the plane of its equator, and the meridian of Jupiter which passes 

through the centre of the satellite. It is easy to prove, by the following 

analysis, that the term depending on cos. 2has no sensible influence 

upon the motion of the satellite, by reason of the rapidity with which the 

The symbol fx [1434', 1430"], represents the cosine of the polar distance of the satellite ; 

hence fx = v [6045']. Substituting this in [6046c], and then multiplying the expression 

by the square of the radius J32 [6045], which is taken for unity in [1702", 1812], we get 

[6046]. The propriety of this multiplication by J32, is evident from the consideration 

that SV [6029] is of the order 2, relative to the co-ordinates and radii, and M is 

of the order 3. 

*(3217) The expression of 6U[6046], corresponds to an ellipsoid of revolution ; 

but if we suppose the surface of the planet to be a curve of the second order, and put as 

in [1792, 1793] rl3)=0, Tl4) = 0, &c., = 0, Zw = 0, &c. ; changing also, as 

M 
in [60466], V into ôV; we find that the expression [1811] becomes 

M 
r 

+£./„* P.<*.«*+4^. r«/.*t**- z®. 
3r 3r 

Substituting the value of M = ftf./V p./a3 [1811'], and rejecting this term from both 

sides of the equation, we get 

.Z&\ h F=4“. Y <* <7. «° - %Z« = £ • V» - 

Now Zm [1632] depends in this case on the centrifugal force, and must produce the 
MB2 

same term of 6Uas in [6046], namely, that which is produced by <p, or -^-.J<p(v2—•£). 

But a Y(2), instead of being —aA.( (x2—4) [1792], must be —cuL(fx2—y) l-/x2) .cos.2ra 

[1763], and if we substitute aJi = p [6046a], fx = v [6046(6], also a.h""= 6, it becomes 

_p.(v2—4)-)-/i.(l—v2).cos.2sj. Substituting this for ah3) in [6047/], and then multiplying 

it, as in [6046e], by Z?a, using also the part depending on Zl2) [6047c], we get the value of 

5Fr[6047], corresponding to the general ellipsoid. 
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angle « varies ;* so that the value of sV, which is here to be used, is 

the same as in the hypothesis of an elliptical spheroid, whose ellipticity is p. ^6049 ^ 

Therefore we shall suppose, 

iF= (P-i?). (I-V2).~. [6050] 

We have very nearly, v = s—sL, sL denoting the tangent of the latitude Ct305i] 

of the satellite m above the fixed plane, supposing it to be moved in the 

* (3218) The rotation of Jupiter about its axis is performed in about | of a day ; and 

if we compare this angular velocity with that of the first, or swiftest of the satellites, whose 

revolution is performed in about If days, we shall find that it is about 4|- times as great ; 

so that the angle 2vj will vary about 9 times as swiftly, and may be considered as of the 

form 9nt ; that of the satellite being of the form nt. Now a term of R, of this kind, 

being introduced into the numerator of the expression of Svp [6060], in the terms which 

contain R explicitly, under the signs of integration ; will produce by the integrations a 

divisor of the order 9n, or even of a higher order ; so that the resulting term will be much 

decreased by this divisor ; and as the term h, with which it is connected, is found also, by 

observation, to be much less than — p, we may, on both accounts, neglect it, in the 

terms of Sv , now under consideration. Similar results are obtained from the part of e>y, 

[6060], containing rSr, or Sr; which is obtained by integrating the equation [6057], as 

in [865 a, b], changing rSr into y, he. These last formulas being frequently referred 

to in this volume, we shall here insert them, with a slight modification in the symbols, so 

as not to interfere with the notation which is generally used in this theory. Substituting 

in [865a] a.Q=S.Kf1^s’(myt-j-s/), and changing a into a„ it becomes as in [60496:] ; 

2 being the sign of finite integrals. The terms under the sign 2, are similar to those in 

[870'], accenting the letters mp sp ar The value of y, obtained from the integral of 

[6049/r] is given in [60496], and is similar to that in [871,8656] bp <p/? being the 

arbitrary constant quantities, introduced by the integration ; 

y = ]'r „„2 • ma.K m, 

Now putting y=rôr in [6049/r], it becomes similar to the equation [6057] ; and we see 

that the integral [60496] introduces the divisor mf—af ; which by putting, as in [60496], 

m = 9n and a/ = n, becomes equal to 80a2; so that the part of rSr, and the corresponding 

part of Svp [6060], is also much decreased by the integration, and may therefore, on account 

of its smallness, be neglected, as in [6049/]. This result of the analysis in the present 

article is conformable to the remarks in [6049] ; but we may observe that, without using 

this analytical method, proposed by the author in [6049], we may obtain the same result, 

in a more simple manner, by the process used for Saturn, in [3604a—c]. 

[6049a] 

[60496] 

[6049c] 

[6049d] 

[6049e] 

[6049/] 

[6049^*] 

[60496] 

[6049i] 

[60496] 

[6049Z] 

[6049m] 

[6049a] 

[6049o] 

[6049p] 
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[605r] 
Part of R 
depending 
on £V. 

[6052] 

plane of Jupiter’s equator ; * therefore we have for the part 

expression of R, 
M.ff1 

^3 

— sV of the 

[6053] 

[6054] 

[6055] 

d 

2. We shall now resume the differential equations of the motions of a body 

which is acted upon by any forces. Among the several forms which we have 

given to these equations, in the preceding books, we shall select those which 

lead, in the most simple manner, to the results we wish to obtain. We have, 

by ^ 46, Book II.,f 

0 
d\ r2 

2 dfi 
^+%fiR+r.(f ); (A) 

dt is the element of the time, and this element is supposed to be constant 

[397", 416, 915, &c.]; = is the sum of the masses of Jupiter and 

the satellite m[914']. We also have r. ^ =x. +2/- 

[6053e]. The differential characteristic d [916'], refers only to the 

* (3219) The tangents s, s, [6033, 6051] being very small, we may take their difference 

[6051a] s—s, for the angle, or sine of the angle of elevation of the satellite above the equator of 

Jupiter, which is represented by v, in [6045'] ; hence we get v = s — sx [6051]. 

[6051&] Substituting this in [6050], and changing the signs of the terms, we obtain [6052]. 

[6053a] 

[6053&] 

[6053c] 

f (3220) The expression of R [6030] contains the quantities x,y, z; and if we 

suppose R to be a function of these quantities, and substitute their values [6034—6036], 

it will become a function of r, v, s. Now taking its differential in both suppositions, we 

have generally, 

Substituting, in the second member, the values of dx, dy, dz, deduced from the differentials 

of [6034—6036], the result will be identical for all values of dr, dv,ds; and if we retain 

in the second member only the parts depending on dr, we shall get the corresponding 

part of the first member, namely Now considering x, r, as the variable 

COS. V 

[6053d] 
quantities, in [6034], we get dx= dr. =dr. - ; and in like manner from [6035,6036] 

we get dy — dr. -, dz— dr. -. Substituting these in the second member of [60536], 

[6053e] ""P* (f = multiplying this by jp we get 

[6055] ; hence the equation [917] becomes as in [6053]. 
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co-ordinates of the satellite m. If we denote, by 5 [917"], the variation 

depending on the disturbing forces, we shall have, by taking the differential 

of the preceding equation* relative to 6, 

0 ... d*-(rSr) , u (rSr) \ <rt fjp , (dR' 

0 - ~ÏT +'1' —+ 2./d£+r.(^: 
We shall determine, by this differential equation, the perturbations of the 

radius vector ; we may even include in its integral the excentricity of the orbit 

of the satellite ; for by reason of the extreme smallness of that excentricity, 

we may neglect its square and higher powers [6051 d—g~\, and suppose that 

the variation 2rSr contains not only the inequalities depending on the 

perturbations, but also the elliptical part of r2. 

If we put dvt for the angle included between the two radii vectores r 

and r -f- dr, we shall have, by ^ 46 of the second book,f 

2 .d.ffr)—drôr 

a?.ndt 

r5 
[6056] 

[6057] 

[6057'] 

[6058] 

dv/ 

[6059] 

[6060] 

Sv 

*(3221) If we put r — a-\- Sr, and suppose Sr to contain the elliptical part of [6057a] 

the radius vector as well as the perturbations, we shall have, by neglecting the square of the 

excentricity and the square of the disturbing forces, r2=a?-\-2aSr, or ra=cd-\-2rSr ; whose [60576] 

second differential is d\(ra)=2.da.(rSr). Moreover, -= —[6057c] 
a r—dr r \ r J r r3 1 4 

t V* 1 ftôr u.(râr) 
hence — — + — = — = - . Substituting this and the preceding value of d3.(ra) in [6057c'] 

[6053], we get [6057]. We may remark that the smallness of the excentricities of the 

orbits of the satellites is seen by the inspection of the first line in the values of v"\ v", d, v [6057J] 

[7318,7405, 7467,7513], which are of the order of the quantities 2e"', 2e", 2d, 2e, 

respectively, as is evident from the value of v [669]. Hence it appears that e"', e", e', e, [6057e] 

are of the order 4632", 851", 183", 20" ; or in parts of the radius 0,007 ; 0,001; 0,0003 ; 

0,00003, respectively ; which are very small in comparison with the excentricity of Jupiter’s 

orbit ÜX61208" [6882]. We may also observe that in strictness we may wholly neglect 

the terms depending on e', e, [6057e,/], because the terms in [7467 line 1, 7513 line 1] [6057g] 

refer to the perijove of the third satellite to". These remarks agree with [6057']. 

f (3222) The angle in the present article [6059], is the same as v [923 line 4], [6060a] 

and the angle v [6032] corresponds to vy [923']. Making these changes in [931] we 

get the value of Sv/ [6060] ; observing that the two first terms of [931] may be reduced 

by putting 2r.dSrfdr.Sr=2d.(rSr)—dr.Sr; which is easily proved, by developing the [60606] 
first term, as in [3715a]. 

VOL. IV. 4 
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Symbols. 

[6061] 

[6061'] 

[6062] 

[6062'] 

[6063] 

[6064] 

[6065] 

[6066] 

[6066'] 

[6067] 

[6064a] 

[6067a] 

[60676] 

[6067c] 

[6067tf] 

[6067e] 

[6067/] 

the symbols being 

a = the semi-major axis of the satellite m ; 

e = the ratio of the excentricity to the semi-major axis of the orbit 

of m [935'] ; 

zs— the longitude of the perijove of m\ 

nt — the mean motion of the satellite m. 

Putting v for the angle described by the projection of the radius vector 

r upon the fixed plane, we shall have, by the same article,* 

dv = dvr 
\/(i+«r 

y/1—|-ss 

s being the tangent of the latitude of the satellite m, above the fixed plane 

[923'] ; so that if we neglect the square of s we shall have, 

5v = 5v/. 

To determine s, we shall observe, that we have in [526], by supposing 

dv to be constant,f 

1 ds jd'R\ s /d'R\ (1-H2) /d'R\ . 
Wvfi dv \dv ) h2u \ du J Idud \ds J ’ 

1 

2 

* (3223) The equation [6064] is the same as [925], changing reciprocally v into v 

to conform to the notation in this article [6060a]. If we neglect s2 and as in 
dv* 

[6065], we obtain [6066]. 

f (3224) The equation [6067], is deduced from the third of the equations [526], by 

substituting Q = —+ ~ [60304]; and observing that the part ~ produces nothing in 

[6067]. For if we put and use the value of r [6072], we get 

whose partial differentials give, 

Substituting these in the third of the equations [526], we find that the terms depending on 

this part of Q mutually destroy each other ; and the remaining part of Q [6067a] 

becomes —R ; and by using this part of Q we find that this equation of [526] 

becomes as in [6067]. In this case R is considered as a function of u, v, s, as is 

observed in [6069], and this circumstance is noticed by the author, by annexing an accent 

to the symbol d, in the partial differential relative to s [6069] ; and the same accent 

might have been placed in the partial differential relative to u, in [6069, 6071, 6074] ; 

and for the sake of symmetry we have inserted it. 
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1 being the projection of the radius vector r upon the fixed plane, 
u 

[517 &c.], and A2, a constant quantity, which, in the elliptical orbit, is 

represented by A2 = m.(\ —e2) [534' line I] ; lastly, the partial differential 
v o\ 

j corresponds to the case where R is considered as a function of ( 
u, v, and s. We shall now consider R as a function of r, v, s, as 

in the preceding article, and we shall have,' * 

du. 
'd'R 

\ -j-ds. 
'd'R 

du J 

t being represented by r = 

du 

ds 

V 

dr. 
'dR 

■ds. 
dR 

■ss 

u 

dr -- 

Kdr j 1 \ ds 

[6034a, or 4776], we shall have,f 

sds 
ss 

therefore we have, by comparing separately the coefficients of ds in the 

preceding equation, 

us /d'R\ /cTi?\ ( dR\ 

+ \~d7) ~ \d7J • 

Hence the differential equation [6067] becomes, 

* (3225) In the first member of the equation [6071], R is considered as a function of 

v, u, s, and its complete differential would be had by adding the term dv. to its first 

member. In the second member R is considered as a function of v, r, s ; and its 

complete differential is found, by adding the same term dv. to the second member of 

[6071]. Rejecting this term from both members, we get [6071]. Now the differential of 

u = r-1.(l-{-ss)^[6072] is as in [6073] ; and by substituting it in [6071] we must obtain 

an identical equation ; in which we may put the coefficient of ds, in each member, 

s /d'R\ , /d'R\ fdR\ . 
separately equal to each other; and we shall get j ' ^ rfiy “ \ d§ ) 

1 u 
may be reduced to the form [6074], by putting — = ^yr=j as in [6072]. 

( J —t-fs) p2 
f (3226) Squaring r [6072] and dividing by A2, we obtain — - - = — ; multiplying 

[6074] by this, we obtain 

s fd'R\ i ( H-ss) /d'R\ 

h~Li \du ) A2u2 \ds ) A2 * \ds )° 

Substituting this value of the two last terms of [6067], we find that the whole expression 

becomes as in [6075]. 

[6068] 

[6069] 

[6070] 

[6071] 

[6072] 

[6073] 

[6074] 

[6071a] 

[60716] 

[6071cl 

[6075a] 
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[6075] 
0 = 

'dds 

dv2 

( -g 2_ rfdR\ dv > 

* i trJ \dv y u* 5 

'dR' I ds fdW 

A2w2 dv V dv ) ‘ A2 * l fa 

1 

2 

If the disturbing force be nothing, we shall have, 

dds 
0= -^+5; [6076] - - rfo3 

therefore, by neglecting the square of that force; then substituting —i 

ds 
[60767] for u, and neglecting the product of the disturbing force by s. 

shall hare,* 

we 

[6077] 0 = 
dds , r2 / dR\ r2 ds /dR' 

+ "TT ) To- (3). 
du2 1 ” 1 A2 ' \ ds y A2* d«’ \dv )' 

The equations [6057, 6060, 6077] give, in the most simple manner, all 

the perturbations of the satellites, which depend on the first power of the 

disturbing force.f 

[6077a] 

[60776] 

[6077c] 

* (3227) If the disturbing force, or the value of R be nothing, the equation [6075] 

will become as in [6076] ; or, in other words, the expression s will vanish ; therefore 

when the satellite is disturbed, this quantity must be of the order of the disturbing force ; 

and its product, by the quantity —A2 ^ *s a^so t^ie same order, will 

be of the order of the square of the disturbing force. Neglecting this quantity, we find that 

the equation [6075] becomes 

dds r2 /dR\ 1 ds /dR\ 

du2 62 ‘ \ ds ) hPifi dv \ dv ) ' 

1 r2 
Substituting, in the last term of this expression, the value [6072], ~7=y^=r2.{l-s24-s4-&c.) 

• ds 
and neglecting terms of the order s2 —, it becomes as in [6077]. 

[6077d] 
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CHAPTER II. 

ON THE INEQUALITIES OP THE MOTIONS OP JUPITER’S SATELLITES, WHICH ARE INDEPENDENT OF THE 

EXCENTRIC1TIES AND INCLINATIONS OF THEIR ORBITS. 

3. We shall resume the differential equations [6057], 

0 = ^)+^ + 2/dR+r.(f). (1) 

In the elliptical hypothesis, if we neglect the square of the excentricity of 

the orbit, the constant part of the radius vector [659] will be reduced to the 

semi-major axis a ; we may therefore suppose r — a, in the preceding 

equation. But for greater exactness, and for reasons which will be given 

hereafter [6128], we shall retain the product of rôr by the constant parts 

of the disturbing force. Now this force adds to the radius r, a constant 

part, which we shall denote by ôa ; therefore, by substituting r = a-\-6a 

in the equation [6078], we shall have * 

â?.(rSr) . n.(rSr) 
0 — ———* ~r —ô— 

3.Sa'' 

dP cr a 
+ 2/dR + r. 

'dR\ 

>)5 
the part of R depending on the ellipticity of Jupiter’s mass is equal to 

—sV [6043] ; and if we neglect the square of v, we shall have, by 

noticing only this part, and taking for the unit of mass that of Jupiter ; or 

M= 1 [6028], and the semi-diameter B of its equator [6045], for the 

unit of distance ; + 

[6078] 

[6079] 

[6079'] 

[6079"] 

[6080] 

[6081] 

[608iq 

[6082] 

[6082'] 

* (3228) The equation [6081] is deduced from [6078], by substituting in its second 

term, for —, 
po 

its value 
(a-\-Sa)3 

1 

a3 

3$a [6081a] 

f (3229) Putting, as in [6082, ôOSP], 
( p—I(jA 

expression [6046] becomes SV = - - ; 

M = l, B = 1, v2 = 0, we find that the 
[6084a] 

and by [6043] the corresponding part of R 

VOL. IV. 5 



18 MOTIONS OF THE SATELLITES OF JUPITER. [Méc. Cél. 

[6083J 
Part of 

R 
depending 
on the 
ellipticity 
of Jupiter. 

[6084] 

[6085] 

[6086] 

[6087] 

[6088] 

[6089] 
Part of R 
depending 
on the 
satellites. 

[60846] 

[6084c] 

[6089a] 

[60896] 

[6089c] 

[6089rf] 

[6089e] 

[6089/] 

(p—fa) 

3r3 ' 

Hence we easily deduce, 

fdR = R ; r. (f) = -SR ; 

therefore, 

2/dJHn (f ) =-* = 

Substituting r3 = «2-f 2r5r [60576], we shall obtain 

If we notice only the action of the second satellite m', and neglect 

the squares and products of s and s', we shall obtain from [6039],* 

R 
rn'.r 
Jr- cos.(v'—v)— 

m 

{ r2—.cos. (v'—v)+/2 £ * 

is R -8V= 
(P—è<p) 

3r3 
as in [6083]. From the value of this part of R, we 

easily deduce the formulas [6084, 6085]. Substituting, in the last of the expressions 

r/înoci r 1 i t 1 3<5r . .1 3rJr. 
[6085], for -, its value —— ; or as it may be written —— it becomes 

as in [6087]. 

* (3230) If we neglect the excentricities and inclinations in the part of the expression 

of R [6039 lines 1, 2], depending on m', it will become of the same form as in (6089). 

This may be developed, as in [953', 954], in a series of the form [6090] ; A(0), JR®, he. 

being functions of r, r', independent of v, v'. Substituting, in [6090], the values of 

r, r', v, v' [6091], it becomes, by putting for a moment, for brevity, T — n't—nt-j-s'—s, 

R = m'.\ £-4(0)-{-«Æ(1hcos. T-{-Æ®.cos.2T-\-Jl&).cos.3 T-{-&;c. ]. 

Taking the differential of this expression relative to the characteristic d ; then integrating 

Jc 
and adding the constant quantity —, we get fdR ; multiplying this by 2, we obtain 

(X 

[6092]. Again, we have in [962], ? hence, by taking the partial 

differential of R relative to a, and multiplying by ~ , we get the expression of r. 

[6094]. We may observe that the differential of v [6091], being multiplied by —, gives 

—. dv —pdt, which is used in [6300']. 
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We shall suppose this function to be developed in a series of cosines of 

angles which are multiples of v'—v, of the following form ; 

R = m'.{ %A(0) + A(1). cos.(v'—v) + Am. cos.2(v'—v) + A(3).cos.3(v'—-®)+&c»}. 

If in this series we put 

r= a, r' = a', v — nt-\-s, v' = n’t-\-d ; 

nt and n't being the mean motions of m and m', we shall have, 

A(1).cos. (n't—nt-\-d—s) 

2 car ^ i ) + A(2).cos.2(n't—nt-\-. s' — s) 

J a ^n—ri ’ ) -j- A®}.cos.3(n't—nt-\- *— 5) 

.+ &c. 

1 

2 
3 

k 

a 

we shall have, 

+ «• (—Jr ^ • cos. (n't—nt-\-d—s) 
( dR\ , 

r\Tr)=m —f- n. 
'dA 

. cos.2(n't — nt-\-d—s) 

1 

2 

3 

4 

da 

fdA{2)'\ 
+ a• ( cos.5(»'f—n^+s'—0 

-f- &c. 

We can ascertain the values of A(0\ A(1), yl(9), &c. and their partial 

differentials in a, of, by the formulas [963iv—1003]. 

As we intend to retain the constant part, depending on the square of the 

disturbing force and connected with the factor r5r [6079'], we must add to 

the preceding expressions of 2fdR and r-(^r) [6092, 6094], the terms 

of this kind which they contain. If, in the term im'.A(0) of R [6090], we 

substitute r—a4-—, we shall obtain the term* R = m'. — 
« 2a \ da /’ 

therefore the function 2fdR contains the term 

Symbol 

[6090] 

[6091] 

[6092] 

being an arbitrary constant quantity, added to the integral fdR. Then [6093] 

[6094] 

[6094'] 

[6095] 

* (3231) The expression of R [6089d] contains the term R — £m'.Aw, which [6096a] 

vôr 
is a function of r, / [60896]. Substituting r=a-{- — [6095] and developing, by Taylor’s [60966] 

■» 7m0V V&V / (?^0)\ 
theorem [617], according to the powers of —, it becomes 4m'. —. ( — ) 4. &c., 

a 2a \ da J 1 7 [6096&'] 

A[(r> being the value of A(0) corresponding to r — a. Neglecting the second and higher 
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[6096] 

[6097] 

[6098] 

Part of R 
depending 
on the sun. 

[6099] 

[6100] 

[6101] 

[6096c] 

[6096d] 

[6096e] 

[6096/] 

[6096g] 

[6096/t] 

q r i ry , rûr _ f dA(0)\ 
2/diJ—m.—.2(^— J . 

T$V , / dR^K 
Substituting, in like manner, a-\- — for t in the function r.( — J, we find 

that it contains the terms, 

r/dA\ = \ i a. (dJ??\ \ . 
\dr J 2a \ da J y da? J 5 da? 

Changing successively the quantities relative to the satellite m', into 

those relative to the satellites m", ml", we shall have the corresponding 

parts of 2fdR, * 

To obtain the part relative to the sun’s action, we shall observe, that by 

noticing only this action, and neglecting the squares and products of 5 

and S', we shall have as in [6042], 

R = 11 +3.cos,(2U—2'H}. 

U is the longitude of the sun, as viewed from the centre of Jupiter 

powers of r5r, we obtain in R the additional term R — »'-Ê-(w-’)’asin[6095]; 

which gives d.(rSr) ; whence/dfl=f/^).(*); 

as in [6096]. The same term of R— \ni.Jj0) [6096a], being substituted in gives 

r’Ccf~) ^°w substituting a-j-~ for r in and developing, as 

m , , , . , /dÆo)\ (dAdn\ . rôr (ddAm 
above by Taylor s theorem, it becomes i-^rj = ~r" T* W#/ ’ muitlPtyin§ thls 

expression by = ( a-f- — J, and retaining only the terms depending on the first 

power of rSr, we obtain in r. the two additional terms, contained in [6097]r 

Adding together the expressions [609 6, 6097], we obtain 

„„„ , /dR\ ,{rÔr) C 0 /dA?)\ (ddA0>\ ) 

This maybe reduced to another form by substituting — =ir?a? [6110] ; and then using the 

symbol 2 to denote the sum of the terms similar to [6096, 6097], corresponding to all 

the disturbing satellites ni, ni', ni", with their respective values of we shall have, 

(dR\ _ , . , C 9 /dAW\ /ddÆ0K ) 

W*+r■ \t) =B • ’*• s-im • \3a■ {nr)+0 ■ {mr) \ • [6096Î] 
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[6042y, 6023c] ; and if we put the sidéral motion of this planet equal to Mt, 

we shall have, by neglecting the excentricity of its orbit, 

U=MtfE. 

Hence we have,* 

R = — ^.{l+3.cos.(2»<-2M+2a-,^E)} ; 

D' being the semi-major axis of Jupiter’s orbit. We have as in [605', &c.], 

by neglecting Jupiter’s mass in comparison with that of the sun,f 

therefore, by neglecting the arbitrary constant quantity, arising from the 

integration in 2fdR, because it may be supposed to be included in the 

arbitrary quantity k [6093], we shall have,f 

* (3232) Changing cos.2(17—v) into cos.2(u—U), and then substituting the 

values of v, U [6091, 6102], we find that [6100] becomes as in [6103] ; D being changed 

into J/ [6027, 6104], on account of the neglect of the excentricity of the orbit of 

Jupiter [6101']. 

f (3233) It follows from [605', 606] that if the mean motion of a planet be nt, its 

mean distance from the sun a, and p. the sum of the masses of the sun and planet 

[5301V], we shall have ~ = n2. To conform to the present notation, we must change n 
a3 

into 31 [6101'], a into D' [6104], and p. [530IV] into S-J-M [6025, 6028]; then the 

preceding equation becomes 

get [6105]. 

K2. Neglecting M in comparison with S, we 

£ (3234) If we substitute [6105] in [6103], we shall get, 

jR — ——^M2. r2—|-M2. r2.cos. (2 nt—2 —2E). 

The partial differential of this expression, relative to dr, being multiplied by ~, becomes 

as in [6107]. The partial differential relative to d, being multiplied by 2, gives, 

2dR = —^M2.d.(r2)-{-3M2.r2.ndt.sm.(2nt-—2Mt-\-2s—2E) ; 

observing that in the first term we have noticed the variableness of r2, because its integral 

—\M2.r2, corresponding to the first term of [6106], produces in [6108] the term 

—•M2.r5r, which is noticed, for the reasons given in [6079', fkc.]. But in finding the 

second term of [61066] we have considered r2 as constant and equal to a2, on account 

of the smallness of the factor M2e. The integral of this last term being taken, supposing 

r2 to be constant, gives the second term of [6106]. 

[610r] 

[6102] 

[6103] 

[6104] 

[6105] 

[6105'] 

[6103a] 

[6105a] 

[61056] 

[6106a] 

[61066] 

[6106c] 

[6106d] 

VOL. IV. 6 
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[6106] 

[6107] 

[6108] 

[6109] 

[6109'] 

[6110] 

[6111] 

[6112] 

[6113] 

[6108a] 

[61086] 

[6110a] 

[61106] 

[6110c] 

[6110d] 

[6114a] 

3 n 
2/m = —pi2, r2. I 1 + ,cos.(2nt—2Mt+2s—2E) \ 

r'(?) = — èiJf.r>.{l+3.cos.(2»i—2Mt+%— 2£)j. 

Hence we deduce,* 

%f&R = — 1 m a\—M\rSr— . cos.(2»i—2Mt+%— 2E) 
2n—2 M 

dR' 
= — pP.a2.—ili2.r«5r_ f.M2.a2.cos.(2^—2M+2e—2LE). 

This being premised, we shall connect together all these terms in the 

differential equation [6057], and divide it by a2; putting n2 _ —~^m, 

very nearly ;f 

or 

n — — 
a' 3 » 

m being a very small fraction, which is less than 0,0001 [7162, &c.] ; the 

mass of Jupiter M being taken for unity. We shall also put, for brevity, 

W2 = n\ 1- 
35a (p—|<p) 

y2 
2 .JR2 

+ 2-l 
, , s Tq > 

( a a" n" 

the symbol 2 denotes that the sum of the terms following it, corresponding 

to the actions of all the disturbing satellites, is to be taken. Then we 

shall have,f 

*(3235) Substituting r2 = a2-j-2r<Sr [6057A] in [6106, 6107], we get [6108, 6109] 

respectively, observing that rôr is retained, as in [6079'], only in the terms with constant 

coefficients. The square root of this expression is — which is used hereafter. 
Cl 

f (3236) Substituting in the expression of n2 [6105a] the value of /x = M-f-m 

[6021, 6028], corresponding to the planet and satellite m; and then putting as in [6111] 

M = l, we get fx = l-|-m, n2=—-^- [6109']; and as the mass of the satellite is very 

small in comparison with that of the planet, we may neglect ma and we shall have 

jx = 1, and n2 = —-, 
a* 

as in [6110]. This last value of jx being substituted in A2 [6069], gives A2 = a.(1—e2), 

which will be of use hereafter. 

J (3237) Substituting in [6081] the terms of 
*fAR+'■(§)’ 

computed in [6087, 6092, 6094, 6096i, 6108, 6109], then dividing by 

which have been 

a2, and observing 
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_ #.(■») ™ (rir) 

U a*.dfi ' ’ a2 

+2»2.fc+«2. (-^) — 

—3M\ (—ZMÀ . cos.(2irf—2Afr+2s— 2.E) 
2/i—2*M 

ft- 

,/ ^2 ; + 
—2 * 772» »Tl • ! ( 71—71 

+ 

^. a^w+a8. | « cos. (»'<—n^W—0 

2n -,. «,T2>+ft2. | . cos.2(nï—«) 

2/1 | .cos.3(n'tf—nt+J—s) 

1 

2 

3 

4 

5 

6 
n—n 

\ 4~ &C. 

We may integrate this equation, without adding to it any arbitrary constant 

quantities, which may be supposed to be included in the elements of the 

elliptical motion. Then if we neglect M and N—n in comparison with 

in the terms depending on the sun’s action, because these fractions 71. 
■35- 

are small, we shall have,f 

H- 1 „„2 1 >72 
that by [6110c] we have = w , — = : 

J L J a3 a3 a5 a2 

A* 9 .... 1 fdA<A 
~=n2a.AM; - . —- 
a2 a V da 

■ n2a2. 
&0W\ 

4a ;; 
we shall obtain the equation [6114], using the abridged symbol JV2 [6112]. 

* (323S) We have in [6025e,f] N— n. 0,999311 ; JVL = n. 0,000408 ; hence we 
j\j jy*_n 

see that — , —-—•, are very small, and that JV differs but little from n. 
n n 

f (3239) Putting y = and «,= JV [6049/r], we get 

0 = ^1 + JV.^) + iXco,.(«;<+0. 

Comparing this with [6114], we find that 2. if. cos. (m/-j-£/) embraces the function 

contained in [6114 lines 2—6] j and from [6049&,Z], we fad that if any term of this part 

of [6114] be represented by j8T.cos.(m/-[~s/), die corresponding term of y or 

K 

rSr 

aA 
will 

be represented by ,. cos.{mtt-f-s,) ; hence we may deduce the terms in the second 
mj—V2 

member of [6116] from the corresponding ones of [6114 lines 2—6]. For we have 

without any reduction the terms in [6116, lines 3,4,5...], from those in [61141ines4,5,6...] 

respectively. The term in [6114line 2] being constant, we must put m/ — 0, in [6049Æ], 

and then the divisor mf—JV2 [6116c] becomes —N2\ so that we must divide the term 

[6114 line 2], by —JV2, to obtain the corresponding constant term in the second member 

of [6116 line 1]. Lastly, the term [6114 line 3] gives m/ — ^n — 2JU, and the divisor 

Differen¬ 
tial equa¬ 
tion in 

rôr. 

[6114] 

[6115] 

[61146] 

[6115a] 

[61156] 

[6116a] 

[61166] 

[6116c] 

[61164] 

[6116q| 

[6116/] 
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General 
expression 
of 

rôr 

[6116] 

[6116'] 

[6117] 

[6118] 

[6116g] 

[6116/t] 

[6117a] 

[6118a] 

rôr rP C (p—£<p) M~ i/o 
— = —T7-,* * < 2&-f - - 0  --+2. Am. a2. 
a2 N2 t 1 3a2 rc2 1 2 JV2 i 

M* 

n 

/ dA(0)S 

\ da y 

-4-. eos.(2nt—2Mt+2e—2E). 

1 

2 

n2 ( [ 2 n 

(|_w')2_jV2- l [ n—v! 

rP ( [ 2 n 

e*~
 1 to 1 >
 

ÎO * 

[ n—n' 

rP Ç 2 n /dAm\ 

&c. 

da 
The constant part of this expression is represented by —, in [6079"]; therefore 

ft 

we shall have, by observing that N'2 differs but little from n2 [6115aj, 

'dA™\ 

, da ) ' 

* 

a 

(p—&<p) , AÎ2 , 2 , 
1 --2. Am. a2. 

J.2 ^ 3a2 n4 

rôr . 
-g-, in the If we substitute the preceding values of 2J3.R, “ 

expression [6060], we shall get the value of a© [6119]; observing that 

1 ~j-in 

a0 
rp [61106], and (x = 1 nearly [6110c]; also that M is very 

small relative to w, and N differs but very little from n [6115«, 5]f 

m2—jys becomes (2n—2M)2—JV2, producing in [6116 line 2] a term whose coefficient 

is — SMK ■ (2NoW aS JM’ is very sma“ in comParison n 

[6115a], we may neglect it in the factors 2n—M, 2n—2M, and then the preceding 

coefficient will become —3112. —, which, by putting N=n nearly [61156], 

]\]2 
becomes —as in [61161ine2]. 

* (3240) Substituting r = a-{-ôa [6079"], in the first member of [6116], and neglecting 

the square of <5a, it becomes —, which represents very nearly the constant part of this 

first member. Putting this equal to the constant part of the second member [6116 line 1], 

and then substituting — = 1, nearly [6115a]; we get [6117]. 

f (3241) In the expression of ôv) or ôv [6060,6066], we may put f*=l [6110c] 

and neglect e2. We may also neglect the term dr.ôr, because dr is of the order e, 

and we have in this chapter neglected such terms. Hence [6060] becomes, by a slight 
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+2. 
in .n 

n—n 

c (p_| <p) JW2 /dÆW\ 
h = nt. > 3£+-^-Î- ^ + 2-» •« {-^-j 

M2 

-f- -V-. —. sin*(2?i£—2.Mz;-{-2s~—2.E) 

2JV2 
_ <_ „ 4(2) I 

2 \n-n' ' 4.(n-n'^-JY® 
15 n 

l 

'2 

■ £ •^i2>+a“-C^)] ] -sin ■2(»'^<+£,-£) ( 4 + 
, C n , 2JV2 r2n , 9 /ttflavn . 

+-M —;.rf3)+--AO - —. —-j—) I >.sin.3(nt-nt-f-s—s) 
1 3 ln-n' 1 d.{n-n’f-m \_n-ri 1 \ da /J) v 

. -f- &c. 

5 

change in the arrangement 

+/“*• 13/d2J+2r- (f ) 1 ■ 
We must substitute, in this expression, the values of dR , which are given in 

[6084, 6092, 6094, 6108, 6109, 6116] j those in [6096, 6097] may be neglected, on 

account of their smallness, being only used in forming the quantity JV2 [6112]. We shall 

first calculate the term in [6119 line 1], depending on the constant coefficient ; then the 

term in [6119 line 2], depending on the angle 2nt—2.M-j-2s—2E ; lastly the terms of 

the general form in [6119 lines 3, 4, 5..], depending on the angle i{rit—nt-f-/—s) , or 

iT [6089c]. 

First. If 3/dR-f-2r. ^ contain a constant term, represented by C, the corresponding 

term of Sv [61186], will be Sv =f andt. C= C.ant ; hence the constant terms of the 

function 

of Sv. 

3/dR -}-2r. J must be multiplied by ant to obtain the corresponding parts 

Now the terms depending on the ellipticity [6084] give 

3/iK+2r.(/) = 3R-6R = -3R [6083] ; 

multiplying this by ant [6118A] and changing r into a, we get the term depending on 

P—&<P in t6119 line 1]. The first term of [6092] gives, in 3/dR, the term — ; and by 

multiplying it by ant, we get the first term of [6119 line 1]. The term in [6094 line 1] 

gives, m 2r. J, the expression m'.a.f — )-, multiplying this by ant [61 ISA] it 

produces in Sv the term nt. j , and by prefixing the sign 2, so as to 

include all the disturbing satellites, we get the last term of [6119 line 1]. The first 

terms of the functions [6108, 6109] produce, in the expression [6118/], the terms 

= Multiplying this by ant [6118A], and substituting 

7 

General 
expression 
of 

Sv 

[6119] 

[61186] 

[6118c] 

[6118d] 

[6118e] 

[6118/] 

[6118g-] 

[61186] 

[61187] 

[61186] 

[61187] 

[6118T] 

VOL. IV. 
[6118m] 
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[6120] 

[6118n] 

[6118o] 

[6118p] 

[6118?] 

[6118r] 

[6118s] 

[6118*] 

[6118m] 

[6118»] 

[6118u>] 

The term depending on sin.(2w£— 2Mt+2s-—-2E) corresponds to the 

equation, which is known in the lunar theory by the name of the variation 

= [6110c], we get the third terra of [6119 line 1]. The rest of the functions, 

enumerated in [6118c], produce nothing of the required form and order. 

Second. The term of [61186] depending on the angle 2nt—2Mt-\-2e—2E, is found 

in the following manner. Multiplying the last term of [6108] by §, and the last term of 

[6109] by 2, and taking the sum of the products, it becomes, by noticing only this term, 

and changing the denominator 2n—2M into 2n, as in [6116g], 

3f dR -j- M2a2.cos.(2nt—2Mt-\-2s-—2E). 

Multiplying this by andt, and then integrating, using the divisor 2n instead of 2n—2My 

we get, by changing a3 into n~2 as above, 

fandt. I 3fdM-f- 2r. | =—-%-• ~.sin.{2nt—2Mt-\~2s—2E). 

Again, by noticing only the term in [6116 line 2], depending on the proposed angle, we 

get, by the same reduction, 

“(ï) . » 2. 
= 4. . sin. (2 nt—2MtJr2s—2 E). 

ndt ~ n2 

The sum of the expressions [6118^, r] being substituted in [61186] gives the term of 5v 

in [6119 line 2], 

Third. If we notice only the term depending on the angle i(n't—nt-\-£r—s), or 

zT[6118e], we shall have in [6092, 6094], by neglecting, for brevity, the symbol 2, 

3 n 
3 fdR — m'. •--,. Æiï.cos,iT ; 

n—n 
2r. (~j~) — %a‘ 

dSW 

da 
cos .iT. 

The sum of these two expressions being multiplied by andt, and then integrated, gives 

fandt. ^ 3/dR+2r.(—) | • ^—2a2. | .smaT. 

Taking the differential of the general term of [6116 lines 3, 4, 5..], corresponding to the 

2 
angle iT, and multiplying it by —, we get [6118*;], which, by successive operations, is 

reduced to the form [6118a?] ; 

rôr \ 

0,2 ' __ n 'n'ï 5 . 0M) J_ a2, ( 1 t sjn<î* j» 
ndt —m')2—A*2’ (. n—nr \ da / ) 

m'.n 2i2.(?i—?i')2 Ç 2n .... . 9 /dÆü\ ) . 
— -â ' V-Ttô—TFÏ' } -> • a^l) + « • ( ~T~ J £ • Sin.lT x.(n—n ) i2.(n—n )2—A^2 ( n—n \ da / ) 

m'.n f 2JV2 \ C 2n . „ /dÆ^\ 
==77-â- (2+ V-»g- + « .(-7— ) [ .sin.lT. 

i.[n—n ) \ t2.(n—n )2—.Y2/ (. n—n \ da J ) 

Adding together the functions [6118m, a?] we get the part of 5v [61186] depending on the 

[6118a:] 
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[5556 line 2] ; but it is less sensible in the theory of Jupiter’s satellites, 

M2 
because the ratio — is much smaller than the corresponding expression 

n2 

in the lunar theory. 

The mean motion of the satellite m, being supposed equal to nt [6062'] ; 

the coefficient of t must vanish from the preceding expression of Sv 

[6119 line 1] ; hence we get,* * 

k 
(p—i<p) 

3 a2 

M2 fdAm\ 
+tV„2 ida ). 

Sa 
Substituting this value of k in that of — [6117], we obtain 

a ~ 3a2 +¥ ,ma-V. da )' 

hence we deduce,f 

N2=n\ " 1-2. ^ + 
a* 

We shall obtain the values of 

rr 

r'Sr' 

fdA^\ , 7 , fddAW 
-+!«• 

a ti ’ Sv' 

da J 

/'Sr" , 
SV 

^ da2 ) 

/"Sr"' 
]!■ 

a "2 a W2 ’ 
W11 • sv by 

rSr 
changing, in the preceding expressions of — and Sv [6116, 6119, &c.], the 

CL 

quantities relative to the first satellite., into those relative to the second, third 

and fourth successively, and the contrary. 

angle IT. Now by inspection we see that the term of [6118a?] containing JV2, is the 

same as the corresponding terms in [6119 lines 3, 4, 5..J. Of the two remaining terms of 

[6118a?], independent of _N2, that which contains dAl) is destroyed by the similar term 

in [6118m] ; and that which depends on A® [6118a?], being added to the corresponding 

Ç TV ] 
term of [6118m], becomes -. < -aA{i) > : being of the same form as the first 

L i.{n—n) In—n ) 
terms of [6119 lines 3, 4,5..] ; therefore the expression of Sv [6119] is correct, within the 

limits of the present approximation. 

* (3242) The mean motion of the satellite m is assumed in [6062] to be nt, and 

this is supposed to comprise the whole of its value ; consequently the part of it, contained 

in [6119 line 1], must vanish. Putting therefore the coefficient of nt [6119 line 1] equal 

to nothing, and dividing by 3, we get the value of the arbitrary constant quantity k [6122]. 

t (3243) Substituting the value of k [6122] in [6117], we get [6123]; then 

substituting the value of — [6123] in [6112], we obtain [6124]. 
CL 

[6120] 

[6121] 

[6122] 

[6123] 

[6124] 

[6125] 

[611%] 

[6118z] 

[6122a] 

[61226] 

[6124a] 
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[61250 

[61250 

[6126] 

[6127] 

[61270 

[6128] 

[6129] 

F 

[6130] 

[6130'] 

[6131] 

4. The ratios, which obtain in the mean motions of the three first satellites, 

make some of the terms of the preceding expressions very large. These terms 

deserve particular attention, because they are the source of the principal 

inequalities, which are observed in the motions of the three first satellites 

The mean motion of the first satellite is very nearly double that of the 

second ; and the mean motion of the second is nearly double that of the 

• „ tôt* 
third [6025a]. Hence it follows, that the term of the expression of — 

depending on the angle 2n't—2ntJr2s,-~ 2s, must become very great, on 

account of its divisor 4.(»•—n'f—N2 = (2n—2n,JrN).(2n—2n'—N) 

[6116line4]. Foras N and 2n' differ but very little from n [6025c], 

the divisor 2n—2n'—N will be very small; consequently the term in 

question will acquire a considerable value. At the same time we perceive 

the necessity of determining N with great precision, as we have done in 

[6124] ; because the difference between N and n, which depends on the 

disturbing forces, although it is very small, becomes sensible in the divisor 

2n—2n'—N; particularly by means of the term —n.~—J—) which N 

contains [6124] ; and this is the reason why we have retained, in [6079',&c.]7 

the terms depending on the disturbing force, in which nr is multiplied by 

constant quantities ; these terms having an influence on the value of N. 

In the other divisors, which are not very small, we may suppose, without 

any sensible error, that N — n. Therefore, if we put 

F= — 
2n 

:. aA^ — a2 
n—n \ da J 

and notice only the term depending on the cosine of 2n't—2ntJr2sr—2s, 

observing that we may, in the factor 2n — 2n’fi-N, suppose 2n' and N 

equal to n [6127], we shall have,* 

rSr to'. nF 
. cos.(2nt—2n'tJr2*—2s'). 

% (2n—2n'—JV) 

The expression of ôv gives, by noticing - only the terms which have the 

*(3244) Substituting 2d = n, JY=n [6127] in the first factor of the second 

[6131a] member of [6126], we get 4.(rc—to')2—JY^ = 2n.(2n—2n'—JV). Using this, and the 

value of F [6130], we find that the term [6116 line 4] becomes as in [6131]. We have 

already seen, in [1227, &ic.], the great importance of the terms treated of in this article. 
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divisor 2n—2nl—N, * 

ôv = ■—m_-nf— sm.(2nt—2n!tf2z-—2s/). 

This part of sv is the most sensible inequality of the motion of the first 

satellite ; it is the only one which has been discovered by observation. 

If, in the theory of the second satellite, we denote, by N', the quantity 

which corresponds to N [6124], in the theory of the first ; and if we put 

Af) for what corresponds to All) in the perturbations of the first by the 

second satellite; it will follow, from what has been said, that the expression 

of — contains the term,f 
a2 

r'Sr' m.ri2 C 2ri ,3 /dAf\ 
“"tit ~ /-TTg—wr2* < -7—.a'Af.fa'-.l—f 
a3 (n—ny—JS 2 ( n—n \ da J 

. cos. (nt—n't ft—s'). 

The divisor (n—n'f—iV/2 is equal to (n—ri~rN").(n—n'—N'f Now 

we have very nearly, as in [6025f, a], N1 = nf, n — 2n' ; therefore the 

divisor n—n'—N1 is very small; and the preceding term [6135] becomes 

important. We shall put, 

2n' 

n—n ' 

'dfff 

. da' . 

and by substituting n = 2n! and N' = n' [6136] in the factor n—n'f-N', 

we shall obtain, 

# (3245) The terra in question is that depending on _ZV2 in [6119 line 4] ; which, by 

using the value of F [6130] and that of the denominator [6131a], becomes 

m .n 2„Y2 
n—n' 2/i. (2/i—2 v!—JY) 

F.sm.2.(n't—nt-{-/—s) . 

n 
Now we have very nearly, -1, 2N2= 2n2 [6131a] ; also 

n—n 

sin.2.(n't — n(-\-s'—s) = —sin.2.{nt—n't-{-e—s') ; 

hence the preceding term of Sv becomes as in [6132]. The expressions [6131, 6132] 

correspond to the values of Sr, Sv [1227]. 

f (3246) Changing reciprocally the elements of m into those of ni, in the term 

[6116 line 3], we get [6135] ; observing, in the denominator, that (ri—nf = (n—n'f 

If we use the values of n, JV' [6138], we get 

(n—nf—N'2 = (n—n'f-JY').(n—ri—JV7) =2n'.(n—ri—JV'), nearly. 

Substituting this and G [6137] in [6135], we obtain [6139] ; observing that in the first 

term of G, we may change n—ri into —(ri—n), to correspond with the form in 

[6135]. This expression [6139] is equivalent to the term depending on G in [1227]. 

[6132] 

[6133] 

[6134] 
Symbols 

JV' 
A,™ 

[6134'] 

[6135] 

[6135'] 

[6136] 

Symbol 

G 
[6137] 

[6138] 

[6132a] 

[61325] 

[6135a] 

[61356] 

[6135c] 
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[6139] 

[6140] 

[6141] 

[6142] 

[6143] 

[6140a] 

[61406] 

[6140c] 

[6141a] 

[6142a] 

[6143a] 

r'or' m .n'. G 
-7—^77,. COS .(lit—n't-f e—s'). 

—n—JV ) " J /2 

Then we shall have, by noticing only the terms which have n—n'—N' for 

a divisor, * 

, m.n'.G 
tv =————.sin .(nt—nt4-s—s'). 

n—7i—JV y 1 J 

We may here observe thatf 

a a 

' a2 a2 

hence we get,f 

G = 

Now we have,§ 

3 n'—n a! /2 

w—n' a3 7î—?i' a' ' ?i—ti' 

2rc a , 2n' 0 f dA^\ 
' 7. a'A(I)—a'2. ( 

\ da' J* 

a~ a'3 a 

a2 a3 a' ’ 

a'2 ?i2 a 

a2 w'2* a' ’ 

* (3247) Changing reciprocally the elements of m into those of m', in the part of 

the term [6119 line3] which contains JV2, we obtain in Sv' the following term; 

<5v = -7-—-—r^. < —— . a A,WJr-a2i -j-r ) > . sm.(nt—n't-f-s—s'). 
n — n {n'-nf-N ?- ( ?i'—n ‘ 1 \ da' ) ) v 1 ; 

Changing ?i'—n into —(w—7i'), and substituting the value of G [6137], it becomes 

mn' 2.7V'2 
<V = 

n—»' [n—n'f—JY'2 

n' 

n—7i' 

6r. sin.(?tf—?&'£-}-s'—s). 

Now we have nearly JS'—n', and ———t = 1 [6138], substituting these, and that in 

[61355], in [61405], we get [6140]. 

f (3248) We have in [997, 1008'] A™ = ~ — w- W 5 A(1) = - — - . 5[J> ; 
1 v J L J a'2 a' 5 ’ ‘ a2 a' * ’ 

subtracting the first of these expressions from the second, we get [6141]. 

X (3249) The partial differential of [6141], relative to a', gives 

(d\__ 1_ , 2a 
y _ a3 ‘ F3 + V J ' 

Multiplying this by —a'2, and [6141] by --, then adding the products, we get, for 

the value of G [6137], the same expression as in [6142]. 

<§> (3250) Neglecting the masses m, m', of the satellites, in comparison with that of 

Jupiter, we get as in [6110] n2a3 — 1, n'2a'3 = 1; hence we easily deduce the 

expressions [6143]. 
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hence we obtain,* 

w.(ft—2?/) a 2.(ft—2n') , 
G = 2a'. M(I) —a'2. r )-—-• w--—-7-^ 

\ da J n J a n—n 

and as n—2n' is extremely small [6138], the preceding equation will 

become very nearly, 

G 2a'. 
da1 

but for greater accuracy we shall use [6144], in the numerical calculation of G. 

r'5/ 
The preceding values of j 2 

and ôv' [6139, 6140], correspond to the 

action of the first satellite. The action of the third, produces also sensible 

terms in 
r'ùr' 

a /2 
ôv'. For the motion of the second satellite being very 

nearly double that of the third, there must occur, in these expressions, some 

terms analogous to those which are produced by the action of the second 
tot 

satellite, in the values of — and ôv. We shall put A'(0), A'(1), A/(2), &c., 
a* 

relative to the second and third satellites, for what we have denoted by 

A(0), A(1), A(Q), &c., relative to the first and second. Then we shall suppose, 

n, 2ft' , A.m /9 /dA'w\ 
F' = — -—7. a'A'W—a'3. ; 

ft —ft \ da' J 

we shall have, by the action of the third satellite,! 

2n' 
*(3251) The coefficient of a'Aa) in [6142], is •--, which is easily reduced to 

the form 2-——, as in [6144]. The term depending on dA(1) is the same in both 

a'2 
expressions [6142, 6144]. Lastly, substituting the second value of — [6143] in 

a2 L J 

the first term of [6142], we find that the terms independent of A(1) and dAu) are 

a ^ 3a'—n n9 2 n ) a n < \ (3»'—«).» o ' 

i ^ ~ ' 
1 a ft Ç 3ft?i'—n9—2ft'2 ^ 

a' ’ ^ n—n' n'9 11—n' ) / * / • 
1 a n—n ) a' ’ ft- -ft'' 1 ft'2 $' 

a n < [ {n'—n),[n—2n') ] > a ft.(ft—2 n') 
/ / • 

a n—n : n'2 j > Fi ft'2 7 

and this last expression is the same as the third term of [6144]. If we neglect the terms 

which are multiplied by the very small factor n—2ft', in the expression of G [6144], 

we shall obtain [6145]. 

! (3252) The relative situations of the first and second satellites are similar to those of 

the second and third; and the formulas [6130, 6131, 6132], corresponding to the action of 

[6144] 

[6145] 

[6145'] 

Symbols 

A!® 
[6146] 

[6146'] 

[6147] 
Symbol 

Ff 

[6144a] 

[61446] 

[6144c] 

[6144d] 

[6148a] 
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[6148] 

[6149] 

[6150] 

[6150'] 

[6150"] 

[6151] 

[6152] 

First law 
of LaPlace 
relative to 
the motion 
of Jupi¬ 
ter’s 
satellites. 

[6153] 

[6154] 

Second 
law of 
La Place. 

[6155] 

[61486] 

[6148c] 

[6151a] 

r'ôr' m". n'. F' 

a /2 
—. cos.(2n't—2n"tJr2s'—2s") ; 

ôv' 

2'(2n'—2n"—JYf) 

sin.(2»'<-2a"i+2f—2«"). 
2»'—2 k"—jV' 

Connecting these values with those in [6139, 6140] we shall obtain the 

most sensible terms of — , sd. 

A very remarkable relation which obtains between the mean motions of the 

three first satellites, permits us to unite, in one single term, the two terms 

of each of these expressions, depending on the actions of the first and third 

satellites. We have observed, in [6125", &c.], that the mean motion of the 

first satellite is nearly double that of the second ; and the mean motion of the 

second is nearly double that of the third ; so that we shall have, very nearly, 

n = 2n' ; n' = 2n" ; n = 4n!'. 

Hence we deduce,* 

n—3n' -\-2n" — 0. 

This last equation is much more accurate than the two equations from 

which we have deduced it ; and conforms with observation to so great a 

degree that no sensible value has been perceived in its first member since 

the first discovery of Jupiter’s satellites ; therefore we may suppose it to be 

nothing, at least during one century. We shall see, in [6628, &c.], that the 

mutual action of the satellites renders the expression n—3nr-\-2n" rigorously 

equal to nothing. Hence we get accurately, 

2 n'—2 n" = n — n' ; n'—2 n" = n—2 n\ 

It has been found by all the observations, since the discovery of the satellites, 

that the mean longitude of the first, minus three times that of the second, 

plus twice that of the third, is equal to the semi-circumference, or 200° ; so 

the second satellite on the first, will therefore give those in [6147, 6148, 6149] respectively ; 

corresponding to the action of the third upon the second ; by merely increasing the accents 

by unity, in the symbols mf, a, n, n', &c. 

* (3253) We have already remarked, in [1226a, 6], that the values [6025a—d] give 

very nearly, 

n—2n,=nw.0,034281=n.0,003634 ; ?i/—2»//=n,/'.0,034283=n'.0,007294 ; n—3n'+2n"= -nw.0,000002 ; 

hence it is evident that the equation [6152] is much nearer to the truth than either of the 

equations [6151] ; and we shall have as in [6151,6025a], nearly, 

n = 2n! = 4n" ; v! = £n = 2n" ; n" =%n — in' ; n'" — f n". [61516] 
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* that during the interval of at least one century, we may suppose, 

nt—Sn't + 2n"t + s — 3/ + 2a" = 200° ; 

consequently, 

2n't —2ri't + 2/ — 2a" = nt — n't + a — s' — 200° . 

We shall see, in [6627], that these equations are rigorously correct. Hence 
r'()T' 

the terms of — and 6v' [6148, 6149], depending on the action of the 
/2 

third satellite, become 

ràr' ïri'.ri.F' 

a '■Z 2 .{n—n'—N') 
- . cos.(nt—n't-\~s—s') 

6v' = — 
m". n7. F' 

-. sin.(nt—n't-\~*—s') ; 
n—n'—JV' 

therefore, by the combined action of the first and third satellites, we shall have 

r'ùr' -n 

a /a 2. (n—n'—N') 
7 . [mG—m"F’}.cos.(nt—n’t-f-s—s') ; 

àv’ 
n 

7. [mG—m"F'}.sin.(nt—n't-{-a—a'). 
n—n1—JV" 

The action of the second satellite produces, in the theory of the third, 

some terms, analogous to those which the action of the first produces in the 

theory of the second ; therefore, by putting! 

a 

a a "2 

G' = 

we shall have 

2n" „ ./m 
-,—7 • a".Aw~a'G( —V ; 
n —n ' \ da" J 

*(3254) The mean longitudes of the three first satellites are 

[6022/]; substituting these in the theorem [6155], we get 

(nt-f s)—3(n'(-j~0 -f2(n77-fis7/) = 200° ; 

which is easily reduced to the form [6156] ; and by transposition, to the form [6157]. 

Substituting this in [6148, 6149], and changing also the divisor 2n'—2n"—JY' into 

n—n'—N>, in conformity with [6154], we get [6158, 6159] ; adding these, to the terms in 

[6139,6140], we obtain [6160, 6161] respectively, for the action of both satellites m and 

m", upon ml. 

t (3255) The equations [6162, 6163, 6164, 6165] are derived from 

[6141, 6137, 6139, 6140] respectively, by adding one accent to each of the symbols 

r7, v, a, a, n} n', s, s', in, in, N', G ; as in [6148c]. 

[6156] 

[6157] 

[6158] 

[6159] 

[6160] 

[6161] 

A,™ 
[6162] 

[6163] 

G' 

[6158a] 

[61586] 

[6162a] 
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[6164] 

[6165] 

[6165'] 

[6166] 

[6167] 

[6168] 

[6169] 

[6170] 

[6171a] 

[6171a'] 

[61716] 

[6171c] 

[6171c?] 

[6171e] 

r"Sr' m'.ri'.G' 

a "2 
. cos .(n't—n"t -f- s'—s") ; 

5v‘ 

2. (n'—n"—JV") 

m'.n". G' . , , 
. sin.(n t—n t-j-s—s' ). 

n'—ri'—JV'1 

rV 
The values of 

"2 ? 
6v", may also acquire some sensible terms from the 

action of the fourth satellite ; but its mean motion, being sensibly less than 

the half of that of the third satellite, these terms must be but of little 

importance. We shall however notice them in the course of this work. 

We may here observe, that, as n differs but little from 2n', and n' 

a 
but little from 2n" [6025«], ~ will differ but little from For* 

(X Cl 

a W\f 
n 

'n—(n—2/)\ § 

2 n = (i)M 1 
'n—2n'\ ) § 

n )!*• 
This last quantity is very nearly equal to (|)F < 1—■§-. 

manner we have, 

5 1—2 (n'—2tO } _fiŸ S 1__2 {n~2n'\ ) . 
3‘ n' l w * I ri ) J ’ 

so that -j- and ~ differ but very little from (|)3 ; now A(0), A{1\ &c. 
Cl Cl 

being of the degree —1, in a, a' [I OOF], F and G [6130, 6137] will 

(n—2 n') 
In like 

* (3256) We have, as in [6143a], a = n a ; a! = n' ; hence we get, by 

successive reductions, 

_ <«*•!>-..(=?)-*.}. 

This agrees with [6167, 6168], neglecting the square and higher powers of n—2n'. In 

like manner, by adding another accent to the symbols, we get 

and by substituting n'—2n" = n—2n' [6154], it becomes as in [6169] ; and as n—2ri 
ci o! j? 

is very small, we shall have very nearly — = — = (£)a. Now having shown, in 

[6169, 6170], that F, G are functions of — of the order 0; and F', G' 
a 

a' 
^ (X o! 

[6147, 6163] similar functions of — ; also — = — nearly; it follows that we must 

have, very nearly, F' — F and G'—G, as in [6171]. 

[6171/] 
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be of the degree 0, or functions of .F' and G' are similar functions 
a 

a' 
of — ; therefore we have, very nearly, F' — F, and G'= G. But for 

CL 

greater accuracy we shall notice the difference of these quantities. 

5. We shall now consider the law of the preceding inequalities, in the 

eclipses of the satellites. For this purpose, we shall put the values of 

6v, 6v', &v" [6132, 6161, 6165] under the following forms ;* 

6v = ( i ) . sin.(2n£—2n'tf %—2a') ; 

5v' = —(ii ) . sin.(n£ — n't-j-s—2) ; 

6v"= —(in) . sin .(n't—ft'7 + 2—2') ; 

the coefficients (i), (n) and (hi), are positive, as we shall hereafter find 

[61726, &c.]. Instead of referring the angles nt-\s, n'tff and n"t-\-s" 

to a fixed line, we may refer them to a moveable axis ; because the position 

of this axis vanishes from the angles 2 nt—2n'tf2z—22, nt—n't ft—2, 

n't—n"t-j-2—s".f We shall take, for this axis, the radius vector of Jupiter, 

supposing it to move uniformly about the sun. In this case, the angles 

nt, nt, n"t denote the mean synodical motions of the three first satellites. 

We shall also suppose e = 0, 2 = 0; or, in other words, that at the origin 

of the time t, the two first satellites are in conjunction. The equation, 

nt—3n't+2n"tfe—3/+2z" = 200° [6156], 

which holds good relative to the synodical motions, givesj 2'= 100° ; hence 

* (3257) The values [6172, 6173, 6174] represent the parts of Sv, ôv', Sv" 

[6S42 line 2 ; 6844 lines 1, 7 ; 6846 line 4], changing —sin.2(n^——s) into 

-fsin.2(nt—n't-f-s—s') ; also sin.(2 n"t—2n2-f22/—2a') into sm.(nt—n'tfs—s'), as in 

[6157]; hence it appears that (i), (ii), (in), are positive in [6172—6174]. 

t (3258) This is easily proved, as in [12403] ; where it is shown that the equation 

[6156] holds good when we use the synodical motions as in [6176—6178] ; therefore, in 

the equations [6172—6174], we may use the synodical motions ; and the same is to be 

observed in the equations [6158, 6157, he.]. To distinguish these synodical motions, we 

shall use the Roman letter n, denoting them in this article by nt, n't, n"t, as in [6176'] ; 

and it is evident that we make the same changes in the equation [6152], and by this means 

we shall obtain n — 3n'-f-2n" = 0. 

% (3259) Multiplying [6176c] by —t, and adding the product to [61.78], we get 

e — 3s'-j-2s" = 200° ; substituting the values of s, 2 [6177], and dividing by 2, we get 

2 = 100°, as in [6179] ; and by using these values of s, s, s", we find that the equations 

[6172—6174] become as in [6180—6182]. 

[6171] 

[6172] 

[6173] 

[6174] 

[6175] 

[6175'] 

[6176] 

[6176'] 

[6177] 

[6178] 

[6179] 

[6172a] 

[61726] 

[6176a] 

[61766] 

[6176c] 

[6179a] 

[61796] 
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[6180] 

[6181] 

[6182] 

[6183] 

[6184] 

[6185] 

[6186] 

[6187] 

[6188] 

[6189] 

[6190] 

[6191] 

[6192] 

[6185a] 

[6187a] 

[6190a] 

[61906] 

[6192a] 

[61926] 
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the expressions of Sv, Sv', Sv" become 

Sv = ( i ) . sin.(2nt-—2n't) ; 

Sv' = —(n ) . sin.(n/—n7) ; 

Sv"= (m) . cos.(n2—n"t). 

In the eclipses of the first satellite, at the moment of its mean conjunction, 

nt is nothing, or a multiple of 400°. We shall put, 

2n — 2iT = nj-w, or n—2n' = u ; 

and then we shall have,* 

Sv — (i). sin. ut. 

In the eclipses of the second satellite, at the moment of its mean conjunction 

n't is nothing, or a multiple of 400° ; then we shall have,f 

Sv' — —(n).sin.w^. 

Lastly, in the eclipses of the third satellite, at the instant of its mean 

conjunction, n"tfs" is nothing, or a multiple of 400° ; then we shall 

have, by means of the equations n'—2n" = n—2n' = w [6176c, 6184], and 

e"= 100° [6179],Î 

Sv" = (hi) . sin. ut. 

Hence we see that the preceding values of Sv, Sv', Sv" [6185, 6187, 6190] in 

eclipses, depend solely upon the angle « t. The period of these inequalities 

is therefore the same, being equal to the duration of the synodical revolution 

of the first satellite, multiplied by^ -n ; nt and n't being the mean 

* (3260) Substituting 2n—2n'=n-f-w [6184] in [6180], we get <5v = (i).sin.(n^-}-w^), 

and at the time of the mean conjunction n/=0 [6183] ; hence ov becomes as in [6185]. 

f (3261) From [6184] we obtain nt—n't = dt-\-ut. ; substituting this in [6181] and 

then putting, as in [6186], n't =0, we get [6187]. 

J (3262) From [6189] we get n7—2n"t=ut, or n't—n"t = n"t-\-o)t j hence 

[6182] becomes Sv" = (m).cos.(n'7-f-wi). Now at the time of the mean conjunction we 

have n'^ + s" = 0 [6188,] or n't = —s" = —100° [6179]; hence the preceding 

expression of Sv" becomes Sv" = (iii).cos.(w t—100°) = (m).sin.w6 as in [6190]. 

$ (3263) The mean synodical motion of the first satellite, in the time t, is here 

represented by nt [6176'] ; and if we put T for the value of t, corresponding to a 

synodical revolution of this satellite, we shall have nT=400°. Moreover, if we put T’ 

for the time required to complete the period of the inequality, depending on the angle w f, 
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synodical motions of the first and second satellites. Substituting the values 

of n, n', we find that this period is equal to 437days, 659.* All these results 

agree perfectly with observation ; and it was by observation that these 

inequalities were discovered, before they had been indicated by the theory. 

we shall have 400° = WT7 = (n—2n/)-T' [6184] ; hence (a—2n').T' = nT-f or 

= asin t6192]- 

* (3264) The mean motion of Jupiter about the sun is Mt = n't.O,000820 [6025Ï]. 

Subtracting this from the mean motions of the first and second satellites n'L 2,007294 

[6025a], and n't [60255], we get their synodical motions nt=n't. 2,006474, 

— n't. 0,999180 ; which are to each other, as 2,006474 to 0,999180; or as 2,008121 

to 1 nearly ; and these express the ratio of n to n' ; hence we have 

n 2,008121 

n—2n' 0,008121 
= 247,28. 

Substituting this in [6192d], we get T/ = 247,28.T. To obtain the time T, of the 

synodical revolution of the first satellite, we have the synodical motion in a Julian year, or 

365days, 25, n = n—M — 825488799" [6025w]. Therefore the time T of describing 

the whole circumference 4000000", by tho . ynodical motion, is 

T— 365days, 25 X 
4000000" 

825488799" 
= lda>’s, 76986. 

Substituting this in the expression of T' [6193/], we get T' = 247,28.r=437*-y» 65, 

as in [6193] nearly. 

[6193] 

[6192c] 

[6192d] 

[6193a] 

[61936] 

[6193c] 

[6193d] 

[6193e] 

[6193/] 

[6193g-] 

[6193A] 

VOL. IV. 10 
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CHAPTER III. 

ON THE INEOUALITIES OF THE MOTIONS OF THE SATELLITES, DEPENDING ON THE EXCENTIUClTIESS 

OF THE ORBITS. 

[6194] 

[6195] 

[6196] 

[6196/] 

6. We shall now consider the parts of the radius vector and of the 

longitude of the satellites, depending on the excentricities of the orbits. 

These excentricities are very small [6057e] ; therefore, by substituting 

r2 = cd-\-2rôr [6108a], in the equation [6053], we may suppose that 2rsr 

re-presents, not only the perturbations of r9 depending on the disturbing 

forces, but also the part of r9 depending on the elliptical motion [6057a, b\. 

Then the differential equation [6057], into which the equation [6053] is 

transformed, by neglecting the square of Sr, gives, by its integration, not 

only the perturbations of the radius vector, but also the elliptical part 

depending upon the arbitrary quantities introduced by the integrations. In 

this case the expression of 6v, given by the equation [6060], contains the 

elliptical part of v, and this part is evidently represented by* r~* oV 
cd.ndt 

neglecting the square of the excentricity of the orbit, and considering only the 

elliptical part of rôr. 

Those terms of the differential equation [6057], where rôr is multiplied 

by constant quantities, also those depending on the sines and cosines of 

ntfs require particular attention, because on them depend the secular 

[6196a] 

[61966] 

* (3265) If we notice only the purely elliptical parts of rôr, Sv, we must neglect R 

in [6060], which depends on the disturbing force; and as dr, Sr, [669, 6200a], are each 

of the order e, we may neglect, as in [6057'], the term dr.Sr [6060], which is of the 

order e2, and then Sv [6060] becomes as in [6196]. Connecting this term of v, with 

its mean longitude nt-j-s [6022/], we get for these parts of v the following expression ; 

v ntfs-\ 
2.d.(?-<5r) 

cfi.ndt [6196c] 
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variations of the excentricity of the orhit and its perijove. We have computed, 

in [6112, 6114 line 1], the terms containing rôr, multiplied by constant 

quantities. To determine the others, we shall consider the term 

m'.A{1).cos.(V—v) of the expression of R [6090], and shall substitute in it, 

hence we obtain the following terms of R ; * 

r' = a! [61086] ; 
a 

v 

D , r'W fdA(1)\ . u , 
R=m. -T-J-jj-). cos. (n't-—ntfl—s) — ^ - . A(]K sin. (nt—nt-\-s—s) ; 

a a ./t 

a!e' being the excentricity of the orbit of m', and A the longitude of its 

is represented by perijove [6061—6062, &c.]. The elliptical part of 

yd £ 
—- =—e'.cos.(n't fs'—w).f Substituting it in [6199], we obtain a term 
a 

depending on the cosine of the angle nt-f-s—A, and it is evident that this 

term is the only one of the same kind, which arises from the development of 

the part of R, depending on the actions of the satellite ml. The two 

[6197] 

[6198] 

[6199] 

[6199'] 

[6200] 

[6200'] 

* (3266) The values of /, v' [6L98] are similar to those of r, v [61086, 6196c] ; 

and if we substitute them in the term R = m!.Æ]).cos.(î/ —r) [6090], we can easily [6198a] 

r\V 
develop it, according to the powers of and its differentials, by means of the formulas 

r'XrJ /(] fl ! )\ 

R = nL cos. T+m'. — . {—■ ).cos. T- 

[610—615]. Then if we retain only the first power of this quantity, we shall get, by [61986] 

using the abridged symbol T [6089c], and the values of r, v [6091], 

2 m'.d.{r,Sr') n . 

—-Sm'T’ [6198c] 

the value of in this expression, being found by putting r'— a! in its general 

expression. We may observe that it will not be necessary to retain the first term [6198rf] 

m'.Æl).cos.T [6198c], as it is of no use in the calculation in [6204, &c.] ; the other two 

terms are as in [6199]. 

T 

f(3267) Neglecting e* 2 in the expression of r [669], we get — = 1—e.cos.(rt£-|~s—TO)j 

hence — = — e.cos.(n^-f-£—f [6057a]. Multiplying these two equations together, and 
CL 

• 7'Ôï* 

neglecting e2, we get — =— e.cos.(ft£-|~£—f and by accenting the symbols we 

r'ôr' 

[6200a] 

[6200J] 

obtain =—e'.cos.(?t7-f-s'—A), as in [6200]. Substituting this in [6199] and ^oqOc] 

reducing the products, by [17, 20] Int., we obtain terms depending on the angle 

nt-fs — to', as in [6200'']. 
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[6201] 

[6202] 

[6203] 

[6203'] 

satellites m" and m!" produce similar terms in R ; but it is evident, 

from the expression of R [6042], that the sun’s action does not produce 

any, if we neglect the terms divided by Z)'4, as in [6041'].* 

Now if we notice only the terms depending on nt, we shall havef 

fdR = R ; therefore by retaining only these terms, we shall have, 

m'.r'or' 

2/'d*+<f) 
a /Q 2al. 

'cu-r^ 
. da! 

-\-aci. 

m 'J. (rV) 

, fddj^ 
\ dado.' / 

'dAW\ 
da 

j . cos. (n'l-nt-\-s'-s) 

.sin. (n'i-ntJrs'^d) 

The differential equaiion [6057] will therefore become, by noticing only the 

terms in which rSr is multiplied by constant quantities, and those which 

depend on the sine and cosine of nt ; observing also that w9 = — very 

nearly [6110] ; t 

[6201a] 

[62016] 

* (326S) Neglecting terms of the order IT-4, we get the expression of R, 
depending on the sun’s action, as in [6012]. If we substitute the elliptical value of r 
[6200c], and the similar one of 2>[6275], it will not produce, in R, any sensible term 

depending on angles of th . i similar to that L [6200'] ; as is evident by mere 

inspection and reference to <. ie values of s, s', he. [6300, &lc.], also to the calculation in 

[6271, &c.]. 

[6202a] 

[62026] 

[6202c] 

[6202d] 

f (3269) If we retain, in the development of R, only the terms depending on nt, 

similar to those in [6200'], we may put it under the form R — 2. G. cos.f/îit-f-s—«,). 

Hence dR = — 2.nG.sm.(nt-\-s—®;) and fdR = Z.G.cos.(ntJrs—tf/) = R. We have 

also, as in [6089e], 5 hence we deduce, 

2/dR- 
dR 

dr 
= 2R-\-a. 

d,R 

da 

The partial differential of M [6199], relative to a, being multiplied by , gives, by 

using the symbol T [6089 c], and retaining terms of the same order as those in [6199], 

(dR\   / r'or 

a \dada' ) 
cos .T- 

2 m'.d.{r'dd) 

V da a'^.n'dl 
a. .sin. T. 

Substituting this and R [6199], in the second member of [6202c], we get [6203]. 

J (3270) Dividing the equation [6057] by a2, we find that its first and second terms, 

[6204a] which contain rSr, must be the same as in [6114], or in [6204]. The third and fourth 

terms of [6057] are the same as in the first member of [6203] ; and if we divide, as above, 

the second member of [6203] by a2, which is equivalent to multiplying it by w2a [6110], 

we obtain the terms of [6204], contained under the sign 2. 
[62046] 
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d%.[rôr) . , ,2 (rôr) . t ~ 
0 = —-—- 4- N'. — 4- z.m.n2 

cfi.dfi ' a2 ' 

>'5r') 

"â«" ■ {w- (^)+A'(^) ] 

-jsssH 4a^1,+2aS-(^r) i 
The most simple method for integrating this equation, is to suppose* 

[6204] 

* (3271) The equation [6204] contains the four quantities rôr, r\5r', r"<5/', rf"ôrf", 

and the second differential of rôr ; all of them being under a linear form. If we change 

reciprocally the elements of the satellite m, into those of ml, we shall get a second 

equation, similar to the preceding, containing the same four variable quantities, with the 

second differential of r'ôr'. In like manner we have a third linear equation, containing the 

second differential of r"<5r" ; and a fourth linear equation, containing the second differential 

of r"'<W". The integrals of these four linear equations can be found, by the usual methods 

of proceeding with such equations, as in the similar example [1096—1102], where we have 

integrated the linear equations of the second order [1089]. This process consists, in the 

present case, in finding four particular integrals, or values, of each one of the 

unknown quantities rôr, r'ôr', r"ôr", r'"ôr"', which satisfy the four differential equations 

abovementioned. Then multiply these particular values of any one of these quantities, 

as, for example, those of rôr, by arbitrary constant quantities, and take the sum of the 

products for its general value, as in [6229]. In like manner we get the expressions of 

r'ôr', dr", r'"ôr'", [6230—6232], and we shall soon see that these may be considered as 

the general values of these quantities, because the number of arbitrary constant quantities is 

exactly what is required for the complete integrals, as in [6233']. For a very slight 

attention will make it evident, that we can assume, as particular values of rôr, r'ôr', r"ôr", r'"ôr'", 

any quantities which are similar to those in [62005, c\ ; supposing the longitudes of the 

perijoves to, to', to", to'", counted from the fixed axis to he represented hy gtf-j-r, 

g2t + r2, , respectively, changing also the excentricities e, e', e", e'" 

into —h, —A', —A", —A'" respectively ; and by this means they will become as in 

[6205]. Now if, for brevity, we put W=ntfi-s—gt—r, we shall have, from the 

first of the equations [6205], 

= A. cos .W; hence, = — h(n—gf.cos. W ; 

so that if we neglect terms of the order g2, we shall get, 

&\rôr) ( A72 {rôr) 

a2.(A2 

r'ôr' 

h.(N2-\-2ng—»2).cos. W. 

Substituting the value of — [6205], in the first members of [6205o,p], and reducing the 

products by means of [17, 20] Int., retaining only the terms depending on the angle W, 

we shall get the second members of these equations. If we neglect the very small term ~, 

[6205a] 

[62056] 

[6205c] 

[6205d] 

[6205e] 

[6205/] 

[6205g-] 

[6205A] 

[6205Î] 

[6205A] 

[6205Z] 

[6205m] 

[6205»] 

VOL. IV. 11 
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[6205] 

[6205n'] 

[6205o] 

[6305jp] 

[6205ç] 

[6205r] 

[6205^] 

[62055'] 

[6205/] 

[6205m] 

[6205v] 

[6205w) 

[6205*J 

[62052/] 

rSr 
A.cos. (nt-\-z—gt—r) 5 

7'" Sr" 
hi'. cos. —gt—r) ; 

r'SV 
— = h'.cos.(n't-\-s'—gt—r) ; 1 

rmSr'" 
-jjjg- — hi" .cos.(n'"t-\-l"—gt—r) ; 2 

in the last of these equations, which produces only a term of the order of the square of the 

• • rf\! p* 

disturbing force in [6204], we shall have —— = 1, and the expression [6205yf] will 
11/ 

become, by successive reductions, as in [6205r], 

r'Sr' 
^j-.cos ,(nt—nt-\-l—s) = %ht .cos.(nt-\-e—gt—r) = |A'.cos. W, 

— «'if n'Jt ‘ sm,(n^——s) = (n't~\-l—gt—r).sin.(m2—nt-j-a'—a) 

=(^V~)-c°s-(w!f+s—s1—r) 

= | h!. cos. W. 

Substituting the values [6205?, o, r], and the similar terms depending on the satellites m", ml", 

in [6204], and then dividing by cos. TV, we get the equation [6208] ; which is afterwards 

reduced to the form [6217]. Hence we see that the values of g, h, hi, h", hi", 

corresponding to a particular value of rSr, must satisfy the equation [6217]. In like 

manner the differential equations in VW, r"Sr", r'"Sr"' [62056, &c.] give the three equations 

[6220—6222]. From these four equations we get, by the usual rules of elimination, four 

values of g ; which are represented, in [6225—6228'], by g, g13 g2, g3, with 

corresponding coefficients h, hi, Uc., so as to form the complete integrals of the unknown 

quantities rSr, r'Sr', r"6r", ru'Sr"' [6229—6232]. 

We may also remark that the whole of this calculation is similar to that in [1102, &c.], 

relative to the planets ; and this ought evidently to be the case ; since the action of the 

satellites upon each other, in their revolutions about Jupiter, must produce variations, in 

the excentricities and inclinations of the orbits ; also in the motions of the perijoves and 

nodes ; similar to those which are produced in the solar system, by the action of the planets 

upon each other ; and we may deduce the expressions [6205], from those in [1102, 1102a]. 

For if we use the sign 2 of finite integrals, in the values of h, l [1102, 1102a], we shall 

have, by putting these values equal to those in [1022], 

e.sin.w = 2. JV.sin. (g^-J-l3) ; e.cos.vt = 2.iY.cos.(g-/-j-j3). 

Multiplying the first of these equations by —sm.(nt-\-s), the second by —cos.(n/-[-s) ; 

adding the products, and reducing by means of [24] Int., we get, 

—e. cos. (nt-\-s—■#) = —2. «/V.cos.^-j-5—gt—p). 

rSr 
The first member of this equation is the same as the value of — [62006], and the second 

t6t 

member is of the same form, as the expression of —— [6205], changing h into —J$, 

also r into /B, and prefixing the sign 2. Hence we see, that the forms adopted in 

[6205] are easily deduced from those which are used in [1102, &c.]. 
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g being a very small coefficient, of the order of the disturbing forces upon 

which it depends.* Substituting these values in the preceding differential 

equation, and retaining only the terms depending on cos.(nt + e—gt—r), 

we find that the comparison of these terms will give, by neglecting the 

square of g, f 

0 = h.{ N*-\-2ng—rd} +2. | ml, rd. h'. 
2aa\iur)+aa\i^) 
+4a^(1)+2a9.| 

'dA^ 

da 

Substituting for N2 its value [6124], we obtain, 

(p—h) ïïP /dA«]\ 3 
■ ) 4“ 2 ® • 

-\-\.'z.m'n.h'. \ 2aA(])-j-aQ. (—j—-) J^aa''(~T7~) + 1 "9// 

, « fddA^\ 
A. f t 

\ d d‘3 

ddAa)\ 
)]! 

A(l) being a homogeneous function in a, a', of the dimension —1, [6170] 

we have, by the nature of these functions [1002], 

1 

2 

fdA\ , , fdÆ> 
—A^ 

hence the preceding equation [6209] becomes, f 

[6206] 

[6207] 

[6208] 

[6209] 

[6210] 

[6211] 

* (3272) The values of g depend on the disturbing forces, as is evident from the 

equations [6217, 6220—6222] ; their numerical values are given in [6025o]. The 

corresponding value of gt, during a revolution of the first satellite ldays,?69 [6778], is 

less than 30' ; so that though this greatest value of g [6025o], appears rather large, when 

taken for a year, its effect in the motion of the perijove, during one revolution of the 

satellite, is comparatively small ; as in the lunar theory. The relative values of g, n, are 

seen also by the inspection of the annual movements of the angles gt, nt, or values of 

g, n [6025o, h\ ; these quantities being nearly represented by 60° and 82582°, making 
p* x 

the fraction — less than . 
n loOO 

[6206a] 

[62066] 

[6206c] 

[6206d] 

f (3273) The equation [6208] is found as in [6205s]. Substituting in this the value 

of N2 [6124], then dividing by 2n, and altering a little the arrangements of the terms, [6209a] 

we get [6209]. We may observe that the equations [6209, 6212], in the original work, are 

divided by n, which makes them of a different form from that in [6217] ; we have 

therefore omitted this divisor. 

Î (3274) The equation [6211] is the same as in [1002] ; multiplying it by a, and 

transposing, we get [6212a]. Multiplying the second of the equations [1003] by £a2, 
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[6212] 

[6216] 

o = l [ g- 
(p—h) 

a4 
„ 3 I 1 V / r 3 A^l0’\ , , 3 /'ddA^\ 1 > 

1 

2 

Now substituting as 

[6213] (0,1) =—win. ^ a2. 

[6214] |^0,lj = i-m'n. ^ aAa) 

[6215] also putting (0,2), 

/U4(o>\ 
+ |.a: 

fdd..m 
\da? 

3m'. rt. a9.6]]} 

4(1—0.2)2 ’J 

0.2 (0,3), 0,3 ; for what (0,1), 0,1 become 

respectively, when we change successively what relates to ml into the 

corresponding quantities relative to m!' or ml" ; and lastly putting, 

(0) (P—foj w. 
~2 * 71 ’ a" 

0 3 
4 * 

M2 

[6217] 0 = 

we shall obtain from [6212] the following equation; 

0 = h. | ff-(0)-[~ô]-(0,l)-(0,2)-(0,3) | + [ÜJ].A'+ 

n 
* 

0,2 .h"+ 0,3 .hi", (i) 

In like manner, if we consider the perturbations of the motions of mr, ml' or 

[6217'] ml", it is evident that we shall obtain another equation, similar to [6217], 

we get [61126], 

get [6212], 

[6212a] 

[62126] 

Substituting these expressions in [6209, line 2], and reducing, we 

—aÆ1^ 
, / dAW \ 

m\-m) \ da 

1,2, 
\ dado! ) 

■a2. 
/dÆ D 

V da 

» „ /ddÆV\ 

* 

[6217a] 

(3275) Substituting in [6212] the values [6213,6214], we get 

(. a2 
-*■ ^ —s.(°Jl)] + 2.[ax].A'; 

and by using the values (0), 0 , [6216], it becomes as in [6217]. For convenience 

of future reference, we shall insert, in the following table, the expressions of the functions 

[62176] (0), (1), &c., and 0 , kc. 

[6217c] (0) 
a2 

(2 ) = <£=«.„" 
a r."3 

(3) = 

M* M* “ ’ “ ^ -7172 “ 
[6217rf] 0 -X • ? 

* n 
i II rf“|

ca 

X» 
• 2 , ... 3 • 

■ 4 * n" » 
3 

a'"2 

3 M2 

’4V" * 
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and which may be deduced from it, by changing successively the quantities 

relative to m, into those relative to m', m"f or m"\ respectively, and the 

contrary. Therefore, by inserting in the functions (0,1) 0,1 

&c., for 0, the number of the disturbed satellite, and the quantities 

corresponding to it; and for 1, the number of the disturbing satellite, and 

the quantities corresponding to it ; we shall obtain the following equations ; 

0 = 7.'. 1 -(1,0)-(1,2)—(1,3) ] + [>*: .hf 1,2 . h"f 1,3 .h'"; (i') 

0 = /i''.[g-(2)- 2 -(2,0)-(2,l)-(2,3) j + 2,0 .hf 2,1 .h'f 2,3 .h'"; (if') 

0=h".f(3)- 3 -(3,0)-(3,l)-(3,2)} + 3,0 .hf 3,1 ,h>+ 3,2 ■ h". [if") 

We may observe that we have, as in [1093, 1094], 

(0,1 — (1,0).m'.\/a! ; 

1,0 .m'.fa'. 

These equations hold good relative to the similar quantities corresponding 

to any two satellites whatever ; hence we have a very simple method of 

deriving these functions from each other. 

The four equations [6217, 6220, 6221, 6222] between, h, h', h", h'", are 

similar to the equations [1097], and may be solved in the same manner as 

in [1100"—1102, 1102a]. They give a final equation in g of the fourth 

degree* [1100v]. We shall represent its four roots by g, glf g2J g31 

[6217"] 

[6218] 

[6219] 

[6220] 

[6221] 

[6222] 

[6223] 

[6224] 

[6224y] 

[6224"] 

[6225] 

# (3276) In order to have, at one view, the different values of (3, (B', j3",pwand 

h, hf, h", h'"} corresponding to the four different values of g, or to the four different [62^9a] 

satellites ; according to the notation adopted in [6225—6228'], we have collected these 

symbols together in the following table. The first column contains the values of h, for [6229&3 

the first satellite, and for each of the roots g, giy g2, g3. In like manner, the second 

column contains the values of hf, for the second satellite ; the third column, the values of [6229c] 

h", for the third satellite ; and the fourth column, the values of hf", for the fourth 

satellite. 

Col. 1. Col. 2. Col. 3. Col. 4. Col. 5. 1 

Satellite m. Satellite in'. Satellite m". Satellite m'". Value of g. 2 

h — h) N = (S', h hf'—f.h U" — f. h 
g 3 

h — hL; h'=f.\ h" = /s/'. ht h"' = pf. /q 
gi 4 

h — hz ; h' = (3./. h. h" = (3h2 h">=p:"'h2 g2 5 
h = ha‘, h' = ^.h3 h" = ?fh3 h'" = p"'.h3 g3 

6 

?he values of h',h",hf", in the third horizontal line of this table, are the same as those 

12 

[6229i] 

VOL. IV. 
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[6226] 

[6227] 

[6227] 

[6228] 

[6228'] 

[6229e] 

[6229f] 

[6229f'] 

[6229g-] 

[6229/i] 

[6229Î] 

[6229/c] 

[6229Z] 

[6229/ft] 

[6025c>] ; then for the root g, we shall suppose the values of h, h\ h", h"1 

to be represented by 

b! = j3'. h ; h" = (3". h ; h!" = p". h ; 

and the preceding equations [6217, 6220, 6221, 6222] will give j8', (3", (3"'? 

in functions of g ; and h will be the corresponding arbitrary constant 

quantity. In like manner we shall suppose /3/, (3jSf, to represent the 

values of j3', [3'", (3corresponding to the root gn and hn the arbitrary 

constant quantity. With the root g3, we shall suppose (32, j32", |3/', to 

represent the values of (3', [3", f3"'} and h2 the corresponding arbitrary 

constant quantity. Lastly, with the root g3, we shall suppose (3f (3f, (3f\ 

to represent the values of |3', (3", [3//;, and h3 the corresponding arbitrary 

constant quantity. Then we shall have, by the nature of linear differential 

equations, 

in [6226] ; and if we substitute them in the four equations [6217, 6220, 6221, 6222], and 

divide by the common factor h, we shall obtain four equations which are linear in 

f, f, [3W. From three of these equations we may determine p', p", f, in terms of g, 

and by substituting these values in the fourth equation, we obtain an equation of the fourth 

degree in g, whose roots are marked as in col. 5, g, g1} g2, gs. Two examples of 

this process of calculation have already been given, in [10976—1097c]. Each of these 

roots, g, gx, g2, gg, may be combined with the corresponding quantities r, ri5 r2, r3, 
rbr 

so as to produce a particular value of — [6205], and the sum of these four expressions 

will be the general value [6229], which satisfies the differential equation [6204]. In like 

r'5r' 
manner, by substituting in the expression of — [6205], the values of U [6229c?, col. 2], 

namely (37/, [3fh2i (3fh3, corresponding to the four roots of g, we shall get 

the four particular values, whose sum gives the general expression of ~ [6230]. In the 

r"br" r'"5r'" 
same way we obtain the general values of [6231, 6232]. Finally we may 

observe, that, as the differential equation [6204] is of the second order, its finite integral 

requires, by the usual rules of integration, two arbitrary constant quantities ; and as there 

are four equations of this kind [6205a—c], they must require eight arbitrary constant 

quantities; being the same number as is found in the four integral expressions [6229-6232], 

namely, A, hl} A3, h3 ; F, Fx, F2, r3, as in [6233]. 



VIII. üi. §6.] TERMS DEPENDING ON THE EXCENTRICITES. 47 

rSr TOV 

—= A.cos.(?i£-H—§1—i}/i'i.cos. —§\t—11} 
Ct 

+A2.cos.(nFH—g4—r2) + /i3.cos.(^+£—g3t—r3) ; 

a /2 
? 07 = j3'./i.cos.(V£-j-s'—-gt•—r) + (31/.^1,cos.(w^+£/'—^—ri) 

+ /32. /i2.cos.(^7-fs/—-g-2£—ry-ffV* h3.cos.(n't-\-e—-r3) ; 

r"Sr" r or 
= 13". h.cos.(n"t-t~s"—gt—■r)+p1,/. h1.co$.(n"tJrz''—gp—i\) 

a 

rV 

a 

1 

2 

1 

2 

1 

2 

1 

+ fff. lu. cos.(n',%\-s11 g%t rg^-|-[3"3. h.3.cos.(n"t+s"—g3t—r3) ; 

!~= fi".h.cos.(n"'t-\-s'"-—gt—r)+^1///. /q. c o s. (n'"t -[- —gxt—rq) 

+ A/"- hü.cos.(ri"tJrs'"—g4—r2)4-^3///. A3.cos.{ff"tffT—g3t—vp) ; 2 

r, ri, r2, r3 being four arbitrary constant quantities. These expressions 

are complete, since they contain eight arbitrary constant quantities [6229m] ; 

that is to say, twice as many arbitrary quantities as there are differential 

equations [6204, 6205c, &c.] of the second order in r<5r, r'ôr', r"6r", r/,/<5r///. 

These arbitrary quantities take the place of the elliptical elements of the 

satellites. For if we consider these orbits as ellipses, in which the 

excentricités and positions of the apsides are variable, and put, as in 

[6061—6062], 

ae = the excentricity of the orbit of the first satellite, 

= the longitude of its perijove, counted from the fixed axis, taken for 

the origin of the angles, 

we shall have, as in [62006], 

r5r 
— — —e. cos.(nt-\~s—«). 

Comparing this with the equation [6229], we get,* 

[6229] 

[6230] 

[6231] 

[6232] 

[6233] 

[6233'] 

[6233"] 

[6234] 

[6234'] 

[6235] 

# (3277) From [24] Int. we easily obtain, 

cos. (nt -f-e—ot) = cos.tf.cos.(?h-|-s)-j-sin.OT. sin.(raGf-s) ; 

cos.^-J-s-gf-r) = cos.(^-Fr).cos.(?z^-i-s)+sin.(^-f r).sm.(m+s). 

Substituting [6235«] in the second member of [6235], also [62356], and the similar 

expressions relative to the roots gl, g2, g3, in [6229] ; and then putting these two 

c r°r 
expressions oi — equal to each other, we shall obtain an equation which must hold good 

for all values of nt -j- s. Putting therefore the terms in each member, containing cos.(n*-f- s), 

[6235a] 

[62356] 

[6235c] 

[6235c'] 
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[6236] 

[6237] 

[6238] 

[6239] 

[6240] 

[6235d] 

[6235e] 

[6235f] 

[6235g] 

[6235ft] 

[6235Î] 

[6235ft] 

[6235Z] 

[6235™] 

[6235n] 

[6240a] 

[62406] 

[6240c] 

e.cos.ro = —ZLcos.(g/-j-r)—/^.cos.^H-W)—/z2.cos.(g2/+r2)—^.cosfgff-T^ ; 

e.sin.ro =—/i.sin.(^+r)—hv sin. (gqZ+rq)—h2. sin.(g2/+r2)—^3.sin.(g^+r3) ; 

hence we easily obtain e and ro. We shall have by the same process 

e', ro', &c. The method in [1275, &c., 6235/z], will give the same values; 

but the preceding analysis is rather more simple. 

The elliptical part of v is 2e.sin.(nt-fe—ro) ; and if we put this equal 

to ôv, we shall have, * * 

6v = 2e.sm.(ntJrz—= 2e.cos.-3s.sin.(nt-\-z)—2e.sin.ro. cos. (7i/-bs) 5 

Separately equal to nothing, we get [6236] ; and the terms depending on sin.(nZ-j-s) give 

[6237]. 

If we suppose the symbol 2/ to include the four terms depending on the four roots 

g, gi’ gz> ga’ we may put the expressions [6236, 6237], under the abridged forms 

[6235i], which are convenient for reference. In like manner we obtain the expressions 

[6235fc, Z, m] corresponding to the satellites mf, m", mf", respectively. We may incidentally 

observe, that the expressions [6235Z] may be derived from the second member of [6229], 

by putting successively nZ-j-s = 200°, wZ-j-s = 300°, and making a slight reduction, as 

is evident by inspection. In like manner, if we put successively n'Z-f-s/ = 200°, 

7i,Z-j-s,= 300°, and $h= h! [6226], in [6230], we get [6235ft:] ; also n!'t-j-s"=200°, 

n"t-\-e" = 300°, being substituted with fh = h" [6226], in [6231], give [6235/]; 

lastly, n!”t -j- s'" = 200° and n^t-fs"' — 300°, being substituted with f'h — h"f 

[6226], in [6232], give [6235w]. 

Column 1. Column 2. 

e. COS. VJ =—^./i.cos.^Z-f-r) 

e. cos. ro' ——2y./f.cos.(gZ-{-r) 

e". cos. ro" = —2/.A'/.cos. (gZ+r) 

e'".cos.ro'" = —2;. A^.cos.^Z+r) 

e. sin.ro =—2/. A.sin.^Z-f-r1) 

e'.sin.ro' =—2y.A'. sin. (gZ-j-r) 

e". sin. ro" =—2/.A".sin.((gZ-[-r) 

e'".sin. ro'"= —2y. h'". sin.(gZ-j-r) 

The same results are obtained by the method in [1275, &c., or 1089, &,c.], as is shown in 

[6205m—y\. This agrees with [6238]. 

* (3278) Neglecting terms of the order e2, as in [6196], we obtain, from [669 line 2], 

the following expression of v ; 

v = wZ-J-£_f“^e’sm,(M/-}-s—TO) 5 

the elliptical part, or that which depends upon e, being Sv — 2e.sin.—-to). 

Developing this, by [22] Int., we get [6240]. Multiplying the expression of e.cos. ro 

[6235/] by Ssin-(nZ-f-s) ; also that of e.sin.ro [6235/], by —2cos.(wZ-f-s) ; then taking 

the sum of these products, we get the expression of 6v [6240], as in [6240d]. This is 
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hence we get, 

6v = —2h.sin.(ntffs—gt—r)—2h1.$m.(ntffz—,gfi—i\) 

—2hc>. sin. (fil-fis—gfi 4/) —2h%. sin. (git~\~s g^t r3)- 

1 
n [6241] 

easily reduced to the form [6240e], by means of [22] Int. The last expression of Sv is 

the same as that in [6241], 

<5i'=2e.cos.TO.sin.(rcZ-j-s)—!2e.sin.TO.cos.(nf-|-s) —-—2/- 2L [ sin.f/iZ-j-ebcos/g-Z-fT )—cos.(?iZ4~£)-sin-(£H~r)} 

Æ»=2e. sin.(nf—[—s —*srf) = —2, • %h.sin.(nt-\-s—gt—r ). 

In like manner we may obtain the values of Sv', Sv”, Sv'”. We may also deduce them 

from [6241], by changing successively the elements relative to m, into those which 

correspond to ml, ml', ml” respectively, and the contrary, as in the table [6229/] ; by 

this means we obtain the following expressions, which agree with those in [6242, 6243,6244] ; 

Sv' = 2d. sin. (n't -[-s' — to') = —2.2h'. sin. (n't -j- 4 —gt—r) ; 

Sv” — 2e”. sin. (n”tff s"— to") = —2y.2hi', sin. (n”t -[- s" —gt—r) ; 

Sv”' = 2e'".sin .(n"'tff4”-—to'") = —2/.2A"'.sin. (n'”t-\-4”—gt—T). 

We may observe that any one of the angles which occur in [6229—6232, 6241—6244], 

as, for example, ntffs—gt—r is the difference of two angles ntffs and gZ-J-r, 

counted from the same point ; it must therefore be a matter of indifference whether this 

point be fixed, as is supposed in [6022f], or variable, as in [6023æ]. In other words, these 

angles may both be counted from the fixed equinox, or both from the variable equinox, at 

pleasure. Now if we suppose that the mean longitudes of the satellites, counted from the 

fixed equinox, nt-1—s, nltff-4, nl't-f-s", n”'tff4" [6022/], are changed respectively into 

0, ©', ©", ©'", from the variable equinox [6023«] ; and the longitudes of the perijoves 

gf-f-r, gqZ-J-rq, g2t-f-r2, ,gaZ-j-r3, from the fixed equinox [6021s], into to', to", to'", 

from the variable equinox [6024g] ; we shall obtain the differences of these angles, as in 

[6240p—s]. Changing in like manner the mean longitude of the sun, in its relative orbit 

about Jupiter MtffE [6021/] from the fixed equinox, into n-j-200o from the variable 

equinox [6024/], we get [6240s'] ; observing that the whole circumference, 400°, may 

be neglected. 

n't—niffs'— s = ©'- -© 

n"t—n'tff4'—4 = Q'‘ 

nt -j- s — gt —r 

nl't—ntffs"— s = ©"■— 

n'"t—n'tff4"—4= ©'"■ 

© ; n”'t — ntff s'"— s = ©"'— © ; 

; n'"t—n”tffs'"— s" = ©'"—©" ; 

© —^_j_£_^__ri = ©—to'; h fWe may also change 

ntffs—gJ-r2 = e—us”-, ntffs g3t r3 = © to ; W ^ 0, ^ 

2nt-2Mtff2s-2E—2©-2n; nt-2Mtffs-2Effgtffr=effix-2nj (nl”, //©'"respectively! 

Substituting the values [6240/-, s] in [6240e,g,h,i\, and using the symbols [6229/], we 

obtain the following expressions of the equations of the centre of the four satellites, 

Sv, Sv', Sv", Sv'" ; 

[624Od] 

[6240e] 

[6240/] 

[6240g-] 

[6240A,] 

[6240i] 

[6240&] 

[6240Z] 

[6240m] 

[6240»] 

[6240o] 

[6240/;] 

[6240?] 

[6240/-] 

[6240s] 

[6240s'] 

VOL. IV. 13 
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[6242] 

[6243] 

[6244] 

[62407] 

[6240m] 

[6240u] 

[6240m>] 

[6240,r] 

[6240y\ 

[6241a] 

[62416] 

[6241c] 

[6241d] 

[6241c] 

[6241/] 

In like manner we obtain, 

6v' — —2(3'.h.sm.(n'tJrs'—gt—r)—2fighl.sm.(n't-\-z'—gxt—rj 1 

—2/3'2.A2.sin.(V7-l-s'—gg—r3)—2/3'3.A3.sm.(?t'7-}-s'—g4—r3) ; 2 

6v" = —2/3" .h.sm.(n"tJrs"—gt—r)—2/31//.^1.sin.(w,/^+!="—gLt—r,) 1 

—2/3a". A2.sin.(n"t+s"—gg—r2)—2|33". h3.sm.(n"t-\-s"—gg—r3) ; 2 

6v"' — —2 g" .h.g\n.(n!"tJrs"'—gt—r)—2 /31///.A1.sin.(w"^+sW—g4—ra) 1 

—2/32'".A2.sin.(V//7-j-s//'—gg—r 2)—2^2" .h3.sm.(n"'t-\-s'"—gg—r3). 2 

Col. I. Col. 2. Col. 3. Col. 4. 

Sv = — 2A.sin.(©— w) —2A1.sin.(©— to') —2A2.sin.(©— to") —2Ag.sin.(©—to'") ; 

Sv' =—2/3'.A.sin (©'—to) —2/3'1.A1.sin.(©'-TO/) —2/3'2. A2. sin (©'-to") —2/3'3.A3.sin.(©'—to'") ; 

5v" =-2(3". A. sin. (©"-to) —2j3//1. Ax. sin.(©"-to') -2/3"2. A2. sin. (©"-to") -2/3"3.A3.sin.(©"-TO'") ; 

<h/"=-2/3w. A. sin.(©'"-to) —2/3/"1. Z/^.sin.(©'"-to') -2j3"'2. A3.sin.(©'"-TO") —2/3/"3. A3.sin.(©'"-TO'"). 

If we use the same values of A', A", A'", as in [7177—7179], corresponding to the first 

root g [6229(7 line 3], we shall find that the coefficients, in the first column of the table 

[62401—to], will become —2A, —2A', —2A", —2A'", respectively; so that we shall 

have, 

—2A = —2A ; •—2A' = —2/3'. A ; —2A" = —2/3". A ; —2A'" = —2/3'". A ; 

and by comparing these with the expressions [7177—7179], we obtain, 

-2A = -2A ; -2/3'.A = -0,0185238.2A ; -2/a".A=0,0034337.2A ; -2/3'".A=0,00001735.2A. 

Again, by using the values of A, A", A"', as in [7184—7186], corresponding to the 

second root gly [6229(7 line 4], we find that the coefficients in the second column of the 

table [62401—to], will again be represented by —2A, —2A', —2A", —2A'", as in 

[6240*], and by comparing these with the symbols in the second column of the table 

[6240^—to], we get, 

—2A = —2h1 ; —2A' = —2/3/. hl ; —2A" = — 2/3/'. Ax ; —2A'"=■—2/3/". Ax. 

Hence, by using the values [7184—7186], we shall obtain, 

—27^=0,0375392X27*'; — 2/3/.6.=—27*'; —2/3/'^ = 0,0436686.26' ; —2/3/".7*=—0,00004357.27*'. 

In like manner, by comparing the results in [7191—7193], corresponding to the third root 

g2, [6229(7 line 5], with the expressions in the third column of the table [62407—to], 

we get, 

-27* =-0,0238111.27*"; -2/3 '.7* = -0, 2152920.27*"; -2/3 "7* =-27*"; -2/3 '".7* =0,1291564.27*". 

Finally, comparing [7196—7198], corresponding to the fourth root g3, [6229(7 line 6], 

with the fourth column of the table [62407—to], we find, 

-27* =-0,0020622.27*"'; -2/3'.7* =-0,0173350.27*'"; -2/3 ".7* =-0,0816578.27*'"; -2/3'".7* =-27*'". 
3 «3 3 3 3 3 

Substituting the expressions [6241a, d, e,f] in [62407—to], we obtain, 
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The whole process is now reduced to the formation and reduction of the 

equations [6217—6222] ; but we shall see, in [6744—6747], that they are 

êv = —1,0000000.2A.sin. (©—TO)-f0,0375392.2A'.sin.(©—to') 

—0,0238111.2A".sin.(©—to")—0,0020622.2A'". sin. (©—to"') ; 

Sv' = — 0,0185238.2A.sin.(©'—to)—1,0000000.2A'. sin. (J—to') 

—0,2l52920.2r.sin.(©/—^)—0J01T3350.2Aw.sin.(©/—w'")? 

<5r" = 0,0034337.2A.sin. (©"—to) -f0,0436686.2A'.sin.(©"—to') 

— l,0000000.2A".sin.(©"—to")—0,0816578.2A'".sin.(©"—to"') ; 

ôvw= 0,00001735.2A.sin.(©'"—to) —0,00004357.2A'.sin.(©'"—to') 

-j-0,1291564.2A".sin. (©'"—to")—1,0000000.2A'".sin.(©'"—to'"). 

We shall see hereafter that 2A, 2A', are insensible [7441/] ; 2A" =—1709".05 [7499], 

and 2A'" = —9265".56 [7502] ; so that all the terms, except those depending on A", A'", 

may be neglected. The coefficient of 2A, neglecting the signs, is greater in the expression 

of ch? [6241g], than in those of <V, $v", &v'" [6241A, i, A] ; therefore the coefficient 

—2A, or 2e [6205A], with the corresponding perijove to, is considered as the 

excentricity and perijove 'peculiar to the first satellite. For similar reasons 2A', 2d, to', 

are considered as peculiar to the second satellite ; 2A", 2e", to", peculiar to the third ; 

and 2A'", 2d", to'", peculiar to the fourth. This assignment of peculiar values to each 

satellite, is very natural, and is analogous to that in the planetary system, as we may see in 
7' 

[6205^, &ic.] ; or more simply, by adding together the parts of — depending on the first 
ct 

power of e, in [669, 1020 line 2], which give, when we have only two planets m, ml, 

T 
— = 1—(l-\-m!f).e. cos. (nt-\-s—to)—mlf'.e'.cos. (nt-fis—to'). 
Oj 

7* 

Here we see that the elliptical part of —, independent of the action of ml, is 

—e.cos.^Z-j-5—to) ; moreover, the coefficient —e is changed into —(1-jby 

the action of m ; and this large coefficient, with its perihelion to, is considered as 

peculiar to the planet m ; while the other part of the equation of the centre, 

—rdf Id.cos (ntfi-s—to') [6241j?], has the coefficient —m'/'.e', and refers to the perihelion 

to' of the planet ml. 

If the values of A, A', A", were much enlarged, so as, for example, to be nearly equal 

to A'", we should find, in this system of satellites, this singular result, that the equation 

of the centre of each satellite would consist of four sensible parts, each part referring to a 

different perijove. This occurs, in some respects, in the system as it is now constituted ; 

for each of the satellites has two distinct and sensible equations of the centre, referring to 

the perijoves to", to'", of the third and fourth satellites ; as we shall find hereafter in 

[7318 lines 1, 9 ; 7405 lines 1, 2 ; 7467 lines l, 2 ; 7513 lines 1,2]. 

[6244'] 

[6241g] 

[6241A] 

[624H] 

[6241k] 

[6241Z] 

[6241m] 

[6241n] 

[6241o ] 

[6241p] 

[6241<7] 

[6241r] 

[6241s] 

[6341t] 

[6341a] 
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[6244"] 

[6245] 

[6245'] 

[6246] 

[6247] 

[6248] 

[6249] 

[6250] 

[6251] 

incomplete, and that the ratios which obtain, between the mean motions of 

the three first satellites, add to these equations some sensible terms, although 

they depend on the squares and products of the disturbing forces. 

7. The terms of the double integral — .JJndtAR, in the expression of 

6v [6060], which depend on the angle nt—2n'tJrs—2s', acquire, by 

integration, the divisor (n—2w')2 ; and as n differs but very little from 

2/i' [6151a], this divisor is very small; therefore these terms may become 

very sensible, although they are multiplied by the small excentricities of the 

orbits ; we shall now proceed to determine them. 

We shall consider the term m'.A{l). cos.(V—v), in the expression of R 

[6090]. Substituting in it the values [6198, &c.], 

r'=a' + ^'; 
a 

u i , \ 2d.(/<5r') 

V = nt+S + AM' a ; v = nt -f- e ; 

we shall find, as in [6199], that this part of R contains the following terms ; 

dSr' 'dAa) 
R = m'. — . a'.( '~~Y~r J.cos .(n't—nt-\-d—h)——• A(1\ sln^n't-nt+s'-s). 

Cl \ Cl Cl J Cl ,71 Cl l 

2?n'.d.(r'cir') 

r'y 
a /2 

contains, as in [6205], the term h'. cos. (n't-j-d—gt—and if we 

rry 
substitute it for in [6248], neglecting quantities of the order m'g, we 

a* 

shall obtain the following terms of R ;* 

R =| | *cos.(nt—2rit+s—2s'-|-^-]-r). 

We have, as in [6145], 

G = 2 a'.A^—a'2. 
'dA^ 

. da' . 

[6250a] 

[62506] 

* (3279) If we substitute the term of [6249], in the first members of [6250a, 5], 

and reduce the products, by means of [20,17] Int., retaining only the part depending on 

the angle nt —2n'tJrs—2dArgt-\-T, we shall get, 

—— . cos. (n't — nt T s'—£) = 2 h'.cos.(nt—2n't-\-s—’•» 
a2 

-jr——-. sin.(n't—nt-\-s'—s) ~ | h'.f —cos.(n^—2n't-\-s—2d -\-gt-\-T). 
a 2.n dt \ n / 

Yif_p* 

Substituting the expressions [6250a, 6], in [6248] ; then putting as in [6205n'J, == 1, 

we get [6250] ; and by using [6251], it becomes as in [6252]. 
[6250c] 
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hence the term [6250] becomes, 

R = —. cos.(nt—2n't-{-s—2s,JrgtJrT)% 

We shall now consider the term m'.ÆKcos. (2?/—2v), in the expression of 

R [6090]. Substituting in it,* 

■ rSr 2 d.(rôr) 
r = a-\-; v = nt-\-s-\—^ ; r—a ; v=±nt-\-s, 

a ar.ndt 

we shall find that this term contains the function,! 

Jt=mf. — .a.(^-^-^j.eo5.^2n't—2?i/'-|-2s/—2e) —{— m'. -7- ^. A(2\sm.(2n/t—2nt-j-2s/—2s). 

• • • • . • 7* St* 
Substituting in this function the expression — = h.cos.(nt-j~s—gt—r) 

CL 

[6205], we obtain the following terms of R ; 

R — -^-• < 4aA^)Jra?.(——J > .cos.(nt—2n't-{-s—2s'-j-g£-j-r). 

The value of F [6130], bj putting as in [6151] n = 2n\ becomes 

F=— 4aA™—,a\(d-F-\ ■ 

[6252] 

[6253] 

[6253'] 

[6254] 

[6255] 

[6256] 

[6257] 

* (3230) The expressions, in [6253'], are similar to those in [6247], changing 

reciprocally the elements of the satellite m into those of ml. 
[6252a] 

t (3281) The development of the term R = m'.A&).cos.(2d—2v) [6253], is made 

like that in [6198a, c], by the substitution of the values of r, v, he. [6253'] ; then 

developing it, according to the powers of ~, retaining only the first power of this 

quantity ; by this means we get the two terms of R [6254]. Now if we substitute the 

rôr 
value of — [6255], in the first members of [6253c, d], and reduce the products, by means 

of [20, 17] Int. ; retaining only the terms depending on the angle nt—2nlt-\ - ~2s'~\-gt~\-T-, 

we shall get, by neglecting terms of the order —, as in [6205?î, &ic.], 

• cos.(2n't— 2nt-\- 2s'—2s) = cos .(nt—2 n't-j-s—2/-f-gd-fr) ; 

4. d» ( vSv \ h 
■ a^ndt -sin. (2n't-2nt-{-2^-2s) = — .4. cos.(nt—2n^-|-s—2s'-f-gd-fr). 

Multiplying [6253c] by ml&lso [6253d] by and taking the sum of 

the products, we obtain, for the expression of R [6254], the value [6256] ; a slight 

reduction being made, by multiplying the numerator and denominator by a. 

[6253a] 

[62536] 

[62536] 

[6253c] 

[6253d] 

[6253e] 

VOL. IV. 14 
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[6258] 

[6259] 

[6260] 

[6261] 

[6262] 
First part 
of 

8v'. 

[6263] 

[6264] 
Second 
part of 

Si/. 

[6261a] 

[62636] 

hence the expression [6256] is reduced to the form, 

R = — . coa.{nt—‘ln't+-.—V+gt+T). 

Adding together the expressions in [6252, 6258], we obtain, in R, the 

following terms ; 

R = — ——. ^ Fh-\—-. Gh' 1 . cos.(nt—2n't-\~s—2s/-J-^r£-j-r') [ 
2a ( a ) v 

and it is evident that the action of m' upon m, produces no other terms 

of this kind. 

Now if we observe that p [6110c] may be supposed equal to unity, in 

3a 
the function —-.ffndtAR [6245], which occurs in the expression of tiv. 

f* 

we shall find, that the term [6259] produces, in Sv, the following inequality ; 

ÔV: -3m',n* [ Fh+^y. Gh' 1 .sm.fnt—2n't+^-&'+gl+r). 
2.{n—2v!-\-g) \ 1 a' S 

n' being very nearly equal to 2n" [6151], it is evident that the action 

of m" upon produces, in Sv', an inequality analogous to the preceding, 

and represented by 

*=tÿS&ïgt- SFK+ G'h" 1 •sin-(»'i-2»','+E'-2s"+^+r)- 

The action of m upon m', produces also, in Sv', an inequality of the 

same kind, which may be easily found by means of [1208] ; for we have, 

in that article, by noticing only the proposed terms,f 

m.\/â 
Sv' — 

m 5y/a' 
. Sv : 

which gives, for this part of Sv', the following expression ; 

6v' = 
3m.n2 \/a 

2 .(n—2n'-j-g) 
0 | Fh -j—-. Gh’ | . sin. (nt—2n't-\~s— 

* (3-282) Substituting R [6259], in Sv = 3affndtAR [6260], we get [6261] nearly, 

by neglecting terms of the order —. Increasing the accents on the elements by unity, we 
tx 

get the expression of Sv' [6262], corresponding to the action of the satellite m" upon ni, 

and to the same angle 

f (3283) The equation [6263] is the same as [1208] ; changing g into Sv, and 

into Sv', in order to conform to the present notation. Substituting, in this, the value of 

Sv [6261], we get [6264]. 
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We may connect this term with that in [6262], by observing that we have, 

as in [6156], 

n't—2n"t-\-s'—%" = nt—2rit+e—21—200° ; 

moreover, we have very nearly n — 2n', [6151]; also 
a 

a' 

n 

n 

' \ 2 

[6167]; 

therefore we shall have, very nearly, * 

3wVa = 3n,zm 
2/i? ’ a * 

Hence we get, by adding together the terms [6262, 6264], 

Lastly, the action of ml upon m" produces, in the motion of m", an 

inequality analogous to that which the action of m upon m produces in 

the motion of m! ; therefore it will be represented by f 

Sv' = — 
3m'.n‘ H 2 

(a'-2 n"-\-gf 
~.F'h,JrG'h" j . sin.(w£—2n't-\-s—2e'-f*g£+r). 

The preceding inequalities correspond to the root g. It is evident that 

each of the other three roots, gx, g2, g3, produce, in the motion of the 

three inner satellites, similar inequalities. These are the only sensible terms 

which depend, at the same time, on the action of the satellites and on the 

excentricities of the orbits. 

* (3284) The square root of the second equation [6143] gives 

Multiplying it by %nn'=3n'* nearly [6266], we get [6267]. Substituting this in 

[6264], we obtain the terms of Sv’ [6268], which are multiplied by m, and arising from 

the action of m upon mf. Again, from [6154] we get n'—2n"fg = n—2rifg-, 

substituting this and [6265], in [6262], we get the part of [6268], which is multiplied by 

m", arising from the action of ml' upon ml. 

f (o285) The part of Sv' [6268], which is multiplied by m, represents the effect of 

the action of the satellite m upon m. Increasing the accents on these elements by unity, 

we get the similar term of Sv" [62696], arising from the action of ml upon m", and 

corresponding to the same value of g ; 
3n//2 r / qIi . - 

w,==(«'-an”+g)3-1 m'\V F‘h'+ 6'hJ 5 -sin-O'*—2irt-K-2=-"+g<+r). 

Substituting the expression n't—■Zift+s'—:2s" == nt—2irt+s—:2s—200° [6265], and 

reducing, we get [6269]. 

[6265] 

[6266] 

[6267] 

[6268] 
Whole 
value of 

Sv'. 

[6269] 

[6270] 

[6267a] 

[62676] 

[6269a] 

[62696] 

[6269c] 
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[6271] 

[6272] 

[6273] 

[6274] 

[6275] 

[6272a] 

[6273a] 

[62736] 

[6273c] 

[6273d] 

[6273e] 

[6273/] 

16273g] 

[6275a] 

8. The sun’s action may also produce, in the motion of the satellites, 

some sensible inequalities, although they depend on the excentricities of the 

orbits. The value of R relative to this action, contains the term 
3S r2 

R =— -|^-.cos.(2u—2U) [6042]. Substituting, in it,* 

r2 = a2.{ 1 -f 2/i.cos.(^+s—gt—r)] ; v — nt-{-s—2/t.sin.(w/-[-s—gt—r) ; 

D = D' [6021/]; = iff2 [6105] ; we shall obtain, in R, the 

following term ; f 

R — —£.M3. arh. cos. (nt—2M/+s—2EJrgtJr^). 
The value of R, relative to the sun’s action, contains also the term 

-—[6042]. Substituting 

D = D'.{1—H.cos.(Mt+E—I)} ;î 

* (3286) The values of r, v [6272] are like those in [6253/], using the expression of 

T'Sl* P* 

— [6205], and neglecting in v, a term of the order —, as in [62536']. Moreover, by 

neglecting the excentricity of Jupiter’s orbit, we may put the distance _D, equal to the 

mean distance JD' [6021/]. 

f (3287) If we put S.(r2) and Sv, for the parts of r2, v, respectively depending on 

h, we shall have, as in [6272], r2 = a2-}-<5.(/2)* v = nt-\-s-\-Sv. Substituting these 

in the term of R [6271], then developing it by the formula [610], retaining only the first 

power of Sr, Sv, and using M2 [6272], we get, in R, the terms [62736]. These are 

easily reduced to the form [6273c], by the substitution of the values of U, v [6102, 6247] ; 

R = —| JW2.5. (r2) .cos. (2v—2 U) -J- § M2. r2.2fe.sin. (2w—2 Ü) 

= —| M2. S. (r2) .cos.(2ni——2E) -ft M2. a2.2Sv .sin. ( 2nt—2Mt-\-2e-—2E). 

Now by using the values of S.(r2), Sv [6272, 6273a], and reducing by means of [17, 20] 

Int., retaining only the terms depending on the angle nt—2Mt-\-s—2E-\-gt-\-T, which, 

for brevity, we shall call W", we get, 
à.[r^).cos.[2nt-2Mtg-2s—2E) = 2 a27i. cos. [ntgs—gt—I ).cos.(2nt—2MtJr2s—2E) = a^h. cos. W" 

25v. sin.(2/a—2Alt -j- 2s —2E) — —4L sin. —gt—r), sin. [2nt 2JWt-j—2s 2E) — 2/;.cos. Jf . 

Substituting the values [6273e,f] in [6273c], we get 

R = — f M2.a2h.cos. W"—f M2. a2h. cos. W" = —f M2. a2h. cos. W", 

as in [6273]. 

J (3288) This expression of D is easily deduced from that of r [6200a] ; changing 

r, a, e, n, e, w, into D, D', H, M, E, J, to conform to the elements of the orbit of 
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H being the ratio of the excentricity, to the semi-major axis of Jupiter's orbit; 

and I, the longitude of its perihelion ; we shall obtain the following 

terms of R ; 

R = -—£ M2. a2. H.cosfMtf-E—I). 

S 
If ive neglect the term — of the expression of R [6042], since it would 

he useless to notice it* we shall have, 

r. = 2 R. 

This being premised, the differential equation [6078] becomes, by 

considering only the terms which depend on the cosines of the angles 

[6275'] 

[6276] 

[6277] 

[6277'] 

[6278] 

Jupiter [6021c—6024g1]. Substituting this value of D, in the term [6274], it becomes, 

by development, using J\P [6272], 

R = —= | \-H.cos.(Mt+E-I) f-3=-pl2.r2.f l-\J3H.cos.(Mt+E-I)+&c}. 

If we retain only the term depending on the first power of H, using r = a [6247], it 

becomes as in [6277]. We may remark that the angle Mt-\-E—I, in the expression of 

D [6275], represents, at pleasure, either the mean anomaly of Jupiter, in its actual orbit 

about the sun, or the mean anomaly of the sun, in its relative orbit about Jupiter, supposing 

the planet to be at rest. This angle is represented, for brevity, by V in [7313, &,c.] ; 

so that we shall have V = Mt-\-E—I. We may however observe, that, if we suppose 

Mt-\-E to represent, as in [6101', 6102], the mean longitude of the sun, in its relative 

orbit about Jupiter, we must put I equal to the longitude of the sun’s perihelion as seen 

from Jupiter; but if we take Mt-\-E to represent the mean longitude of Jupiter, in its 

actual orbit about the sun, we must put I equal to the longitude of the perihelion as seen 

from the sun. 

[62756] 

[6275c] 

[6275c?] 

[6275e] 

[6275/] 

[6275êJ 

*(3289) The term R = — [6277'], gives dR = 0, r. =0 ; which produce 

nothing in the equation [6057], for the determination of the value of r5r, or in the value 

of Sv [6060] ; therefore it may be neglected, and the expression [6042] will become 

as in [6278c]. Taking its partial differential relative to r, and multiplying it by —, we 
Q/7 

get [6278c?], which is evidently equal to 2R [6278c], as in [6278]. 

R = — r2.^. U—3s2—3S/2+12sS'.cos.(Z7— »)-f-3(l— s2-S'a).cos. (2i7-2t>)}. 

/dR\ n S 
r- w= ~2r‘4D3-{1—i3s2—;3£'2-f l2sS'.cos.(t7—v)+3(l—s*-S'2).cos.{2U-2v)l. 

6278a] 

[62786] 

[6278c] 

[6278d] 

VOL. IV. 15 
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[6278'] 

[6279] 

[6280] 

[6281] 

[6282] 

[6279a] 

[6279&] 

[6279c] 

[62794] 

[6279e] 

[6279/] 

[6279g-] 

[62797i] 

[6279Î] 

nt—2Mt-\-s—2EJrgt-\-T, Mt-\~E—I, and observing that M and g are 

very small in comparison with n [6025m, o, &],* 

0 = SSr + NK (ÿ • s1 -3A.cos.(«*+s-si-r) } 1 

—9M3./t.cos.(n«—2JMÏ+S—■2£+gH-r)—i.M2.H.cos.(Mt+E—/). 2 

We have seen, in [6116 line 2], that the expression of — contains the 
CL 

term — —. cos.(2nt—2—2E). Hence it appears that the following 
7Z 

term in the equation [6279], 

V§T 
—3N2. . h. cos. (nt+s—gt—r), 

will produce the expression M^.h.cos.(nt—■*—2E-\-gtJ\-r) [6282A] ; 

N2 being very nearly equal to n2 [62796]. Hence the differential equation 

* (3290) From the equation [6078], we have deduced [6081], by substituting a-j-Sa 

for r ; and if we suppose the term depending on h [6205], to be included in this part of 

ôct ôct 
Sa, it will produce, in —, the term — = h.cos. (nt+s—gt—r) [6272]. This produces, 

ct ct 

in [6081], the term —■. 3h.cos.(ni-{-s—gt—r) ; and we have ^ = n2 [6110c], 

and rv* = JV2, nearly [6025c] ; hence this term becomes - Nü.rSr.3h.cos. (nt-\-s-gt-T). 

Substituting it in [6081], and then dividing by a2, we obtain the following expression, 

which is similar to [6114], using JV*2 [6124] ; 

0 = • {1 3/t.cos.(n<-fs—r) ] + I { 2flR+r(f ) } • 

Now we have, from [6273, 6277], the terms of R [6279e], whence we deduce dR [6279/] 

nearly; also [6278, 6279e] ; 

R = — f .Mz.aPh.cos.(nt—QE+gt+T)-% .M2.a,m.cos.{Mt+E-I) = hr. 

d R = f .Mü.a2h.ndt.sm.(nt—2Mt-\-z—2E-\-gt-\-r). 

Integrating this last expression and changing the divisor n—2M-\-g, into n, on account 

of the smallness of M, g, in comparison with n, we get, 

fdR = —§.M2.a2A.cos. (nt—2Mt-\-s—2E-J-gt-}~r). 

Multiplying the sum of the expressions [62796, e] by 2, we get, 

2fdR^r.(~^ = —9M2Acos.(nt~2Mi^s-2Ei-gt+r)-fM^a2Iï.cos.(M-i-E-I). 

Substituting this in [62794], we get [6279]. 

C 
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[6279] becomes,* * 

o = *<£3 + iy.W 
a *.dt* 

1 

— .M*.Iucos.(nt—2MtJrs—2E-\-gt-\-T) 2 

— f.M3. H.cos.(Mt-\-E—/). 3 
In this expression we may neglect ifef and g, in comparison with n, 

[6278'], except in the small divisor 2M+N—n—g ; and we shall obtain,! 

rSr 15.M*.h .cos.Çnt—2Mt+s—2E+gt+T) 
a? 4 n.(2M-{-JV—n—g) 

3 J\E. E . . j-y J 
*-]—2 o • cos. • 

1 

2 

The expression of ôv [6060], gives very nearly, by substituting — for a 
7h 

[6110], Î 

VÙV 
* (3291) Substituting, in [6281], the term of — [6280] ; and reducing the product 

JV2 
by [20] Int., we obtain the term [6282]; observing that -^ = 1, nearly [62796]. 

Connecting the term [6282], with the similar one in [6279 line 2], wre get [6283]. 

vôr 
f (3292) The terms of —— [6284], are deduced from those containing h, H, in 

[6283], by the method in [6049Z] ; namely, by dividing these terms respectively by 

mf—iV2 ; mj being the coefficient of t in these terms. Thus, in the term depending on 

h [6283 line 2], we have mj — n—2M-\-g ; hence m/—N = ‘—(2M-\-JV—n—-g) ; 

mr-{-N=n-\-N—2M-\-g — 2n nearly [6278/] ; therefore, 

mf—JS12 = (mv—Ar).(w/-j-A’) ==—2n.(2M-\-JY-—n—g). 

Now dividing the term in [6283 line 2], by this factor, we get that in [6284 line 1]. In 

the term depending on H [6283 line 3], we have mt = M’, hence mf-Nz = MQ-JV2=~n2 

nearly [6278'] ; hence, by dividing the term [6283 line 3], by —n2, we get the 

corresponding term in [6284 line 2], 

t (3293) Multiplying [6279h] by 3, and [6279e] by 4, then adding the products, we 

obtain, 

= --6£S-.M2. a^hxos.(nt-2Mt^e-2E-\-gt-\~r)-3M2.azH.cos. E-l ). 

Substituting these in ôv [61186], and performing the integrations, we find that the term 

depending on H, is —3M.a3nH.sin.(Mt-{-E—1) ; which, by substituting a3/i = — 

[6110], becomes as in [6285 line 2]. The other term of [6285a], depending on h, being 

[6283] 

[6283'] 

[6284] 

[6282a] 

[6284a] 

[62846] 

[62846'! 

[6284c] 

[6284d] 

[6285a] 

[62856] 
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Evection. 

[6285] 

Annual 
equation. 

[6286] 

[6287] 

[6288] 

[6289] 

[6290] 

[6291] 

[6285c] 

[6285d] 

[6285e] 

[6286a] 

[62866] 

[6286c] 

[6289a] 

[62896] 

15 .M2.h 

2n. (2M-\-N—n—g) 
sin. (nt—2MtJrs~~2EJrgt-\-T) 

3 M 

n 
H. sin. (Mt-\-E—/). 

Î 

2 

The first of these inequalities [6285 line 1] corresponds to the evection'* * in 

the lunar theory ; but it is not the only one, since it is evident that each of the 

three roots gx, g%, g3, produces a similar equation. In eclipses, this 

inequality, like the evection, is confounded with the equation of the centre, and 

decreases it. For, in these eclipses, the sun’s longitude, seen from Jupiter’s 

centre, is less than that of the satellite by 200° ; so that we shall have as 

in [60210, 6022/] nearly, 
2Mt+2E+A00° = 2nt + 2e : 

hence the inequality [6285 line 1] becomes,! 
15 .M^.h . , \ 

-—-r .sin.m^4-s—gt—r). 
2 n. (2 M-pJSl—n—g) 5 

The corresponding equation of the centre [6241 line 1], is 

—2/t.sin. (nt-f-&—gt—r). 

Hence the value of h, determined by eclipses, is less than its true value. 

multiplied by the very small quantity of the order J\P, may be neglected. The 
/r&’N 

remaining term of Sv [61185] is in which we must substitute the expression 

ndt 

[6284]. Now the term in [6284 line 2] depending on II, produces, in [6285c], a term 

of the order M3, which may be neglected on account of its smallness. The term in 

[6284 line 1], depending on h, being substituted in [6285c], produces the term in 

[6285 line 1] ; observing that on account of the smallness of M, g, in comparison with 

n [6283'], we may change the factor n—2Mfg into n. 

* (3294) The evection in [55511ine6] has for its argument (2 2) long.-2 © Iong.-}) Anom.); 

and the argument of the inequality [6285 line 1], may be put under the following form ; 

nt—2JMÏ+6—2-E+gtf+r =2 [nt + s)—2 {Mt-\-E)—{nt~\- s—gt—T ) 
=2(long. satellite)—2(Jup. long.)—(mean anom. satellite) ; 

which is similar to that of the lunar evection [6286a]. 

-j- (3295) Changing the signs of all the terms of [6289] ; then adding, to both members, 

nq-s+gH-r ; we get nt—QMt+e—%E-\-gt+r—400° = — (nf+e—gt—r) ; hence 

we obtain, sin.(nf—VMt+s—2E+gt+T) = — sin.(J++--gt—T)- Substituting this in 

the term of <5v [6285 line 1], it becomes as in [6290]. 
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[6292] 

The second inequality [6285 line 2] corresponds to the annual equation of 

the moon’s motion [5551 line 1]. Its period being very long, we shall see, [6293] 

in [6696, &c.], that it is sensibly modified by the terms depending on the 

square of the disturbing force. 

Changing successively what relates to m, into the corresponding 

quantities relative to m1, m", and m'", we shall obtain the similar [6294] 

inequalities of the other satellites. 

* (3296) Adding together the two terms [6290, 6291], we obtain for their sum, 

[6292a] 

which represents very nearly the value of the equation of the centre in eclipses ; and this 

quantity is to its value [6291], in the ratio given in [6292]. 

VOL. IV. 16 
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CHAPTER IV. 

ON THE INEQUALITIES OF THE SATELLITES IN LATITUDE. 

[6295] 

[6296] 

[6296'] 

_ dds , 

° = ^ + * Up' 

9. We shall now resume the differential equation [6077], 

fdR\ ds_ __ /dR\ ) # 

^ dv ) dv \ ds ) 5 ’ 

and shall suppose, as in [956], 

————i——x d == i.jB(0)-pjB* (1).cos.(t>'—îi)+-5(2)-cos.2(t/— 
{r2—2n''.cos.(v—u)+/2}5 21 v J v y 

We shall have in [6039], by neglecting the excentricity of the orbit, which 

is the same as to suppose r = a,* 

* (3297) The terms of R [6039 lines 1, 2], depending on mf, being multiplied by 

a, may be put under the following form j 

. {ss-—i.(ss+S'2).cos.(y—v) } 1 aR 

[6297a] 
1 ( m'-r / / \ m 

2 
I r~—2rr'.cos.(t’/—[ i 

m'.rr'a. [ ss'—i.(s2-j-s'3).cos.(v'—v) £ ^ 

[ ?-2—2rr/.cos.(u/— v)-\-r'2 j 1 

[62976] The excentricities of the orbits of the satellites being small [6057e,/], they produce no 

terms, of importance, of the forms adopted in [6300], and may therefore be neglected in 

[6297c] the preceding expression, by putting r== a, r' — a! [6200a, &c.]. Now substituting the 

values [6089, 6090, 6296], we get the terms of [6297 lines 1, 2, 3], depending on m' -, and 

by prefixing the sign 2, it includes the other disturbing satellites. The terms of aR 

[6297 line 4] depending on S, are found by multiplying R [6042] by a, putting 

[6297d] r — a, and using D' [6104], AT2 [6105], a3 ■ n [6110]. Again, if we substitute 

M = 1, B = l [6082], and r — a, in the part of aR [6052] depending on the 

ellipticity, it becomes as in [6297 line 5]. 
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|ss'—£.(s9+s'2).cos.(î/—v) j 

aR^l-m o)_j_a!/$(i)>cos.(y—v)-\-aA[2).cos.2(y'—u)-f-&c. 

-aV-1ss-!• (s2//2)-cos-(v'-v) | -j |.B(0;)-i-j5rj)-cos-(v/-'y)+jB(2)-cos.2(«/-v)-f-&C'} )3 

— ~ — ~fil—3sz—3S'2f3.(l—s^—S'^.cos.(2v—2ü)+l2sS'.cos.(v~ Ü) j 4 

If we consider only the terms multiplied by s, and those ivhich depend 

on the sines and cosines of v, upon ivhich the secular variations of the 

elements of the orbit depend ; * observing also that we have very nearly 

* (3298) This is similar to what we have seen in the planetary theory 

[1037—1039, 1041], where the secular variations of the planet, and the chief term of the 

latitude s of the planet, depend on the angle nt-j-s, which is the mean value of v, 

[6091] ; and the terms of this form are therefore retained, as being by far the most 

important. In like manner, in the lunar theory, we find that the greatest part of the moon’s 

latitude is contained in the first line of the function [5308], namely, 18542s.79.sin.(gv-ô), 

or 18542s.79.sin. j v-f(g—1)-v—Q}; the coefficient g—1 being of the same order 

as the disturbing force of the sun upon the moon [4S28e, 4842] ; and (gv—Ô) representing, 

as in [5388a], the moon's distance from the ascending node of her orbit upon the fixed plane ; 

and [g—l)w [4817] being the retrograde motion of the moon’s node. If we represent 

the mean value of [g—l).v—6 by pt-fiA, the preceding expression of the chief part 

of the moon’s latitude [6298c] becomes 18542s.79.sin.(?;-}-p^+A) ; being of the same 

form as that which is assumed for the first satellite in [6300 line 1] ; so that vf-ptfi-A 

represents, as in [6298cT], the distance of the satellite from the ascending node. The 

values of s', s", s'", depending on the same angle pt-\-A, must evidently have similar 

forms to that of s ; and these are found by changing v into v', v", v"' ; also l into 

1', l", V", respectively, as in [6300 lines 2, 3, 4]. We shall see in [6323—6333] the 

methods by which S', s1, are reduced to the forms [6300 lines 5, 6]. We may also 

observe that the form of 5 [6300 line 1 ] may be obtained by the same process as that 

which is used in the planetary theory [1133,1137"], where we have found, 

? = 5.JV.cos.(^+i3) ; p = 2.N.sm.(gt+p) ; s = q.smfint+s)—p.cos.(n*+s). 

Substituting these values of q, p, in that of s [6298A] and reducing, by [22] Int., we 

get s = Z.N.$m.(nt-\-s—gt—p). Now changing JY, —g, —p, into l, p, A, 

respectively; also nt-fis, which is the mean value of v, into v [6298a] ; it becomes 

of the same form as in [6300 line 1]. In like manner we may deduce the forms of 

s, s', he. [6300] from those of q', p', he. [1133] ; observing also that, in this notation, 

the quantity g, or the equivalent expression —p [6298Ï], is of the order of the 

disturbing forces, as in [1097c], 

We shall now make a few additional remarks on the process of integration, which is used 

[6297] 

[6297] 

[6298] 

[6298a] 

[62986] 

[629Sc] 

[6298d] 

[6298<f] 

[6298e] 

[6298/] 

[6298^] 

[6298*] 

[6298i] 

[62986] 

[6298Z] 
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[62980 If — a [GllOtZ], we shall find that the preceding differential equation 

[6298m] 

[6298»] 

[6298o] 

[6298p] 

[6298g] 

[6298r] 

[6298s] 

[6298Z] 

[6298u] 

[6298y] 

[6298w;] 

by the author in this chapter. We shall see, in the next note, that by retaining only the 

terms mentioned in [6298], the equation [6295] can be reduced to the form [6299] ; which 

is linear in terms of s, s', s", s'", S', s^ This differential equation corresponds to the 

satellite m ; and there are three similar linear equations, corresponding to the satellites 

ml, m", rn" ■ also an equation relative to the motion of Jupiter in its orbit ; and another 

relative to that of the equator of Jupiter. Now if we suppose s to contain a term of 

the form s = Z.sin.(v-j-p^-j-A), it will produce, in [6299 line 1], some terms of the form 

Z1.sin.(v-]-^-}-A) ; which must be destroyed by similar terms in [6299 line 2], so that the 

terms in this last line must produce the quantity —^.sin.^-f-pZ-f-A), which depends on 

the same angle vf-pt-\-A, but has a coefficient —with a different sign from that 

which is produced by the terms in [6299 line 1]. We must therefore assume such forms 

for s', s", s'", S', s,, as will, by substitution in [6299 line 2], produce terms depending 

on sin.(y-[-p^-f"4)j and this is obtained by means of the forms assumed in [6300 lines 2-6], 

as is easily proved in the manner pointed out in the note in [63026, c, &ic.] There is a 

perfect symmetry in all these expressions, since the argument, or angle, under the sign 

sin., is found, in every case, by adding the same angle pt-j-A, to the longitude of the 

object, whose latitude is to be computed by that formula. Thus, the longitude of the 

second satellite, v', is added to ptf-A, in [6300 line 2], to find the argument of the 

latitude s' of the second satellite ; the sun’s longitude U, is used in [6300 line 5], in 

finding the sun’s latitude S'’, and the longitude v, of the first satellite, is used in 

[6300 line 6], in finding the latitude s, of that satellite, supposing it to move in the plane 

of the equator of Jupiter [6051]. In the same manner as we have found the six expressions 

[6300], corresponding to the angle ptf-A, we may obtain similar ones, relative to any 

other angle pj-j-Al5 which satisfies the proposed differential equations, enumerated in 

[6298n] ; and by changing the coefficients l, V, l", he. into l,, If he., we obtain 

another system of equations s — /^sin.^-j-pp-f-Aj, /=//.sin.(V-}_py-|-Ai), he., similar 

to [6300]. A third angle, p2tf-A2, will in like manner give s=l2.sm.(v+pffA2); 

s'=l2.s\n.(v'-\-pJ-\-A2), he. ; and so on for other values of p. Finally, it is plain, from 

the linear form of the equations [6298m, &c.], that we may add together all these values 

of s, for the complete value of s ; all the values of s', for the complete value of s', 

he.; so that we shall finally have, by using the symbol 2' as in [6324], 

3 =l. sin. [v-fpt-f A)+Zt. sin.(y-[-_pit+Ai) + Z2.sm.(y+p2t+A3)-(-«fec.=2/.Z.sin.(y+pt-|-A) ; 1 

s' =Z'. sin.(y/-}-pf-l-A)-l-Zi/.sin.(y''-|-piZ-TA1)-]-Z2/.sin.(y/-{-p2Z-f-A2)-l-&c. =2/.Z/.sin.(y'-]-:pt-|-A) ; 2 

s" = sm.[v"-fptJrA&) -j-&c. = 2'.Z". sin.^+pZ+A) ; 3 

s'" = r.sin.(yw+pZ+A)+Zi///.sin.[v'^t+Aj -f- lf'.sm.{v'"-fptfA2)+ &c. = 2'.l'".sm.(v"'-\-ptf a) ; 4 

S' = L'.sin.( U-\-pt-\-A)fLfsm.{ U-\-ptf-Aj-j-Lfsin^ XJ-fpt-j-Aj -f-&c. = 2/.Zr'.sin.(Z7-[-pZ-)-A) ; 5 

st = L.sin.(y +pfq-A)q-I>1.sin.(yq-piZ + Ajq-Z,3.sin.(y4-p2ZqwV2)q-&c. = 2AL.sin.(r-t-pZ-j--A). 6 

[6298x] 
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becomes, * 

These forms agree with those in [6427—6430] ; the terms depending on the angles j?t-J-A, 

ppf-f-Aj, p2t-\-An, arising from the mutual action of the sun, satellites, and the 

ellipticity of Jupiter, are explicitly retained, in [6427—6430]. The remaining terms 

depending on the angles pbt-\-A5, &c., arising from the displacement of Jupiter’s 

equator and orbit, are reduced, in [6342—6414], to a single term of the form [6362], 

corresponding to those in the first line of each of the expressions [6427—6430]. 

*(3299) Substituting r—a [6296'J, and 62 = n [6298'], in [6295], it becomes, 

_ dds , , /dR\ ds (dR\ 

0 = S5+s+“'(^') — —’ \dv ) ,ds/ dv 

If we introduce into this expression the value of aR [6297], and retain only the terms 

depending on sin.(a-j-jp£-f-A), as in [6301], it will become as in [6299]. For the terms 

-f- s [62996], are the same as the two first terms in [6299 line 1] ; and we shall now 

proceed to prove that the last term of [62996] may be neglected, and that the remaining 

term, ProcLces ike rest °f the terms of [6299]. The chief terms of aR [6297] 

containing v, are of the form aR = 2.Æcos.i(i/—a); which gives, 

dds 

dv2 

ds 

(AR \ ...... . 
a. ( -—J = 2. dl i. sin. i (v —v). 

Multiplying this by — = ?.cos.(v-{-p6-|-A) nearly, [6300 line 1], it produces terms 

depending on the angles iv'—(i±1)d=F^=Fa; which cannot be reduced to the form 

[6299c], by using, for i, any of the integral numbers 1, 2, 3, &c. ; therefore 

it may be neglected. The other terms of a.Ç^^j [6297] are of the order s, or of the 

forms which are neglected in [6297']. We shall now compute the terms of [6299] 

/dR\ 
depending on the remaining part a. ^ ^ . ) of the equation [62996] ; which, by substituting 

[6297], becomes, 

a. ^ = 2.mfi-^.{/-s.cos.(/-a)}-2.mfiaV.{s'-s.cos.(î/-î>)j.f| fî(0)-f-B(1hcos.(F-ü)T&c] 1 

— —6s-—6s.cos.(2v—2£7)-{-12>S/.cos.(u—U)\ .[2s—2s,]. 2 

As we retain only the terms depending on the angle v-\-pt-\-a, after substituting the 

values [6300], we may neglect all the terms of the first line of [62996], except that 

depending on B(1) ; and this term produces 2.7//. a?a!.s.cos.cos.(V—v), or by 

reduction, using [20] Int., |2,m'.flV.5(1).s, which is the last term in [6299 line 1]. 

It also produces the last term of [6299 line 2], namely, —2.m'. aPa'.B^K s'.cos.(v'—v). 

We may also neglect the term depending on cos.(2t;—2U) [62996], since it does not 

65 

[6298"] 

[6298//] 

[6298z] 

[6299a] 

[62996] 

[6299c] 

[6299d] 

[6299e] 

[6299/] 

[6299g-] 

[62996] 

[6299i] 

[6299&] 

VOL. IV. 17 
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[6299] 

dds 
0 = ~rur ~f“ S• 

dv2 i+2.(i=iî-)+f.]M3 

2* *(p—&p) 

a2 

3JR2 

ir 

.5, . *S".cos.(/7—v)—2.m'.«V.5(1).5'.cos.(F—y). 

1 

2 

[6300] 

[6300''] 

[6301] 

[6302] 

[6303] 

or rr 

To integrate this equation, we shall suppose, as in [6298c-?], 

s —l. sin.(y -j-pZ + A) ; 1 

s' = V. sin.(y' -\-ptf A) ; 2 

s" — l". sin.(y" -j-pt -f- A) ; 3 

s'" = l", sin. (y"' -|- pt + a) ; 4 

S' = jL'.sin.(?7+j9? + A) ; [6329] 5 

sY — L. sin.(y +p? + A) • [6323] 6 

Putting pdt = . dv [6089/'], and substituting the assumed values [6300] 

in [6299] ; then comparing together the coefficients of sin.(y-|-jt?Z~fa), 

neglecting the square of p ; p being a very small quantity of the same order 

as the disturbing forces [6298/] ; we shall obtain,* 

0 = l\ l — _ j .——i.s.m’. oV. 5™ \ 
( n a2 rr 4 y 

+ L+f. ~.£'+i.s.m'.aV.j3(1U'. 
AT 

If we put, as in [963iv, 964], 

produce a term of the form [6299c]. The two terms in the second line of [6299A], 

[6299Z] depending on —6s, -j-123", produce the terms in [6299 lines 1, 2], which are 

multiplied by A?2 ; and the terms of [6299A], depending on (p—-£<p), produce those in 

[6299] having the same factor. 

* (3300) Substituting the values of S', s' [6300 lines 5, 2] in the first members of 

[6302a] [6302 6, c], and then reducing, by means of [18] Int., retaining only the terms depending 

on the angle vfptg-A, we get the second members of these equations ; 

[63026] S'.cos. ( U—v) — Id. sin.( Vg-pt-La) .cos. ( U—v) = § Lksin.(«-f-_pZ-[-A) 

[6302c] s', cos. (f—v) = 1'. sin.(F-}-p^+A)-cos (v'-— v) = | /'.sin. (y-\-pt-\-A). 

Again, the second differential of s [6300 line 1], taken relative to v, using jodt [6300'] 

dds / ®\3 

[6302i] gives — =— Z(1 T ~ ) *sin.(î;-{-p^TA) ? adding this to the same value of s, and 

dds j) 
[6302e] neglecting the term of the order j?2, we get — + s = — 2/. —. sin. [v -f +A) . 

Substituting the values [63026, c,&\ 6300 lines 1, 6], in [6299], and then dividing by 

—2.sin.(t>TpH-A)> we get [6303]. 
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a 

a' 
a ; 

(1—2a.cosJ-j-cL2)~s =s J.6s(0)+ôs(1).cos.é-{-&6.(27cos.2â-j-&c. ; 

we shall obtain, as in [1128], 

2 

Now we have, as in [1076, 1130] 

3m'. n 

* 

(0,1) = - 
4.(1—a2)2 

; = t.m\n.a?.b(P — hm,.n.a?a'.B{]) ; 

hence we get,f 

0 = Z. ^p-(0) - 0 -(0,1)-(0,2)-(0,.3)]+(0).£+ 0 

We shall find, in the same manner, 

i-H 1 II Q
 1 -(l;0)-(l,2)-(l,3)^-f'(l).L4- 1 

2 -(2,0)-(2,l)-(2,3)]+(2)X+ 2 

o=r.^-(3)- 3 -(3,0) - (3,1 )-(3,2) ^-j-(3)X-j- 3 

L+ o L'f(0,l).l'i-(0,2).l"^r{0,3).l'". 

,L'+( 1,0).!+( 1,2) .l"f ( 1,3). f' ; 

.L'+(2,0)i+(2,l).//+(2,3).r; 

.L/+(3,0).?+(3,l).r+(3,2)i". 

There is, between the quantities p, l, V, 1", lJb, L\ an equation, 

which depends on the displacing of Jupiter’s equator, by the combined 

actions of the sun and the satellites. To obtain this equation, we must 

determine the precession of Jupiter’s equinoxes and the nutation of its axis 

relative to the fixed plane, using, as in \ 5 of the fifth book, the following 

symbols ; J 

[6304] 

[6305] 

[6306] 

[6307] 

[6308] 

[6309] 

[6310] 

[6311] 

[63 IE] 

* (3301) The first and third values of (0,1) [6307], are the same as in [1130] ; and 

by substituting the values of a*a'.Ba) [6306], in the last expression, we obtain the second ^6307al 

form [6307]. 

f (3302) Multiplying [6303] by n, and substituting \.mi.n.asa'.B^ — (0,1) [6307], 

with the similar values (0,2), (0,3), &c. ; also the values of (0), [" 0 "j [6216] ; we get [6308a] 

[6308]. Changing successively the elements relative to m, into those relative to 

m', m", &,c., we get [6309—6311], corresponding to the other satellites. 

Î (3303) These symbols are similar to those which are used in figure 58, page 803, of 

the second volume, in computing the precession and nutation of the earth’s axis. The 

symbol 7 [6314] represents the longitude of the ascending node of Jupiter’s orbit, relative [63136] 
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Symbols. 

[6312] 

[6313] 

[6313'] 

[6314] 

[6315] 

[6316] 

[6316'] 

[6316"J 

[6313c] 

[6313d] 

[6313e] 

[6313/] 

[6313-] 

[6313*] 

[6313»'] 

[6313ft] 

[6313Z] 

[6313m] 

[6317a] 

è = the inclination of Jupiter’s equator to the fixed plane ; 

¥ = the retrograde motion, or precession, of the descending node of 

Jupiter’s equator upon the fixed plane, and counted from the fixed 

axis of x ; 

y = the inclination of the orbit of Jupiter to the fixed plane, [being the 

same as that of the relative orbit of the sun about Jupiter] ; 

7 = the longitude of the ascending node of Jupiter’s orbit, counted from 

the fixed axis of x ; [being the same as the longitude of the 

ascending node of the relative orbit of the sun about Jupiter] 

[631%?; . 
7i = the inclination of the orbit of the satellite m, upon the fixed plane ; 

7: — the longitude of the ascending node of the satellite m, upon the 

fixed plane, and counted from the fixed axis of x ; 

it = the rotatory motion of Jupiter in the time t. 

Then we shall have, as in ^5 of the fifth book, by neglecting the square 

of d, * 

to the fixed plane, and counted from the axis of x ; observing that this longitude is the 

same, whether we consider the actual orbit of Jupiter in its motion about the sun, or the 

relative motion of the sun about Jupiter, supposing this planet to be at rest. It being 

evident, that when the sun is considered as at rest, the heliocentric longitude of Jupiter, at 

the moment of passing the ascending node of its actual orbit, will be represented by 7 ; 

and that if the planet be considered as at rest, the longitude of the sun, at the time of 

passing the ascending node in its apparent orbit about Jupiter, will also be represented 

by 7, as seen from the planet, and counted from the same axis x, or point in the heavens. 

This symbol 7 is equivalent to r/} in the notation which is used for the earth in 

[3067, Sic.]. The longitude 7, [6316] is counted from the fixed axis of x; and if we 

add to it the precession y [6313], from the same axis, we shall get 7X —(— , for the 

longitude of the ascending node of the satellite m, upon the fixed plane, and counted 

from the moveable vernal equinox of Jupiter. 

We may observe, that the planet Jupiter revolves about its axis in O'1^3,41377 [6920] ; 

hence its motion in a Julian year is i = 353094° 7F nearly, [6021?v]. Comparing this 

with the values of n, n!, n", n'" [6025&], we get the following results, which will be of 

use hereafter ; 

i = n. 4,27565 = n'. 8,58250 = n". 17,29113 = if. 40,33405. 

dô 
* (3304) The expression of —, corresponding to Jupiter and its satellites, is easily 

G/V 

deduced from the value of 6 [3089], relative to the earth and moon. For if we neglect 
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dô 

dt 

3.(20—A—B) 

Ai. C 
[MQ.y.sin.(i yj. sin. ( A+'*')]. 

the terms of [3089] depending on cos.2u, cos.2/, which are very small [3377] ; then 

take the differential of the remaining terms relative to t, and divide by dt, placing an 

accent below the letters m, n, X, to distinguish them from the same letters m, n, X, which 

are used in [6022c?,/; 60245, &c.] for other purposes, we shall get, 

dô 

dt 

3_ 

4 n. 

2C—A—B 
l (m/2+/Xm/2).cos. è. 2. c.sin.—,X m/chcos. Ô. sin.(/'*-f j3')}. 

To obtain the similar expression for Jupiter and its first satellite, we must change, as 

in [3060], 

„ sun’s mass . „ sun’s mass 
mr into m2 = —. 

‘ (dist. sun and Jupiter)3 
= M2 [6105] nearly. 

(dist. sun and earth)3 

We have also, as in [3079], by changing what relates to the earth into the corresponding 

terms relative to Jupiter ; and using the values of a, m, w2 [6021c, 6022c?, 6110] ; 

_ mass of the satellite 

' ‘ (distance of satellite and planet)3 

m 
— = m.n 
a3 

2 

The rotatory motion of the planet nt [3015], is changed into it, in [6316'] ; so that 

n/ = i. We have in [3073c?], by changing tang, y into y, on account of its smallness, 

2.c.sin.(/?-f (3) = y. sin. a. Substituting A=r/-j-Y [3069], and then changing ry 

into 7, as in [6313g-], to conform to the system now under consideration, we get 

2.c.sin.(/?-)-(3) ==y.sin.(7 -{-■*•). The quantity c' [3086], is changed into tang-y* 

[6315], or yx nearly, so that for the satellite m, we shall have c' = yx. The 

expression —ft—f [3086] represents the longitude of the ascending node of the orbit of 

the satellite, counted from the moveable vernal equinox, and this is changed into 

in [6313?]. 

Now substituting the values [6317c?, e, f h, ?:] in [6317c], and putting as in [6316"], 

dô 
cos. 0=1, we get the following expression of — , corresponding to the system of Jupiter 

CLZ 
and its first satellite ; 

dô 3 (2C_A_JB) 
dt= ~4Zc-5 in.(7+^)+m.n2.y1.sin.(71+T)}. 

If we take, as in [6398], the orbit of Jupiter in 1750 for the fixed plane, y will be of the 

order of the disturbing force [6313'] ; and by neglecting quantities of the order of the square 

of this force m.y, we may reject the term m.rc2.y.sin.(7 -j-f) [6317m], and we shall have, 

dô 3.(2 C—A—B) 
dt =-4ÏU-• SM -y-sin-(1 -fŸ) +*»-w3.yx-sm.( A-HO} • 

If in the last term of this expression, depending on the satellite m, we change successively 

the elements of m, into those corresponding to m', ml', ml", we shall get the parts 

depending on these satellites ; and by adding them to those in [6317o], by means of the 

symbol 2, we shall get the complete value of y, as in [6317]. 
CIL 

18 

[6317] 

[63176] 

[63176'J 

[6317c] 

[63174] 

[6317c] 

[6317/] 

[6317g\ 

[6317A] 

[63177] 

[6317Æ] 

[6317Z] 

[6317m] 

[6317n] 

[6317o] 

[6317p] 

YOL. IV. 
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[6318] 

[6319] 

[6320] 

[6319a] 

[63196] 

[6319c] 

[63194] 

[6319c] 

[6320a] 

[63206] 

[6320c] 

[6321a] 

We shall also have,* 

ctt xL O 

Multiplying [6317] by sin.y, and [6319] by cos.* ; then taking the sum 

of these products, we get,f 

iff = 3-(2^~—.! cos.r +MYcos.i +2. m.n\yvcos.i,]. 
at 4i, G 

In like manner we shall have, t 

* (3305) Neglecting the terms of [3096] depending on sin.2r, sin.2F, as in [63176], 

then putting as in [6316"], cos.d = l, sin.d = é, we get, by multiplying by Ô, and 

accenting to, n, as in [63176'] ; 

6. d-§= ■ j (m/2+,Xm,!!).«+(m,s+/Xm,a).2.c.cos.(/(+|3)+(X»!/2.c'.cos. (/'<+f0 j. 
ut xi» Lx 

Substituting the values of to,2, ftnf w,, c', —-ft—(3' [6317c?, e,f, i, Tc] ; also putting 

successively, as in [3075, 3069, 6317g], 

2. c.cos.(/?-J-^) = 7.cos.A==y.cos.(r/-]-*) = y.cos. ( 7-f-■*■) 

we obtain, 

6. — = ~‘~Cw . \ (J\Pfm^).èf{Mzfm.n2).ry.cos.( 7 -f-*)Jrm.ivi.71.cos.(7, -}-*) [ • 
dt 4 i. C 

Neglecting the term TO.n2.y.cos.(7 + Ÿ)5 as in [6317n] ; and prefixing the symbol 2 to 

the terms depending on to, so as to obtain the sum corresponding to all the satellites, we 

get [6319]. 

4 £. sin. *4-0 4*. cos. * .. . . .. , 
f (3306) The first member of this sum is ---, which is evidently 

equal to the development of the differential expression in the first member of [6320]. The 

second member of this sum may be reduced, by means of the following expressions, which 

are easily obtained from [24] Int. ; 

sin.(1 -j-*).sin.*+cos.(7 -j-*).cos.* = cos.$(7 +*)—*} = cos.7 ; 

sin.('?1+*).sin.*4-cos.(71-]-*).cos.* = cos.{(71+*)—*} =cos.71 ; 

hence the second member of this sum becomes as in the second member of [6320]. 

x (3307) Multiplying the equation [6317] by cos.*, and [6319] by —sin.*, then 

taking the sum of the products, we find that the first member of this sum is 

4 9. cos.* — 6d*. sm.* [s easily reduced to the form in the first member of [6321]. 
dt 

Substituting in the second member the two following expressions, which are easily deduced 

from [22] Int., 
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_-d'CQS'lj = — ^ B\<_(M2Jrz.m.n^)J.sin.¥-{-M2y.sm.lJr'z.ni.riî.')'1.sin.i1\. 
dt 4 i.C 1 V ' 

To integrate these two equations, we shall observe, that the latitude of the 

first satellite, supposing it to move in the plane of Jupiter’s equator, is 

—d.sin.(fl-f¥) above the fixed plane .* * But we have already shown that this 

latitude is equal to a series of terms of the form L.sin.(vfptf a), and we 

shall denote this series by 

—6. sin.(n-f-Y) = s'. L.sin.Çvfi-pt-fiA). 

The characteristic 2' signifies that the sum of all the terms of the proposed 

function, which are similar to those under this sign, is to be taken as 

in [6298a;]. 

The characteristic 2 [6118/'], denotes that the sum of the terms relative 

to the different satellites is to be taken. 

Therefore we shall have,f 

sin.(7 -|-y).cos.y—cos.(7 -f-^).sin.= sin. [ (7 -{-y)—=sin.7 ; 

sin.(7x-[-Ÿ).cos.Y—cos.(71-j-Ÿ).sin.Ÿ = sin.| (Iff1*)—y j =sin.7j; 

we obtain, for the second member of the sum, the same result as in the second member 

of[6321]. 

* (3308) The motion of the satellite m is direct, and represented by v [6032], 

counted from the axis of x. The retrograde motion of the descending node of Jupiter’s 

equator is y [6313], counted from the same axis x. Therefore the distance of the 

satellite, from that descending node, is (v-]-y) ; consequently its distance, from the 

ascending node of the equator above the fixed plane, is v -}-y-]-200o. Multiplying its 

sine, by the inclination Ô of the equator to the fixed plane [6312], we get very nearly, 

as in [533a], the elevation or distance of the satellite from the fixed plane, supposing it to 

move in that equator ; hence this distance is 0.sin.(r;-}-Y-{-2OOo), or —Æ.sin.(v-j-Y), as 

in [6322]. Now this height is represented by [6051] ; therefore st — —/hsin.(u-l-Y) ; 

and as s, is represented in [6298a; line 6] by a series of terms of the form Zi.sin.(v-|-ptf-j-A), 

whose sum is represented by prefixing the symbol 2' [6324'], we shall have 

—ÔJmfiv-{-¥■) = 2'.L.sm.(v-\-pl-{-k), as in [6324]. 

f (3309) Developing the first members of [6326a, b], by means of [21] Int., we obtain, 

sin.( v -j- 'F ) = sin.v.cos.Y-J-cos.'U.sin.Y ; 

sm.(vJrpt-jrA) — s\n.v.cos.(ptJrA)Jrc°S"v-s'm-{ptJrA)‘ 

Substituting these in [6324], and putting the terms depending on cos.v, sin.v, separately 

equal to each other, we get, by changing the signs of all the terms, the two equations 

[6326, 6327]. 

[6321] 

[6322] 

[6323] 

[6324] 

[6324'] 

2'. 

[6325] 

2. 

[63216] 

[6321c] 

[6323a] 

[63236] 

[6323c] 

[6323d] 

[6323e] 

[6323/] 

[6326a] 

[63266] 

[6326c] 
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[6326] 

[6327] 

[6328] 

[6329] 

[6330] 

[6331] 

[6332] 

[6333] 

[6328a] 

[63286] 

[6328c] 

[6328c?] 

[6328e] 

[6328/] 

[6328g-] 

[6332a] 

[63326] 

[6334a] 

MOTIONS OF THE SATELLITES OF JUPITER. [Mée. Cél. 

ô. sin. y = —2'. L. sin. (ptf- a) ; 

6. cos.ÿ = —s'. L. cos.(//-{-a). 

In like manner the sun’s latitude, above the fixed plane, is y.sin.(U-—7) ; * 

but this latitude is equal to s'.11.sin.(U-fptfi-a) ; hence we get, 

y. sin. 7 = —s'. Li. sin.(pt -j- a) ; 

7. COS. 7= s'. JJ. cosfpt -j- a) . 

We have likewise,! 

7X. sin. 7\ = —s'./.sin. (/£ -f a) ; 

7x. cos. i1 = s'. L cos. (/£-}- a) . 

If we substitute these values in [6320, 6321], wTe shall obtain, by comparing 

separately the coefficients of the same sines, t 

* (3310) The projection of the radius vector of the sun’s relative orbit about Jupiter, 

makes the angle U with the axis # [6041] ; and 7 [6314] is the longitude of the 

ascending node of the same orbit, counted from the same axis of x. Hence U—7 is 

the argument of latitude of the sun’s relative orbit ; and as 7 [6313'] is the inclination of 

that orbit to the fixed plane, the sun’s latitude above that fixed plane will be found, as in 

[533a, &&c.], to be y.sin.(Î7—7) nearly; being the same as in [6328]. Therefore we 

have very nearly, for the sun’s latitude S' [6040], the following expression ; 

S'= y.sin.(£7—-7). But by using the symbol 2' [6324'], we get, from [6298# line 5], 

S' = 2'.Z/.sin.(Z7-{-pH_A) 5 hence we obtain, 

S' = 7. sin. ( U— 7) = 2'. 11. sin.( Ufi-pt-fA). 

Now by development, using [22, 21] Int., we have, 

sin.( 17 — 7) = sin. £7. cos. 7—cos. 17.sin.7 ; 

sin.( U-\-pt-\-A) = sin. £7.cos. a)-j-cos.f7.sin. (/?-}- a). 

Substituting these last expressions in [6328e], and then putting separately the coefficients 

of —cos.U, sin.U, equal to each other, we get [6330, 6331]. 

f (3311) The equations [6332, 6333] are obtained in the same manner as we have 

found [6330, 6331] in the preceding note ; changing the elements 7, 7, S', Li, U, of 

the sun’s relative orbit, into 715 7X, s, l, v, respectively; so as to conform to the orbit 

of the satellite m [6313'—6316]. By this means the expression of S' [632Se] changes 

into s = 71.sin.(«—\) = 2'. Lsm. a) ; which represents ilit latitude of the 

satellite m above the fixed plane [6298# line 1] ; moreover [6330] changes into [6332], 

and [6331] into [6333]. 

f (3312) Substituting the values [6326, 6327, 6331, 6333] in [6320], then putting the 

terms depending on cos.(/?+a) equal to nothing, and dividing by cos.(/£+a), also 

transposing the terms to the second member, we get [6334]. In like manner, by substituting 

[6326, 6327, 6330, 6332] in [6321], transposing and dividing by sin.(/?-}-a), we get the 

same equation [6334]. 
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0 = pL+ ' .{M*.(L'-L)+s.m.n\(l—L)}. 
4£. O 

We may here observe that, if we suppose Jupiter to be an ellipsoid, we shall 

have, as in [3408, &c.],* 

2C-A-B 2.(p—£<p) ,/y n, m. dR 

C ~ fd n, R^.dR ’ 

n being the density of the elliptical stratum, tohose radius is R. 

10. We shall now consider particularly the equations [6308-6311,6334], 

putting them under the following forms ; f 

0= [p-(0)~r 0 1—(0,1)—(0,2)—(0,3) | .(L-l) 

+(0,!)•(£—/Q+(0,2).(L-I")-K0,3).(£-/'")+| o .(L-L')-pL; 2 

0= | j>—(1)—[T]—(1,0)-(1,2)-(1,3) | ■(£-/') 1 

+(\,0XL-l)+(i,2).(L—n+(h3).(L-l'")+\T\.(L-L')—pL; 2 

(H) 
0= —(2)—QT]—(2,0)—(2,1)—(2,3) | .(L—l") 1 

+(2,0).(L-/)+(2,l).(I,-;')+(2,3).(i-/"') + 2 

0= |jP—(3)—[3] —(3,0)—(3,1 )—(3,2) j.(-L-r) 

(L—L')—pL ; 2 

1 

+(3,0).(L-0+(3,l).(L-r)+(3,2).(L—/") + 3 (L-L')-pL; 2 

0=pL- 1M2. (I,-Zy)+m.w2. (£-Z)+m'.«/2. (L-r)+m"-n"z. (L-l")+m'".n'"K (L-l'")}. 
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[6334] 

[6335] 

[6336] 

[6337] 

[6338] 

[6339] 

[6340] 

[6341] 

* (3313) If we change cup into <p, and ah into p, as in [6046a] ; also the 

density p [2947], into n/5 [6336] ; and the radius a into R, [2942, 6336] ; we 

shall find that the equation [3408] becomes as in [6335]. We have placed an accent [6335c0 

below XT,, which is not in the original work, to distinguish it from the usual signification of 

II, or the longitude of Jupiter [6024/]. 

f (3314) The terms of [6337], which are multiplied by L, excepting that which 

depends on (0), mutually destroy each other, as is evident by inspection. Neglecting these [6337a] 

terms and changing the signs of the rest, it becomes as in [6308]. In like manner we find 

that [6338, 6339, 6340] are equivalent respectively to [6309, 6310, 6311] ; observing also 

19 VOL. IV. 
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We must connect these equations with those given by the displacing of 

Jupiter’s orbit [6347—6350], which give the values of p and Ldepending 

[63410 upon this cause ; observing that the action of the satellites has no sensible 

influence upon this secular change in the orbit. 

The values of p, corresponding to the displacing of Jupiter’s equator, are 

much less than those which depend on the mutual action of Jupiter’s satellites, 

as we shall hereafter see ; therefore we may neglect p in comparison with 

(0), (1), &c. ; (0,1), &c.* * In this case, if we suppose, 1 

L-1 = X,. (ft-.Zv ) j [For the satellite ®i} 

L-V = Xh (U-_£/) [For the satellite m'] 

L-■l = X . ÇL-Jj ) j [For the satellite m''J 

L-1 = X ’(f-4-.£/) ^ [For the satellite nt"'] 

we shall obtain from [6337—6340], the four following equations ;f 

[6342] 

[6342'] 

[6343] 

[6344] 

[6345] 

[6346] 

[6347] 0= [(0) + 0 +(0,l)+(0,2)+(0,3) j .X -(0,1).X'—(0,2)A"—(0,3) .X®— 0 

[6348] 0=[(1) + 1 +(L0)-Hl,2)-j-(l,3) | —(1}0).X-—(l,2).x"—(1,3).XW— H 
[6349] 0=[(2) + 2 +(2,0)+(2,l)+(2,3) j .X"—(2,0).X—(2,1 ).X'—(2,3). X®— 2 

[6350] 0 — ^ (3) + 3 +(8,0)+(3,l)+(3,2) | .X'"— (3,0).X-(^1).X'~(3,2).X"— 3 

We can determine, by means of these equations, the values of x? \’y x", x'". 

that [6338, 6339, 6340] maybe derived from [6337], by changing reciprocally the elements 

[6337&] of m into those of m', m", m"'. The equation [6334] is easily reduced to the form 

[6341], by developing the terms included under the symbol 2, and altering a little the 

arrangement of the terms. It gives the following value of pL, which will be of use 

hereafter ; 

* (3315) This is evident by comparing the coefficients of t, in the values of èr, vr 

[6342a] [6928, 6929], corresponding to the motion of the equator, and representing the values of p, 

with the values of (0), (1), (2), (3), he. [6864—6868], depending on the disturbing 

forces of the sun and satellites, or the ellipticity of Jupiter. The former being much smaller 

[63426] than the latter, may be neglected, as in [63423, in finding the equations depending on these 

values of p. 

f (3316) Putting p = 0, in the equations [6337—6340], then substituting the 

[6347a] va]ues [6343—6346], and dividing by —(L—L'), we get [6347—6350] respectively. 



vin. iv. <§> 10.] INEQUALITIES IN THE LATITUDES. 75 

The latitude of the satellite m, above the orbit of Jupiter, is represented 

by a series of terms of the form (Z—L'fsmfv+pt+A) ; therefore we shall 

have,* 

2'.(l—L') .smfvfptfA) = latitude of the satellite m, above Jupiter’s orbit. 

If we include only the part of this expression which depends upon the 

displacing of Jupiter’s equator and orbit, we shall have, as we have seen in 

[6343], L—l = x. (L—Li) ; hence we deduce, f 

Z—U = (l—x).(L—Id). 

Therefore we shall have, for the part of the latitude of m, above the orbit 

of Jupiter, and including the terms depending on the displacing of Jupiter’s 

equator and orbit ; the following expression ; 

2'.(Z—T').sin.('yTpZ+A) = (1—x).2'.(X—Jb^.sin.^-fpZ+A). 

If the satellite move in the plane of Jupiter’s equator, its latitude above 

Jupiter’s orbit will be, X 

s', (jI—LZ). sin.(fl-f-pZ-f-A). 

[6351] 

[6352] 

[6353] 

[6354] 

[6354q 

[6355] 

[6355'] 

[6356] 

* (3317) The latitude of the satellite m above the fixed plane, in [6298a: line 1], is 

2.' .l.sm.(y -\-ptfA.) ; and if it were moving in the plane of the orbit of Jupiter, it would be [6359aJ 

Sl.L'.sm.ffptfA), as in [6298a: line 5]. Subtracting this expression from the preceding, 

we get 2 '.{l—L/).sin.(v-bl^TA):> for the latitude of the satellite m, above Jupiter’s orbit; [63526] 

as in [6352]. 

t (3318) The equation [6343] gives l = L—X.(L—Ü) ; subtracting Li from both 

sides of the equation, we get [6354]. Multiplying this by sin.(u-f-p^TA), and prefixing 

the sign 2', we obtain for the latitude [6352] the expression [6355], We may observe 

that the equations [6344, 6345, 6346] may be deduced from [6343] by increasing the [63556] 

accents on 7, X, by one, two or three marks respectively ; and by performing the same 

process on [6354], which was deduced from [6343], we obtain similar expressions for the t6355c] 

second, third and fourth satellites. Thus, by changing Z into V", and X into Xw, the 

equation [6343] becomes like [6346] ; and [6354] changes into V'-Li = (1-XW).(L-Ii) ; [6355(6] 

which is used in [7343]. 

X (3319) If the satellite m be supposed to move in the plane of the equator of Jupiter, 

we shall have, by neglecting terms of the order Æ2 as in [6316"], s1 [6051] for its 

latitude above the fixed plane; and this is represented by 2'.L. sin.(« fpt -f a) [6356a] 

[6298æ line 6]. In like manner, if the satellite be supposed to move in the plane of the 

orbit of Jupiter, its latitude, above the fixed plane, can be obtained by changing U into v, t6356U 

in [6298x line 5], which gives 2717.sin. (ü-f-p^TA)* Subtracting this from the expression 

[6356a], we get [6356], which represents very nearly the latitude of the satellite m, above 
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[6357] 

[6358] 

[6359] 

[6360] 

[6361] 

[6362] 

[6356d] 

[6356e] 

[6357a] 

[63576] 

[6357c] 

[6357c?] 

[6357e] 

[6357/] 

[6357g-] 

[6357/c] 

[6357i] 

The part 

(1—x).s'. (L—L').sin. 

of the expressioti of the latitude of the satellite, above Jupiter1 s orbit [6356], is 

therefore the latitude tuhich it would have, on the supposition that it moves 

upon an intermediate plane, passing between the planes of the equator and the 

orbit of Jupiter, through the common intersection of those two planes ; the 

inclination of this intermediate plane, to the plane of Jupiter1s orbit, being to 

the inclination of Jupiter's equator to the same orbit, as 1—x to 1. We 

shall suppose, as in [3108, 3104, &c.], that 

p = the inclination of the equator of Jupiter to its variable orbit ; 

—the longitude of the descending node of the equator of Jupiter, on 

its variable orbit ; this longitude being counted from the axis of x. 

Thus the part of the latitude of the satellite m, above Jupiter1 s orbit, 

including the effect of the changes in this orbit and in the equator [6354'], is* * 

(f— simf-y + U)* 

Jupiter’s orbit, supposing this satellite to move in the plane of Jupiter’s equator. The 

latitude [6356] corresponds to the inclination Ô' [6360] ; and if this inclination be decreased 

in the ratio of 1—X to 1, as in [6359], the corresponding latitude will be decreased in 

nearly the same ratio, and will become as in [6357]. 

* (3320) If we repeat the calculation in [6323a—f], changing the fixed plane into the 

plane of Jupiter’s orbit, it will change Ô [6312] into Ô' [6360], and y [6313] into U 

[6361] nearly, as in [3104—3105]. By this means the expression —Lsin.(v -f-f) 

[6323d], which represents the elevation of the satellite m above th e fixed plane, upon the 

supposition that the satellite moves in the plane of the equator of Jupiter, will change into 

—â'.sin.(v-J-Ÿ/)’ representing the elevation of the satellite m above the variable orbit of 

Jupiter, the motion of the satellite being, as before, in the plane of the equator. Putting 

the expression [6357d] equal to the same latitude, found in [6356], we get, 

X'. (L—L/).sin.('U-j-/?TA) = —T* sin.^T^O* 
Multiplying this by 1—X, and substituting the result in [6355], we get, 

X'.(Z—L') .smJvfptfA) = (1—X).X'.(L—■L/).sin.(fl+/UfA) = (X—1).$'. sin.(v-(-U). 

The first member of this expression represents, as in [6354', 6355], the part of the latitude 

of the satellite m, above Jupiter’s orbit, including the terms arising from the displacing of 

Jupiter’s equator and orbit ; therefore it must also be represented by the last member of the 

expression [6357/], as in [6362]. This expression [6362] corresponds, in the lunar theory, 

to that in [5351 or 5357]. But there is this very essential difference, that in the lunar 

theory the coefficient —6s,487, [5357], is but a very small part of the inclination of the 

earth’s orbit to its equator, so that X—l must be very small ; but in the theory of this 

satellite (X—l).ô' is nearly equal to —ô' ; X being very small [6923]. 
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This result is analogous to that which we have found in the lunar theory 

[5352] ; observing that for the moon, 1 — x is very small ; but for the 

satellites of Jupiter, 1 — x differs but little from unity [6361i]. 

We shall now determine the values of ô, f , V, U, which depend upon 

the displacing of the equator and the orbit of Jupiter. We shall in the first 

place observe, that we may satisfy, very nearly, the equations [6337-6341], 

by putting,* 

U = 0, or L—L — L ; 1 

l = (1 —x ).L, L—l 2 

V = (1— x' ).L, L—V = x' L ; 3 

r = (1—x").L, L—l" = x"U; 4 

V" = (1—x"').L, L—V" = x'" L ; 5 

then the equation [6341] gives a value of p, which we shall denote by ’p, 

and we shall have, 

i|7 = A. x+m'. »«. x'+m". b"2. n'"2. x'"}. 

[6363] 

[6364] 

[6365] 

[6365q 

[6366] 

* (3321) Taking as in [6023y or 6398], the orbit of Jupiter in 1750 for the fixed 

plane, we shall have the sun’s latitude S' [6040] of the same order as the disturbing 

forces, which act upon the planet’s orbit ; and if we neglect for a moment this latitude, we 

shall have S' = 0 ; whence 17 = 0 [6300 line 5], as in [6365 line 1]. Substituting 

this in [6343—6346], and making a slight reduction, we get the assumed expressions of 

l, V, l", l'", [6365 lines 2—5]. From these we easily deduce the values of L—L', 

L—l, &,c. [6365] ; and by substituting them in [6337-6340], then dividing by —L, they 

become nearly satisfied by using [6347-6350]. Substituting the same values in [6341], then 

dividing by L, we get p, or p [6366] ; corresponding to the precession of the equinoxes 

of Jupiter’s equator, arising from the action of the sun and of the satellites, upon the ellipsoidal 

figure of the planet. By means of this value of * 1p, the argument v-fptf-A 

[6300 line 6], for finding the latitude s1} supposing the satellite to move in the plane of 

the equator, is augmented by the quantity 1pt in the time t ; and as this argument must 

evidently represent, as in [533a], the distance of the satellite from the equinoctial point. 

The part pt must express the precession of the equinoxes [6323a, &c.] ; as this contains no 

variable part, like that neglected in [6317a], it may be considered as the mean precession 

arising from the action of the sun and satellites, on the ellipsoid of Jupiter ; but not 

including the effect of the change in the plane of Jupiter’s orbit, from the value of IJ 

depending on the disturbing forces of the planets ; so that pt corresponds to It in the 

expression of the precession of the equinoxes of the earth’s orbit [3100]. The effect 

of the change in Jupiter’s orbit, from the action of the planets, is noticed in 

[6372, &.C., or 6928, 6929], being similar to that which changes f [3100] into [3107]. 

20 

[6365a] 

[63656] 

[6365c] 

[6365d] 

[6365e] 

[6365/] 

[6365g-] 
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[6367] 

[6368] 

[6369] 

[6370] 

[6371] 

[6372] 

[63730 

[6368a] 

[6368b] 

[6368c] 

[6368c?] 

[6372a] 

[63725] 

[6372c] 

[6372c?] 

The valee of L remains arbitrary, and we shall denote it by —L. 

Hence we have, by noticing only this value, the latitude of the satellite 

above the fixed plane, equal to —* lL. sin.(/y * ]a being the 

arbitrary constant quantity corresponding to lp. But this latitude is also 

equal to —-4. sin. («-[-■*■) [6322] ; hence we deduce, 

ô. sin. y = 1L. sin. Qpt -j- *a) ; 

ô. cos.y = lL. cos. ('pZ-f-bv) . 

lpt denotes the mean precession of the equinoxes of Jupiter f [6365c] ; but the 

true precession is modified by the displacing of Jupiter’s orbit, as we have 

seen, in [3111—3115], that the change of the ecliptic modifies the precession 

of the equinoxes relative to the earth. To determine these modifications, 

we shall observe that the equation [6341] gives,J 

* (3322) This expression of is deduced from its assumed form [6300 line 6], 

changing L into —XL [6367], and p into xp [6365J, in order to conform to the 

present notation. Putting the value of sx [6368] equal to that in [6323d], we get, 

—4.sin.(v-j-Y) = —XL. sin.^-p/d-pA)- 

Now by means of [21] Int., we have, 

sin.(u-h^) — sin.v.cos. y-[-cos. «.sin. y j 

sin.(«-f- /?+ xa) = sin. v. cos. (/?-}- lA)-}-cos. v. sin. fpt-\- xa). 

Substituting these developments in the equation [63686], and then putting separately the 

coefficients of —cos.«, —sin. «, in both members, equal to each other, we get [6370,6371]. 

f (3323) We have observed, in [6365/], that the mean precession of Jupiter’s equinox 

lpt, deduced from [6366], is similar to that of the earth It [3100] ; or, in other words, 

that xp, in Jupiter’s theory [6366], is equivalent to l [3098], in the theory of the earth ; 

and for the sake of illustration, it may not be amiss to compare these two expressions. 

, (2C-A-B\ 
Now the first term of Z [3098], depending on the sun s action, is —. ( —-—J.cos.A ; 

and by changing m into M [3059, 610P] ; also n into i [6317/], to conform to 

the present notation ; then putting cos. h = 1, on account of the smallness of h [7319], 

we get the first term of [6366], depending on Hi2. In like manner, the term of [3098], 

containing X, which depends on the moon’s action upon the ellipsoid of the earth, is 

similar to those in [6366], containing X, X', X", X"', and depending on the action of the 

satellites upon the ellipsoid of Jupiter. 

J (3324) Multiplying [6366] by L—L', and substituting the values [6343—6346], 

we get, 

ip.(L-L')= % . • {M2.(L-L')Jrtn.n‘2. [L-l)+rn!.n'K[L-V)-fm". n'% [L-l") + mw. n!"8. [L-V") J. [6373a] 
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(p—lp).Lf-fiL' — 0 ; 

p being, in this case, one of the values of p, relative to the displacing of 

Jupiter1’s orbit. This equation gives, 

fi.TJ 
L = 

P—'P 

ô. sin. f = fi. 2'. 

Therefore, if ice notice only the values of p relative to the displacing of 

Jupiter’s orbit, we shall have, 

_ V a) t 

v—p ’ 
J L'. cos. (pt-fi a) 

^.COS.F = ft. 2'. -—-- . 
p—lp 

Connecting these two values with those in [6370, 6371], we shall have,* * 

• T T . N , , U.sin. (pt-fi a) 
ô. sm. f —lL. sm. ( jftJ+ A) -j- F-2 •  pfi " î 

i.-r .-i | . , n , £'.COS.(»?+a) 
Acos.f =1jL.cos.(1p^+1-A) + _p. 2 . ———^—- . 

Hence we easily obtain,f 

[6373] 

[6374] 

[6375] 

[6375;] 

[6376] 

[6377] 

[6378] 

[6379] 

The second member of this equation is the same as the value of pL [6337c] ; hence we [63735] 

obtain fi.(L—L')=pL; and by transposition we get [6373]; whence we deduce L [6373g] 

[6375] ; and by substituting it in [6326, 6327], we obtain [6376, 6377]. The symbol 

2' being supposed to include the angles pt-\- a, depending on the displacement of [6373(6] 

Jupiter’s orbit [6324']. 

* (3325) The sum of the terms [6370, 6376] gives the value of Æ.sin.F [6378] ; and 

the sum of those in [6371, 6377], gives Æ.cos.f [6379]. Observing that the values [6378a] 

[6370, 6371] are founded on LI — 0 [6365a], corresponding to a fixed orbit of Jupiter ; [63786] 

and the terms [6376, 6377] depend on the changes of that orbit ; consequently these sums 

represent the whole values of Ô. sin. f, Ô. cos. f. 

t (3326) From [22] Int. we get sm. A.cos. fit—cos.A.smPpt = sin.(^2—-fit) ; hence 

if we multiply [6378] by cos.fit, and [6379] by —sin. fit, then take the sum of the 

products, we shall get, by using [6380a], 

Asin.(F—fit) = 1L. sindA-j-1^^'. 
U. sin .fit — fit-j-A) 

P~fi 
which is easily reduced to the integral form in [6380], as is evident by taking the integral, 

indicated by the sign f. The advantage of this form is seen in [6386], where we are 

enabled to introduce the symbol y. In like manner, by multiplying [6378] by sin. fit, 

also [6379] by cos .fit, and reducing by means of the formula 

sin. A. sin. fit-fi cos. A.cos. fit — cos.[A—fit) [24] Int., 

[6380a] 

[63806] 

[6380c] 

[6380c?] 

[6380c?'] 
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[6380] 

[6381] 

[6382] 

[6383] 

[6384] 

[6385] 

[6386] 

[6387] 

[6388] 

[6389] 

[6390] 

[6391] 

[6380e] 

[6380/] 

[6386a] 

[63866] 

[6388a] 

[6391a] 

ô. sin. (V—lpt) = 1L. sm.bi + Ldt. cos.(pt—lpt-\-A) ; 
è. cos. (■*■—ft) — ^.cosUa—lp.^' .fL' dt. sin .(pt—ftp-a) » 

Now we have, as in [6330, 6331], 

7. sin.7 = —j!. Id. sinfiptf-A) ; 

7. cos.i— s'.Z/. cos.(j?£+a) ; 

and from these we deduce,* 

7. sin. (ip-ft) == —2'. L'. sin. (pt—1pt-\-A) ; 

7. cos.(7 4-ft) = s'. L. cos. (pt-—ftp-,a) ; 

therefore, 

ô. sin. —1pt) — 1L. sm.lAp~^p.fydt.cos.(i P~ft) ; 

6. cos. (ÿ—ft) = 1L. cos. 1AJr f.f7^e. sin. (7 -j- . 

By means of these two equations we may obtain the excess f —lpt of the 

true precession of Jupiter’s equinoxes above the mean precession ; and the 

inclination 6 of the equator of this planet to the fixed plane. 

The latitude of the satellite m, supposing it to move in the equator 

of Jupiter, is —4.sin.(/-/*■) [6322] ; and its latitude above the same plane, 

supposing it to move upon the orbit of Jupiter, is 7. sin. (v-—7) ; Î 

we get, 
. . _ „ . , JJ. COS. [pt-lpt-4- A) 

4.cos.(y—pt) =1L.cos.A-\-1p.2‘. -———- ; 

which is the same as [6381], as is evident by taking the integral of its last term, as in 

[6380c]. This integration procures the same advantage as above, of introducing the 

symbol 7 in [6387]. 

*(3327) Multiplying [6382, 6383] by cos Apt, sin .pt, respectively; taking the 

sum of the products and reducing, by [21, 22] Int. ; we get [6384]. Again, multiplying 

[6382] by —sin. pt, and [6383] by cos. pt ; taking the sum of the products and 

reducing by [23, 24] Int., we get [6385]. Substituting the values [6385, 6384] in 

[6380,6381], they become respectively as in [6386, 6387]. 

f (3328) The true precession being represented by [6313], and the mean 

precession by pt [6372]; the excess of the former, above the latter, will be y—pt, 

as in [6388]. 

% (3329) The inclination of the sun’s relative orbit about Jupiter, to the fixed plane, 

is 7 [6313']; and the longitude of its ascending node is 7 [6314]. Hence v — 7 is the 

angular distance of the satellite from that node ; and by proceeding as in [6328c], we obtain 

y.sin.(t’—7), for the latitude of the satellite m above the fixed plane, supposing it to move [63916] 
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subtracting this last expression from the preceding one, we get the latitude 

of the satellite above the orbit of Jupiter, supposing the satellite to move in 

the plane of the equator ; but this last latitude is —ô'. sin. (©+* *') [6357^] ; 

therefore we have, 

—d'.sin.^+'U) = —6. sin. (©+*■)—y.sinfv — 7) ; 

v being indeterminate. If we put successively v =—1pt and ©=100°—ft, 

we obtain from the preceding equation, 

6'. sin. (V—ft) = ô. sin. (t—ft)—y. sin. (if ft) ; 

è'. cos.(V— ft) = Ô . COS.(y—ft) -f- 7. cos. (7 + ft). 

These equations ivill make known the precession [6361], and the 

inclination ô' [6360], of the equator, referred to Jupiterh orbit. 

It is sufficient, for the uses of astronomy, to have the values of these 

quantities in a converging series for two or three centuries. We shall take, 

for the fixed plane, the orbit of Jupiter in 1750; and that epoch for the 

origin of the time t. We shall also take, for the axis of x, the line of 

the vernal equinox of Jupiter at the same epoch. Then reducing the 

expression to series, and neglecting the second and higher powers of t, we 

shall have,* 

7. sin. 7 = at ; 

7.cos. 7 = bt ; 

a and b being constant quantities, which are easily found, as in [6901, 6902], 

in the plane of the sun’s relative orbit, or in the plane of the orbit of Jupiter. Subtracting 

this from the expression in [6390], we get the latitude of the satellite m above Jupiter’s 

orbit, supposing it to move in the plane of Jupiter’s equator, as in the second member of 

[6393]. Putting this equal to the value of the same latitude, found in [6357d], we get the 

first member of [6393]. Substituting in [6393] n=200°—1pt, we get [6395]; and 

by putting v=300°—pt, we obtain [6396], by making a few reductions. The same 

results are obtained by using the values of v [6394]. 

* (3330) The developments in [6400, 6401] are similar to those in the earth’s orbit 

[4332], neglecting terms of the order t2 ; observing that the assumed values of p", q" 

[4249] for the earth, are similar to the expressions 7. sin. 7, 7. cos. 7, in the present 

theory; because f, Ô", [4249, 4082, 4083], or rather <p/, f [4238e] are changed 

into 7, 7, [6313% 6314]. The analytical values of a, b, are given in [6901, 6902] ; 

and their numerical values in [6906—6908, or 6928, 6929]. 

21 

[639iq 

[6392] 

[6393] 

[6394] 

[6395] 

[6396] 

[6397] 

Fixed 
plane and 
axis. 

[6398] 

[6398'] 

[6399] 

[6400] 

[6401] 

[6402] 

[6391c] 

[639Id] 

[6391e] 

[6400a] 

[64006] 

[6400c] 
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[6402'] 

[6403a] 

[64036] 

[6403c] 

[6403d] 

[6403e] 

[6403f] 

[6403g-] 

[64036] 

[6403i] 

[64036] 

[6403Z] 

[6403m] 

[6403n] 

[6403o] 

[6403p] 

[6403g] 

[640 3r] 

MOTIONS OF THE SATELLITES OF JUPITER. [Méc. CéL 

by means of the expression of the motions of Jupiter’s orbit, given in [4246.] 

From the preceding equations we obtain,* 

* (3331) Putting z = 7, and & = 1pt, in [60, 61] Int., we obtain the developments 

of sin.fv —{\-1pt)i cos.(? according to the powers of t. Substituting these 

expressions in the terms under the sign f, in [6386, 6387], and then the values of 

y.s'ml, y. cos. 7 [6400, 6401], we find that these integrals are of the order t2, or of a 

higher order, which are neglected in [6399]. Therefore we may reject the terms under 

the sign f, in [6386, 6387], and we shall have, 

0. sin.(¥—1pt) = 1jL. sin.1a. j Ô. cos.(y—*pt) = 1L. cos. hv. 

The sum of the squares of these two equations, gives 02 = hL2, or 0—1L, as in 

[6404] ; substituting this in the first of the equations [6403c], and then dividing by 

we obtain, 

sin.(¥—%pt) = sin.*A ; whence ¥— 1pt=1 a. 

Now we find, in [6398'], that the line drawn from the centre of Jupiter, in the direction of 

the vernal equinox of Jupiter’s orbit, at the epoch 1750, is taken for the axis of x ; and 

in [6313] ¥ represents the retrograde motion of the node from this axis, after that epoch ; 

so that when t — 0, we shall have ¥ = 0. Substituting these values of t and ¥, 

in the first member of the second equation [6403e], we obtain 0 = ^, as in [6403] ; 

and by using this value of the constant quantity *a, we find that the second equation 

[6403e] becomes generally, for any value of t, ¥ — xpt — 0, or ¥ = lrpt, as in [6404]. 

In finding the values of ¥', Ô', from the equations [6395, 6396], we must observe that 

the equation ¥ — ^ = 0 [6403/i] gives t).sin.(¥—%pt) = 0 ; $.cos.(p—1pt)=ô=1L 

[6403d]. Moreover, by using the developments [6403a], in connexion with the equations 

[6400, 6401], and neglecting terms of the order £2, we have, 

y.sin.(7-J-lrpt) — at ; y.cos.(7-f-1pt) = bt. 

Substituting the expressions [6403£, Jc] in the equations [6395, 6396], we obtain, 

ô'.sin.(¥/—1pt) = —at ; ô'.cos.(¥'—xpt) = xjL -f- bt. 

—at 
Dividing the first of these equations by the second, we get tang.(F—tyt) = —- . If 

we neglect terms of the order tf2, we may put the second member of this equation under 

—at -at 
the form — tang.f) nearly, [45] Int. Hence the equation [6403m] becomes 

tang.(¥'—xpt) — tang.? whence ¥'- 
•'P‘ = -TZ- 

From the last of these equations we easily deduce the value of ¥/ [6405]. Taking the 

cosine of both members of the same equation [6403o], and developing the second member, 

according to the powers of t, by means of [44] Int., neglecting terms of the order t2, we 

shall have cos.(¥'—1pt)= 1. Substituting this in the first member of the second of the 

equations [6403/], we obtain ô'==1L-\-bt, as in [6405] ; and when zf = 0, it becomes 

Ô1 =z1L, as in [6406, 6360], corresponding to the epoch 1750. 
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hv = 0 ; [6403g] [6403] 

? =ipt ; ô—'L; [6403/t, d] [6404] 

y' = lpt— = 1LJrbt. [6403o, g] [6405] 
L 1JLj 

so that 1L is the inclination of the equator to the orbit of Jupiter, in [6406] 

1750 [6403r]. 

Lastly, if we put y1 for the inclination of the orbit of the satellite m, to [6407] 

the fixed plane [6315]; and \ for the longitude of its ascending node 

[6316] ; we shall have, when we consider only the quantities relative to the l6408] 

displacing of the orbit and equator of Jupiter [6342, 6343], 

L—l = K(L—L) ; [6409] 

and by transposition we easily deduce the following expression of l ; 

1 = (1—x).jb + x.Z/. [6410] 

Hence we obtain,* 

yv sin. ix — (1—x).é. sin. Y-j-X.y. sin. 7 ; [6411] 

y^COS. 7i = (f—l)J.COS.Ÿ-f-X.7.cos.7 . [6412] 

Thus, by noticing only the displacing of the equator and orbit of Jupiter, we 

shall have,f 

*(8332) Substituting the value of l [6410], in [6332], we get [64116] ; and by 

using the values [6326, 6330] it becomes as in [6411]. In like manner, the substitution [6411a] 

of l [6410], in [6333], gives [6411c] ; and by using the values [6327, 6331], we obtain 

[6412]. 

sin.71 = —(1—X). 2'. L. sin.fpf-f-A.)—X. sin.(prf-j-A) ; [64116] 

y1.cos.71 = (1—X).2/.L.cos.Q^+A)-{-X.2'.L'.cos.(j?^+A). [6411c] 

f (3333) If we neglect terms of the order t2, we shall obtain, from the first of the 

equations [6404], sin.^- = 1p^, cos.ÿ=:1. Substituting these and 4 =1L [6404] in 

the terms of [6411, 6412], which have the factor (1—X) or (X—1), we get the terms 

of [6413, 6414], having the same factor. Lastly substituting the values of y. sin. 7, 

y.cos. 7, [6400,6401], in the terms of [6411, 6412], containing y, we get the terms of 

[6413, 6414], containing a or 6. The formulas [6413, 6414] correspond to the satellite 

m\ and by accenting the symbols y15 7X, X, we get the following expressions for the 

satellite w! ; 

y/. sin. 7/ = (1-—X').1/*. lrpt -}- X'. at ; 

7/. cos. 7/ = (X'—l).1/*. -j-x'.bt. 

By adding one more accent we obtain the values corresponding to m" ; and with another 

accent they represent the values for m!". 

[6413a] 

[64136] 

[6413c] 

[6413d] 

[6413e] 

[6413/] 
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[6413] 

[6414] 

[6415] 

[6415'] 

[6416] 

[6417] 

[6417a] 

[64176] 

[6417c] 

[6417c?] 

[64l7e] 

[6417/] 

[6417g-] 

yx. sin. 7X = (1—fjJL.lptJr^ .at ; 

COS. 7j = (x—> 

Relative to the values of p, which depend upon the mutual action of the 

satellites, we may put L' equal to nothing ; since the orbit of Jupiter is 

not sensibly displaced by the action of the satellites. We may also, for these 

values of p, neglect the value of L, in comparison with the corresponding 

values of Z, 1', &c. [6417g-]. For it follows, from the equation [6341], 
_jq 

that the value of pL is multiplied by the small factor --—-; therefore 

it is of the order of the product of the ellipticity of Jupiter, by the masses of 

the satellites ; and such quantities we have heretofore neglected. Hence 

we may neglect pL and (O).jL,* in comparison with (Of l, (1).Z, &c. ; 

then the equations [6337—6340] become, 

*(3334) We have in [6313m], i = 40/" nearly; hence we obtain from [6919] 

---- == /;; nearly. Substituting this, together with the values of n, n', n", M, 
Trîr* L/ OU/W.71 

in terms of n'" [6025a,b,c,i\, and those of [7162—7165], in [6337c], 

and retaining only the first significant figure of the results, for the mere object of ascertaining 

the order of the terms, we get, 

pL = ~. n'".10,00001. {L—L') + 0,002.(£—l) -f0,0005.(L—Z')+0,0005.(.L—l") + 0,00004.(£—V") 

Now we have, as in [60257c], = 241830" ; substituting this in the preceding 

expression, and transposing the terms depending on L to the first member, we get, by a 

rough calculation, neglecting L' as in [6415], 

{p—735" \.L= —483". Z—121". V—121". Z" -10". I'". 

Substituting the values of l', l", V" [7226—7229], corresponding to the first angle p, we 

find that L is less than • i l similar results are obtained by using the values 

[7233—7236], relative to the second angle p1 ; those in [7238—7241], relative to the 

third angle p2 ; or those in [7245—7248], relative to the fourth angle p3. Hence it is 

evident that we may neglect L, as in [6415']. 
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0 = < p—(0) 0 —(0,1)—(0,2)—(0,3) > . I 

+ (0,l)./' + (0J2).Z//+(0}3).r ; 

0 = 

0 = 

0 = 

~H(1 j0).?-4-(l?2).Z"-j-(l,3). Z'" ; 

—(2,0)—(2,1)—(2,3) \ .l" 

IH> 

+(3,0).Z + (3,1).Z'+(3,2).Z". 

1 

2 

1 

2 

1 

2 

1 

2 

If we suppose, 

l' = Z'.l; l" = f.l; r = Z'".l; 
l will vanish from the preceding equations, and we shall obtain four equations 

between the indeterminate quantities and p ; whence we may 

find p by an equation of the fourth degree. We shall put p, p19 p2, p3, 

for the four roots of the equation, and 
pi pu pm. pi pu p m . p t pu pm. 
il) U! y 1 fe) fe 1 Ç>3 > <o3 J <a3 1 

for what become, when we change successively p into pi: 

p%, p3. We shall then suppose that s, s', s", s'", instead of expressing as 

in [6033, 6036'] nearly the latitudes of the satellites above the fixed plane, 

express their latitudes above Jupiter’s orbit, these last latitudes being 

particularly required in the calculation of their eclipses ; in this case we shall 

have,* 

* (3335) The latitude of the satellite m is expressed in [6298a: line 1], by a series 

of terms of the form s — if. 1. sin. • and we have observed in [6298y] that the 

terms depending on the angles p1tJrA1, p2t-\-Az, pat-J-a3 , arise from the mutual 

action of the sun and satellites, and on the ellipticity of Jupiter. These terms are 

explicitly retained in the expression of s [6427 lines 2, 3, 4, 5]. We have also observed, 

in [6298z], that the remaining terms, depending on the angles p4t-\-a4, p^-f-a6, &c., 

and arising from the displacement of Jupiter’s equator and orbit, are reduced to the single 

term (X—l).â'.sin.(ü-j-V) [6362] ; which is the same as that in [6427 line 1], referred 

to the variable orbit of Jupiter [6360—6362] ; so that the expressions [6427—6430] will 

22 

[6418] 

[6419] 

[6420] 

[6421] 

[6422] 

Symbols. 

[6423] 

[6424] 

[6425] 

[6426] 

[6426'] 

[6419a] 

[64196] 

[6419c] 

VOL. IV. 



86 MOTIONS OF THE SATELLITES OF JUPITER. [Méc. CéL 

[6427] 

Latitudes 
above the 
variable 
orbit of 
Jupiter. 

[$428] 

[6429] 

[6430] 

[6419<2] 

[6419e] 

[6419/] 

[6419g-] 

[6419 A] 

s — (\ — 1). ô'. sin. (v -j- 1 

"I- /. sin. ÇV -j- pt -j— A^ [Satellite m ] 2 

+ 4- sin. (4 -f Pi^ + Ai) 3 
+ 4. sin. (v Jrp4JrA^) 4 
+ /3. sin, (v + p3i + a3) 5 

s' = (x'— 1). d'. sin. (®'+*/) 1 
4“ l* Sin.(î/+ptf + A) [Satellite m'] 2 

4- &/• 4- sin. (V+ _p/4" Aj) 3 
+4. sin. (V+a2) 4 
+4'. 4. sin. (V+a3) 5 

s" = (x"— 1 ).<)'. sin. (v" + V) 1 
. 1. Sm.(v''-\-pta) [Satellite 2 

+&"• 4- sin. (y"+p/4- Aj) 3 

,*4* s^n • jPa^4- a2) 4 
4-4". 4. sin. {V'4- p3^+ Ag) 5 

s'" = (x'"—l).d'. sin. (*'"+*') 1 
2. Sin. (V" -f/2 4- A ) [Satellite m"r] 2 

+li,//*4-sin.(«//,4-j?/+A1) 3 

+^2W*4*Sin‘('yW“hP2^+A2) 4 

“h^3///-4*sin'('î,///H_i?3^_i-A3). 5 

be very nearly the latitudes referred to the variable orbit, as in [6426']. Hence it appears 

that the expression of s [6427], contains the sensible terms of the proposed forms 

v-ppt+A, v-\-p1t-\-A1, he., depending on the mutual action of the bodies and the secular 

equations of the orbit and equator of Jupiter. In like manner we obtain from the 

expressions of s', s", s'" [6298a? lines 2, 3, 4], the corresponding values [6428, 6429, 6430], 

We may incidentally remark, that if we neglect the first term in each of the expressions 

of s, s', s", s'" [6427—6430], depending on t-', we shall find that the four remaining 

terms of each of these expressions become of similar forms to those in the values of 

5v, Sv', Sv", Sv'" [6241—6244], changing g, r, h, p, he. into —p, —a, l, g, &c. 

respectively, and retaining, in every instance, the same number of accents on the 

corresponding symbols. Hence we shall have a table of symbols, similar to that in [6229(2], 

and corresponding to the four roots p, pt, p2, p3 ; and we may form, in like manner, a 

table of the values of these parts of s, s', s", s'", similar to that in [6240t-to, or 6241g-fr]. 

From these we deduce analogous results to those in [6241m, See.] ; namely, that the first 

satellite has a peculiar inclination l, and longitude of the node —pt—a ; the second 

satellite has a peculiar inclination V, and longitude of the node —p/—; the third 
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The expressions l, lL, Z2, l3 ; a, a1? a3, a3, are the eight arbitrary 

constant quantities, which can be determined only by observation. If ive 

wish to obtain the latitudes of the satellites, above the fixed plane, we must add 

to the preceding expressions of s, s’, s", s'”, their values, upon the supposition [6431] 

that the satellites move in the plane of the orbit of Jupiter. 

11. We shall now consider those inequalities of the motions of the satellites 

in latitude, depending on their mutual configuration, which acquire very small 

divisors by the integrations. It is evident that the terms of the differential 

equation [6295], depending upon an angle which differs but little from* * v, [6432] 

will acquire such divisors. Now if we consider only the first power of the 

inclinations of the orbits, we shall find that all the angles of the different 

terms of this equation will be included in the formf i.(v—v') ± v' ; and v’ [6433] 

satellite has a peculiar inclination l", and longitude of the node —p2t—a2 ; and that the 

fourth satellite has a peculiar inclination V", and longitude of the node —p3t—a3. [6419i] 

Moreover we see, as in [624L—u], that each of these latitudes may be considered as the 

sum of four distinct latitudes, computed for four different orbits, passing through the places [6419Æ] 

of the nodes of the four satellites respectively. 

* (3336) The equation [6295], for the determination of s, can he reduced to a form 

like that in [6446] ; in which the coefficient of s is nearly equal to unity, as in [6447]. 

This equation is integrated like that in [60497c, 7], changing t into v ; observing that the 

coefficient af is nearly equal to unity, so that the divisor m.f—af [6049/], becomes 

mf—1, nearly; which is very small when m) is nearly equal to unity, or when the angle 

m/ v + s/ becomes nearly equal to vfs/: as in [6432]. 

f (3337) The action of the satellites upon each other being similar to that of the 

planets, it is evident that the forms of the terms of Ss, relative to the satellites, will be [d434a] 

similar to those which we have computed for the planets in [1030]. Now the general 

term of Ss, [1030 line 3], depends on the angle i.(n't—ntfs—s)-J-ntfs—n ; and by [64346] 

neglecting terms of the second order in e, y, we may substitute, in this angle, the values 

nt-\-s = v, n't-— [953] ; hence it becomes of the form if—v)fv; i being [6434c] 

any integer, positive or negative, from i— — x to i=cc [1028'], including also [6434tf] 

i ~ 0, in the tern [1030 line 2]. Then the corresponding term of [1030 line 3], has 

the divisor n2—\n—ifn—n')\2, which is easily reduced to the form, [6434e] 

{n-\-[n—i.(n—»')]}. J n—[n—i.(n—n')]} == j 2n—i.{n—n!) \ .i.(n—n'). [6434/] 

Nowit is evident, from the definition of i [6434cZ], that we may change i into if 1 ; and [6434g] 

by this means the angle if—[6434c], changes into (/-[■!). (t/-î>)-f-ü = i.(î?'r-v)fv'; [6434A] 

[6432a] 

[64326] 
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[6434] 

[6435] 

[6436] 

[64360 

[6437] 

[6438] 

[6439] 

differs but very little from \v [6150'] ; so that the angle i.(v—v')dzv' will 

differ but very little from v, if = 1 ; which gives either 2 = 1, 

or i = 3. In the case of 2 = 1, the proposed angle becomes v ; and in 

the case of i = 3, this angle is reduced to 3v—4t/. We have just 

examined the first of these cases, upon which the secular variations of the 

orbit depend, in [6298, &c.]. It now remains to consider the inequalities 

depending on the angle 3v—4F. 

The expression of R [6297] contains the term R = m'.M(4).cos.(4?;-42/); 

•r2 (h /(JR\ 
therefore the term —of the differential equation [6295], 

produces the expression [6440], by the substitution of s = l. sin.(2>-fp^M) 

[6300], and putting t=— [6439a-c],* = a [6299«], 
7h lb 

[64340 

[6434*] 

[6434Z] 

[6434w] 

[6434n] 

[6434o] 

[6434*] 

[6434?] 

[6434?-] 

[6434s] 

[6434f] 

[6434m] 

and the second form of the divisor [6434/*], becomes [2m—(^—f-1) .(n—22/) |.(7 —1 ).(22—n'). 

The form of the angle i.{v'—v)-\-vf [6434A], is evidently equivalent to that in [6433], 

using the values of i [6434cT|. Again, the divisor [64340 becomes small when the first 

of its factors is nearly equal to nothing, or 2n—(/-]-1).(m—n')~0, nearly ; and if we 

substitute n' —.in [6151], it becomes w.{2—|.(i-j-l)] =%n.(3—i) ; which vanishes 

when 2 = 3, as in [6435]. The same divisor [6434Î] also vanishes when ^-]— 1 = 0, or 

i — —1, as in [6435] ; the difference in the sign being of no importance, considering that 

i [6434Æ] may be made positive or negative, as well as the term ± m' [6433]. When 

2=3, the angle i.(y'—[6434A] becomes 4m'—3m, as in [6436] ; and when 

i =—1, it becomes —(m'—v)-\-v' — v, as in [6435]. The terms depending on v are 

noticed in [6298, &c.] ; the angle Ax!—3v, or 3m—4m', is treated of in [6437, &c.]. 

We find, in like manner, for the action of the third satellite to" upon to, that the 

angle [6434.A] becomes i. (v" — v) -f- m", and the divisor [6434i] changes into 

£2n—1 ).{n—n"). This factor vanishes when 2-j-l = 0; and then 

the angle i.(v"—v)-\-v" [6434g], becomes v, as in [6435] ; which is treated of in 

[6298, &c.] The other factor 2n—(^ —{—1 ).(vz—n") [6434r], does not become small, 

because n" = ^n, nearly [6151]; hence this factor becomes n.{2—(2-j-l).ff, which 

vanishes when 2 = 4 ; but i being an integer [6434oT|, we may neglect this term. 

For similar reasons we may neglect the terms depending on the action of the satellite 

to'", and on the sun S ; since they do not produce, by the integrations, terms 

having small divisors, like that depending on the angle 3m—4m' [6434p], which is 

computed in [6437, &c.]. 

V P ft!v 71 

*(3338) The values of v, v' [6091], give Z= ——; v'=n't+/= —-— +s'. 

These differ from the expressions in [6439, 6441], by the constant parts of t, v' ; but this 

[6439m] 
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4m'. aA(4). 1. sin.(4fl—4v'). cos. Çv -j- ^ v -f- Aj. 

If we substitute v'=— [6439&—c], which may always be done, when 

we neglect the excentricities of the orbits, the function [6440] will give, by 

its development, the term, 

2m'. aA(4). 1. sin.^3t?— —. v — —. v — aV 
\ n n J 

The term —— J of the differential equation [6295], produces the 

following ; " 

[6440] 

[6441] 

[6442] 

[6443] 

produces no effect in the subsequent calculations, because the differentials of the expressions 

[64.39a], which are used in [6439d, &ic.], are the same as the differentials of the expressions 

given by the author in [6439, 6441] ; and the re-substitution of the assumed values of t, v', 

[6455'] corrects for this neglect of the constant terms. The part of R [6437] gives 

/dR \ 
— J = 4m'.Al4).sin.(4v—4v') ; and the value of s [6439] gives, 

^ = 7.^1 -f i^.cos.(® + £.v + a) = Z.cos.(«+ •£.» +a) nearly. 

,-2 

Substituting these and — = a [6439], in the term [6438], it becomes as in [6440]. 

Reducing this by [18] Int. we get the term [6442], using the value of v' [644J]. The 

angle 3v-—.v—v [6442], is very nearly equal to v, because —• is very small, 

and — — \ nearly [6151]. The other terms of [6090] may be neglected, in computing 

the term [6438], because they produce no angle which is nearly equal to v. Thus 

the terms depending on </2(3), &c., produce the angles v——. v A # v 

jp 
2v-—. v — —. v, &c. ; and neither of these angles is equal to v, or nearly equal to it. 

[64396] 

[6439c] 

[6439rf] 

[6439e] 

[6439/] 

[6439g-] 

* (3339) Taking the differential of aR [6297] relative to s, and retaining only the 

terms producing the same angle as that in [6442], we find that the part [6297 line 3] gives, 

a’Ç!u) = 1 i-B(0)+£(1b cos.(v'-r)+Z?C2). cos.(2»/-3»)-[-J5(3). cos.(3»'-3i>)-}-&c j. 

Substituting a = — [6439], in the first member, it becomes the same as the term in 

[6443] ; and its second member contains the terms in [6444]. For the term —m'.azaf.s', 

being multiplied by the term FUb cos.(3a—3a), produces the term of [6444] depending 

on s ; moreover the term -f-m'. aV. s.cos.(F—a) being multiplied by the terms 

23 

[6444a] 

[64446] 

[6444c] 

VOL. IV. 
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[6444] 

[6445] 

[6446] 

[6447] 

[6448] 

m'.a?a'. ^ cos.(4y—4F)—i?(3).s'.cos.(3t;—3F) j ; 

which introduces, into the equation [6295], the following term,' * 

\ml "2"' •fflV. {sin/3»— ®_ £..«—/). 

Hence the equation [6295] becomes, bj noticing only the terms depending 

on the angle 3v—4F, f 

1 °=S+^-s 
+m'.{}«V.jB<3>.Z'+[2a^4>—Ja%'.(£®+5<5')]./}.sin/3» — —. v —V-. v— a 

n n 
2 

Nf being equal to the coefficient of s in [6299 line 1], namely, 

Nf = 1 + + f. ~ + i-s.m'.aV. B™. 
' a nz 

We have, by means of [996, 1006],$ 

i.(fa'.{BV+B^} = —2a.6ÿ—$.a2.6|)—i.a2.^; 

and the formulas [966, 971], give,§ 

jB(3).cos.(3F—3v) cos.(5F—5v), in the last factor of [6444a], produces, by using 

[64444] [20] Int., the terms m'.oPa'.§s.[j5(3)-j-S(5)].cos.(4F—4t>), as in [6444]. These are the 

only quantities which are necessary to be retained in finding terms of the form [6442], 

* (3340) Substituting the values of 5, s' [6300 lines I, 2] in [6444], reducing the 

[6445a] products by means of [19] Int., it produces terms depending on the angle (3v-4v'-pt-A) ; 
and by using the values of t, v' [6439, 6441], it becomes as in [6445]. 

[6446a] 

$ (3341) The differential equation [6295] is reduced to the form [6299] ; and the 

terms in [6299 line 1], are the same as in [6446 line 1], using for brevity the symbol N® 

[6447]. These terms, being connected with those in [6442, 6445], produce the equation 

[6446]. 

[6448a] t (3342) We have, in [996, 9631V], 2a.A[i) 

[1006, 963iv] we obtain, 

^. bf ■2 a. b(j4). 
2 

Also from 

a* 
[64486] —iaPa'.B™ = —. F33) == 

CL4 2 2 
-M.B^=-b ~. b^=~ya2.6®> ~/o Ü 

CL4 2 

Substituting these in the first member of [6448], it becomes as in its second member. 

§ (3343) Substituting i— 5, s = § in [966], we get [6449]; also i — 4, and 

[6449a] being substituted in [971], give [6450]. Using the values [6449, 6450] in the 

second member of [6448], it becomes by reduction equal to —fa2.^1, as in [6451]. 

Substituting this and %a?a!.B®— Ivï.bf [64486], in [6446], we get [6452]. 
2 

[64496] 
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V? = 
8.(t-{-a2)Af—9a..bfp 

f Ta 

b^ = 
2 

2a.Mf—(l-f-a2).^' 

Hence we deduce, 

—2a. b$— i a9. — i a9, bf = — ± a9.&«>. 
a s' #2" 

therefore the differential equation [6446] becomes, 

0 = ~ + JV,3. s + i m\ a2, bf. (/'—I). sin/Sv— ^. »— £. »—A ) . 

This gives, by integration,* 

i.m'.a9.6f.(T—Z).sin.^3y— —. vv—A^ 
s = 

\ n ii J ' 

This divisor is equal to — — — — — —N. \ . 
( n n ' ) ( n n ' ) 

V 
Now — is very small [6302] ; Nt is nearly equal to 1 [6447], and n is 

A:T)j 7) 
nearly equal to 2n' [6151] ; therefore the factor 3— ---Nt is very 

4/f T) 
small, and the factor 3—— ——f- Nf is very nearly equal to 2. Hence 

« « 7v V 
we get, by re-substituting the values v1 = — . v, t = — , [6441, 6439], 

m'.a9.6^3).(U—7),sin.(3?;—4U—pt—a) 

4/3——_ £_iv3 
\ n n J 

It is evident that the different values of yq l, lf, give, in the expression of 

s, an equal number of terms, similar to the preceding. 

These inequalities of 5, by reason of the smallness of the divisors, 

considerably exceed the others, which are produced by the action of the 

satellites. They are the only ones w'hich require any notice ; and we shall 

[6449] 

[6450] 

[6451] 

[6459] 

[6453] 

[6454] 

[6455] 

[6455'] 

[6456] 

[6457] 

* (3344) Integrating the equation [6452] by the method in [6049&, 7], we get [6453] ; 

and by substituting for ti e denomnator of [6453] its value 2.^3—--— — nearly, [6456a] 

it becomes as in [6456]. 
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[6457'j 

[6457a] 

[6458a] 

[64586] 

[6458c] 

[6458d] 

[6458e] 

[6458/] 

[6458g] 

[6458A] 

hereafter find, in [6931, &c.], that even these are insensible.* The sun’s 

action produces, in the value of s, an inequality which might become 

sensible, by reason of the smallness of its divisor. This inequality depends 

on the angle v — 2£7; and we easily find, by ^ 9, that the differential 

equation in s becomes, by noticing this term only,f 

* 

a 

(3345) This is evident from the expression of s [6931 line 1], using the values 

of mf [7143] ; from which it appears that the coefficient of this inequality is of the 

order 0,0008. (I'—Z), which is very small in comparison with Z. 

t (3346) The expression of aR [6297 line 4], depending on the sun’s action, produces, 

in a-(j the terms given below in [6458Z>], depending on the angles v—U, 2v—2Z7. 

Substituting the values of s, S', [6300], we obtain the terms in [6458c] ; and, by 

reduction, those in [6458c/], depending on the angle v—2U-pt-—a. These terms 

increase considerably, in consequence of the divisors introduced by the integrations 

[6049Zr, /] ; 

—6*.cos.(2«-2EZ)+12S'.cos.{v—U) | 
\ds J 4 ri2 i 5 

= — j—6Z.sin.(v-f-p/-j-A).cos.(2v—2U)Jrl2L' .sm.(U-\-pt-{-A).cos.(y—U} 

= — Y~z.\ 3Z.sin.(v—2U—ft-—a)—61/.sin.(c—2U—pt—a) j. 

The terms in [6458c] produce also, by means of [18, 19] Int., some terms depending on 

the angles 3v—2 U-j-yA+A, «-f-y?Z+A. This last angle has already been noticed in 

[6300], and the term depending on the other angle is not increased by the integration 

[6049/r, Z]. 

Again, the same part of the value of aR [6297 line 4] gives 

—a.(~) = 6.sin.(2t>—2U) ; 
V dv / 4 vfi 

(Is 
neglecting the other terms. Multiplying this by — = Z.cos.($-}-pZ-j-A) [6439d], then 

reducing, by [18] Int., and retaining only the term depending on the angle v—2U—pt—a, 

we get, 
/dR \ ds 3442 . . err + \ 

—a. ( — ). — = — twt •Z. sm.(v—2U—pt—a). 
\dvj dv 4n2 v r j 

Adding together the expressions [6458cZ, A], and substituting, in the first member of the sum, 

r2 

h? 
a = — [6439], we get. 

_r2C/dE\rfs_/^\>34P> ( i/—X). sin. (v—2 U—pt—a) . 
lfi X\dv J dv \ds J 5 v v 1 ' 

Substituting this in [6295], and changing the second term s into JV^s, as in [6446a], it 

[6458Ï] 
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dds ,T9 3M2 /T. • f 

0=*5 + iV'-s+ wr(L-l>m{v- 

2 M 

whence we obtain, by integration, 
3^2 . / 

-.(L— Z).sin.^- 
2.M 

4?i2 
. v- 

n 

n 

P 
n 

. V- 
P_ 

n 
. V- 

. V-A 

s = 
—-f L _p N—l 
n n 

Connecting together the parts of s, which depend upon the configurations 

of the satellites and the action of the sun, we obtain, 

—Z).sin.(3p—Av'-—pt—a) 

- 1 
4.(3 — — -A 

Il 11 
JV. 

33/a 

4 rfi 
(L!—Z).sin.(u—2 U—pt—a) 

2JM _|_ A _|_ jv,—1 
n n 

each of these terms being supposed to represent the sum of the similar terms, 
corresponding to the different values of p. 

In the eclipses of the satellite m, U is very nearly equal to v— 200° 

[6032, 6041 ] ; hence the inequality [6460 line 2] is reduced to the following 

form ; * 
3Jkf2 

4 
(L'—Z).sin..(i>-j-_p* -f- a) 

— + - + JV,—1 U no 1 / n 

becomes as in [6458]. Integrating this equation, as in [6049&, Z], we get the term of s 

[6459] ; observing that the divisor mf—af [6049/], becomes, in the present case, by- 

using the values of U, t [6102, 6455'], 

1 jT 
11 

p_ y 
n j 

Nf ■ 1-— _Z._L.JV m « * z 
2.M p ,r. 

I-— -1Ë 1 = 2. 
n « ii n / (QJ\T p \ 

— + — + JVf— 1 ), as in [6459]. Connecting 

together the two terms of s [6456, 6459], it becomes as in [6460] ; taking care to 

re-substitute 2C7 for and pt for ~.v [6455', &c.]. 

* (3347) The longitude of the sun, as seen from Jupiter, is U [6041] ; and in 

eclipses of the first satellite, the longitude of the satellite v is equal to this quantity 

increased, or decreased, by 200° ; hence U=v—200°, as in [6461]. Substituting this 

in the term [6460 line 2], and reducing, it becomes as in [6462] ; observing that, 

sin.[u 2(v—200°)—pt—a] = sin.(p—2 v—pt—A)=sm.(-v-pt-A) — —sin.(w-[-pZ-j-A). 

YOL. IV. 24 

[6458] 

[6459] 

Periodical 
terms of 

S 

[6460] 

[6460'] 

[6461] 

[6462] 

[645S&] 

[645SZ] 

[6458m] 

[6461a] 

[64616] 
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[6463] 

[6464] 

[6462a] 

[64626] 

[64626'] 

[6462c] 

[6462d] 

[6462e] 

[6462/] 

[6462g-] 

[64626,] 

[6462i] 

[64626] 

[6462Ü] 

[6462m] 

When the values of p are relative to the motions of the equator and of 

the orbit of Jupiter, we may neglect p [6342] in comparison with M 

[6927, 6025m]. Moreover the sum of all the terms (X/—/).sin.(v-f-//-f-A), 

is then equal to —(A—1)3'. sin.(/-HP) [6357/] ; and the preceding 

inequality becomes,* 
3 M2 

— (X—i).-—. A.sin.(y 

2 M 
+ JV-1 

* (3348) Prefixing the symbol 2' [6324J to the function [6462], so as to include all 

the terms of that form, it becomes as in the first member of [6462c] ; substituting the value 

[6357/], we get its second member, neglecting 
P 

n 
This second member is the same as 

the function [6464] ; the sign being changed from what it is in the original work, to correct 

for a mistake. 

3342 2'.[U—7).sin.(v-]——j— a)   3342 (X—l)/.sin.(u-f-1f/) 
4 »2 4 r& 

xn ' n 

2 M 

n 
+ JV-1 

Adding this to the chief term of the expression of the latitude of the satellite m above 

Jupiter’s orbit (X—l/d'.sinJv-j-U) [6427 line 1], we get the following expression of the 

part of the latitude depending on this argument v-ff, in eclipses, 

1 
1— 

3342 

n ' 

(X—Ira. sin.(n+U). 

The ratio of the general value [6462c/], to the value in eclipses [6462e], is as 1 to 

334s 
1 , as in [6465]. Hence it is evident that if we determine this 

4»*.(^ + JV-l) 

inclination by means of eclipses, we must increase it, in the ratio mentioned in [6465]. 

We may observe that, in the original work, the word increased [6465] is printed 

decreased, and we have changed the sign of the term depending on A?2 to correct for the 

mistake [6465]. The same phenomenon occurs in the lunar theory. For in eclipses, 

when 2Dlong.— 2 ©long. = 0°, or 400°, we find that the two chief terms of the moon’s 

latitude [5595 lines 1, 3], give for the general inclination 18524s.5.sin.arg.lat. ; and in 

eclipses (18524',.5—528s.4).sin.arg.lat. The ratio of these two expressions is as 1 to 

X—dt nearly. This is nearly the same as the ratio [6465]; for by putting N)=l, 

which is nearly correct in the lunar theory [5049 lines 1-4], it becomes as 1 to 1- 
34 

34 
In this expression — is equivalent to m — 0,0748.. [5117]; hence the preceding ratio 

71 

becomes as 1 to 1—0,028, or 1 to 1— /a, as in [6462/]. 
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Hence the inclination d of the equator to the orbit of Jupiter, deduced 

from the eclipses of the satellite m, ought to be increased in the ratio of 1 

We shall now consider, in the same manner, the periodical inequalities of 

the motions of the second satellite in latitude. For this purpose, we shall 

resume the differential equation [6295], which becomes, relatively to the 

second satellite,* 

0 
dds' 

dv'2 
+ s'- 

, ds' f dR'\ , . /dR'\ 

'a-M\Wj + a\~d7)' 
R being what R becomes relative to this satellite. The terms of this 

differential equation, which depend on the angle 2v—3d, acquire a small 

divisor, because v differs but little from 2d [6151], so that the coefficient 

of d, in the angle 2v—3d, differs but very little from unity ; therefore 

it is important to consider these terms. If we notice these terms only, it 

will be evident from § 9, that the preceding differential equation becomes,! 

[6465] 

[6466] 
Symbol 

R' 

[6467] 

[6468] 

* (3349) Substituting ^ = a [6439], in the third term of [6295], and then changing 

reciprocally the elements of m into those of id, it becomes as in [6466] ; R' being 

the value of R deduced from [6297], by changing, in the same manner, the elements of 

m into those of m!, and the contrary ; by this means we obtain, 

a—. {ss—(s2-f- s'2) .cos.(v'—v) ] A ] 
* f 

-f- £aL4w-}-aL4a).cos. (f—v )-j-aU4t2). cos. (2d—2v)-f-&c. /2 

■~ad2. f ss'-£. (s2-f-s'2) .cos. (v-v) } .{^R(0)-{-Bw.cos (2v-2d) -f&c ] J3 

Sa' M2 
— -JP — ^ • {l-3/2-3S/2+3.( W2-N/2).cos.(2t/-2U)-j-l 2d S', cos. (i/- U) ] 4 

a!R'=2,.m.< 

IP—29) 

a* 

it being evident from [6089, 6090, 6296] that the values A(0, B(i), are not changed, 

except in the term Aa), as is observed in [997, 1008'] ; but the term A(1) is not used in 

the subsequent part of the calculation ; therefore this difference is not noticed. 

[6466a] 

[64666] 

[6466c] 

[6466d] 

t (3350) We have found, by developing the equation [6295], as in [6299], that the 

two first terms become — -f- Nfs ; JV)2 being used for brevity, as in [6447]. The same 

process being performed with the similar equation [6466], we obtain, for its two first terms, 

^2'5 5 as [6469]; Af being deduced from A)2 [6447], by changing 

[6469a] 

[64696] 
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0 
dels' 

+ n;*.s' i 
[6469] dv/2 

[6469c] 

[6469<f] 

[6469e] 

[6469/] 

[6469g-] 

[6469^] 

[6469i] 

[6469Æ] 

[6469Z] 

[6649m] 

[6469n] 

[6469o] 

[6469p] 

[6469/ 

reciprocally the elements of m into those of m! ; hence we have, 

JV/a = 1 +2. — + i.ï.m.oo'f.B»'. 

The remaining terms of the equation [6466] depend on R', and in substituting the value 

of R' [6466c], it will only be necessary to retain the terms depending on angles which 

differ but little from v', because they increase considerably by integration, as in the 

similar case, relative to the first satellite, treated of in [6432a-— h]. Now by proceeding as 

in [6434a—w], we find, that by changing the elements of m, into those of m', and the 

contrary, the form of the angle [6434/t], i.(y'—c)-f-F, will become i.(y—and 

the corresponding divisor [6434/] will change into [2a—(/-j-l).(?f—n) }.(/-|-l).(V—ri). 

This becomes 0, when /-j-l = 0; and then the angle i.(y—[6469/], is equal 

to v', producing terms analogous to those of v [6436'] ; it also becomes 0 when the 

factor 2n'—(i-j-I).(n'—n) = 0, [6469/]. Substituting n = 2n' [6151], in this last 

expression, it becomes n'.(2-\-; which vanishes when i = —3, and then the 

angle i.(v—v)-\-v [6469/] becomes 3v'—2v. or 2v—3v', as in [6468]. The satellite 

ml' produces in s' a similar term. For the factor [6469h] changes into 

2n'—(i-f-l).^'—n") ; and by putting n" = ^n', it becomes nearly n'.{2—\i— 

This factor is very small when i — 3, and then the angle [6469i] changes into 

S.(v"—v')~\-v" — Av"—3v', or 3v—4v", being of the same form as that which is 

computed in [6476]. The satellite m!" produces nothing of importance, because the 

factor [6469/i] changes into 2n'—(i-f 1 )./f—n"') ; and by putting ri" — ^ri, it becomes 

nearly n'.[2—f i — f ] î being small only with fractional values of i, which is contrary to 

the supposition in [6434d] ; so that these terms may he neglected. We shall now proceed 

to compute the terms of [6466], connected with the angle 2v—3v' [6469fj. 

dsr . pvf 
From [6300 line 2] we have — ~ l'.cos.a) ; observing that pt = — nearly, 

[6439, 6441], and is so small that it may be neglected, as in [6439c/]. Moreover, 

from [6466c] we get —a'.{^ÇSj=2m.a!A{%.sin.(2F—2v) ; neglecting the other quantities, 

which do not produce the required angle 2v—3v', connected with sensible terms. 

Multiplying these two expressions, and reducing, by [19] Int., we obtain the following term; 

-—a'. —..(—) = —m.l'.a!sin.(2v—3v'—pt—a). 
dv \dv J 

/clR/\ 
Again, the expression of a'R' [6466c] produces, in a'-\~ppJs ^^e terms in the second 

member of [6469c, s]. Reducing them successively, by means of [18 20] Int.; then 
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N'2 [6469c] being what Nf [6447] becomes relative to m', and the 

values of A(2), B(1), B(2\ &c. [996, 1006], being the same for R' as for 

R [6466J]. Therefore we shall have, by means of [996, 1006],* 

o=S'+^ 

-fm.{Ja.&(33)./+[^——^Jf>].i/}.sin/^.v'—3vr— ~.v'—a \ . 
2 2 2 \n 

We have, by using [971, 966], 

bf- i a. 6T— i a. &?> = — J a. 6f > ; 
2 2 2 2 

hence [6471] becomes,! 

n 

substituting the values of s, s' [6300], and retaining only those terms which produce the 

proposed angle %v—Sv'—pt—a; we get [6469if, u\. 

d. (ppp — -m.ad2. {s-s'.cos. (v'-v) £. [J^+^.cos.(î/-v)+i?(9).cos.(2i/-2v)+&c.} 

=-m-ad2-s-B{'3)-cos-(3v'-3v)-*rm-aa'2‘s'-cos-(v'-v)-$B{1)‘CoS’(y/-v)-l-B®.cQS'(3v'-3v) | 

= -‘m.ad'2.s.B{-3\cos.(3v'-3v)-{-im.aa^.s'.{B(1'>-{-B{2'>l.cos.(2v,-2v) 

= | \m.ad2.1. B&)-±m.cia'2.(ZUM-.B(3)) ].sin.(2v-3v'-jpt-A). 

Substituting the values [6469p,w] in [6466], and the value of pt [6469m], we obtain the 

terms of [6469] depending on the angle now under consideration. 

* (3351) From [996] we get the first of the following equations. In like manner 

we obtain the second and third, from [1006], by substituting ~ =a [963iv]. 
CL 

—a'A<*> = bf ■ a a\Brn = £L. bf = ^ ja> . „ A B™ = «..bf. 
2 a 2' 2" 2" 

Substituting these expressions in [6469] we get [6471] ; observing that 2v=— nearlv 
n' •’ 

[6439a, &c.]; neglecting the constant parts depending on s, s', as in [6439, &c.]. 

t (3352) Putting i = 2 and s = i, in [971], we get bf = fa. 6ÿ—^.(l-j-a2).5f>. 
2" 2* 

Substituting this in the first member of [6472] it becomes, by reduction, 

— J.(l+a»). bf . 
2 2 2 

Now putting ï = 3 and s— f in [966], and transposing the terms into the first member, 

we get 3^;* (l+a'a).&|)+t.&y) = 0. Multiplying this by — £a, and adding the 

product to [64726], we find that the terms depending on &»>, 6® mutually destroy each 

other, and by reduction the sum becomes — |a. 6J\ as in [6472]. Substituting this last 

expression in [6471], we get [6473]. 

vol. iv. 25 

[6469'] 

[6470] 

[6471] 

[6472] 

[6469r] 

[6469s] 

[6469f] 

[6469it] 

[6470a] 

[64706] 

[6470c] 

[6472a] 

[64726] 

[6472c] 

[6472d] 
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[6473] 

[6474] 

[6475] 

[6476] 

[6474a] 

[64746] 

[6476a] 

[64766] 

dds' 
0 = — + N}*.s,Jr —Z^.sin. 

whence we get, by integration,* 

( 
\n 

-3v'~ 

s = 
m. &. (Z— ?'). sin. (^7. v'—3 v'— 4 

4. (2“_3-4-iv;) 
\n n ' J 

The action of the third satellite adds also to the expression of s', a term 

which may become sensible by its small divisor. This term is analogous to 

that which the action of m' upon m, produces in 5 ; therefore, by 

putting b'\s3) for what 6(33) becomes, relative to the second satellite, 
1 2" 2 

compared with the third ; we shall have, for the part of s' depending on 

the action of m", f 

Z').sin.(&/—4/—pt—a) 

V n n ‘ J 

We may therefore unite, into one term, the two terms of the expression of 

* (3353) The equation [6473] being integrated as in [6049&, Z], acquires the divisor 

which is given in the first member of the following expression, and this is easily separated 

into two factors, as in the second member ; 

Now we have nearly — = 4, TV/ = 1 [6151, 6469c] ; therefore the factor 

4 —3 —4 + ^r/ = 2 nearly; 

hence the divisor [6474a] becomes 2. —3— ^—TV/^ . Dividing the last term of 

[6473] by this quantity, according to the directions in [6049Z], we get the expression of 

s' [6474]. 

f (3354) If we change, in [6456], the elements of m, in', into those of in', m" 

respectively, the expression a=4 [6470a], will change into — ; TV) will become TV/ 

[6447, 6469c], &c. ; and the value of s [6456], will change into s' [6476] ; using b'f1 

[6475]. Multiplying [6477] by —2, and adding 2r—Sv' to both members of the 

product, we get 3v'—4o" = 2v—3v'—400° ; substituting this in the first member of 

[6478], we get its second member. 
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s', which depend on the action of the first and third satellites. For we 

have very nearly, as we have seen in [6155], 

v — 3v' + 2v" = 200°; 

which gives, as in [64766], 

sin. (3»'—4F'—pt—a) = sin. (2v—3v'—pt—A). 

If we connect this term with that which depends on the sun’s action, 

observing also that the equation n — 3n'Jr2n"—0 [6152], gives 
pif? 

—-3 = 3-- ; we shall have, for the expression of the inequalities of 

the second satellite in latitude, relative to the mutual configurations of the 

satellites and the sun, the following expression ; * * 
a'2 

sin. (2v—ov'—pt—a) 1 

3-M2. {L'-V). sin. («'-2 Ü- pt- a) 

\ n n / 

We shall find in the same manner, for the expression of the corresponding 

inequalities of the third satellite in latitude,! 

O An" 
*(3355) Multiplying the equation [6478', or 6152] by — , and adding 3--, 

n n' 

• • • 4 TifJ 
to both members, we get the equation [6479]. Substituting this value of 3-in the 

n' 

divisor of the expression [6476] we get 3—-—N' = — — 3——-N', 

which is the same as that in. the divisor of [6474]. Substituting also in [6476] the 

expression [6478], we get the term of [6480] depending on m" ; that depending on mf 

being the same as in [6474], using the value of a [6476a]. Lastly, the term of [6480] 

depending on the sun’s action, is easily obtained from [6459], by changing the elements of 

m into those of m! ) by this means it becomes as in [6480 line 2]. 

f (3356) The satellite m" is situated, relative to mr, in the same manner as ml is 

relative to m ; hence it is evident that we may deduce the value of s", arising from the 

action of the satellite m', and the sun ; by adding an accent to each of the symbols m, a, 

a', l, V, v, n, n1, Nj, Up. In this way we find that the terms depending on m, 

[6480 line 1], produce those in [6481 line 1] ; and those in [6480 line 2] give the terms 

depending on the sun’s action in [6481 line 2] ; observing that the angle 2v—3t/—pt—a, 

[6480 line 1], is the correct form under which this argument appears, in [6474], after 

[6477] 

[6478] 

[6478'] 

[6479] 

Periodical 
terms of 

s' 

[6480] 

[6479a] 

[6479&] 

[6479c] 

[64794 

[6481a] 

[64816] 

[6481c] 
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Periodical 
terms of 

s'r 

[6481J 

Periodical 
terms of 

s'" 

[6482] 

[6483] 

[6484] 

[6481rf] 

[648le] 

[648If] 

[6482a] 

[64826] 

[6482c] 

[6483d] 

[6482e] 

[6484a] 

MOTIONS OF THE SATELLITES OF JUPITER. [Méc. Cél, 

s" =  2 . sin. (2?/—Sv"—pt—a) 

.sin, (v"—2 U- pt—a) 

4n"2-(“+^+JV"-1) 

Lastly the same expression becomes, relatively to s 

_3M*.{Lf— UQ.sin. (vw—2 U—pt—a) 

1 

2 

N" and N"' being what Nt [6447] becomes, relative to the third and 

fourth satellites. We must apply to the terms of s', s", s'", contained in 

[6480 line 2, 6481 line 2, 6482], what we have said upon the corresponding 

term of s ; namely, that in eclipses each of these terms is confounded with 

the corresponding term, depending upon the inclination of the equator to the 

orbit of Jupiter; and that, on this account, it increasesf the inclination 

V o 1 

re-substituting the assumed value of — = t, &c., in the terms where it had been introduced. 

It is not necessary to notice the action of the two satellites m and ml" upon m" ; for 

the factors similar to 2n—(i-f-l).(n—n') [64347], corresponding to the action of the two 

satellites m, m!", become respectively 2n"—(£-{-l). (n"‘—n) > —(i-J-l).(n''—n!"). 

Now we have very nearly, in [61516], n = An", n'"—fn" ; hence the preceding 

factors become n".(5-j-3i), and n". (4/—%i) ; which do not vanish with the integral 

values of i [6434d] ; therefore we may neglect these terms. 

* (3357) Changing the elements of m" into those of ml", in the terms depending 

on the sun’s action [6481 line 2], we obtain the terms of s'" [6482], corresponding to the 

sun’s action on the satellite ml". We may neglect the action of the three satellites 

upon m'" ; because the factor 2n—(f-f-l).(re—n') [6434i] becomes, for these 

three satellites respectively, 

2n"'—(i+l).(n'"—n) ; ; 2nm— (f+l).(rcw—n"). 

Now, by [61516], we have nearly n = \8-ri" ; ii = -1/ri" ; n" = ^n'"; hence the 

factors [6482c] become respectively (31—f-25 -^.(lT—j—11 i).n'", -|.(10-(-4i).nw ; 

and neither of them vanish with the integral values of i [6434d] ; therefore these terms 

may be neglected. 

t (3358) In the original work this is said to decrease the inclination ; we have altered 

it to correct for the mistake of the author, as in [6462/, &c.]. 
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* 

which is deduced from observations of eclipses. We may also observe, that 

we can put, in all these expressions, without any sensible error/ 

(P—M . jyv _ i _|_ (P — if) . 
^, = 1 + 

ar a 

N"=i + ^-M; n;"= i + 
CL 

(p— 19) 
a'" M2 

Approxi¬ 
mate 
values of 

AT n; 
jv;'jy;" 

[6485] 

[6486] 

* (3359) We have, in [6796, 6797], 2. — 2. = 0,001 nearly, and 
a4 (o,6Uo4yip 

JW2 
from [6025Î] f.— =f.(0,0004)2 is a very small fraction in comparison with the 

preceding; therefore it may be neglected in [64471. Multiplying the second of the 

equations [64705], by m'. — = m'.a [6470a], we get 
CL 

m'.a?a'.B'd) = nf.a2.5(P = —3m/.^ a- . 5U)1 [992] ; 

and by substituting the values of a, 5^ [6801, 6802], it becomes of the order 2m! or 

0,00005 [7163] ; so that this term and the similar ones depending on m", mw, are very 

small in comparison with that in [6485a] ; therefore if we neglect these terms of JV/2 

[6447], we shall have JY;2 = 1 -f-2. —, whose square root gives very nearly 

1 H-, as in the first of the equations [6485]. Changing successively a into 

of, a".} a"', we get the other expressions in [6485, 6486]. 

[6485a] 

[64856] 

[6485c] 

[6485/J 

[6485e] 

[6485/] 

VOL. IV. 26 
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CHAPTER Y. 

INEQUALITIES DEPENDING ON THE SQUARES AND PRODUCTS OF THE EXCENTRICITIES AND 

INCLINATIONS OF THE ORBITS. 

[6487] 

[6487'] 

Action 
of the 
satellite. 

[6488] 

[6489] 

12. It will suffice, in calculating these inequalities, to notice the secular 

variations analogous to those which we have determined for the planets, in ^ 5, 

Book YI. It follows, from this article, that if we notice only the action of 

m' upon m, the part of an.R, depending wholly upon the secular 

inequalities, is* 

an.R —(0,1). £e2-fe/2} + [o, 1 j.ee'. (w'-ro)-f£. (0,1 ). $ 7/ 2 - 2y,. 7/ cos. ( 7/ - 7i) -Bh8} ; 

y1 and 7/ being the inclinations of the orbits of m, m' to the fixed plane, 

\ ? V> the longitudes of their ascending nodes upon this plane. 

The part of an.R, depending on the sun’s action, corresponding to the 

[6488a] 

[64886] 

[6488c] 

[6488c£] 

[6488e] 

[6488/] 

[6488g-] 

[64887i] 

* (3360) That part of an.R, depending on the squares and products of the 

excentricities and inclinations, and which is independent of the configuration of the bodies, 

affects the secular inequalities, and is as in [3765] ; 

an r =—§.(0,1) j k*+p+K*+i'* ; + 0.1 .(hh'+w)+i.( o,i). j (v'-Pf+[c/-qy !. 

Now we have, in [37566, e], the equations [6488e]. From [1032] we easily deduce the 

expressions [6488/], by using [24] Int. ; observing also that <p, <p', ô, Ô' [1030'’, 1030"], 

are changed into 7x, 7/, it, 7/, respectively, in [6489] ; and that on account of the 

smallness of y1, 7/, we may take these arcs instead of their tangents. Substituting the 

values [6488/] in the development of the first member of [6488g], we get successively its 

second member [6488g, or 6488A]. Finally, substituting [6488e, A] in [64886], we get 

[6488]. 

W + /2 = e2 ; h* + Z's = e'2; hh' + IV = ee'.cos.(*/—n) ; 

p2 + =7i2 ; y2 + q2 — 7/2 ; vf + qq'=n* 7i/-cos*(7/—h) ; 
(f—vf-f (q'—qY = (/2+q'2)—2(p/+ qq') + (p2+ q2) 

— yf—Zy1.7/.cos.( 7/ —7,) + 7X2. 
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secular inequalities, is by § 1,* 

an. R = —J. . {e^-\-H2— 7i2-f 27i • 7- cos. ( 7X — 7 )—f}. 

Lastly, the part of an.R, depending on the ellipticity of the spheroid of 

Jupiter, is by [6052, &c.],f 

an.R = ^.(0). [4* 2 + 2^.71.cos.(y +12) +7^ — e2}. 

*(3361) These terms of R may be deduced from those in [6042], neglecting —, 

as in [62770, and substituting the elliptical values of r, D, together with those of 5, S', 

&c. [63325,6328e, &c.], retaining only the terms independent of the configurations. 

We may also derive [6490] from [6488], by changing the elements of the satellite m!, 

into those of the sun’s relative orbit about Jupiter. This is done by changing m!, e', to', 

7/, 7/, n, a, into S, II, I, y, 7, M, ~, respectively, as appears by the comparison 

of the definitions of these quantities, in [6021c—6024m]. Now if these changes be made 

in the expression ml. a3, it becomes S. — =,M2.a3 [6105]; and by substituting the 

«M2 
value a3 = n~2 [6110], we find that m'. a3 changes into — ; so that this quantity, 

7~L 

multiplied by a or —, must be very small [64855], and may be neglected; or, in other 

words, we may neglect terms of the order a4. In this case it will only be necessary to 

take the first terms of the developments in [989], which give 5[[) = 2 ; 5U)X = —a. 
2 ~2 

Substituting these in [1082], developing according to the powers of ci, and neglecting 

a4, we get £o,lJ =—§cum'.rc.[— a-)-aj = 0; moreover [1076] becomes, by 

neglecting quantities of the same order, (0,1) = f.m'.a3.?i. Now changing, as in [6490e], 

0 [6216]. Hence it appears m'.a3 into Mz.n 2, it becomes (0,1) = #•.— = 
n 

that the change in the symbols, mentioned in [6490c], makes 0,1 J vanish, and 

(0,1) = 0 Substituting these and the values [6490c] in [6488], changing also 

cos.(7—7X) into cos.(7,—7), we get the expression [6490], corresponding to the part 

of an.R, which depends on the sun’s action. 

f (3362) The part of R, depending on the ellipticity, is given in [6052]. We 

must substitute, in it, the values M = 1, B — l [6082, 6282'] ; and the part of the 

elliptical value of r 3 [3702c], which is independent of the configuration, namely 

r-3 = GT3.(l +|e2) ; then multiplying by an, and using the value of (0) [6216], we 

Action of 
the sun. 

[6490] 

Effect of 
the ellip- 
ticity. 

[6491] 

[6490a] 

[64906] 

[6490c] 

[6490d] 

[6490e] 

[6490/] 

[6490g-] 

[6490A] 

[64902] 

[6490Æ] 

[6491a] 

[64916] 
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[64910 Therefore we shall have,* 

[6491c] 

[6491c?] 

[6491c] 

[6491/] 

[6491g] 

[649170 

[649 It] 

[6492a] 

[64926] 

[64926'] 

[6492c] 

[6492d] 

[6492e] 

[6492/] 

[6492g-] 

[64926,] 

[64927] 

obtain the first and second expressions of an.R [6491c/]. Multiplying together the factors 

of this last expression, and neglecting terms of the fourth order in e, s, sx, we get 

[649le]. Developing this expression and neglecting the term —/(0), which produces 

nothing in an.dR [6492], we obtain [6491/]. 

an.R = — on.(p—(s—»,)al<irM1+fe2) = — (s—e=} 

= -(0)fi + ie2-(*-*,)2S 
= (0)j/j2—2SjS-]-S'2—£e2}. 

Now we have, as in [6323/ 63326], 

s1 = — <5. sin./-/ y) ; s = 7[.sin.(i>—7X). 

Taking successively the squares and product of these values of s, s1} and reducing, by 

means of [17] Int., we get the following expressions, by retaining only those terms which 

are independent of the configurations ; 

sx2=fâ2; 52=Jy12; sxs=—| âyj.cos.(Y-t-7x). 

Substituting these last values in [6491/], we get [6491]. 

* (3363) Adding together the three functions [6488, 6490, 6491], we obtain the 

complete value of that part of an.R, which is taken into consideration in this article. 

The differential of this expression, relative to the characteristic d, is taken in [6492], 

considering the elements of the satellite m as the only variable quantities, as in [6055] ; 

so that we must suppose e, to, yx, 7X [6061, &c. ; 6315, &c.] to be the variable quantities, 

a being constant as in [1044"] ; also e', to', yx', 7X', H, y, 7, Ô, y, are considered as 

constant, relative to the characteristic d. As e is connected with sin. to, or cos. to, in 

[6493, 6494] ; and yx with sin.7,. or cos.7l5 in [6499, 6500] ; the quantities (e.sin.TO), 

(e.cos.TO), (yj.sin.7j), (7j.cos.7i), are considered as the variable quantities in [6492]; 

and the parts of an.R [6488, 6490, 6491] may be made to contain these terms, by the 

substitution of the following expressions, which are easily deduced from [23, 24] Int. ; 

e2 = (e.cos.TO)2-]-(e.sin.TO)2 ; e'2= (e'.cos.TO')2T(e.sin.TO')2; (7i.cos.7j)2-j-(yx.sin. 7j)2; 

ee'.cos.^ro' — to) — (e.cos.TO).(e'.cos.TO')-/(e.sin.TO).(e'.sin.TO') ; 

yx y.cos. (7j—7) = (yx.cos. 7X).(/• cos. 7)+(y1. sin. 7j)-(y.sin. 7) ; 

é yx. cos. (y-f 7/= (7x • cos. 7j) • (^.cos.y)—(yx. sin. 7j). (Asin. y) . 

Substituting these developments in [6488, 6490, 6491], and then taking the differentials, 

considering the variable quantities to be as in [6d92c], we shall get the terms of [6492] 

depending on (0), 0 , (0,1), j^0,lj. Adding one accent to 

braces, connected with (0,1), 0,lj, we get those depending on 

the terms between the 

(0,2), [0,2] ; and by 

adding another accent, we get those depending on (0,3), [0,3] • 
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an.dR = -^.(e.cos.ro). 
[ (0)+[ 0 ] +(0,1) + (0,2) + (0,3) ] e.cos. to 

1 _ [0)1] ■e'-cos-^/ - [o,2] ’e"-cos.n" - £o»3J .e'". COS. TO 
tu \ 

\ (0)+J~ 0 1 + (0,1)—{-(0^2)—f-(0,3) | 
-^.(e.sin.to), J ^_ 

sm./- 

e. sin. to 

. e'".sln.z/" 

-\-d,{y1-cos.\)- 

* -Fo,l J. d. sin.to'- £o,2^| .e". 

| (0) + [T|+(0,l)+(0,2)+(0,3) ] 7.-C03.1, 

1 

2 

3 

4 

15 

“f(0)-^COS.1F- 0 

-f-Ê?.(y1.sin.71).< 

.y.cos.7-(0,l)-y1/-cos.71'-(0,2).7J//.cos.71//-(0j3)-ylw-cos-71///j0 

^ (°)+[ 0 +(0j1)4"(0j2)-{-(0j3) | .7i.sin.7j ^7 

-(0). ô.sin.T- o •y*sin.7-(0,l)-y/.sm.71'-(0,2)-y1''* sin.71"-(0,3)-y1"/*sin-7///\8 

We have, as in [6236, 6237], 

e.sin. to = —/i.sin.^-f-r)—hL. U)— , &c. ; 

e. cos.to = —/i.cos.(^ + r)—hx. ten .(§'i^+ri)—? &c. ; 

hence we obtain, from [6217—-6222], the following expressions ; 

[6492] 

[6493] 

[6494] 

* (3364) Multiplying [6217] by cos.^-j-r), and transposing its first term, we get, 

-^.cos.(^4-r)={-[(0)+[T]+(04)4-(0,2)+(0,3)]A+[M]A/d-[ô^].r+[0£|Aw}.cos.(^+r). 

We may obtain similar results for all the other values of g ; namely, gv g2, gy Taking 

the sum of these expressions, which is done by prefixing the sign 2/ [6235cfJ, we get, 

—S^.cos.feH-r) = 2,. [- [ (Pl+pH-t- W0»3)l^+[^1 A/+|^.fe//+[M] } .cos.^-f-r). 

The first member of this last equation is the same as the differential of the second member 

of [6493] divided by dt ; hence we get, 

■ ^ dt—~ = { ff 0 ]~H0; 1 )-{-(0)^)4~(0,3)] -/f-4- [o ,i] ./f-f- [0,2]. 5" -f-[o,a] ■ h'" ]. cos.fgf-f-r ). 

Now the expressions of e.cos.-ro, c'.cos.to', e^.cos.-ro", ew.cos.TOw [6235^—m], being 

substituted in the second member of [6495c], we get [6495], 

In like manner, if we multiply [6217] by —sin.(^+r), then transpose its first term, 

and prefix the sign 2/5 we get the following equation, which is similar to [64956] ; 

2/.%.sin.(g,£-j-r) = 2/.£ [(0)-f- f 0 ] +(0,1 )-j-(032)-f-(0,3)].h— op .h'—[op]. h';—[ôji].h!"\. sin.ffflr). 

The first member of this equation is equal to the differential of the expression of e.cos.-ro, 

[6494], divided by dt ; and if we substitute in the second member of [6495e], the values 

2/'^.sin.(gf-j-r) = —e.sin.TO, &c. [6235£, k, l, m], it becomes as in [6496]. 

[6495a] 

[64955] 

[6495c] 

[6495d] 

[6495e] 

[6495/] 

VOL. IV- 27 
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[6495] 

[6496] 

[6497] 

[6498] 

[6499] 

[6500] 

dt 

d.(e.cos.zs) 

dt 

-f (0,l) + (0,2)-f-(0,3) ^ . e. cos. vs 

— £o,l j.e'.cos.*/—jo,2j.e".cos.rc"'—jo,3j.c"'.cos. 

— | 0 -f~(0,l ) -f-(^0,2)-}~(0,3) | .e.sin.'zs 

. e,.sin.w,+£o>2j. e". sin.^"-}- 

>» . 

+ .e///.sin.T3///. 

1 

2 

1 

2 

Then we have, as in [6332b], 

s — yr. sin.(f— 7j). 

Comparing this equation with the following, which is similar to 

[6300 line 1, 6427], 

s — Z.sin.(fl4~^+A) + £i*sin.(v-hjpiUl-Ai) + &c., 

we obtain,* 
7i.sin.7j = —Z.sin.(pf+A)—Zj.sin.f^+Aj)—, &c. ; 

7i«COS. 7j = ?.COS.(^^-fA)+/I.COS.(j?1^+AJ)+, &C. 

Therefore the equations [6308—6311] will give the following expressions ;f 

* (3365) We obtain from [21, 22] Int. the following developments ; 

[6498a] sin.(n— 7,) = sin.v.cos.7,—cos.^-sin. 7X ; 

[64986] sin.(v~hp^-TA) = sin.u.cos.(pt-hA)~{-cos,î,-sin‘(P^_rA)j he. 

Substituting these expressions in the values of s [6497, 6498] ; and then comparing 

separately the coefficients of —cos.v and sin.v, we obtain the equations [6499, 6500] ; 

[6498c] .j. we uge ^ Symp,0p sq [n like manner as in [6298a?}, to include the terms depending 

on all the roots p, pv p2, p3, he. [6498z], these equations may be put under the forms 

[6498/j. From these last expressions we easily derive the similar ones, corresponding to 

the satellites mf, m", m!", as in [6498e—g] respectively ; the whole system of equations 

being similar to those in [6235z—rri\. 

Column 1. Column 2. 

[6498<Z] 

[6498e] 

[6498/] 

[6498g] 

/j.sin. 7X = —2'. 1. sin. (pt -{- a) ; 

7/. sin. 7/ =—Z'.sin.(p^-j-A) ; 

7/'. sin. 7/' ——2\Z"'.sin.(ptf-j-A) ; 

7/". sin. 7/"=— 2'. r.sin.(p*-i-A) ; 

yrcos.7x = 2'. Z.cos.fp^ -j- a) ; 

7/.COS.7/ — 2'. Zhcos/p^+A) ; 

y".cos.7/' — 2'. V .eos.{jpt-\-A) ; 

//".cos. 7/" = 2'. U'.cos. (p<-f-A). 

[6501a] 
-f- (3366) Multiplying [6308] by cos.(pt~\-A) 

the sign 2' [6498c], we get, 

, transposing its first term, and prefixing 
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\ (0)+[_0_]+(0?1)+CO,2)+(0,3) l.7l.cos.^ 1 

-(0).d.cos.*-f o .7.eos.7+(0,l).71/.cos.V+(0,2).71//.cos.7l//+(0,3).r1///.cos.7///.2 

d’{7,'C°5'7l) = < (0)+[T]+(0,l)+(0,2)+(0,3) I ./i.sin.l, 1 
dt 

-(O)Psin.Y- 0 .7.sin. 7 -(0,1 ) .7/.sin. 71'~(0,2).7/'.sin. 71"-(0,3). 7l'".sin. 7/". 2 

Substituting these values of ^.(e.sin.p), d.(e. cos.p), d.(7l. sin.Tj, 

J.(7J.cos.71), in the expression of an.dR [6492], we find that it vanishes ; 

hence an.dR = 0.* 

—2'. Ip. cos,{pt -{- a) = — ^ (0) -f- 0 -|- (0,1) + (0,2) -f (0,3) I .2'.1. cos. (pt -{- a) 

2'.l/.cos.(p£-|- a) + (0).2M,.cos.(p* + a) -f- 0 

—}— f 0,1 ).2/.Z/*cos-(ptf-f"A)-|-(0,2).2'. Z//'Cos-(p^-hA)-|-^0,3).2'.r".cos.(p^-|-A)* 

The first member of this equation is equal to the differential of 7,. sin. 715 deduced from 

the second member of [6499], and then divided by dt, as in the first member of 

[6501]. Moreover, if we substitute, in the second member of [6501a'J, the values 

[6498i—g, col. 2 ; 6327,6331], it becomes as in the second member of [6501]. In like 

manner, if we multiply [6308] by sin.(p^—[—A), we shall obtain an equation exactly similar 

to [6501a'], cos.(jtn-f-A) being changed into sin.(pz'-J-A), in both members. Then the 

first member of the product becomes equal to the differential of the second member of 

[6500], divided by dt, as in [6542] ; and the second member of the product is easily 

reduced to the form of the second member of [6502], by the substitution of the values 

[6498d—g, col. 1 ; 6326, 6330]. 

* (3367) We find, by inspection, that the coefficients of —d.(e.cos.ix), 

d.(e.sin.'cs), —d.(7l.cos. 7,), d.(7l.sin.7X), in the second member of [6492], are 

respectively equal to the second members of the equations [6495, 6496, 6501, 6502]; we 

may therefore substitute the first members of these equations in [6492], instead of their 

equivalent values, and we shall get, without any reduction, 

7/ \ d.(e.sin.TO) . dp ros.ti) 
an.all — —a.(e.cos.to]. ————-f- a.(e.sin.TO).---- 

CLl 

—cos. 7,). 

dt 

dprsin.7i) 
-j- d.(71.sin71). 

dpj.cos.7j) 

dt ' ^' 1 dt 

Now the terms in each line of the second member of this equation, mutually destroy each 

other ; hence we have an d!.i = 0, as in [6502']. 

[6501] 

[6502] 

[6502'] 

[6501a'] 

[650161 

[6501c] 

[6501 d] 

[6502a] 

[65026] 

[6502c] 
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We shall now resume the equation [6060], or rather its differential, from 

which we have deduced, in [931], the following expression ;* 

d (2r.d Sr-\-dr.8r) 3an „ 2an /dR\ 

[65031 d.Sv, ~^nMz + T'J + ~V ' r'\El. 

, dt [/Ï—& 

[6503'] We may here neglect the divisor \fi—e2, and suppose it equal to unity. It 

is however plain, that if the numerator contain a constant quantity g, 

d 
[6504] it will produce, in ——-, the term |g.e2, by the development of this 

Cl L 

divisor in a series ; and it will therefore be necessary to retain this divisor. 

[6504'] But the constant quantity g, will produce, in 6vn the term g/,f and 

then nt will no longer express the mean motion of m, which is contrary 

to what we have supposed ; therefore the constant quantity g must vanish. 

[6505] This condition may always be satisfied by adding an appropriate constant 

quantity to the integral J'dR. 

If we notice only the secular inequalities of e and ©, we shall have,J 

* (3368) The equation [6060] becomes as in [6503], by dividing its differential by 

[6503a] ^ and substituting the expression [60605] ; observing also that, as a — n~i [6110] is 

constant [64925—6'], we may bring a, n, from under the sign of integration. 

ST 
[6504a] f (3369) If the second member of [6503] contain the term ^y=== g.(l-J-|e2-}-? &c.), 

[65046] it will produce, in its integral, or in the value of 8vn the terms §v/ = gt -f- ig/e2.dt! ; 

neglecting e4, he. ; therefore the mean motion nt will be increased by the quantity g t ; 

which is contrary to the hypothesis in [6062'], where we have assumed its value from 

[6504c] 0l)geryati0n, to be nt ; so that we must put g = 0, and then the term |g./e2.^ [65045] 

vanishes also from the expression of 8v/ ; by taking the constant quantity connected with 

[6504d] jdR [6503], so as to produce this result, as is observed in [6505] and in [6121, &c.]. 

X (3370) The expression of r [6506] is the same as in [6200a] ; and by taking its 

[6506a] differentialj supposing e, vi, to be the variable quantities, we get the value of depending 

on the secular inequalities [6506c], observing that a, n, are constant [6503a]. Again, 

if we develop r [6506] according to the powers of t, by Taylor’s theorem [607, &c.], 

[65066] noticing only the secular inequalities, and supposing r and its differentials in the second 

member to correspond to the epoch, or £ = 0, we shall get the expression [6506c/] ; 
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r — a.{l—e.cos.(nt-\-s—«)} ; 

<5r— —otf. | ^.cos.(wH~s—^) + e. . sin.(wGf-s—TO) j • 

From these we get, by retaining only the terms multiplied by t, without 

sines and cosines of nt, and neglecting the differentials 

are incomparably* smaller than — , ~ ; f 
CL 1 ut 

dele ddns 

dft dt2 

[6506] 

[6507] 

, which [6508] 

C de dix . / > N ) 
= —«• < —. cos.(raf-}-s—*)+e. — . sin.(«< + s—> ; [6506c] 

r=r-F^0.<+,&c. [6506d] 

Substituting [6506c] in [6506e?], we get the value of r, or r-p5r, whence we obtain Sr, 

as in [6507]. 

* (3371) The smallness of these quantities is manifest in the perfectly analogous case 

de 
of the planets in [1122, &c.]. For the first of the equations [1122] shows that — is [6508a] 

uv 

composed of terms of the order 0,1 .e', or of the order m'e' [1082]; and its differential, 

ddfj dc! 
divided by de, gives — , of the order m'. —, and this last expression is of the order 

nt ,'2 dde 
as is evident from [1122 line 2]. Hence it appears that —-, is of the order m! in [65085] 

tit 
de 

comparison with —, and must therefore be much smaller, as in [6508]. A similar result 

is obtained by the numerical calculation in [3853c]. 

t (3372) Using for brevity the symbol W= nt + s — w, we may put the equations 

[6506, 6507] under the forms [65096, c] ; and their differentials under the forms [6509d, e], 

neglecting terms of the order dde, ddzs, dexd™, de*, &c., as in [6508] ; 

r = a—ce. cos. W ; 

. de rrr d'ôi 
ôr = —at. — .cos .W—at.e. —- .sin./F : 

dt dt ’ 

de_ de ttz » * txt did , TT7 
37 = —«• 37 • cos. yy 4- ane. sin. W—ae. — . sin. W : 
at dt dt ’ 

d°r_ „ de de . Tjr dvs . _ da 
-a' dt ' C0S-^-\ro,nt. —. sm. Tf —ae. — .sin. W—ant.e. —. cos. W. 

In substituting these expressions in the first members of [6509g, A], and retaining only the 

terms which are independent of the configurations, we may neglect the quantities which 

vol. iv. 28 

[6509a] 

[6509a'] 

[65096] 

[6509c] 

[6509c?] 

[6509e] 
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[6509] 

[65090 

[6510] 

[6511] 

[6509/] 

[6509g] 

[6509A] 

[6509t] 

[6509ft] 

[6509Z] 

[6511a] 

[65116] 

2r.dSr ~\~dr.Sr 

cP.ndt 
= \ t. | 6.COS.W. 

d.(e.sin.TO) 

dt 
-e. sin.ro. 

d.(e. cos.to) 

dt 

Taking its differential, neglecting the differentials and products of the 

. . de dzs , .. 
quantities —, —, we shall have, 

dt dt 

d.(%r.dSr-\~dr.Sr) , C dde.sin.zs) . d.(e.cos.us) 
v 1 — = J. < e.cos.to. ——- —e. siii.to. —^J 

a?.ndt2 dt dt !■ 

we Substituting for , rf'(C/S— , their values [6495, 6496], 

shall obtain,* 

Air = i- S (O)+0 + (O,l)+(O,2)+(O,3) J .e2 

-J. o,lJ.ce'.cos.(TO'-TO)-i.^oJ2j.ee".cos.(^,'-«)-|.^o,3^j*ee,//.cos.(TO,/'-w). 

The term f&R vanishes from the expression [6503], as we have seen 

contain the first power of sin .W, cos .W, as well as their product, sin.W.cos.W; putting 

also sm .*W-- i 
23 

2r.d6r 

dt 

COS.2 W- 

de 

■ \ [1,6] Int. Hence we shall have, 

= 2a2. e. ~ . cos.2 W-f- 2aP.nt.e2. 4r • cos.2 TV — a2.e. 77 -j- a9- nt dt. 1 dt at, 1 
e?e 

dt dt dt 

e^.dus 

dt 

dr.ôr 

dt 
= —a2.ft£.e2. 7—. 

dt 
sin ?W— —ia?.nt. 

e^.dus 

dt ’ 

The sum of the two expressions [6509g-, A], being divided by a2ft, gives, 
2r. firîr -}- dr. 6r ede , e^.duS 

aP.ndt ndt 2 ’ eft 

We may neglect the first term of the second member, because its differential produces, in 

[6510], only terms of the order edde, or de2, which are neglected in [6509a']. The 

remaining term of [6509f] is easily reduced to the form of the second member of [6509], 

by substituting the following value of dus, which is easily deduced from [54] Int. by 

putting z = us. 

n _ . . n \ /e.sm.TON 
dus = cos.2to.d.(tang.TO) = cos.2to.«.(-- ) = 

\6* COS» J 

(e.cos.TO). d. (e.sin.TO)—(e.sin.TO). d.(e.cos.m) 

The differential of [6509] being divided by dt, neglecting the quantities mentioned in 

[6509'], gives [6510]. 

* (3373) Multiplying [6495] by Je.cos.us, and [6496] by —^e.sin.TO, then taking 

the sum of the products, we get the second member of [6510]. This sum, being reduced 

by means of the expression of e2 [6492e], and that of ee'.cos.(to'—us) [6492/], with 

the similar expressions of ee".cos.(to"—to), becomes as in [6511]. 
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in [6502'].* The remaining term of [6503] is t and jt follows, 

from § 5, Book VI., that bj noticing only the action of m! upon m, and 
Qctji f dï&\ 

putting (x= 1 [6110c], the constant part of — . r. ( —- }, which is multiplied 
[Jj \ ClV J 

by the squares and products of the excentricities and inclinations of the 

orbits, gives, in [6503], the following terms ; f 

d.Sv, C /dAm\ , _ 3 fdAA®\ . . 4 fd?A^\ } 

(It 
1 

—m'.n.ee'. cos.(v/—.w). 
da? J \ da3 / 

+ | aV.13(1)+aV.^^^ j . | y/3—2y1'.71.cos.('?1'—/7:)+7121 • 3 

The action of the satellites m" and m'", produces terms similar to those 

in [6514]. The sun’s action produces, in . r. [6503], the termf 

[6512] 

[6513] 

2 [6514] 

[6514'] 

*(3374) We have in [6502'] an.dR = 0, whence cLR = 0 and fdR = constant ; 

so that it may be neglected in [6503], as in [6504c?]. 

f (3375) Neglecting the divisor \/\Up, as in [6503'], we shall have, for the last term 

of the second member of [6503], the expression r-0jy)- Substituting in it the value 

\i. = 1 [6513], and that in [6089e], it becomes 2cm.a.^—^ =2na?.(^j-^j. The symbol 

R [6503] is equivalent to SR in [8757c?] ; so that to conform to the notation in 

[3757c?, &c.], we must change R into SR, in the expression [65145], and it will 

become 2na2.Ç——The secular part of SR, depending on the second power of the 

excentricities and inclinations [3763], is given in [3764]. The part of this expression 

depending on A0), Aa) [3764 lines 1,2, 3], produces in SR [37725, &c.] some terms 

which give in 2ndt.a?. the terms in the second member of [3772] ; and by dividing 

them by dt, and substituting [6488e], we get, in [6514c], the terms in [6514 lines 1, 2]. 

The terms of SR depending on J3U) [3764 line 4], being substituted in the first member 

of [6514/], produces in this last function the following expression; 

2m2-(^)=im'-na2-a'-{Bm+a-(^r) j • {(V—pf+W-i? ] • 

Substituting the value of (/—p)2+(/—g)a [64885], it becomes as in [6514 line 3]. 

[6512a] 

[6514a] 

[65146] 

[6514c] 

[6514c/] 

[6514c] 

[6514/] 

t (3376) Using the value of R [6042], and f* = 1 [6513], we get, by taking its 

partial differential relative to r, and multiplying by ?a7l,r 
[6515a] 

dr 
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[6515] 

[6516] 

[65160 

[6515a'] 

[65156] 

[6515c] 

[6515cZ] 

[6516a] 

[65166] 

[6516c] 

[6516d] 

[6517a] 

[65176] 

[6517c] 

[6517d] 

d.Sv 

dt 
- = — 2. 0 -y2Jr2y1' y, 008.(7!-7 )-7 

Lastly, the part of —.r.( ~ ), depending on Jupiter’s ellipticity, produces 

the ternV 

d.Sv, 
dt 

3.(0). je2 ^^.cos.^-f^)—Yi\. 

Therefore we shall have, by adding the functions [6511, 6514, 6515, 6516], 

the expression of 
d.Sv, 

To obtain that of 
d.Sv 

or, in other words, the 
dt * ~ .~ dt 

projection of d. sv, upon the fixed plane, divided by dt ; we must, as in 

d Sv 
[3782], add to the preceding term of the quantity,! 

r.^~^=-an. ~. [ l-3s2-33'2-j-3(l-s2-3,2).cos.(2Z7-2w)4-12^ $'.c|jjs.(t7-«) j. 

jS 
Supposing the term —, in the value of R [6042], to be neglected as in [62777 6490,8ic.] j 

we shall find, that the expression, in the second member of [6515a'], is equal to the retained 

part of R [6042] multiplied by 4an ; so that we shall have, 

2 an 

f* 
= 4an.R ; 

and if we substitute the value of an.R, depending on this part of the sun’s action [6490], 

it will become as in [6515]. 

* (3377) The part of R, depending on Jupiter’s ellipticity, is given in [6052]. 

Substituting it in the first member of [6516c], and putting fx=l [6513], we get the 

second member of [6516c] ; and by substituting in it the value of R [6052], it becomes 

as in [6516d]. Lastly, if we substitute in [6516d] the part of an.R [6491], depending 

on Jupiter’s ellipticity it becomes as in [6516], 

2an 

(' 
dR\_ 

dr ) 
6an.(p—!<p). {1 — (.s—sty 1. 

MB% 
7*3 

= —Gan.R. 

f (3378) The expression to be added to dv,, or to d.Sv,, in the present notation, is 

given in [3782], under the form %(qdp—pdq). Now the quantities cp, 6 [1030'] are 

changed into yl3 7, respectively, in the present notation [6315,6316] ; and if we put yt 

for tang.yt, on account of its smallness, we shall find that the expression of p, q, [1032] 

will become p = y1.sin.71; q—y,.cos.71. Substituting these in the reduction of d.Sv, 

d Sv 
or %{qdp—pdq) [6517a], we obtain in the term [6517]. Now multiplying [6501] 
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dJv. , C d.(7l.sin.7,) . d.(7l. cos. 7) 
-■ — h I y 1* cos. lv —L^-1 — 7l. sin. 7j. ^ 
dt dt dt 

— —I* i (°)+ 0 + (0,2)-[-(0,3) 7i ] 

-J.(0).f).71.COS.(V + 71)-|-A. o •7-?l'COS.(l1—l)4-è'(0,l).71.7/.COS.(lj-7/) 2 

+i.(0,2).71.71".cos.(71—71") + è-(0,3).71.71'".cos.(11—7/"). 3 

Collecting together all the terms* of and integrating, we shall obtain 
u 6 

the secular equation of the satellite m. We may observe that we have, as 

in [6492e—K], 

e2 = (e.cos.w)2 (e-sin.®)2 

ee'.cos.(®—z$) — e. cos.®. e'.cos.vf'-j- e.sin.ro. e'.sin.®'. 

We have seen, in [6493, 6494], that e.sin.®, e.cos.®, are represented by 

a series of terms of the following forms ; 

e. sin.® — —h. sin.(g£+r)—sin-Gg^-fU)—5 &c. ; 

e.cos.® = —4.cos.(^+r)—Ai.cos.(^4+ri)—5 &c. ; 

and e'.sin.®', e'.cos.®', &c. [6235&, l, m\, are the sums of similar terms. 

d Sv 
Hence we shall have, in the expression of -2— ; First. Same constant 

Lv If 

terms; Second. Some terms multiplied by cosines of angles of the forms 

(gi—g). t -{- ri—r, &c.f We may neglect the constant parts, because the 

by ^7i.cos.71} and [6502] by —£7l.sin. 7X; then taking the sum of the products, we 

get the value of the function [6517]. This sum can be reduced by substituting the values 

of 7i2s 7l.7.cos.(7x—7), Æ.^.cos.^-f-7J, &;c. [6492e,g, A, &c.] ; and by this means 

it will become as in [6517']. 

« 

* (3379) We must add together the expressions [6511, 6514, 6515, 6516, 6517'], 

and also the terms depending on m", ml" [6514], which are similar to those explicitly 

d (Jy 
given in [6514]. The sum will be the complete value of the terms of ~, now under 

consideration. 

f (3380) Several of the terms of — [6511,6514], contain e2, or (e.cos.®)2-}- (e.sin. to)2 

[6518] ; and if we substitute the values of e.sin.®, e.cos.®, [6520, 6521], and reduce, by 

means of [17,20] Int., we shall get, 

e2 = h? -f- ^i2 + &tc. -f- cos. j (gt—g). t -j- ri—r} -f-&c. ; 

29 

[6517] 

[65173 

[6518] 

[6519] 

[6520] 

[6521] 

[6522] 

[6522'] 

[6523] 

[6517e] 

[6518a] 

[6523a] 

VOL. IV. 

[65236] 
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[6524] 

[6525] 

[6523c] 

[6523d] 

[6523e] 

[6523/] 

[6523g-] 

[6523ft] 

[6523i] 

[6525a] 

[6528a] 

[65286] 

[6528c] 

[6528c?] 

[6528e] 

[6528/] 

terms which result from them, after integration, are proportional to the time, 

and are therefore confounded with the mean motion of m. We may apply 

the same considerations to the terms depending on the inclinations of the 

orbits. 

13; The most important terms of the expression of the secular equation 

of m, are those depending on the secular variations of the equator and 

orbit of Jupiter.* * They are analogous to those from which the moon’s 

secular equation arises, which we have developed in the seventh book 

[6528a;].f To obtain them we must substitute, in the preceding expression 

as is evident, by the calculation in the first note in page 601 of the first volume of this 

work. Similar results are obtained from the terms of [6511, 6514], depending upon 

ee'.cos.^'—tz), developed as in [6519]. The constant terms, spoken of in [6522'], are 

like h^-^-h'^fhc. [65236] ; and the variable terms, or those which contain t, in 

[65236, &c.], are similar to those which depend on 26/q.cos. {(g,—g)rt-j~ri—rl [6523], 

The integral of these terms produces in Sv, terms of the form sin^^-g^tf-f-U-1^* 

Developing this, according to the powers of t, by means of [60] Int., it produces terms 

depending on the first power of t, of the form 266,. t. cos. (l\-—r), which is of the same 

order as hh1, or e2, ee', he., and may therefore be neglected on account of its smallness 

[6057e]. The author also investigates the remaining term in [6514 line 3], depending on 

d ôv 
Ba) ; and finds, in [6547], that it is too small to be noticed. The other terms of , 

enumerated in [6518a], are contained in the functions [6515, 6516, 6517'], and they 

produce, by development, the expression [6528] ; as we shall see in [6528m—w\. 

* (3381) This is shown in [6536], and in the corresponding note [6536g—i\. 

f (3382) We shall now develop, according to the powers of t, the parts of — 

which are mentioned in [6523i] ; namely, those in [6515, 6516, 6517'], being the only 

ones of importance. In these developments we shall always neglect the constant parts, 

for the reasons stated in [6524] ; also the terms depending on t2, and the higher powers 

of t j because they introduce into the integral ôv, only terms of the order t3, t4, he., 

which are insensible. Moreover we shall neglect the terms depending on the excentricities 

e, e', he., on account of their smallness [6057e]. Retaining therefore, as in [65286, &c.], 

only the terms which are multiplied by the first power of t, we find that the sum of the 

squares of [6400, 6401] gives y2 [6528g] ; the sum of the squares of [6413, 6414] gives 

y 2 [6528g]. Moreover, the double of the product of the two equations [6400, 6413], 

being added to the similar product of [6401, 6414], gives the third of the equations 



VIII. V. § 13.] INEQUALITIES DEPENDING ON e2, e'% he. ; f, r'3, he. 115 

cL 
of —, the values of y.sin.7, /.cos.7, ô, yj.sin.7i, &c., which are found 

at 

in § 10. Therefore if we neglect the constant terms, as in [6523], and 

[6528g], the terms in its first member being reduced by means of [24] Int. 

^2^0; y12=2(X_l).X.\L.&f ; 2y1.y.[sin.7.sin.71+cos.7.cos.71| = 2y1.y.cos.(71 — 7) = 2(X— l).lL.bt. 

Substituting these values, together with Hz = 2H1.ct [6527], and e2 = 0, in [6515], 

it becomes, 

—2[T].12Hvct — 2(X—1). X. 'L.bt + 2(X—1). 'L.bt\ = — 4fT].Hr d-J-4[lT].(l-X)S. 1LM ; 

being the same as the two terms in [6528 line 1] depending upon 

Again we have, as m [6404], by neglecting terms of the order t2, 

Ô—'L; ô.cos .-if- = 1L; —Asin.Y = —1L.pt. 

Multiplying the equations [6414, 6413] respectively, by these values of 0.cos.y, —tksin.Y ; 

taking the sum of the products, reducing by means of [23] Int., and retaining terms of the 

order t, we get, 

d.yj.fcos.iF.cos. 7,—sin.f.sin. 7,] = 4./1.cos.(y-[-71) =A.xL.bt. 

Substituting this and the values of y,2, 42, e2, [6528g, h, Æ], in [6516], it becomes, by 

retaining only the terms depending on t, 

3(0). [ —2 X. 'L.bt—2(X— 1) .X. 'L.bt j = —6(0) .X2. 'L.bt ; 

which is the same as the term depending on (0), in [6528 line 1]. 

We shall now compute the terms of [6517']. Substituting, in the first line of this 

expression, the value of yx2 [6528g], it produces the terms in [6528 line 2], as is evident 

by inspection. In like manner, by substituting the value of é./i.cos.^+ 7,) =\.'L.bt, 

[6528m], in the term depending on (0), [6517' line 2], it produces the term depending on 

(0), in [6528 line 3] ; also by substituting yyx.cos.(7,— 7)=: (X— 1) .'L.bt [6528g], in 

the term of [6517' line 2], depending on it produces the term depending on 

in [6528 line 3]. 

If we change 7,7, into y/, 7/, respectively, in the identical equation [6492g], we get, 
y^yf-cos. ( 7l -7/) = (yx. cos. 71).(y/.cos. 7/)+(y1.sin. 7X) .(y/.sin. 7/). 

Again, if we change the symbols yl3 qlS X, [6315, 6316, 6343], corresponding to the 

satellite m, into y/, 7/5 >5 respectively, corresponding to the satellite rri, [6489,6344], 

we shall find that the equations [6413, 6414] become, 

7/. sin. 7/ = (1—X'). lL. 'pt -f X'.af ; 

7/.cos.7/= (X'— l).'L + \'.bt. 

Substituting these values and those of [6413, 6414], in the second member of [6528y], and 

retaining only the terms of the order t, we obtain, 

7 x*7 /‘Cos. ( 7, 7/) = {(X— l).X'-f(X'— 1).X}.6L.66 

Multiplying this by |(0,1), We get the term of [6517' line 2] depending on (0,1), and 

[6526] 

[6528g-] 

[6528/t] 

[6528i] 

[6528Æ] 

[6528Z] 

[6528m] 

[6528n] 

[6528o] 

[6528p] 

[6528?] 

[6528?-] 

[6528s] 

[6528f] 

[6528it] 
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[6526'] 

[6527] 

[6527'] 
Symbol 

[6528] 

[6528n] 

[6528w] 

[6528a;] 

[6529a] 

[6529&] 

[6529c] 

[6529c'] 

suppose the excentricity H of Jupiter’s orbit to be developed in the 

following series, 

H == Hl + ct + &c. ; [4407 line 1 ] 

Hi being the value of H at the origin of the time t ; we shall have, 

d. Sv 

dt 
= —4. o Jïi.cf + 4. o .(1 ^)V£.&* *-6(0)AVL.fa 

1L.bt "j~(l—\)*x* ^ (O)-j- 0 ~[~(031 ^)-[-(0,2)-{-(0,3) 

0 .lLM 

1 

2 

i (l—xj. 

+1 (0,l).{(x_l).V+(x'_]).x5.1JL.6/f 

+|.(0,2). {(x—1).x"+(x"— 1).x}. 'L.bt 

+i (0,3).{(x_l).x",+(xw_l).x}.1L.6L 

Hence it is easy to find, by means of the equations between x, x', x", xw 

[6347—6350],* 

3 

4 

5 

6 

arising from the action of the satellite m! upon m, as in [6528 line 4]. We may deduce 

from it the similar expression in [6528 line 5], arising from the action of m" upon m, or 

from the term depending on (0,2) in [6517'line 3], by merely changing (0,1) into (0,2), 

and X into X". We may also obtain, in the same way, that in [6528 line 6], arising 

from the action of tn'" upon m, or from the term depending on (0,3) in [6517'line 3], 

by changing, in [6528 line 4], (0,1) into (0,3), and X' into Xw. Finally we may 

observe, that if we multiply the expression [6528] by dt, and integrate it, we shall obtain 

terms of Sv, depending on t2, which are similar to those in the lunar theory [5541, 5543] 

depending upon the moon’s secular equation, as is observed in [6525]. 

* (3383) Transposing in [6347] the terms depending on (0,1), (0,2), (0,3), we get, 

—!)• 0 = (0,1).(X'-X)+(0,2).(X"—X)+(0,3).(X/ff—x) ; 

multiplying this by |—X, we obtain, 

(i-X).p.(0)+(X-l).jT]^ = (J-X) . {(0,1) . (X'-X) + (0,2) . (X"-X) + (0,3) . (x"'-x)}. 

Now the terms in the first member of this expression are the same as those of [6528 lines 2,3] 

which depend on the functions (0), 0 multiplied by the common factor 1L.bt, as 

is easily seen by connecting the coefficients, and making some slight reductions. We may 

therefore neglect the terms depending on (0), 0 [6528 lines 2, 3], and instead of 

them substitute the second member of [65296], multiplied by the common factor XLM, namely, 
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d.Sv 

dt 
— —-4i. o J • HL.ct-\- "4. o (1—x)9. XLM—6(0). x2. lL.bt ; 

which produces in Sv, or in the motion of the satellite m, the following 

secular equation ;* 

ÔV —2. o .fl1.cZ!!+2.[o].(l— ^)2. 'L.bfi—S^.v.'L.bf. 

We may observe, with respect to the three first satellites, that the ratios 

which obtain, between their mean motions, change considerably their secular 

inequalities, as we shall see in [6663—6711,&c.]. 

When there is but one satellite, we shall obtain, from [6347],f 

x = - • 

+ (°) 

In the lunar theory is incomparably greater than (0) , and thus we 

(I—x).xLAt.£(0,l).(X—x)-f (0,2).(X"—X)-j-(0,3). (xw—x)]. 

Hence it appears that the coefficient of (0,1 ).lL.U, in the three lines 

[6528 lines 2,4 ; 6529/], are respectively, 

(1—X).X ; i(X— 1J.X'+*(X'—1).X 5 (i-X).(X'—X). 

If we add these terras together, we find that they mutually destroy each other. For the 

coefficient of X', in the sum, setting the terms in the order in which they occur, without 

any reduction, is g(X—1)+iX-{-(|-—X)=0; and by neglecting X', in the sum, it 

becomes, without reduction, (1— X).X—f X— (|—X).X = 0. In like manner we find, 

that the coefficients of (0,2).1L.bt, and (0,3in [6528 lines 2, 4 ; 6529/j, 

vanish. Therefore the whole expression [6528 lines 2—6] vanishes ; and the formula 

[6528] is reduced to its first line, as in [6529]. 

* (3384) Multiplying [6529] by dt, and integrating, we obtain in v, or Sv, the 

expression [6530]. 

f (3385) If there be only one satellite m, we must neglect (0,1), (0,2), (0,3), in 

the equation [6347], and it will become, 

o= [(Q)+[o]]•*-[ of 

Dividing this by (0) + 0 , we get [6532]. 

[6529] 

[6530] 

[6531] 

Value of 

X 
for the 
moon. 

[6532] 

[6533] 

[6529<2] 

[6529e] 

[6529/] 

[6529g-] 

[6530a] 

[6532a] 

VOL. IV. 30 
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[6534] 

[6535] 

[6536] 

[6534a] 

[65346] 

[65* 4c] 

[6534d] 

[6534e] 

[6536a] 

[65366] 

[6536c] 

[6536c?] 

[6536e] 

shall have very nearly,* 

(0) . 
-1 

0 

so that x 

expression 

will differ but very little from 

of the secular equation to 

unity ; which reduces the preceding 

the single termf —2. o .Hvcf. 

* (3386) The values of (0), 0 [6216] give 
^ (p^) ^ 

3 a2 M'2’ 
0 

change the elements relative to Jupiter and its first satellite, into those of the earth and moon 

respectively, we shall have the ellipticity of the earth p = [6044, 5593] ; the 

centrifugal force <p = 2^9- [6044/, 1594a]; hence p — I == fît* Moreover, 

M = earth’s mean motion = ^ = 0,0748 nearly, [6101', 6062', 5117] ; also, 
n moon’s mean motion 

JL=-eartli’s radius- _ 0,0165510, [6061, 6082, 5329]. 
a moon’s dist. from earth 

Substituting these values in the expression [6534a], it becomes, 

=|.A.(0,0165510)2.(0j0748)-!!=„Vx nearly. 

0 

This quantity being very small vTe may neglect its square and higher powers, in the 

development of X in terms of . , and then it becomes as in [6534]. 

0 

f (3387) Substituting the value of X [6534], in the second term of [6530], it becomes 

of the order ^ ... (0), which may be neglected on account of its smallness [6534e]. 

0 

The third term is also very small in comparison with the first. For the ratio of these two 

terms is represented by f.= f.griwr-‘ ~ [6534c/]; and we have in 

0 

[6937, 6938] — = nearly ; moreover the value of XL [6937], expressed in parts of 

the radius, is nearly equal to 0,05 ; and the excentricity H1 [6527', 4080 line 5], is 

0,048.., which may be considered as equal to 'L ; hence the ratio [65366] becomes 

s . ^_i¥T. Tv. nearly ; consequently the term depending on (0) may be neglected in 

comparison with the first term of [6530], and then this expression of will be reduced 
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0 3 
4* 

M2 M2 

-— [6216], it becomes, as in [6536/], -f. — .HL.cl*\ Substituting 

which agrees with what we have found in [5541, 6536i]. 

The terms, which we have just had under consideration, will finally 

become very sensible. Of the other terms, the greatest are those which 

depend upon the products* è'l, ô'I', &c. ; and we shall see hereafter, that 

l, V, &c. are small quantities, whose squares may be neglected, without any 

sensible error. This being premised, we shall consider the following term 

of ^ [6515]; 

d.Sv 

dt 
2. 0 • {7i2—2/ft. cos. ( i i —. 

Now it is easy to prove that,f 

to its first term, Sv = —2. £ 0 .H^ct2, as in [G536]. Substituting the value of 0 

[6216], it becomes Sv = —§. — . IJV ct2, as in [6537], This is the same as that 
77/ 

which is deduced from the expression [5541] Sv = — f.m2./(e'2—E'2).ndt, by changing 

M 
m [5117] into — [6534c], E' into Hv and e' into H, to conform to the present 

77/ 

J[f2 
notation. For by this means it becomes nearly —J.. — .f(H2—Eff).dt‘, and by 

7Z 

substituting the value of H [6527], we get the term, 

as in [6537]. 

JW 2 

•§•. -— ./2H1.ctdt — —% 
M2 

* n 1 

*(3388) If we compare [6430 line 2] with [7352 line 2], we see that 

[6422] is of the order 2771"; moreover d — 34352" [7217], The squares and 

products of these expressions being divided by the radius in seconds, give ft'2 = 1854", 

dV" = 150", l""2— 12". The other values of V" [7352 lines 3, 4] are much less than 

the preceding, so that generally their squares may be neglected, as in [6537']. The terms 

d Sv 
depending on dl, dV, produce in —-, some terms connected with cos.(j^-f-A-V), &tc., 

which do not contain v, as in [6540] ; and by integration they introduce into the 

expression of Sv, the divisor /, which is small in comparison with n [6025&, p] ; and 

on this account it becomes necessary to notice them, as in [6537', &.c.]. 

t (3389) The function [6538] is part of [6515], the other part being neglected as in 

[6552c/] ; and we shall see, in [6540], that the retained part of the function [6538] 

[6537] 

[65378 

[6538] 

[6536/] 

[6536g-] 

[6536ft-] 

[6536i] 

[6537a] 

[6537ft] 

[6537c] 

[6537d] 

[6537e] 

[6539a] 
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[6539] 

[6539'] 

[6539"] 

[6540] 

[65395] 

[6539c] 

[65394] 

[6540a] 

[65406] 

[6540c] 

[65404] 

[6540e] 

h’{yi—■2yy1.COS.('l1—7) + y9}, 

is equal to the part, which is independent of v, in the square of the 

expression of the latitude of m, above the plane of the orbit of Jupiter. 

We have given the expression of the latitude, in [6427] ; and by developing 

its square, in sines and cosines of v and its multiples; neglecting the 

squares and products of l and V ; we shall find, for the double of the 

part which is independent of these sines and cosines,* the following value ; 

Æ.COS.Q36+A—■•F)-bZ1.cos.(p1Uf-AI—y') 
(1—x)2. ô'2+2 (x—1). 0'. 

+4.cos.(y++a2—■■*■') -f 4-cos. (j^+a3—y') 

Hence the preceding term of 
d.Sv 

~df 
produces the following expression ; 

contains ô'I, è'V, &zc. Now the latitude of the satellite m, above the fixed plane, is 

represented by yx.sin.(a— 7X) [63325] ; and this latitude would be 7-sin.(a— 7) [6391], 

if it move in the plane of Jupiter’s orbit. Hence the latitude of the satellite m, above 

the orbit of Jupiter, is yx.sin.(y — 7X)—y.sin.(a— 7). Squaring this, and reducing the 

product by [17] Int., neglecting also the terms containing 2a, we may put, 

sin.2(a—yx) — i i sin.2(a— 7) ; sin.(a—7x).sin.(a— 7) = §.cos.(7x—7) : 

and then by substitution we get, as in [6539], 

{ yx.sin.(a— 7X) —y .sin.(a—7)}® = —7yl.cos.(71 — 7) + 2-72. 

* (3390) The expression [6427] becomes, by using the symbol 2' [6324'], of the 

following abridged form, which represents the latitude s, of the satellite m, above the 

orbit of Jupiter ; 

s = (X—1). d. sin.(a -j- U) -{- 2'. 1. sin.(a -f- pt + a). 

Squaring this expression, and neglecting terms of the second order in /, V, &c., as in 

[6539'], we shall have, 

s2 = (1—X)2.é'2.sin.2(a+Y)+2(X—l).0'.sin.(a++).2'. /.sin. (a f-pt + a). 

Reducing these products by [17] Int., and then neglecting, as in the preceding note, the 

terms depending on 2a, we get, 

sm.2(a+F) = A ; sin.(a++.sin.(a+p£+A) = |-.cos.(pï+A—y) ; &c. 

Substituting these in [65406], and then doubling the product, as in [6539"], we obtain 

[6540]. This represents the part of yx2—2771.cos.(7x—ff-y2, which is independent 

of 2a ; and by multiplying it by 2. 0 it produces, for the expression of [6538], the 

function [6541] ; omitting the quantity, 

2(1—X)2/2. 0 J = 2(1—X)2.1L2.|^ 0 J +4(1—X)2.bL.5*+&c. [6405]; 

because the constant part is neglected, as in [6505] ; and the part depending on t, has 

already been noticed in [6529], where it was found by a different method. 

[6540/] 
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d. Sv 

dt 
= 4.(X—1). o .ô'. 

/.COS. Çpt~\~A 'F,)-f"/|.COS. C PiZ-f-Ai- 
[6541] 

+Zi.COS.Q?3*+A3—*0 + 4* cos.(p3/+A3—V) 

We shall now consider the following terms, contained in [6516] ; 
—3.(0).^2-f-2^r1«COS.('F 4-71)-|-712}. [6542] 

The expression of the latitude of the satellite m, above the plane of 

Jupiter's equator, isf 

x. sin.(fl + *') + Z. sin. + pt + a) + Zr sin.(fl + pvt + ax) 

+ Z2. sin.(fl + pj + a2) + /3. sin.(fl + y?3/ + a3) ; 

6? Sv 
hence we easily find, that this term of produces the following ; f 

[6543] 

* (3391) The latitude of the satellite m, if it move in the plane of Jupiter’s equator, 

is —ô'.sin.(v-]-Ÿ0 [6392], above the orbit of Jupiter. Subtracting this from s [6427], 

which denotes the actual latitude above the same orbit [6426'], we obtain the real latitude, 

counted from the equator of Jupiter, as in [6543]. 

f (3392) The latitude of the satellite m, above the fixed plane, is y^sin^r—7,) 

[63326] ; but if it move in the plane of Jupiter’s equator, its latitude will be —Æ.sin.fy-j-'*’) 

[6322]. Subtracting this last expression from the preceding, we get the latitude counted 

from the plane of Jupiter's equator, y^sin.^—71)-f-d.sin.(i>-]-Y). This may be derived 

from the expression [65396], by changing y into —Ü, and 7 into —ÿ ; and by 

making the same changes in [6539c/], omitting also the terms depending on 2y, we get, 

{yj.sin.^ — 7,) -H.sin.(y-f-Y)}2= 2 7i2 +^-c°s-(^ + 7i) + l^2 5 

which represents the square of the latitude of m above the plane of Jupiter's equator 

[65446, &tc.]. Now this latitude may also be found, as in the last note, by subtracting 

—■ô'.sin.^-f-V); which represents the latitude of the satellite above the orbit of 

Jupiter, supposing the motion of the satellite to be in the plane of Jupiter’s equator, from 

the general expression of the latitude s [6427], above the orbit of Jupiter [6426] ; the 

difference is the function [6543], or X.d'. sin.(y 4-T0+2/-^sin'(v“h2^-f“A)- The square 

of this expression being substituted in the first member of [6544cZ], then multiplying by 

6(0), and transposing all the terms to the opposite members, we get [65446]. Reducing 

the second member of this expression, as we have done that in [65406], we obtain [6544/]. 

—3(0) [ d2-j-2^.y1.cos. fp-}-71)-f~7i2 j = —6(0).[XJ/.sin.(y-j-î-/)-|-2'./.sin.('ü-f-p^-}-A)]2 

= -—6(0). [£x2.ZS/2-{-X.Zf. 2(/.cos.(p6-}~ a—• 

The first member of [65446] is the same as in [6542] ; and the terms under the sign 2', 

in the second member, are the same as those in [6544]. The other term, —3(0).X2.d/2, 

may be neglected, as in the calculation [6540e,f\ ; observing, that after substituting the 

value of tt [6405], we may reject the constant term —3(0). X2.bL2, as in [6505]; 

and the term —6(0).X2.\L.6£, has already been noticed in [6528n], 

31 

[6543a] 

[65436] 

[6544a] 

[654461 

[6544c] 

[6544<fj 

[6544e] 

[6544/] 

[6544g] 

[65446] 

[6544/] 

[65446] 

[6544Z] 

VOL. IV. 
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[6544] 

[6545] 

[6546] 

[6547] 

[6548] 

[6547a] 

[65476] 

[6547c] 

[6547d] 

[6547c] 

[6548a] 

[65486] 

[6548c] 

d. Sv 

dt 
= — 6.(0). x. o'. 

Z.COS.Q?£ + A—*') + COS.Qïjtf + Ai *') 

+ lz. COS.(püt + A| *') + k- COS.(p3t + A3 ■*') 

3. Sv 
We may also notice the term of , contained in [6514 line 3], namely, 

etc 

im'.n. | aV.-fiw+aV.^L’) j .{r/2—27i'-7i-cos.(V— i.)+ns}. 

We shall observe that y/.cos.l/—yj.cos.7j, and y/.sin.7/—yi.sin.7j, 

[6547c, d], are of the order x, which is a very small fraction in the theory 

of the satellites of Jupiter. The sum of the squares of these two quantities 

gives,* 

(y/.cos.7/— yvcos.7j)9 —]— (y/.sin.7/—yj.sin.7j)2 = y/2—2y/.7;.cos.(7/—7j)-bf ; 

which is of the order x2, we may therefore neglect it, without any sensible 

error. 

Lastly, we shall consider the term of , contained in [6517], namely, 

1 
2* 1 d.(y,.sin.7j) . d.(y,.cos. 7X) 

’'*•cos-1‘- ~di-—It— 

It is easy to prove that,f 

* (3393) Developing the first member of [6547], it becomes, without redaction, 

y/2. [cos.2 7/-{-sin.2 7/J —-2y/. y. [cos. 7/. cos. 71+sin.7/.sin. l1 ] +yx2. [cos.2 7,-f sin.27,] ; 

and this is easily reduced to the form in the second member of [6547], by using [24, Sic.] 

Int. Subtracting the expression [6413] from [6413d], we get [6547c] ; and by subtracting 

[6414] from [6413e], we get [6547d]. 

y/.sin.7/—y1.sin.'l1 = (X—•X').1-L.1J7tfT(X'—\).at. 

y/.cos. 7/—y1.cos.71 = (X'—X). 1Lt -f- (X'—\).bt 

The second members of these expressions being of the order X'—X, the sum of their 

squares must be of the order (X'—X)2 ; which produces, in [6545], only terms of the 

order m'.(X' — X)2 ; and these may be neglected on account of their smallness 

[6829, 7206, &c.]. 

f (3394) The latitude of the satellite m, above the plane of Jupiter’s orbit, is given in 

[65396], and in another form in [6540a]. Now if we put these two expressions equal to 

each other, and transpose y.sin.(u—7), we shall get, 

yrsin. (y — 7,) — 2/./.sin.('y-J-p£-j-A)-|- (X—1 ) .d'.sin .(u-fV) -j-y .sin .(v — 7). 

But from [21] Int. we have sin.(v—{—6) = sin.'U.cos.6-f-cos.'C.sin.6 ; and if we develop 

the four terms of the equation [6548a], by means of this formula, we shall obtain an 

equation which must be satisfied for all values of v ; so that we may put the terms 

depending on sin.u separately equal to each other, and we shall get [6550] ; in like 
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7l. sin. 7X = —l. sin.(pt + a)—lv sin. (pxt -f aJ—&c.—(x—1 ). ô'. sin.^'+ 7. sin. 7 ; 

7l.COS. 7i = /.COS.(pt + a) -f- ^.COS.(Pit +Ai) +&c. + (x—1 ). 6'. cos.■*•'-{-7. cos. 7 ; 

hence the term [6548] produces the following expression ; * 

d.Sv 

dt 

pl.Q,0$.(pt-\-A ■^)+Pl^.c°S.(pi/+A1 V) I 1 

+_/?2Z2.COS.(^2/+A2—U)+p34.cos.Q?3/-{-A3—*■') ) • 2 

Now if we add together the terms [6541, 6544, 6551], and integrate the 

sum, we shall have, for the corresponding part of Sv, the following 

expression ; f 

manner the terms depending on cos.t;, give [6549], by changing the signs of all the terms. 

We may also observe that each of the expressions of 7l.sin.7i; 7l.cos.7X [6549,6550], 

contain two terms, depending on ô', y, which are not inserted in the values of 7l.sin.713 

7l.cos.7x, [6499, 6500]. The reason for this omission is, that their differentials produce 

only insensible quantities in [6501, 6502], on account of the smallness of the coefficients 

of t, in the values Ô', -ff, y, 7, [6927—6929, 4246], in comparison with the values of 

p [6025p]. In fact the smallness of these coefficients enables us to consider d', to', 7, 7, 

as constant quantities, as in [7220] ; and then their differentials vanish from [6501, 6502] ; 

so that we may neglect them in using the differentials of [6499, 6500]. We shall then 

have, by using the sign 2', in like manner as in [6324'], so as to include the terms 

depending on p, pt, p2, p3 ; 

rf.(7l.sin.7i) 

dt —2'.y/cos.(pt-}-A) ; 
d.(7l.cos.7j) 

dt 
—2'.//.sin.(p£-j-A). 

* (3395) Substituting the values [6549, 6550, 6548A] in [6548], and neglecting terms 

of the order Pp, lyp, &c. on account of their smallness, we find that it is only necessary 

to retain the terms containing d', in [6549, 6550] ; hence we obtain, for the value of the 

function [6548], the first member of the following expression [6551c], This is reduced 

to the form in the second member, by using [24] Int. 

"à-(X-l).^.2/.pZ.[cos.U.cos.(p?;-{-A)-]-sin.U.sin.(p?:-|-A)] = -J.(X-l). d'.X'./Z.cos.^+A-*7) 

This last expression agrees with that in [6551]. 

t (3396) The expression [6552] is the sum of the functions [6541, 6544,6551], 

multiplied by dt, and then integrated. For the terms multiplied by in 

[6.552 lines 1, 2], are derived from [6541]; those multiplied by (0), from [6544]; and 

those in [6552 lines 3,4], from [6551]. It will be seen in [6944] that there is but one 

term of the expression Sv, or rather Sv"', [6552], which requires notice from its 

magnitude, and this produces only —49",51, in the motion of the fourth satellite ; the 

values for the other satellites being insensible. We may remark that in finding the 

[6549] 

[6550] 

[6551] 

[6548c?] 

[6548e] 

[6548/] 

[6548^] 

[65487c] 

[6551a] 

[65516] 

[6551c] 

[6552a] 

[65526] 

[6552c] 
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[6552] 

[6553] 

[6553'] 

[6554] 

SV 

_ -. sin.(pZ+A-V) -f- —. sin.Q^+Ar-*') ) 1 

= - 6(0).x+4.(l-x> 0 7 Pl , > 
f -> 1 _|_ -^-.sin.(pQ^+A3—-.sin.(j?3^+A3-^) V2 

P2 V 3 y 

3 

4 

Z. sin.Q?Z + a—*') + Zx. sin.Q^Z -f a1—V) -O) 

_V)j* +i.n—xu.r,sm,(l? 
( -f-/3.sin.(p2^-f-A2—ÿ )-T Z3.sin.(j?3Z +a3 

This part of M is hardly sensible, and we need not notice it, except in the 

fourth satellite [6944]. It must be modified relative to the other satellites, 

in consequence of the terms which depend upon the square of the disturbing 

force [6699, &c.]. 

(0) 

0 
If we apply this expression to the moon,* we shall have x = 1— 

[6534], and p = ^ojj, very nearly [6553d] ; hence we obtain,f 

functions [6538, 6542,6545], from [6515, 6516, 6514] respectively, the terms depending 

[6552d] on the excentricities e9, e/2, &c. are neglected ; and it is evident that this can be safely 

done, because the excentricities [6057e] are very small in comparison with the factor S' 

[6552e] [7217], which occurs in the terms [6541, 6544, 6551] ; and these last terms, wrhich have 

the factor Ô', are hardly sensible, as we have already observed in [6552c, 6553]. 

[6553a] 

[65536] 

[6553c] 

[6553d] 

* (3397) The retrograde motion of the moon’s node is %m?.v nearly [4800]. 

M 
Substituting m = —, [6534c], and v = nt [6439], it becomes, according to the present 

7h 

notation, f. —. t 0 .t [6216]; so that if we wish to investigate the value of Sv 

[6552], corresponding to the retrograde motion of the moon’s node, supposing it to be 

, as in [6554]. represented by yt [7133c], we shall have yt — 0 t, or p = 0 

[6554a] 

[65546] 

[6554c] 

f (3398) Neglecting l13 Z2, Z3, 

Substituting in this the values 1—X 

in [6552], it becomes, for the moon, as in [65546]. 

(0) 
v ’ ; p = 

0 

0 , [6553', 6554], it becomes as 

in [6554c] ; observing that the preceding value of X for the moon, gives very nearly 

X = 1 [6534d], which is used in the first term of [6554c] ; 

Sv = —6(0).-4(1—X). 0 . — + 2-(l—X) I . Ô'. Z.sin.(ptf-{-A—V) 
C P -P j 

= [—6—4—{—JI. J2L.ô'.Z.sin.(^+A—*0 — '—0-■ ^ . Ô'.Z.sin.(pZ-}-A—V). 

0 

This last expression is the same as in [6555], using the value of p [6554]. 
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(0). —. sin.(p^+A—V). 

This expression agrees with that which we have found in [5389] 

in this case, the obliquity of the ecliptic to be very small.* 

supposing, 

*(3399) Instead of using the obliquity of the ecliptic X = 23d 28m 17s, 9 [5355], if 

we suppose it to be small and equal to ù' [6360], we may change sin.X.cos.X into sin/ 

or Ô' ; then the expression of 8v [5389] will become, 

(ap — icup) Z)2 

7.2 ‘ 
Sv — -ty. y.êf.sin.(long, of the ascending node). 

g—1 & 

Now we have _D = 1 [5334, 6082'], g—1 = f-m2 [5347j] ; or, in the present notation, 

by successive reductions, using [6534c, 6216, 6554], 

ra 
g- 

„ M2 
1 _ 3.- 

4 ' n2 n 
P_ 
n 

Substituting these values in [6555c], and changing a<p into cp, also ap into p, 

[5333, 5333', 6044, 60443, k becomes as in [6555e] ; and by using (0) [6216], it 

changes into [6555/] j 

J <p) m y. é' 
8v — -b9-.---. —. sin.(long, of the ascending node) 

a4 
Q/ 

V-* (®) • —■ • sin.(long, of the ascending node). 
P 

If we subtract the longitude of the descending node of Jupiter’s equator, or, as we may call 

it, the longitude of the vernal equinox of Jupiter, —/ [6361], from the longitude v of 

the first satellite [6023c], both longitudes being counted from the same axis x; we shall 

get v -j—/ for the distance of the satellite from that node, or equinox, counted according 

to the order of the signs. Again u+pf+A represents, as in [6300 line 2, 6298e], the 

distance of the satellite from its ascending node on Jupiter’s orbit. Subtracting this last 

expression from that in [6555£], we get the distance of the ascending node of the orbit of 

the satellite from Jupiter’s vernal equinox, (v -f-/)—(»+^+A) = —(/£-[-a *•') ; 

which is to be substituted, for the longitude of the node, in [6555/], and then it becomes, 

Sv — — -1/-. (0). r~~ . sin.f—a—/). 

The greatest value of 5 [6300 line 1 ; 6298/ &c.] is l, which may therefore be taken for 

the inclination of the orbit of the satellite, instead of y [4813] nearly. Substituting this 

value of y, in [6555m], it becomes as in [6555]. 

[6555] 
Lunar 
inequality 
depending 
on the 
earth’s 
ellipticity. 

[6555'] 

[6555a] 

[65556] 

[6555c] 

[65554] 

[65554'] 

[6555e] 

[6555/] 

[6555g-] 

[65556] 

[6555i] 

[65556] 

[6555Z] 

[6555m] 

[6555n] 

VOL. IV. 32 



126 MOTIONS OF THE SATELLITES OF JUPITER. [Méc. Cél. 

CHAPTER, VI. 

ON THE INEQUALITIES DEPENDING ON THE SQUARE OF THE DISTURBING FORCE. 

[6556] 

[6557] 

[6558] 

[6559] 

[6560] 

[6561] 

14. We have already considered, in [1215—1242v], one of the most 

remarkable of these inequalities. It depends, as we have seen, upon the 

circumstance, that, at the origin of the motion, the mean longitude of the 

first satellite, minus three times that of the second, plus twice that of the third, 

differed but very little from the semi-circumference ; and then the mutual 

attraction of these three satellites has caused this difference to vanish. We 

shall now resume, by another method, the abstruse theory of this inequality, 

in order to give it a further development, and to determine its influence 

upon the various inequalities of these satellites. 

If ice consider the orbits as variable ellipses, £ representing the mean 

longitude of the satellite m, we shall have, as in [1195, 6110c], 

ddl — 3andt.dR. 

We shall notice, in the expression of the motion of the satellites, only those 

terms which depend on the angle nt—3n'tJr2n"t-{-z—3s' -\-2s", and have 

also the divisor (n—3n'-\-2n"Jl ; since these terms may become sensible, 

on account of the extreme smallness of this divisor. It is plain that 

Sandt.dR contains terms depending on the proposed angle, which may 

acquire this divisor by the double integrations. Moreover such terms cannot 

be introduced into the value of v, except through the expression of £ ; for 

it is evident, by the inspection of the values of de, d*s, ds, de', &c., given 

in [1258, 1258a, &c.], that they cannot produce such terms in v, at least 

when we carry on the approximation no further than to include the terms 

depending on the square of the disturbing force.* Therefore, by noticing 

* (3400) We shall see, in [6567—6569], that R, R', R", dR, dR', dR", do not 

contain terms depending on the angle v—8v'-\-2v", connected with coefficients having the 
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only such of these terms as can acquire this divisor, by integration, we 

shall have, 

ddv — Sandt.dR. 

In like manner we shall have, 

ddv' — Sa'n'.dt.dlR' ; 
ddv" = 3a"n".dtA"R" ; 

R' and R" being what R becomes relative to the satellites m' and ml' ; 
and the characteristics d, d', d", correspond respectively to the co-ordinates 

of the bodies m, m', ml'. We must now determine the terms of dR, d'R!', 
d"R", which depend on the angle nt—Sn'tJr2n"tJr5—31 -j-21'. 

The expressions of R, R', R", do not contain angles depending on 

v—3v,Jr2v" ; they give, by development, only terms depending on the 

radii vectores, the latitudes, the elongations, v—v', v—v", v'—v", and the 

multiples of these elongations.* But by the substitution of the parts of 

r, v, r', v', &c., which depend upon the disturbing forces, there may arise, 

in dl?, d'R', d"R", some terms of the order of the square of the disturbing 

forces, depending on the angle nt—3n't -f 2n"tJrs—3s'-f~2s". We have 

determined, in [6116, 6119], the perturbations of r, v, r’, v', r", v", and 

we have seen in [6131, 6132], that the principal inequalities of r, v, arising 

from the disturbing forces, defend upon the angle 2nt—2n't ; that those of 

r' and v' [6139, 6140, 6148, 6149], depend upon the angles nt—nit and 

divisor n— 3n-\-2v!', or its square. For similar reasons it will follow, that the terms 

r,Cc^)’ dr> Sr [6094J 6057, &c. ; 6049?r, ?,&c.], in Sv [6060], do not contain 

terms depending on that angle, and having that divisor, even when we notice quantities 

of the order of the square of the disturbing force. Moreover if this angle be found in 

i£ wil1 °nly Produce in fndt-r-(fjp)’ which occurs in ôv [6060], a term 

having the first power of the divisor n—3n'f2n", noticing the same order of terms. 

Hence it appears that the only term of 8v [6060], which can produce this divisor, is that 

depending on JfSandtAR, corresponding to dd% [6558] ; or, as it may be written, 

ddv = Sandt.dR, corresponding to [6562], or to the similar values of ddv', ddv" 

[6563, 6564]. 

* (3401) This is evident by comparing [949 or 951] with its development 

[957 or 1011], or with the expressions in [1226,1227], which produce, as in [1230], some 

terms of dR, depending on the angle nt—3n'tg-2n"t-j-s—3s'g-2s". 

[6562] 

[6563] 

[6564] 

[6565] 

[6566] 
Symbols 

d,d',d", 

R',R". 

[6567] 

[6568] 

[6569] 

[6570] 

[65616] 

[6561c] 

[6561tf] 

[6561e] 

[6561/] 

[6568a] 
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[6571] 

[6572] 

[6572'] 

[6573] 

[6574] 

[6574'] 

[6572a] 

[6572a'] 

[65726] 

[6572c] 

[6572c?] 

[6572e] 

[6572/] 

[6574a] 

[65746] 

2n't—-2n"t ; lastly that those of r", v" [6164, 6165], depend on the angle 

n't—n"t. These inequalities acquire, by integration, very small divisors, 

which render them much greater than the other inequalities, so that we need 

only notice them in the present question. Some of the arguments of these 

inequalities, when combined with the elongations of the satellites and their 

multiples, by addition or subtraction, may produce the angle nt—Sn't-\-2n"t. 

The first of these arguments 2nt—2n't, and the last, n't—n!'t, cannot 

form it45 by their combination with the angles v—v', v—v", v'—v", and 

their multiples, as is evident by using the following mean values of v, v', v' 

[6091, &c.], namely, 

v = ntfs- v' — n't-f s' ; v" = n"tfs". 

Therefore in the expressions of dR, d'it', d"R", we may dispense with the 

consideration of the perturbations of the satellites m, m" ; it will suffice to 

notice those of the satellite m'. The inequality of the satellite ml, relative 

to the angle 2nit—2n"t, being combined by subtraction with the angle 

v—v', and its inequality relative to the angle nt—n't being combined, in 

like manner, with the angle 2v'—2v", will produce some terms depending 

on the anglef nt—3n'tJr2n"tJrs—.3s' + 2s". 

* (3402) Thus the angle 2nt—2n't, being combined with a multiple of 

v—v' — nt—n'tfs—ef, will not contain n"t, and will not therefore be of the form [6572]. 

The same angle 2nt—2n't, when combined with a multiple of v—v" = nt—n"t-\-s—s", 

will form an angle containing —2n't, instead of —3n't [6572]. Lastly, if the angle 

2nt—2n't be combined with a multiple of v'—v", it will contain 2nt instead of nt, as 

is required in [6572]. In like manner n't—n"t, being combined with a multiple of 

v—v', contains •—n"t, instead of -}-2n"t [6572] ; if it be combined with a multiple of 

v—v", it will contain n't instead of —3n't ; and if it be combined with a multiple of 

v'—v", it will not contain nt [6572]. Hence it appears that in noticing only the terms 

depending on the angle nt—3n't-\-2n"t [6572], we may neglect the inequalities depending 

on the angles 2nt—2n't, nli—n"t ; or, in other ivords, we may neglect the terms Sr, Sv 

[6131, 6132], also Sr", Sv" [6164, 6165], with their differentials dSr, dSv, dSr", dSv" ; 

and notice Sr', Sv', dSr', dSv' [6148, 6149, 6158, 6159], depending on 2n't-2n"t, nt-n't. 

f (3403) The angle -2(n't-n"t), which occurs in [6148, 6149], being combined with 

(v—v'), or nt—n't, produces the angle nt—3n't-\-2n"t. In like manner, if we 

combine the angle (yit-n't) [6158, 6159] with -2{v'-v"), it produces (nt-3n't-\-2n"t). 

The term of R depending on v—v', is noticed in [6575, &c.] ; and the term of R 

depending on (2F—2v") is noticed in [6595, &c.]. 
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We shall now consider the second term of R [6090], which we shall 

represent by R = m'.A(]).cos. (v—d). If we notice only this term we shall 

have,* 

If we neglect the perturbations of m, and the excentricities of the orbits, 

we shall have dr — 0, and dv = ndt [6572'] ; therefore, 

di? = —m'.A{1).ndt.sm.(y—d) ; 

which gives, in di?, the following terms of the order of the square of the 

disturbing forces ; f 

dR = m'.Aa\ndt.sd.cos.(v—d)—*m'.( —— ndt.hr'.sin.(7;—d). 

We have, in [6148, 6149], by noticing only the perturbations depending on 

the angle 2n't—2n"t, 

Sr' 

a' 

hv' = 

2.(2 d—2d'—JV') 

m". ri. F' 

- . cos.(2n't—2n!'t-\-2l—2s") ; 

2d—2d'—_N 
;. sin.(2n!t—2n"t-\-2d—2 s"). 

Substituting these values in [6579], retaining only the terms depending 

on nt—3n'tJr2n"t, and observing that n is very nearly equal to 2n' [6151], 

* (3404) We have already remarked, in [60896], that «/2a> is a function of r, r', and 

does not contain v. Then taking the differential of i? [6575], relative to the characteristic 

d, which affects only r, v, we get the expression of di? [6576]. Substituting in it the 

values of dr, dv [6577], we get [6578] ; observing that the variations relative to the 

characteristic 8, of the second term of [6576], which contains dr, produces nothing of 

the required form or order in [6583] ; dSr, dSv, being neglected, as in [6572/]. 

f (3405) Supposing r' to be increased by the quantity Sr' [6148], and d by Sd 

[6149], we shall find, by Taylor’s theorem [617, &c.], that Aw will become 

^(1) + (~dr) ' nearly; and sin.(»—«/) will become s\n.(v—v')—Sv'.cos.(v—v'). 

Substituting these in [6578], we obtain the additional terms of di? [6579], depending on 

Sr, Sv'. The value of Sv' is given in [6149], being the same as in [6581]; that of 
hr1 . / 
— is deduced from [6148], by putting, in the first member, = 1 [6297c]. The terms 

of Si , Sv [6139, 6140], are neglected, because they do not produce, by combination, the 

angle [6574'] ; as we have seen in [6572a, &c.]. 

VOL. iv. S3 

[6575] 

[6576] 

[6577] 

[6578] 

[6579] 

[6580] 

[6581] 

[6582] 

[6576a] 

[6576&] 

[6576c] 

[6579a] 

[6579&] 

[6579c] 

[6579d] 
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[6583] 

[6584] 

[6584'] 

[6585] 

[6586] 

[6587] 

we shall have,* 

Sandt.dR 

3m'. m".n3. ^j.F'A 2 a'.A^-o'2. 
a ( 

8.(2»'—2n"—JV') 
dfi.sm.(nt-3n't-\-2n"t-{- s—3 s'—|— 2s"). 

We have very nearly, as in [6145], 

G = 2a'.J4<I>—a,s>-(^r) • 

Moreover 2n'—2n" is equal to n—n' [6154] ; or at least, their difference 

is so small that it has hitherto been insensible by observation. Therefore if 

we substitute, in [6583], the values [6572'], 

nt + s = v ; n't -f- s' = v' ; n"t + s" = v", 

which can be done in the present instance ; and also the value 

ddv = SandtAR [6562], we shall obtain, 

ddv 
3 rri.m!'.n\^.F'G 

a 

8.(71—n'—N') 
sin. (v—3î/-f2î/') . 

The part of R, relative to the action of ml' upon m, contains only 

terms depending on the angle v—v" and its multiples ; therefore it adds no 

term to this value of [6572a', &c.]. 

[6583a] 

[65836] 

[6583c] 

[6583d] 

[6583e] 

*(3406) Substituting nf — \n [6151] in the numerators of the coefficients of 

[6580, 6581], and then their results in [6579], we get, 

-4^?(1).cos.('y—(2n't-——2s") 

d R = — 
mtm in". n~- F .- . n l 

8.(2»'—2n"—J\') h —2a'.^^r^.sin.(u—F).cos.(2n't—2/7-j-2s/—2s") ^ 
dt. 

Putting now v—v' = nt—n't-\-s—s' [6572'J, and reducing the expressions by means of 

[18, 19] Int., retaining only the terms depending on the angle [6574'], we get, 

dR — — 8.(2n--8,”^X7) ’ { MI>—(w-) \ ■ *• 

Multiplying this by 3andt, it produces the expression [6583] ; observing, that by 

neglecting the excentricity we may change ^ int0 (dd) ’ aS *n ^2025, &c.]. 

Substituting in [6583] the values G [6584], 211'—2/i" [6584'], and ddv [6562], also the 

expressions [6585], we obtain the equation [6586]. Multiplying this by dfi, and 

substituting [6562], it becomes, 

3 ml.ml', n3. --.F'G.dt2 
a' 

8 .{n—n'—N') 
.. sin.(y—3v'-{-2v"). [6583/] 3a.ndtAR = 
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We shall now consider the term — cos.(y—v'), being a part of 

the expression of R', arising from the action of m upon as we have 

seen in [6134'].* If we notice only this term, we shall have, 
/djl un 

d'R' — m. A^. dv' .sm.(y—v')Jr'*n.dr,.(-jT j . cos.(«—v'). 

This function, being developed, contains the following terms ; 

d'i?' = . n'dt.sr'.sin.(y—v')~\-m. Aj-]) .dsv'.sin.(®—v') 1 

fdA (1)\ 
— m.A^.n'dt.Sv'.cos.(u—y-j . dsr'.cos.(ü—v'). 2 

Substituting, in [6590], the preceding values of Sr', Sv' [6580, 6581] ; and 

observing that n" — \n! [6151] nearly, also that we have very nearly, as 

in [6137, 6145], 

/d d Ci)\ 

G = 2a'.Ar-a*.(^r); 

we shall obtain, f 

3 a!. n'dt. d R!. 
3m.m".n3.F'G.dfi 

16. (n—n!—N') 
sin.(v—3v'-{-2v"). 

[6588] 

[6589] 

[6590] 

[6591] 

[6592] 

[6593] 

* (3407) Comparing [6090, 6134'] with the definition of R' [6565], we obtain the 

term of R' [6588]. Its differential relative to the characteristic d', which affects only [6588«] 

d, v' [6566], gives [6589]. Supposing now r' to be augmented by <5r', and v' by [65886] 

ôv' ; then developing the second member of [6589], according to the powers of Sr', Sv' [65886'] 

[617], retaining only the terms depending on the first power, we shall get [6590], For [6588c] 

the variations of the three quantities A!l), dv', sin.(v—v'), which enter as factors into 

the first term of the second member of [6589], produce respectively the three terms of [6588^] 

[6590], containing or', dSv', Sv' ; observing that we may substitute n'dt for dv' [6585]. 

Moreover the variation of dr', in the last term of [6589], produces the last term of [6590]. [6588e] 

The variations of dA^\ cos.(v-v'), in the last term of [6589], are neglected, because 

they are multiplied by dr', which is of the order e', and may therefore be neglected, as [6588/'] 

in [6577], since they produce nothing of the required form and order. 

t (3408) Taking the differential of [6580], and comparing the result with [6581], after 

substituting in the coefficient 2n'—2n" = n—n' = n' [6154, 6151], we get the first of [6593aJ 

the expressions [6593c]. Then taking the differential of [6581] and comparing it with [65936] 

[6580], after making similar substitutions, we get the second of the expressions [6593c], 
d.Sr' „ , xr/ 
~r=hndt.Sv ; d.Sv' =—2n'dt. — . 
a a 

Substituting these expressions in the two lines of the second member of [6590], they 

[6593c] 
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[6594] 

[6595] 

[6593d] 

[6593e] 

[6593f] 

[6593g] 

[65937*] 

[6593i] 

[6593Æ] 

[65937] 

[6593m] 

[6593n] 

[6593o] 

[6594a] 

[6594&] 

[6594c] 

We may here observe, that, by comparing the two expressions of 3andt.dR, 

3a'n'dt.d!R' [6583, 6593], we shall obtain,* 

m.dR -f m'.d'R' — 0 ; 

which is conformable to what we have found in [1202]. 

The part of R1 relative to the action of m" upon mr, contains the term, 

R' = m". A'(3).cos.(2v'—2v") [6090, 6146]. Noticing only this term, and 

produce the two lines of the value of d'R' [6593e] respectively ; and by using the value 

of G [6592], it becomes as in [6593/]. 

**=—=£*■ /•-•(«-A 

hSv'.cos.(v-„'). [ W.AV-affp) ] 

m.n'dt Or' f , , , , } 
=-;— . G. < —. sm.fv—v ) -j- iov .cosAv—v ) V . 

a t a j 

m". n'. F' 
Now if we put for brevity B — an(l use die values of v, v\ v" [6572'], 

we shall find that the expressions [6580, 6581] may be put under the following forms ; 

— — —%B.cos.(2F—2v") ; Sv' = B.s\n.{2F—2F'). 

Multiplying the first of these equations by sin.(u—v'), and the second by |cos.(v—v') ; 

then taking the sum of the products, and reducing successively, by means of [22] Int., 

we get, 

%. sin.(ü-F)-f£<h/.cos.(t>-î/) =-^j5.{sin.(«-«,).cos.(2F-2F/)-cos.(v-F).sin.(2F-2F/)} 

= -JR.sin. (y-3v'-\-2v"). 

Substituting this in [6593/], and then multiplying by 3a'.n'dt, we get the first of the 

expressions [6593/]. Re-substituting B [6593g], n' = %n [6151], and 2n'-2n" = n-n' 

[6593a], we finally get [6593o], which is the same as [6593]. 

3a\n'dtA'R' — §.m.n'a.BGJfi.sm.(v—3v'-\-2v") — ' sm’(v—Sv'fZv") 

9m.m".n3.F'G.dP 

16.(n—n'—N') 
. sin./—3d-\-2v"). 

*(3409) Multiplying [6583/] by and [6593] by “, = 3^ 

[6151]; we find that the second members of these products are, 

=1= 
m.m'.m".rfi.F' G.dt 

S.(n—n'—N').a' 
sin.(y—3i/-j-2/) ; 

nearly 

and as they have different signs, their sum vanishes ; hence the sum of the terms in the first 

members of the same products, becomes mAR d'R' = 0, as in [6594]. 
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taking its differential relative to d', which only affects r', v' [6566], we 

shall have, 

d lR = —2m".An3). civ', sin. (2d'—2 .dr'. 
fdA'^ 

. da! . 
cos. (2d'—2d"). 

This function, being developed, contains the following terms ; * 

d R’ = -2m". I 
'dA'™' 

, da' . 
. n'dt.Sr'.sin. (2v'—2d")—2m". A,(3). dsv'. sin.(2d'—2d") 

-4m". n'dt. A/(3). sv'. cos. (2d'—2d') -j- m". | 
'dA'^ 

. da' . 
. dsr'.cos.(2y'—2d"). 

We have, by noticing only the action of the satellite 

[6139, 6140],f 

id m.n'. O 

a' 2. («—n'—JV') 
cos .(ni——0 ; 

m.n'.G 

n—n'—N' 
sin. (nt—n't-\- s — s'). 

m upon 

Then, by observing that n'= 2n" nearly [6151], we shall have, with a 

considerable degree of accuracy, by [6147], 

F' = —4a'.A/(3)—a'3. 
'dA^ 

. da' . 

hence we obtain,]: 

(3410) The expression [6597] is deduced from [6596], in the same manner as 

[6590] is obtained from [6589], in [6588a—/] ; namely, by finding the increment of 

[6596] from the change of r', v', into r'-f-Æ c'-f-oV, respectively; neglecting, as in 

[6588/], the two terms having the factor dr1. 

f (3411) Substituting — = 1 [6579c] in the first member of [6139], it becomes as 

in [6598]. The value of Sd [6140] is the same as in [6599]. Substituting n"=±n' 

[6151] in [6147], it becomes as in [6600]. 

t (3412) The computation of [6601] from [6597] is similar to that of finding [6593] 

from [6590], as in [6593a—o]. In the first place, the differentials of Sr', Sv' [6598, 6599], 

being compared with [6599, 6598] respectively, give the same results as in [6593c].’ 

Substituting these values in the two lines of the second member of [6597], they produce 

respectively the two lines in the second member of the following expression ; 

d'R' — m".n'dt. ~ . sin.(2c'—2c" 
a x 

-\-m" .n'dt.Sv'. cos.(2c'—2c" 

34 

[6596] 

[6597] 

[6598] 

[6599] 

[6600] 

[6597a] 

[65975] 

[6600a] 

[6601a] 

[66015] 

[6601c] 

VOL. IV. 
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[6601] 

[6602] 

[6603] 

[6604] 

[66 Old] 

[6601e] 

[6601/] 

[660%] 

[6601h] 

[6601i] 

[66017c] 

[66017] 

[6601m] 

[6605a] 

[66056] 

a / # r, j / T~t / BïH'TYI .71 .F G At . , cyiid H\ 
Sa'.n'it.d'R' =-7—rr— . sin.(«—Sv'4-2v). 

32. (n— n— Nf) K J 

Connecting these two terms of Set!.n'dt.d'R' [6593, 6601], we get, as in 

[6601m], 

ddd 9m.m".n3, F' G 
- . sin.(/—$m-\-2v"). 

dt2 32. (n—n!—N') 

It now remains to consider the value of d"R". The part of R ", depending 

011 2v,—2v” [6574], is as in [6595, &c.], R" — m!.A'^\ cos.(2»'—2v") ; 

and by noticing only this term, we shall have, 
/O yftSK 

d"R" = 2m\A'Vldv\sm.(2v'—2v'')+m'nlr\(-— ) . cos.(2F—2v"). 

This function contains the following terms ; * 

7Yt I\! G 
If we now put, for brevity, B= -—‘, ' -r,, and use the values of v, v', v" [6572'], we 

It 77 */V 

shall find that the expressions [6598, 6599], may be put under the following forms ; 

°f = —i J5'.cos.(r—v') ; Ôv' = B'.s\n.(v—v'). 

Multiplying these values by sin.(2/—2v"), cos. (2»'—2v"), respectively; reducing the 

products by [18,19] Int., and retaining only the terms depending on the angle 

we get, 

. sin.(2/-2i//) = l;B1. sin.(v-Bv'^2v") ; Sd.,cos.(2t/-2t/') = ^B'.sm.(y-Bv'-\-2v"). 
Cb 

Substituting these last expressions in [6601c], and making successive reductions, using F' 

[6600], we get, 

= m".n'.dt. s —«/F2)—I at. 
dA’W 

da! 
. B'. sin.(c—SF-j-S-y") 

F' 
= ml'.n'.dt. — . B'. sin.(w—3^-j-2F/). 

Multiplying this last expression by Ba'ri.dt, and re-substituting the value of B' [6601c?], 

ajso ^3_]_.n3 near]y [6151], we get [6601]. The sum of the two parts of 

Ba'.n'dt.d'R [6593, 6601], being taken and substituted in [6563], gives, 

9m.m".n3. F' G. dft . . _ , . _ 
— . sm.(©—Bv‘-j-2/)- ddtf = Ba'n'.dt.d'R' = 

Dividing this by d72, we get [6602], 

32 .(n—ri—JF) 

* (3413) We have, in [6595], R' = m". Ar(2).cos.(2v'—2v") ; and as A!^ is the 

same for both satellites ??/, w!r [6466 cZ], we shall have R — in .A ^hcos.(2y 2c ), as 

in [6603]. The differential of this expression, relative to the characteristic d", which 
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d"jR" = 2m'.n',dt.ôr'.(^-r^j . sin.(2/—2/)-[-4m/. A'iQ).n"dt.ôv,.cos.(2v'-—2v"). 

Substituting the parts of Sv' and <5r', depending on the angle nt—n't 

[6598, 6599], observing also that we have very nearly n' = \n, n" = \n 

[6151], we obtain, 
3 m.m! ,nz.F'G.dt2 a!' 

Sa".n"dt.d"R" = — —-. — . sm.(v—3d-\-2v"). 
64. (n — ri—JV') a! 

Hence we easily find, that, by noticing only the reciprocal action of m! 

upon m", we shall have,* 

m!. d'R' -f- rn". d"R" = 0 ; 

which agrees with [1202]. Therefore we have,f 
ddv" 

~(ÏF 

3 m.m'.n3. F' Q a 

64 .(n—n'—JY') d 
- . — . sin.(v—3v'-\-2v"). 

affects only r", v'J, gives [6604]. Supposing r' to be increased by Sr', and v' by 

Sv', we find that the expression [6604] will be increased, by the terms in the second 

member of [6605], as is evident by proceeding as in [6588a, &c.], and neglecting the 

terms multiplied by dr", as in [6588/] ; also those depending on dSr", dôv", as in 

[6572/] ; and finally putting dv" = n"dt [6572']. Now if we substitute, in [6605], the 

values [6601 e], we shall get [6605/]. Reducing the products by [18, 19] Int., and 

retaining only the terms depending on the angle v—3v'-\-2v/', we get [6605g] ; and by 

using F', J8' [6600, 6601/], we obtain [6605/t]. 

d"R" = m'.7i"dt.Bj—a'. • cos.(y-v').sm.(2v'-2v/f) +4sin.(y-v'). cos. (2F-2v//)^ 

' ~"dt m .n ^ . sin./—3v'-\-2v") 

= ~m ■n dLB ■ 2^ • sm./—3v +2u ) = — • sm./—3z/+2ü"). 

Multiplying this by 3a".n"dt, and substituting, in the second member of the product, the 

values = n" — n [6605'], we obtain [6606]. 

* (3414) Multiplying [6601] by ^ ~ ! and [6606] by ^ ^ ; 

we find that the second members of the products become, 

m.m'.nd.rfi.F'G.dt . , 
=F —-. sin. / —3d-\-2v ) ; 

W^n-n'—JY'ya' 

and being of different signs, their sum vanishes in the second member, and the first member 

of the sum becomes as in [6607]. 
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[6605] 

[66057] 

[6606] 

[6607] 

[6608] 

[6605c] 

[6605d] 

[6605e] 

[6605/] 

[6605g*] 

[66057t] 

[6605i] 

[6607a] 

[66075] 

t (3415) Substituting [6606] in [6564], and dividing by dt9, we get [6608]. [6608a] 
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[6609] 

[6610] 

[6611] 

[6612] 

[6612'] 
Cases of 
the value 
of 

9 

[6611a] 

[66116] 

[6612a] 

[66126] 

[6612c] 

[6612rf] 

[6612e] 

[6612/] 

[6612g-] 

[6612A] 

k = — 

Now if we use the following values of k, 9, 

3n.F'G (a , „ „ a" ) 

8 .(n—n'—N') \ a' 4 1 4a' ) 

9 — ^—3F -f- 2F' ; 

we shall obtain, by connecting together the expressions of ^ 
dt2 

2ddv'‘ 

dt2 

[6586, 6602, 6608], the following equation . * 

= k.w9. sin. 9. 

3c? V 

15. We may suppose k and n2 to be constant in this equation, 

because their variations are very small ; then, by integration, we obtain,! 

rf,_Mî_ ■ 
\/ c— 2k. n2. cos.9 

c being an arbitrary constant quantity. The different values which c 

may have, gives rise to the three following cases ; 

* (3416) Multiplying [6602] by —3, also [6608] by 2, then adding the products 

to the equation [6586], we find that the first member of the sum is ——MJv-j-2ddv ^ 

which is easily reduced to the form , by usiug 9 [6610] ; being the same as the first 
at* 

member of [6611]. Moreover the second member of this sum, by using the value of k 

[6609], becomes equal to kw2.sin.(t?—3v'-\-%)") = kft2.sin.(p, as in [6611]. 

f (3417) The equation [6611] is the same as [1235], changing V into 9, and £ 

into k. Its integral, found as in [1236a], is the same as in [6612]. From this equation 

we may deduce the same results as in [1236', See.] ; and the three cases relative to the 

value of c, given in [6613, 6615, 6617], correspond respectively to [1236', 1237vu, 1237VI]. 

We may observe that the symbols c, k, are printed in the Roman, instead of the Italic 

type used by the author, to distinguish them from c, Tt [6021 i, cc]. For the same reasons 

we have placed a mark below his symbol w, in [6620, Szc.], to distinguish it from w 

[6024g]. We may also remark that the equation [661 l] will not be altered, if we change, 

in [6610], 9 into —9, putting 9 = — (v—Sv-j-Zv") ; because this will merely change 

the signs of both members of [6611], without altering the form or value of the equation ; 

so that instead of the expression [6610], we may put, more generally, 

9 = dr ( v—3v'~\~2v") , or dc 9 — v—3v'-\-Qv". 

Hence we see that the sign of 9 is indeterminate in the differential equation [6611], and 

the same occurs in its integral [6612, &c.] 
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First. If the constant quantity c, neglecting its sign, exceed 2kw2, it 

must necessarily be positive. Then the angle ±<p will increase indefinitely, 

and may become equal to one, two, three, &c. semi-circumferences. 

Second. If the constant quantity c, neglecting its sign, be less than 

2k%2, k being positive, the radical fie—2k?i2.eos.p will become imaginary, 

when ±9 is equal to nothing, or to one, two, &c. circumferences. In this 

case the angle 9 will merely oscillate about the semi-circumference, which 

will represent its mean value. 

Third. If the constant quantity c, neglecting its sign, be less than 

2kn2, k being negative, the radical fie—2kn2.cos.cp will become imaginary, 

when d=9 is equal to an uneven number of semi-circumferences. In this 

case the angle 9 will oscillate about zero, so that its mean value is nothing. 

The case of c = ±2kw2, may be supposed to be included in the 

preceding forms. We may, moreover, consider the probability of this case 

as infinitely small. We shall now see which of these cases really obtains, 

in the system of these satellites. 

We shall find, in [7270, 7272], that k is positive; therefore the third 

case [6616] must be excluded; and the angle 9 must either increase 

indefinitely [6613'], or oscillate about the semi-circumference [6615]. If 

we put, 

9 = -4- zs^ • 

* being the semi-circumference whose radius is 1 ; we shall have,* 

dt = __. 
fic-T2kn3.co3.'si/ * 

* (3418) The equation [6621] is easily deduced from [6612], by the substitution of 

[6620]. Now if the angle zsJ increase indefinitely, the limits of c+2kns.cos.®y will be 

c-j-2kw2, c—2krP ; and it is evident that c-j-2kw2,cos.-ra'/, will sometimes become 

negative, unless c be positive and greater than 2krP\ but if c—2kw2.cos.ro/ be 

negative, the denominator of the expression of dt [6621], will become imaginary, and zs 

will not increase with t. Hence we evidently see that, if zs/ increase indefinitely with 

t, we shall have c positive and greater than 2krP, as in [6621'] ; consequently the 

radical fic-f-2kn2.cos.w/, will exceed fi2kn2 or n.fiÏÏk, while ztt varies from 0° to 

100°; and within these limits we shall always have, from [6621], dt’<C ’ w^ose 

integral gives [6622]. Putting zs=^, we get t<, as in [6623] ; 

hence we infer, as in [6624], that zst or 9 [6620], does not indefinitely increase, so that 

35 

[6613] 
First case. 

[6613q 

[6614] 

Second 
case 

9=200° 
£ 

[6615] 

[6616] 

Third case 

9_0° 

[6617] 

[6618] 

[6619] 

Symbol 

ZS 
! 

[6620] 

[6621] 

[6622a] 

[6222&] 

[6622c] 

[6622d] 

[6622e] 

VOL. IV. 
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[6621'] 

[6622] 

[6623] 

[6624] 

[6625] 
Remarka¬ 
ble proof 
of the 
mutual 
attraction 

of 
Jupiter’s 
satellites. 

[6626] 

[6627] 

[6622/] 

[6622g-] 

[6622/t] 

[6628a] 

[6628&] 

[6628&0 

[6628c] 

[6628c?] 

[6628e] 

[6628/] 

If the angles ±9 and wt increase indefinitely, c will he positive, and 

greater than 2krd ; hence we shall have, in the interval comprised between 

ns = 0, and ot equal to a quarter of the circumference, dt<f—-7=-, 
n.\/ 2k 

'Uj 

consequently t <[ --^==. Therefore the time ?, which is required for the 

angle ^ to increase to a quarter of the circumference, will be less than 

. We shall 

Now since the discovery of the satellites, the angle -a, has always appeared 

to he insensible, or extremely small ; so that it does not increase indefinitely 

[6613']. Therefore it must oscillate about zero, making its mean value equal 

to nothing [6622g]. This is confirmed by observation, and furnishes a new 

and remarkable proof of the mutual attraction of Jupiter’s satellites. 

Hence we may deduce several important consequences. The following 

equation, which is deduced from [6610, 6620], 

V — Sv'-\- 2v" — dr^ , 

gives, by putting the quantities, which are not periodical, separately equal 

to nothing,* * 

nt—Sn'tf 2n"t + e—3=' -J- 2s" = 

2n-f2k 
see, in [7274], that this time is less than two years. 

it does not come under the form in case 1, [6613'] ; and we have seen that it does not 

come under case 3, [6619] : therefore we are restricted to case 2, [6615], in which the 

mean value of 9 is equal to n ; or, in other words, zs/ [6620] is equal to zero, as in 

[6624], and c<^2kw2 [6614]. 

* (3419) The longitudes v, v', v", are composed of the mean values [6572'], the 

terms depending on the libration [6652—6654], and the periodical terms. Now if we 

neglect these periodical terms, and substitute the others, in the first member of [6626] ; 

then put the terms depending on the libration in the first member equal ± , as in 

[6620], we shall get, from the remaining terms, the equation [6627]. This equation may 

be put under the form (nt-—n'tf-s—s')—2.(n't—n"t-{-s'—J)=k, which is used 

hereafter. This equation holds good for all values of t ; and if we put t — 0, it becomes 

s—3s'+2s" = as in [6639]. Subtracting this from [6627], we get, for all values of 

t, nt—dn'i-{-2n"t — 0; dividing this by t, we obtain the equation [6628]. The 

equation [6628/] may be put under the form ntf2n"t — 3n't, as in [6629] ; and the 

equation [6627] corresponds to the theorem in [6630]. The first member of [6627] may 

be put under the form 2.(?i"t—nt-\-s"—s)—3.(n't—ntf s'—s) ; and by substituting the 

values [6240p], it becomes 2.(©"—0)—3.(©'—©) =©—3q'-\-2®" ; hence the equation 
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Hence we deduce, 

n—3n' -\-2n" — 0. 

From these equations we obtain the following important results. First. 

The mean motion of the first satellite, plus twice that of the third, is exactly 

equal to three times that of the second. Second. The mean longitude of the 

first, minus three times that of the second, plus twice that of the third, is always 

exactly equal to two right angles. The same result holds good relatively to 

the mean synodical longitudes. For in the equation, 

nt—Sn't + 2n"t + s —3s'+2s" = * [6627], 

we may refer the angles to an axis moving according to any law, since the 

position of that axis vanishes from this equation ; therefore we may suppose 

that nt4~s, n't-f-s', n"t-f-s", denote the mean synodical longitudes* 

Hence it follows that the three first satellites cannot all be eclipsed at the 

same time. For ntfs, n't-{-s', n"t-\-s", being supposed to express the 

[6628] 

Laws of 
La Place. 

[6629] 

[6630] 

[6630q 

[6631] 

[6632] 

The three 
first 

satellites 
cannot be 
eclipsed 
at the 
same time. 

[6627] may be put under the following form, which is used hereafter, in [7391, &c.] ; 

©—3©'-f2©" = * = 200°. 

We may remark that, in substituting the numerical values of ©, ©', ©", in the first 

member of [6628g-], it may be necessary to add or subtract a circumference 400°, or a 

multiple of 400°, to make it equal to the second member 200°. This will be evident 

by using the values of ©, ©', ©", given in [7496, 7440, 7386], which, by neglecting the 

minutes and seconds, are nearly expressed by 

q = 16°-K82583° 5 ©' = 346° + *.41141° ; ©" = 11° + *.20420° ; 

t being the number of Julian years elapsed since the epoch of 1750 [7284]. Now if 

t— 0, we shall have ©=16°, ©'=346°, ©"—11°; substituting these in the first 

member of [6628g-], it becomes 16°—1038° -j-22° = —1000° ; which, by adding three 

circumferences, or 1200°, becomes equal to the second member of [6628g]. Again, if 

we suppose t — 0,002, the preceding values [6628F] become © = 181°, 16; 

©' = 28°,28; ©" = 51°,84; hence ©-3e'-f-2©" = 181°,]6-84°,84-}-103°,68 = 200°, 

as in [6628g-]. Lastly, if t — 0,005, the expressions [662S&] are very nearly represented 

by ©=28°,9; ©'=151°,7 ; ©" = 113°, 1; consequently, 

©—3©'+ 2©" = 28°,9—455°,1+226°,2 = —200°. 

Hence it is evident that the second member of [6628g] may have the sign ± ; or if we 

put i for an integral number, positive or negative, including zero, the equation [6628g-] 

may be more generally expressed in the following manner ; 

©—3©/-]-20,/ = 20Q°-j-400°. {. 

[6628,0-] 

[6628/i,] 

[6628i] 

[66286] 

[6628Z] 

[6628m] 

[6628n] 

[6628o] 

[6628/)] 

[6628g] 

* (3420) This is fully demonstrated in [1240", 1240a, 6], and it is unnecessary to 

make any further remarks on this subject. 
[6632a] 
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[6633] 

[6634] 

[6635] 

[6636] 

[6636'] 

[6637] 

[6637] 

[6638] 

[6639] 

[6639'] 

mean synodical motions, we shall have, in the simultaneous eclipses of the 

first and second satellites, nt +£ and n't -j- s' equal to « ; so that the 

equation [6631] becomes, 

2n”t + 2s" = 3* ; 

and then the mean longitude of the third satellite will be equal to f*. 

In the simultaneous eclipses of the first and third satellites, nt -f- £ and 

n"t-\-e" are equal to * ; and [6631] becomes, 

3n't -f- 3s' = 2tf ; 

so that the mean synodical longitude of the second satellite is Lastly, 

in the simultaneous eclipses of the second and third satellites, n't + s' and 

are equal to * ; hence [6631] gives, 

nt + s = 2^. 

The mean synodical longitude of the first satellite is then nothing, and 

instead of being eclipsed, it may produce upon Jupiter an eclipse of the sun. 

We have seen, in [6160, 6161], that the two principal inequalities of the 

second satellite, which are produced by the action of the first and third 

satellites, are, by means of the preceding theorems, reduced to one single 

term, producing the great inequality, discovered by observation, in the motion 

of the second satellite. Therefore these two inequalities will always be 

united, and there is no fear that they will be separated after the lapse of 

many ages. 

Were it not for the mutual action of the satellites, the two equations 

[6628, 6628c], 

n—3n! f2nl' = 0 ; 

s—.3e' + 2e"= if ; 

would have no connection with each other. We must therefore suppose, at the 

origin of the motion, that the epochs and mean motions of the satellites have 

been so arranged as to satisfy these equations, which is extremely improbable ; 

and even in this case, the smallest force, such as the attraction of the planets 

and comets, would finally produce a change in these relations. But the 

reciprocal action of the satellites removes this objection, and gives stability to 

the preceding relations. For, by what has been said, we have, at the origin 

of the motion,* 

*(3421) The differentials of [6620, 6610] give zhdv$/ —d$ — dv—3dv'j-2dv" ; 

and from [6621, 6626], we have, 
[6640a] 
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dv 3 dv' 2 dv" 

ndt ndt ndt 
± —2k.cos.(s—3s'+2£") ; 

c being less than 2kri* [6622/i] ; therefore, to render the preceding 

theorems accurate, it is only necessary to have, at the origin of the motion, 

comprised between the limits,* 
. r dv 3 dv 2dv 

the function —-- -]-— , 
ndt ndt ndt 

+ 2k5.sin.(i£-fa/+£") 

—2k^.sin.(|s—fs' + s") ; 

and it will suffice to ensure the stability of the system, if the foreign 

attractions should always leave the preceding function within these limits. 

We know, by observation, that the angle « is very small ; therefore we 

may suppose cos.tf = 1—[44] Int. We shall now put, 

c + 2kn* __ 2> 

n2. k 

[3/ being arbitrary, because it contains the arbitrary constant quantity c ; 

then the differential equation [6621] gives,f 

^c.drt/ = dz dt.\/[c-j- 2kn2.cos.(v—3F-f-2v"— *) ] = ± dt.\/[c—2krt2. cos.(v—3F-f“ 2v")}. 

Putting these two expressions of ± dvst equal to each other, and then dividing by ndt, 

we get, 

dv 3dv' . 2dv" . ( c 

ndt ndt ndt 

and at the origin of the motion, when t — 0, 

hence it becomes as in [6640]. 

—2k.cos.('y—3v'4-2v") | ; 

we have v = s, v' = s', = s" [6512'] ; 

* (3422) Putting, for brevity, the function [664F], or the first member of [6640] 

equal to p', we shall obtain [6641c], by taking the square of the equation [6640]. Now 

we have cos.(s—3s'-\-2s") = 1—2.sin.2(|s—fs'-f-s"), from [1] Int. Substituting this in 

[6641c], we obtain [6641d]. 

p/2 =s= —-2k.cos.(s—3s'-\-2s") 
7l2 V 

c—2kn2 
= —+4k.sm.s(|s— fs-j-g ) ; 

71 

and since c—2kn2 is negative [6641], we shall have p'2<(4k.sin.2(^s—jY-j-s"), or 

p'<2kisin.(Js—fs'+s'O, as in [6642, 6643]. 

f (3423) The equation [6646] is deduced from [6621], in the same manner as [1239] 

is derived from [1238] ; observing, that by changing (3 into k, and vs into vsp in 

[1238], it becomes as in [6621] ; and by making the same changes in [1239], we get 

36 

[6640] 

[6641] 

[6641'] 

[6642] 

[6643] 

[6644] 

[6645] 

[6645'] 

[66406] 

[6640c] 

[6640d] 

[6641a] 

[66416] 

[6641c] 

[6641rf] 

[6641c] 

[6646a] 

[66466] 
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[6646] 

[6647] 

[6647'] 

[6648] 

[6649] 

[6646c] 

[6647a] 

[66476] 

[6650a] 

[66506] 

[6650c] 

[6650d] 

^ = (3. sin.(ft/.\/k + A) ; 

A being another arbitrary constant quantity. 

The motions of the four satellites of Jupiter being determined by twelve 

differential equations of the second order,* their theory ought to contain 

twenty-four arbitrary constant quantities. Four of these correspond to the 

mean motions of the satellites, or, in other words, to their mean distances ; 

four correspond to the epochs of the mean longitudes ; eight depend on the 

excentricities and the aphelia ; and eight others upon the inclinations and 

nodes of the orbits. The preceding theorems [6638, 6639] establish two 

relations between the mean motions and the epochs of the mean longitudes 

of the three first satellites, which reduces these twenty-four arbitrary 

quantities to twenty-two. To supply this deficiency the two new arbitrary 

quantities (3, A, are introduced into the expression of [6646]. 

If we resume the equation [6586] and substitute in it the following 

expression, which is deduced from [6610, 6620, 6646],f 

v—Sv,Jr2v" — *-{- f3/,sin.(nt.\/k-j-A) ; 

vs/ = X.sin.(n£.^/k-\-y) ; which is of the same form as [6646] ; the constant quantities 

X, y, being changed into p/f A, respectively. We may incidentally remark, that the 

symbols w/} [6646] are not accented in the original work ; we have accented them to 

distinguish them from (3, vs [6023a, 6024g]. 

* (3424) Each of the four satellites furnishes three equations of the second order, 

similar to those in [6057, 6060, 6077] ; making in all twelve equations of the second order ; 

and as the complete integral of an equation of the second order, introduces two arbitrary 

constant quantities, we shall have in all twenty-four arbitrary constant quantities, as 

in [6647]. 

f (3425) Substituting the computed value of vs/ [6646], in the expression of <p 

[6610, 6620], using also (3, for ±(3/5 we get, as in [6649], 

<p = v—3F-j-2F/ = * - A). 

The sine of this expression gives, 

sin.(v—3v'-\-2v") =—sin.^.sin.^.^/k-f-^)} =—fi,.s\n.(nt.\/k-jrA) [43] Int., 

neglecting terms of the order £3, on account of their smallness [6658]. Substituting 

this in [6586], we get [6650] ; multiplying this by dt, integrating and then adding a 

dv • 
constant quantity ?q, we obtain the value of —. Again, multiplying by dt, and 

integrating, adding the constant quantity s/, we obtain function [6651]. 

Now we may suppose s/ to be included in the epoch s, and nf in the mean motion 
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we shall obtain, 

ddv 3m'.m".n3.F'G a . „ 
- . - . (3r smfnt.fk + A). 

dfi 8.(n—n!—iV') 

Integrating this expression, and neglecting the arbitrary constant quantities 

which form part of the epoch and the mean longitude, we get, 

” = - ikT(n—iV') • 7 • ft +4 ; 

and by substituting the value of k, we shall have, 

_ & ■ sin. (nt,\/k -f- A) 

\ I 9a'.m a!'.m 

4 a.ml 4 a. m" 

In like manner we shall find,* 

3a'.m , 
-W'P''Sln’^ + 4 

V — 
. . 9a'.m 
1 ~r ~r~~t + 

a.m 

v" = 

If 
a .m 

8 a.m!' 

4a.m! ' 4a .m" 

fig sin. (nt.fk +A) 

- 9 a! .m 
1 + 1—, + 

a".m 

4a.m 4a.m" 

Therefore the three first satellites are subjected to an inequality depending on 

the angle nt.f k + A. It is by observation alone that we can determine the 

limit of the arbitrary quantity fit, and the time when this inequality 

nt ; and we may therefore neglect the constant quantities n/} s/} 

v = function [6651]. Now from [6609] we have, 

,  3m'.m".n. F'G a ( 9a'.m ( a".m ) 

8.(n—ml—JV1) a' ' ( ' ba.m! 4a.m," \ ’ 

substituting this in [6651], we get [6652J. 

and we shall have 

g Cjf 

* (3426) Multiplying the second member of [6586] by — , it becomes equal to 

the second member of [6602] ; hence we get ~ . Integrating and 
4a. ml d& 

neglecting the constant quantities as in [6650e], we get v' = ■ 
3 a'.m 

4a. wj 
-,.v; and by substituting 

the value of v [6652], we obtain [6653]. In like manner, by multiplying [6586] 

al'.m r/-*/-* i-n-n 1 ddv" a".m ddv . , 
by ggg, j it becomes equal to [6608] ; hence = ggg;, • gg ; whose integral gives 

a'\m 
v" ~ 8\amfr v ’ an<^ substituting [6652], we get [6654]. 

[6650] 

[6653] 

[6652] 

[6653] 

[6654] 

[6655] 

[6650e] 

[6650/] 

[6654a] 

[6654b] 

[6654c] 
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[6656] 

Libration 
of 

Jupiter’s 
satellites. 

[6657] 

[6658] 

[6658'] 

[6659] 

[6659'] 

[6660] 

vanishes, which depends upon the value of A. This inequality deserves the 

particular attention of astronomers. We may consider it as a libration of 

the mean motions of the three first satellites. By means of this libration the 

difference of the mean motions of the first and second satellites, minus twice 

the difference of the mean motions of the second and third satellites, oscillates 

always about two right angles [66286']. For this reason we shall designate 

this inequality by the name of the libration of Jupiter's satellites. It has 

considerable analogy with the libration of the lunar spheroid, whose analysis 

we have given in [3460—3470] ; and in like manner as in the lunar theory 

it replaces two arbitrary constant terms of the mean longitudes. Moreover, 

this libration, as in the lunar theory, is insensible ; and this arises from 

circumstances depending upon the primitive motions of the satellites. 

The radii vectores of the three satellites are subjected to the same 

inequality ; for they produce, in the expression of the mean motion fndt, 
the inequality, 

P, • sin, (nt.fk -j-A) . rgg521 
9a!.m a".m ’ *- 

4 a.ml 4a. m" 

which gives in n, considered as variable, the following inequality, which 

we shall represent by 6n ;* 

_n.(3y. y/k.cosfnt. fikf-A) # 
11 9a'.m a".m ’ 

4a. ml 4.a,m" 

[6661] and since a== ri~% [6110], we shall have, 

[6662a] 

[66626] 

*(3427) Putting nf for the mean value of fndt, and v for the quantity [6652], 

we shall have, for the mean motion [6658'], including the libration, the expression 

dv 
fndt — ng-fv. Its differential being divided by dt, gives n = n,-f- — ; the quantity 

[6662c] 

— [6652], being the same as the second member of [6660], or the value of Sn ; hence 
dt 

_2 _2_ _ 
n = n,-|-<5n. Substituting this in [6661], we get a—fiffôn) 3 = nJ 3—§.n, 3.<$n, 

neglecting the higher powers of <5w, so that a contains the inequality 

which we shall represent by 5a ; and we shall have very nearly, 

[6662cq 
—Sl _2 èn 

Sa = —f.» 3.5n = —f.n 3. — 
3 3 n 

Sn 
.tn — 

n 
3.a. , 

as in [6662]. In like manner we shall have, for the satellites mf, m!' 

. . 5n' 
<5a = — |. a. — ; 

^ n' 3 n 

—A 
f.n 3.5n, 

[6662e] 
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5n 
ô a — —\.a. — : 

3 n 

which is the variation of the radius vector r, depending on the expression 

[6659]. We may obtain, in the same way, the corresponding variations of 

r' and r" [6662e]. 

16. The libration of the three first satellites of Jupiter, modifies all their 

inequalities of a long period. It gives to their expressions a ‘particular form, 

which connects them together, and is a singular case of the analysis of 

perturbations. If we suppose that x.sin.(h-f-o), is an inequality of a long 

period of the satellite m, which would take place if it were not modified 

by the action of the two satellites m', m", &c. ; and that x'.sin/h-j-o) 

and x".sin.(h+o), are the corresponding inequalities of the satellites m' 

and m" ; we shall have, by noticing only these inequalities^ 

=— ia.\.sin.(i< + o) ; 

* 

ddv 

~dP 

ddv" 

= —i9A/.sin.(h-f-o) * 

rf(S = —i2.x".sin.(h + o) . 

But by noticing only the inequality of libration, we have as in [6586, 6650/'],f 

ddv k.w2.sin.(w—3v'-\-%v") 

dP 1 
9a'. m 

> + 
a".m 

Aa.m' 4a.m" 

Connecting together the two expressions [6666, 6669], we shall have, 

ddv kn2.sin.(w—3v'-\-%v") 

j+9o^» + a".m 
-i2.^.sin.(k-j-o). 

4a. m! 1 4a. to" 

We shall suppose that 

v = Q.sin.(h-fo) ; v’ — Q'.sin.(h-j-o) ; v" — Q".sin.(i£-|-o) ; 

represent the inequalities of v, v', v", depending on if-fo, and modified 

* (3428) Taking the second differentials of the assumed values of the terms of v, v', v", 

[6664, 6665], and dividing them by dP, we obtain the expressions [6666—6668]. 

t (3429) Dividing the expression [6586] by that in [6650/], and multiplying the result 

by k, vve get [6669]. Adding this to [6666], wre obtain [6670]. 

[6662] 
Libration 
of the 
radius 
vector. 

[6663] 

Singular 
case in the 
analysis 
of the per¬ 
turbations. 

[6664] 

[6665] 

[6666] 

[6667] 

[6668] 

[6669] 

[6670] 

[6671] 

[6666a] 

[6670a] 
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[6672] 

[6673] 

[6674] 

6675] 

[6676] 

[6672a] 

[66726] 

[6672c] 

[6674a] 

[6675a] 

[66756] 

[6675c] 

[6675c?] 

* by the reciprocal action of the satellites ; then putting, 

v—3v'-j-2v" = *• + (Q—3Q/+2Q/').sin.(k-ho) ; 

we shall have, 

' 1 9a'.vi . a .vi K ' di- 
i+£b + 4a.m' Aa.m" ) 

Substituting, in the first member, the value of v [6671], we get,f 

kn2.(Q—3q+2Q'') 
Q = \ + 

i».A , 
\ ^ 4a.m' ^ 4a.m") 

In like manner we shall find,f 
3 a'.m 

Q' = V- 
4a. m' 

-. ka9. ( Q—3 Q! ) 

•2 (\ i 9a'‘m i a"-m \ 
1 ' V ' 4a. 7n' 4a.m/// 

-,W.(Q-3Q'+2Q") 
a!'.m 

Q"=\"+ 
8a. vi 

î / 9a'. m . a.m \ 

\ 4a. m' ‘ 4a. m") 

* (3430) The object of the present calculation is to notice only angles of the form 

i?+o, where i is very small, as in [6664, 6672] : and this expression [6672] is found, 

by substituting in v—3v'-\-2v" the values [6671], and adding to the result the mean 

value * of the function v—3r'+2r" [6626]. The sine of this expression of v—3v'+2v" 

gives, 

sin.ÿ—3t/+2t>") =—sin.{(Q—3Q'+2Q//)-sin-(i^+°)S *= —(Q-3Q/+2Q/')-sin.(h+o) j 

neglecting the higher powers of (Q—3Q'-f-2Q") on account of its smallness. 

Substituting this in [6670], it becomes as in [6673]. 

f (3431) The assumed value of v [6671] gives, by taking its second differential, 

_i2Q.sin.(h-fo) ; substituting this in the first member of [6673], then dividing 

by —i2.sin.(i?-]- o), we get [6674]. 

. ddv' ddv" y . . , r j 
J (3432) We see in [6654a, c] that the parts of , containing k, aie found 

ddv , . . 3a'.m.k . 
by changing successively, in the similar expression of — [6660], k into 4a>m/ 5 ancl 

a"-m-k w To these we must add the corresponding terms in [6667, 6668], and we shall 
8a.m" 

obtain the expression of ^ ^ , in forms like that of ^ [6673] ; and which may 
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* These three equations give, 

Q—3Q'+2Q" = 

consequently, 

« = ) \ + 

i«.(x-3x;+2x/') . 
i2— kn2 

kw2.(X—3X'-|-2X") 1 . . . x 
v ' ' ' ’ ( . sin.(itf + o) ; 

/•o , /„ , 9a\m . a .m \ ? 

?^(.k»a.(x-3x; + 2x") , 
w ' (.sin.fu + o); 

v ' \ 4a.m 4a. m ) 

a".m 

V X 
8 a.m1 

-„.krf>.(x,-3x;+ax(") 

V ;V ^4a.m' ~4a.m* * 

. sin.(i^ + o). 

It is important here to remark, that in the preceding analysis we have supposed 

i to be much less than n—2n', or n’—2n". For in changing, as we have 

done in [6585], nt + e, n't-{-s', ?i"tJrs" into v, v', v", respectively, in 

the angle nt—Sn't + 2n"t-f s—3s'-f-2s", [6583], it is necessary that the 

• • T^ 
same changes may be permitted in the values of —— and 6v' 

a2 

[6580, 6581, 6598, 6599], which we have used in computing [6586, &c.] ; 

observing that these expressions depend upon the angles 2n,t-2n"t-\-2t'-2e", 

and n't—nt-f- s'— s. We shall first consider the part of depending 

be derived from it, by changing, as in [6666—6668], X, into X/ or X/' respectively, 

and k as in [66756, c] ; moreover, we must change, as in [6671], Q into Q', or Q", 

respectively. Now making these changes in the values of k, q, we get successively, 

from Q [6674], the expressions of (g, Q" [6675, 6676]. 

* (3433) Multiplying [6675] by —3, also [6676] by 2, and adding the products 

Qof 7Tb dff 71l> 

to [6674], we find that the factor l+r^ + j^ occurs in the numerator and 

denominator of the term of the sum which is connected with k, and by rejecting it, we get, 

Q-3 <?'+2 Q" = ( X,-3 X/+2X ") + ~. ( Q—3 <?'+ 2 Ç"). 

Hence we easily deduce the value of Q—dQ'-(-2Q/' [6677] j and by substituting it, in the 

values of Q, Q', Q" [6674—6676], then these values in the expressions of v, vf, v,r 

[6671], we get the final results in [6678—6680]. 

[6677] 

[6678] 

[6679] 

[6680] 

[6680'] 

[6681] 

[6681'] 

[6675e] 

[6677a] 

[66776] 
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[6682] 

[6683] 

[6684] 

[6685] 

[6686] 

[6683a] 

[66836] 

[6683c] 

[6685a] 

[66856] 

[6685c] 

[6685c/] 

[6687a] 

upon the angle nt—n't~\~s—s'. We have in § 3, by noticing only the terms 

depending on cos.(î;—v'), * 

n d2.(r'Sr') „ (r'or') n 
0 = - , / + iV'2. + P.cos./—v) ; 

a'z.dt2 a 

P being a constant coefficient. If we substitute the values, 

v — ft/-j-s-f-Q.sm.(i/-|-o) ; v' — ft7-f-s'-[-Q'.sm.(i/ + o), 

corresponding to [6585, 6671], we shall get, by developing cos./—v'), the 

following expression ;f 

1 

4-P.cos.(ft/—n't-f-s—s') 2 

4-\P.(Q'—Q).cos. (ft/—n't-\- s—s'—it—o) 3 
—-JP.(Q'—Q). cos. (ft/—ft'/+ s—s'-[-i/-|-o). 4 

Hence we deduce by integration, observing that i [6680'] and ft—2n! 
[6151 «1 are very small relative to ft : also N' differs but very little from 

ft' [6025/],t 

* (3434) The terms of [6114 line 4], depending on the angle n't—nt-j-s'—s, are 

computed in [6092 line 1, 6094 line 2], from the expression of P [6090], and depend 

wholly on the term Aw.cos.(v'—v) of [6090]. Hence it is evident that it will be more 

correct to retain v'—v, instead of n't—nt-f*s'—s; and then the expression of [6114], 

corresponding to this angle, will be of the form, 

d2.(rôr) 

a2. d& 
-f JY2. 

(rôr) 
-f- Prcos.(y'’—v) ? 

P/ being a constant quantity depending on A(1' and on its differential relative to a. 

Changing the elements of m into those of [6024], and the contrary, also supposing 

P/ to become P, we get the equation [6683], corresponding to the satellite m'. 

f (3435) The difference of the values of v, v' [6684] gives, by using for brevity the 

symbol T1 = nt—n't -{- s—s', 

v — v'= T— (Q'— Q).sin.(i/ + o). 

The cosine of this expression being found, by means of [61] Int., becomes as in [6685c], 

and this expression is easily reduced to the form [6685c/], by reducing the last term of its 

second member, by means of [17] Int., 

cos.(a—v') = cos Q'— Q).sin. T'.sin.(i/ -f-o) 

= cos.r-H(Q'-Q).cos.(T'_h-o)-^(Q'-Q).cos.(T'-fi/-{-o). 

Substituting this last expression in [6683], it becomes as in [6685]. 

J (3436) From the equation [6685] we obtain, by integration, as in [6049/i:, ?], the 

ftt t 
values of —. This is done by dividing the terms in [6685 lines 2, 3, 4], by 

a'2 
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r'tr 

a '2 

+ 

n.(n—n'—Nr) 

f ■(<?'-€> 
2n. ( n—nr— i—JY') 

P(Q!-Q) 

- . cos.(nt—n't-\-s—s') 

- . cos.(nt—n't-\- s—s'—h—o) 

—. cos,(nt—n't-|-s—1^ —f—o). 
(n—w'-j-i—N') 

If we suppose -)—— to be so small that we may neglect it 

any sensible error, we shall have, 

P Çcos.Çnt—n't -f - s—s') 

a /2 m.(m—m'—JV") ' A , _q\ 5 cos.(nt—n't-\-s—s'—it—o) 

v. c—cos.(»£—n't-f-s—s'-f-itf-J-o) 

Substituting v = w*+s+Q. sin. (iH-o) ; v' = n'f+ s'+Q'.sin.(i*+o) 

we obtain,* 

rV P 

S>=5-jv*) • «"-(«-«O- 

1 

2 

3 

without 

1 

2 

3 

[6684], 

« '2 

It is evident that the corresponding inequality of 6v' will be,f 

2P 
6v' = — 

n. (n—n'—N') 
7 . sin.(/—v1). 

(n—n')2—N'2‘, (n—n'—i)2—N'2 ; (n—M'-j-i)2—N'2, respectively. These divisors 

are easily reduced to the forms (m—n'-\-JY').(n—n'—N') ; (n-n'-i -(--A7').(m-m -i-iV') ; 
(m—n'-j-i-J- JY'). (n—w'-j-i'—A7'). But we find from [6025/, 6680'], that —n'-j-JY', 

—M'::Fi4-iV',, are extremely small; therefore these divisors are nearly represented by 

m.(m-—n'— JY') ; n.[n—n'—i—iV') ; n.(n—n'-f-i— JY'). Dividing the terms of 

[6685 lines 2, 3, 4], by these divisors respectively, we obtain the corresponding terms 

[6687]. Again the three divisors [6687/ may evidently be represented by the quantity 

m.(m n JY'), multiplied respectively by 1, 1-Î—— , 1-j--—— ; and if we 
n—n!—JY' n—n—JY 

suppose -f n_n,_jy., to be so small that it may be neglected, the three divisors will all 

be equal to n.(n n' JY') ; and then the expression [6687] becomes of the form [6688]. 

* (3437) The expression [6685/], which represents the development of cos.(ü—v'), 

is the same as the terms between the braces, in the second member of [6688], using T' 

[6685a]. Substituting this in [6688], we get [6690]. 

f (3438) The terms of Sv [6119 line 3], which contain the divisor (n—n')2—JY2, 

are introduced into [61186] by means of the term 

38 

u.(rJ 
Va* 

rdr\ 

ndt 
[61185, x] ; so that by 

[6687] 

[66873 

[6688] 

[6689] 

[6690] 

[6691] 

[6687b] 

[6687c] 

[6687/ 

[6687e] 

[6687/] 

[6690a] 

[6691a] 

VOL. IV. 
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[6692] 

[6692'] 

[6693] 

[6693'] 

[66916] 

[6691c] 

[6692a] 

[66926] 

[6692c] 

[6694a] 

[66946] 

[6694c] 

[6694rf] 

[6695a] 

d St' 
We may apply the same reasoning to the parts of — and Sv\ 

a 

[6580, 6581], depending on the angle 2n't—2n"t-\-2s'—2s", and we shall 

find that we may, in like manner, change the angles n't-f-s' and n"t-\~s", 

respectively, into v' and v" ; provided we consider only the inequalities 

of v' and v" depending upon any angle itf-j-o, in which i is much less 

than n—2n' or n'—2n"* * 

The inequality depending on Mt-\-E—I, which we have found in 

[6285 line 2], is of this kind ; its period being about ten times greater than 

that of the angle nt—2n't.\ The expression of this inequality [6285 line 2], 

being compared with the assumed value ^.sin.(itf-j-o) [6664], gives,t 

noticing only the terms with this divisor we shall have and in like manner 

„ . /r’Sr'\ 
2.d.[ — \ Sfr' 

Sv'=_yLJ . Substituting in this last expression the value of [6690], and 
n‘dt 

observing that we have very nearly, by using the values of v, v' [6572'], and n=2n' [6151], 

d.cos.(v—v') = —{dv—dv').sm.(v —v')=—(ndt—ridt). sm.(v—v') ——ridt. sin. («—»'), 

we get the expression of Sv' [6691]. 

* (3439) If we change v, n, s, % into v", n", s", Q", in [6683, &c.], and then 

write P.cos.(Su"—2v) instead of P.cos.(v—v'), we shall obtain an equation similar to 

[6683], but depending on the angle 2n't—2n"t-\-2s'—2d' ; and if we follow the calculation 

from [6683] to [6690], we shall obtain a similar result to that in [6690] ; supposing as in 

[6687/] that , 1 —— or ■ _ -■rz [6154] is a very small quantity, which may be 

neglected. 

f (3440) The values of n, n', M [6025k, ni] give n —2ri = 3001156", 

M= 337211" ; of which the former is nearly ten times greater than the latter. We may 

also observe that the values of n [6025/r], and 1c = 0,000000607302 [7272], give 

n.\/k = 643563", which is about i part of n—2n! [6694a]. Hence it is evident that 

the angles Mt, n.^.t, which occur in Sv [6285, 6652, &c.], may be considered as 

coming under the form of the terms spoken of in [6680, &c.]. The other teims of this 

kind are those winch depend on the secular equations of the motions of the satellites, and 

on the motions of Jupiter’s equator and orbit. 

f (3441) Putting the term [6285 line 2] equal to the assumed value of Sv [6693'], 

we get the expression of X, [6694]. If we put the corresponding terms of Sv', Sv' equal 
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3 M TT 
\ =-H; 

n 

, 6AT „ 
x' =-.Hi 
' n 

x„ = _12M 

' n 

Hence we deduce, 

x__3x;+2x/' = 
m 

n 
.H; 

therefore, by noticing only this inequality, we shall have,* 

6v = 

ôv' — — 

6v" = 

3 M 
n 

6M 

n 

12M 

n 

1 + 31m9 

(JP-W).(l+£ 

9a'. m. k w2 

i a". m \ 

? 4a.m") 

8a.m'.(M2-4m2)/ 1+ — + — 
J V 4a.m! ‘ 4a.m! 

. H.sin.(Mt-{-E—I) ; 

. H.sin.ÇMt-l-E—I) ; 

1 + 3a". m. kn2 

32a.m".(.M2—ka2).( 14- ^ ’) 
v V 4a.m 1 Aa.m!'J 

We have determined, in ^ 12, [6487—6552], the secular inequalities of 

the satellites. The most sensible parts of these inequalities are those which 

depend on the secular variations of the orbit of Jupiter, and on the position 

of its equator [6525]. The values of i relative to them are very small,f 

[6694] 

[6695] 

[6696] 

[6697] 

. 1). [6698] 

[6699] 

to the similar values in [6665], we shall get X/ =-—. H; X/' = — —. H ; which [66956] 

are easily deduced from X, by accenting the letters X/5 n ; and by using w' = |w, 

n" — \n [6151], they become as in [6694]. Substituting the values of X/5 X/, x/' [6695c] 

[6694], in the first member of [6695], it becomes as in its second member. 

* (3442) Substituting the values [6694, 6695], and i = M, o = E—l, in 

[6678—6680], we get the expressions [6696—6698] respectively ; observing that the f6696al 

expression of X;—3x/-f-2x/' [6695], may be put under either of the three forms 3X, [66966] 

#V> as is evident by substituting the values [6694], and comparing with [6695]. 

t (3443) The coefficients i corresponding to these secular variations, are of the order 

b, c, which occur in the expression of 8v [6530] ; and these quantities are very small, [6699«1 

being less than a second [6937, 6938], so that It or ct does not vary a second in a year. 

Comparing this with n.\/k = 643563" [6694c], we find that the ratio is of the [66996] 

, 1 , . i2 . 
°rder 643563 5 an<^ ltS scluare 1S very small, so that i2 is very small in comparison [6699c] 

with kw2, and may therefore be neglected; and then the formulas [6678—6680] become 

as in [6700—6702] ; because the factor ~~ becomes equal to —1. [6699d] 
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[6699/] 

[67001 

[6701] 

[6702] 

[6703] 

[6704] 

[6705] 

[6705'] 

[6706] 

so that we may neglect i2 in comparison with kn? ; therefore we shall 

have, by noticing only these inequalities, 

j ( (X—3X'4-2x") } . .. v v = 2 • ) \ — A ' ( • sm.(il+o) ; 

4a.m' 

a".m 

4 a.wl' 

/  » Ç . , . 3cf .m.fX,—3X'-[-2X") . . 
V = 2'. ) x; -^-'-U■■■ * J ( . sm.frt+o) ; 

* a if \ 9a'-m , a".J» \ ^ ^ J 4Cl.Tn . ( 1 -j- -; ~f~ :-- ) 
\ 4a.m 4a. mj 

if — f. > X",- 
a ii /, , 9«'-m , 8ci.m . ( 1 -j— --- -j— •• 

V 4a.m. 4a. ml 

. sin.(h + o). 

the characteristic f refers, as in [6324'], to all the inequalities of the form 

sin.(i£-f-o). From these equations we deduce,* 

v—.3v' + 2v''= 0. 

Hence the inequalities with a long period, in which i2 is considerably 

less than kw2, do not trouble the relations we have established in 

[6627, 6628, 6631, 6639], between the three first satellites, by their mutual 

action ; these inequalities being so modified as to satisfy these relations. 

In this way we have seen, in [3461], that the action of the earth upon the 

lunar spheroid, makes the rotatory motion of that spheroid participate in the 

motion of revolution, and by this means it maintains the equality between 

these mean motions. 

We shall represent by Ct\ C'f, C"f, the secular equations of the three 

first satellites depending on the secular variations of the orbit and equator 

[6703a] 

[67036] 

[67036'] 

[6703c] 

* (3444) Multiplying [6701] by —3, and [6702] by -J-2, then adding these 

products to [6700], we find that the first member of the sum becomes v—as 

in [6704]. Moreover the terms of the second member of the sum, which have explicitly 

X—3X/4-2X" ... , . . . . ...... 
the factor -r -^r— , will be equal to this quantity, multiplied by 

^ 4a. mf 4a. m" 

and by reduction it becomes —(X/—3X/4-2X/'). This is destroyed by the other terms, 

X—3X/'-|-2X///, in that sum ; so that we shall have v—3v'-\-2v'r =0, as in [6704]. In 

i2 
this calculation we neglect terms in the second member of the order —. X^sin^k-f-o), 

i2 
which are insensible from their smallness ; but it is evident that if ^ be large, as in 

[6696—6698], the equation [6704] will not be satisfied. 
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of Jupiter, and also upon the resistance of the ether; these equations being 

independent of the mutual action of these satellites. We shall obtain these 

secular equations, bj developing [6664, &c.], s/.x/.sin.(ii+o), 2'.x/.sin.(iUfo), 

2\x///.sin.(itf+o), as far as the second power of t ;* observing that the 

terms of the series which are independent of t, are confounded with the 

epochs of the longitudes ; and those which depend on the first power of t, 

are confounded with the mean motions. The preceding expressions of 

v, v', v", will thus give, for the secular equations, modified by the reciprocal 

action of the satellites,! 

(C—3C'-\-2C") 

. 9a'. m a".m 

‘ 4a.ml *" 4a.m/' 

V 
/ C' + 

Zd.m.jC—3 C'+2 C") 

V 
// C"— 

af'.m.(C—3Cf-t-2C") 

8 a.m". 

These values may be used, without any sensible error, during several centuries, 

and they will suffice for a long period for astronomical purposes. 

17. The nearly commensurable ratios of the mean motions of the three 

first satellites introduce some sensible terms into the equations which are given 

in [6217, 6220, 6221], for the determination of the variations 'of the 

excentricities and perijoves of the orbits. To prove this, we shall resume the 

values of df, df [1257] ; which give, by observing that n is very nearly 

* (3445) We have from [21] Int. sin.(h-fo) — sin.h.cos.o-f cos.h.sin.o ; and from 

[43, 44] Int. we have sin.i^ = izf—&c. ; cos.h = 1—Substituting these 

and neglecting terms of the order t3, we shall have v = 2'.g.sin.(iz:-{-o) = J4-f-R^-}-C'ï2 ; 

A, B, C, being constant quantities. Now supposing A to be connected with the epoch, 

and Bt with the mean motion, as in [6708], it will become v= Cfi ; and in like 

manner we have, for the second and third satellites, v' — C't2, v" = C"t2, as in [6706] ; 

or as they may be written, 

2'. X,.sin.(i*-fo) = Ct2 ; 2\X/.sin.(if-|-o) = CT ; S'.X/'.sin.pf+o) == C'T. 

f (3446) Substituting the values [6707d] in [6700—6702], we get [6709—6711] 

respectively. 

[6707] 

[6708] 

[6709] 

[6710] 

[6711] 

[671iq 

[6712] 

[6713] 

[6707a] 

[67076] 

[6707c] 

[6707d] 

[6709a] 

VOL. IV. 39 
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[6714] 

[6715] 

[6716] 

[6717] 

[6718] 

[6714a] 

[6717a] 

[67176] 

[6717c] 

[6718a] 

[67186] 

[6718c] 

equal to 1 [6110c], * 

d.(e.cos.to) = — | 2.cos.t»-j-f.e.cos.^+|e.cos.(2i?—to) j . 

— a?.ndt.\/1—e2^^^.sin.v ; 

ûL(e.sm.tf) = — | 2.sin.iJ-l--^e.sin.^-j-^e.sin.(2i;—to) j . 
'dR' 

. dv 

1 

2 

1 

-\-a?.ndt.^/i—e2. COS.l>. 2 

If we neglect the excentricity e, in the second member of [6714], and 

retain in R [6052, 6090], only the terms,f 

R = — -j-m'..4(2).cos.(2v—2t/), 
or6 

we find, by substituting r2=«2+2r6r [60576], and v = ntJrs-\-sv 

[6572', &c.] in [6714], that it will becomef, 

* (3447) Putting (x=l, as in [6110c], we get, from [1254], f=e.cos.vj) 

f = e.sin.TO. Substituting their differentials in the first members of the equations [1257], 

we obtain [6714, 6715]. 

f (3448) The first term of R [6052] is —^-.(p—^-p).—— ; and since M —1, 

B= 1 [6297d], it becomes as in the first term of [6717], Its second term is the same as 

the third term of [6090]. We shall see that these produce, in d.(e.cos.TO) [6724], terms 

depending on the angle nt—2n'<-|-s—2s1' ; and when they are combined with the terms 

of ôv, àv' [6725, 6726] depending on nt—2n't-{-s—Qs'-\-gt-\-Y, they produce, as in 

[6728], terms depending on the slowly varying angle grf-j-r ; and finally introduce, in 

[6729'], a change in the value of hg, which must be noticed, as in [6731', &c.], although 

it is of the order of the cube of the disturbing force. 

J (3449) If we neglect terms of the order e, in the second member of [6714], we 

shall get, 

d.(e.cos.to) = a.ndt. | —2. • cos.® —a. • sin.® j • 

Now taking the partial differentials of R [6717] relative to v, r, we obtain, 

—^ =—2»/.^F2bsin.(2®—2®') ; 
fdR\ (p—i<p) , , fdA^\ 
(*) = — +:»•-[it]'• cos-(2‘>-2» )■ 

But from [60S9e, 6091] we have very nearly = (^-) ■ This may be substituted 

in the last term of [67186], which is not much affected by the excentricity on account of 

its smallness. Substituting these values in [6718a], we get, 
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d.(e. cos.#) = 4m'.ndt.aA(^.sm.(2v—2?/).cos.u 
/j Aw\ 

—m'.ndt.a?. I ——J . cos.(2v—2v').$m.v 

■ndt. -—. sin.(^+s) 
or 

1 

3 

+ ndt. -—| —<5y.cos*(n£-j-s)-f-4. “ . sin/^+O* | 4 

We shall only notice, in the second member of this equation, the terms 

depending on the angle nt—2n't-\-s—-2s' ; observing that we have very 

nearly, as in [6131, 6132], 

Sv = 

rri.n F 
. cos. (2nt—2n't-\-2s—2 s') ; 

2.(2 n—2 n'—N) 

Tt)l 71 

2n_2„'_jV • sin-(2«*—^2«'<+2s—:; 

also as in [6130, 6151], 
<x) 

F= —4 aAW—a\(^). 

Then we shall have,* 

d.(e. cos.w) = —\.m'.F.ndt. | 1———~—— j . sin .(nt—2n'tJrs—2s) 

fdÆ3A 
d.(e.cos.'us) = 4m'.ndt.aA®]. sin. (2v—2v') .cos. v—m'.ndt.a?. • cos. (2v—2d) .sin.v 1 

—a?.ndt.( p—£<p). 
sin.v 

The first and second terms of the second member of this expression are the same as those 

in [6719 lines 1,2]. The last term of [6718/j produces the terms in [6719 lines 3, 4] ; 

as appears by substituting the values of r9, v [6718] ; which give by development, using 

[60] Int., the expressions [6718/] ; also their product in [6718g], neglecting terms of the 

second order in Sr, Sv, 

/ t0t\ 

r~4 = cr4.f 1 -4. — J ; sin.-y = sin.(ntf-f“s-H®) — sin.(w^-{-£)T^-cos-(w^-{-s) 

sin.v 1 Ç . / , rSr 
~^T ~ dd ’ / sm-(7^+£)"r^-cos-(nif+s)—4. — .sin.(w*-fs) C . 

Multiplying [6718g] by — a?.ndt.{?—|<p), we get the value of the term [6718d line 2], 

as in [6719 lines 3,4]. 

* (3450) If we substitute the values —, Sv [6721,6722] in [6719], and reduce the 

products by means of [17, 20] Int., retaining only the angle v—2d, or nt—2n'f-j-e—2s', 

we shall get [6724]. For if we retain only this angle we have, 

[6719] 

[6720] 

[6721] 

[6722] 

[6723] 

[6724] 

[6718d] 

[6718c] 

[6718/] 

[6718g-] 

[6724a] 
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[6724'] 

[6725] 

[6726] 

[6727] 

[6728] 

The mean longitude in the variable ellipsis is increased, in [6261], by terms 

depending on the angle nt—-2n't-{-s—2s'~f-g7-{-r, which become sensible 

on account of the small divisors affecting them. We shall put, 

sv — Q. sin. (nt—2 n't-{-s—2s'+^ + r); 
Sv' — Q'.sin.(nt—2n'tJre—2s' + ^ + r) ; 

for the terms of v, v' [6261, 6268], depending on this angle. We must 

increase nt-{-s, n’t-{-s', in the second member of [6724], by the 

quantities Sv, Sv' [6725, 6726], respectively ; * and we shall obtain, in the 

expression of 4.(e.cos.w) [6724], the following term ; 

d.(e.cos.w) = im'.F.ndt. \ 1-—  --| . (2Q1—Q).sin.(g£T-U). 
f c£Ti‘— <671 ~ jy/ ) y 

[67246] 

[6724c] 

[67244] 

[6724e] 

sin.(2u—2t/).cos.ft = §.sin.(ft—2v') — §.sin.(ft^—2n't-\-s—2s') ; 

cos.(2ft—2ft').sin.ft =—|.sin.(ft—2ft') =—§.sin.(fttf—2ft7-f-s—2s') ; 

m'.nF . . . . _ .. 
. sin.(ft£—2nt-\-s—2s) ; -Sv .cos. (?i^-(-£) = —I • 

[2n— 2n'— JV) 
...... . . . 2 m!.nF . . 

4. — . sm.(nt-\-s) = .(nt-2nt-{-e—2e). 

[6724f) 

Substituting the values [67246—e] in [6719], we obtain, 

d.(e.cosix) = —\rd.ndt. ^—4a4Z(2)—a2‘(^“~^) | . sin.(?4—-2ft'tf-j-s—2s') 

(P—èP) m'.nF 
—|— 2 ndt. 

a* 2 n—2v!—JV 
. sin. («zf—2n't-\-s—2s') ; 

and if we use the value of F [6723], and (0) [6216], we get [6724]. 

[6728a] 

[67286] 

[6728c] 

[67284] 

[6728e] 

[6728/] 

*(3451) This process of increasing the mean longitudes nt-\-s, n't-{-s', by the 

inequalities Sv, Sv' [6725, 6726] of a long period, is frequently used in this work ; as, for 

example, in [1232a]. Now if we put for brevity ç=(2Q'-Q).sin.(tt6-2ft'tf-b£-2s'-bgH_r)î 

we shall find that the angle nt—2n't-{-s—2s' will be decreased, by means of [6725,6726], 

by the quantity q ; so that if we neglect quantities of the order q2, and find the sine of 

the angle, in the first member of [67284], by means of [60] Int., we shall get, 

sin. (nt—2 n't-\-s—2s'—q) — sin. (ft £—2ft4-f-s—2s')—g-.cos. (nt—2n't-{-s—2s'). 

Substituting this in the second member of [6724], we find that the part, depending on q, 

produces in d.(e.cos.ro), the following term ; 

d.(e.cos.v) = Im'.F.ndt. ^ 1—2n—2n'—JY^ ’^’cos’(nt—%n't-{-s-—2s'). 

If we now re-substitute the value of q [67286], and reduce the product by means of [18] 

Int., retaining only the term depending on the slowly varying angle g4-f-r, it will become 

as in [6728]. The other part is neglected, because it does not increase so essentially by 

the integration. 
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We have, in [6236], by retaining only the term depending on the angle 

gt+r [6728], 

e.cos.ro = —h.cosfgt -j-r)* 

We must therefore increase the value of hg, which is given by the 

equation [6217], by the quantity,* 

(0) 4- m'.Fn. < 1 .(2 q-Q). 
2n—2 n!—N ^ 

This is equivalent to the subtraction of the expression [6730], from the second 

member of the equation [6217]. The term 

in [6730], is of the order of the cube of the disturbing force [6731a] ; but 

on account of the great ellipticity of Jupiter and the nearly commensurable 

ratio of the mean motions of the two first satellites, the fraction -——jÿ 

is very nearly equal to } ; so that it becomes necessary to notice it.f 

* (3452) If we retain in [6236] only the term depending on the angle gf-f-r, which 

occurs in [6728], we shall have, as in [6729], e.cos.ro =—4.cos.(gf-f-r) ; whose 

differential gives d.{e.cos.ro) == Ag.o/sin.(g£-j-r). Now by noticing only the j^rszf power 

of the disturbing force, and the first power of the excentricity, we have obtained the 

equation [6217], which may be put under the form hg=A; denoting for brevity, by 

—A, all the terms of the second member of the equation [6217], excepting the first, hg. 

Substituting this in [67306], we get d.{e.cos.ro) = A.dt.s'm.(gt -j- r). This expression 

of d.(e.cos.ro) is to be increased by the terms of a higher order, computed in [6728], 

which may be represented by <L4.<A.sin.(gtf-f- r) j supposing the function [6730] to be 

represented by SA. Adding together the terms of cos.ro) [67306,/], we get for 

its corrected value, 

d.{e. cos.'sj) = (A-\-6A).dt.$m.(gt + r). 
Hence we see that the effect of these additional terms, depending on SA, is to change 

the coefficient A [6730/] into A-j-SA [67304]; or —A into —A — SA; 

therefore the second member of the equation [6217], which is represented by hg—A 

[6730e], must be augmented by the quantity —SA [6730g] ; or, in other words, the 

function [6730] must be subtracted from the second member of [6217], according to the 

direction in [ÔTSO']. 

t (3453) The quantities ml, (0), 2Q—Q, are each of the same order as the 

disturbing force, as is evident from [6216, 6261, 6268, 6725, 6726] ; hence the function 

[6731] is of the order of the cube of the disturbing force, as in [6731']. The values of 

40 

[6729] 

[6729'] 

[6730] 

[6730'] 

[6731] 

[673iq 

[6732] 

[6730a] 

[67306] 

[6730c] 

[6730</] 

[6730c] 

[6730/] 

[6730g] 

[67304] 

[673Of] 

[6730Æ] 

[6731a] 

VOL. IV. 
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[6733] 

[6734] 

[67316] 

[6731c] 

[6731d] 

[6733a] 

[67336] 

[6733c] 

[6734a] 

[67346] 

[6734c] 

[6734d] 

[6734e] 

In like manner, by noticing in R' only the terms which are contained in 

the following expression [6733], we obtain in d.(e'.cos.to), the terms in 

[6734]; * * 

R' = — ^ -f m". A/('2). cos.(2t/—2v")-j-m.A/(1).cos.(v—v') ; 
3/3 

d.(e!.cos.®') =—2m.n'dt. a'At(1). sm. (v—t/).cos.®' f 

—m. nAt.a'2.(^Yj--^ . cos. (a—v'). sin.v' 

Jr^m".n'dt. a'.A,(3). sin.(2z/—2v").cos.t/ 

—m" .n'dt.a!3.^^—^ . cos.(2v'—2v").s'm.d 

-n'dt. (p—b) 
J2 

irf dt. 

a 

(p—è<p) 

. sin.^'tf-f-s') 

dSd 

a: '2 -<5i/.cos.(Vtf-|-s/)+4. —. sin .(n't-{- s') 
CL 

1 

2 

3 

4 

5 

6 

n, n', ^[60255,6] give 2n—2n'—jV==7t.0,004323. Dividing the value of (0) [6216] 

by this last expression, we get ^ 0,004^11^ ; substitutinS « = 5,698491 

[6797], and p—%cp = 0,0219013 [7152], it becomes nearly equal to , as in [6732]; 

so that, on account of its magnitude, the author has noticed it. 

* (3454) The terms of R' [6733, 6565], depending on the angles v—v', 2v'-—2r", 

correspond, according to the notation in [6134, 6146], to the terms of [6090] depending 

on the angles v—v', 2v—2u'j and from a little consideration it will be evident, that it is 

not necessary to notice any other angles, when computing the terms corresponding to the 

angle mentioned in [6724']. Again, the term of [6733], depending on the ellipticity of 

Jupiter, is the same as that in [6717], changing r into r, to correspond to the present 

case. 

f (3455) The expression of d.(e.cos.-a) [6718a], gives that of d.(e'.cos.-a'), by 

changing the elements of m into those of m\ and R [6717] into R' [6733] ; hence 

we get, 
C /dR'\ 

d.(e'.cos.™') — a'.n'dt. < —2. ( — J. cos.t/ / . 
/dR'\ 

\ dr'J 
. sin.r 

and by substituting the value of R' [6733], we obtain [6734]. This process of 

substitution may be considerably shortened, by derivation from [6719] ; observing that the 

first and second terms of R [6717], produce the first and second terms of R' [6733] ; 

by changing the elements of m into those of m! ; and the elements of m! into those of 

Now making these changes in [6719], we get the terms in [6734 lines 3, 4, 5, 6]. m 

The remaining term of R' [6733], is 7».t/2)1).cos.(u—v') ; and by substituting it for R'. 

in [67346], we get the terms in [6734 lines 1, 2]. 
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Now we have, as in [6139, 6148 ; 6140, 6149], * 

r'S/ w.n'.G 

2. (n-n'-JV') 
.cos 

m". n!. T,v 

2 .(n-n'-JY') 
cos.(2n't-2n"t-\-2s'-2e") ; 

. m.n'.G . Is 
ôv = —- ~. sin.(nt-nt-^ss) 4- 

n-n-N v 

m".ri.F' 

n- -n'-N 
-,. sin. (2n't - 2n"t -f- 2 / - 2 s"). 

We have in [6137, 6138], very nearly,! 

G = 2a'.4«>—a'2. //“) ; 
' \ da! J ’ 

hence we find, by retaining only the terms which depend on the angles 

nt—2rit+s— 2/, n't—2n"t+B'—2!!', Î 

* (3456) The sum of the terms [6139, 6148], gives [6735], by changing the divisor 

2v!—2n"—JY' into n—n'—JV' [6154]. In like manner, the sum of [6140,6149] gives 

[6736]. 

f (3457) Changing the divisor n—n' into n! [6138], we find that the expression of 

G [6137] becomes as in [6737]. 

Î (3458) If we retain only the angles v—2v', v'—2v", or the corresponding mean 

values nt—2n't-\-s—2s!, n't—2/i"?-j-s/—2s", we may substitute, in [6734], the following 

expressions, which are easily deduced from [18, 19] Int. ; 

sin.(c—v').cos.v' = £.sin .(y— 2v') 

cos.(v—v') .sin.?/ = —§.sin.(u — 2v') 

sin. (2v'—2v").cos.v'= |.sin.(?/—2v") 

cos.(2v'—2v") .sin.?/ = — \ .sin. (v'—2v"). 

Substituting these values in [6734 lines 1,2,3,4] respectively, we obtain the following 

terms ; 

m.n'dt. ^ 2a'] • si n. (v-2v) -§m".n'dt.^- 4a1 A,{2)-a!2.(^^^j I .sin.(?/-2®"). 

If we substitute in this expression the values of G, F' [6737, 6600], and the mean values 

of the angles [6738a], we shall obtain respectively the terms in [673S lines 1,2], which are 

independent of the quantity (1). We shall now compute the remaining terms of 

[6734 lines 5, 6], depending on (?— £<?) ; and if we substitute (1) = . n' [6217c], 

neglecting —(l).<&.sin.(?/£-|~£/) [6734 line 5], which produces no angle of the form v—2v' 

or v'—2c", we shall find that the remaining terms [6734 line 6] become, 

( r'Sr' 1 
(1 )-dt. | —ôv'.cos.(n't -f~ s7) —}— 4. . sin.(n't -f- s') > . 

vfôvf 
Substituting the values of Sv, [6735, 6736], we get the following expression of the 

terms of [6734], depending on (1) ; 

[6735] 

[6736] 

[6737] 

[6735a] 

[6737a] 

[6738a] 

[67386] 

[6738c] 

[6738c?] 

[6738e] 

[6738/] 

[6738g] 

[6738ft] 

[6738»*] 
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[6738] 

[6739] 

[6740] 

[6741] 

d.(e'.cos.zs') = —±m.n'dt.G. | 1— ^ j . sm.(nt—2n't-\-e—2s') 

—\m!'.ridt.F’. | 1— * * sin.(^—2ri't+e'—2s"). 

1 

2 

We shall put the term of 6v", which we have found in [6269], under the 

following form ; 

ôv" = Q". sin .(nt—2 n't-\-s—2d-(-gt 

Now we have, in [6627], 

nt —2 n't -f- s—2 s' = * + n't—2 nl't -f- s'—2 s" ; 

hence we obtain, in d.(e'.cos.iz'), the following terms ;* 

d.(e'. cos.^') = \m.n!dt. 

—\m!'.n!dt. 

[ l-izgjv* \ •<?.(2Q'-«).sin.(^+r) 

\ 1- ^ZW' S • F'.W-Q)-sm.(gl+r) 

1 

2 

[67B8&] 

[6738Z] 

[6738m] 

[6738n] 

[6738o] 

[6738p] 

[6738g] 

m.ndt.{ 1)_ . g,12,cos.(n7-l-£,).sin.(n<-7i't+£-s/)-f-4.sin.(w7-f s').cos.(ra?-n7-}- s-s')} 

. FM 2.cos.(w7-|-£').sin.(2n7-2?f7T2£/-2£//)+4.sin.(n7+s/)-cos.(2n/ t-2n"t+M-&')}. 
2.(»—n—jv') ‘ \ 

Now if we retain only the angles mentioned in [6738a], we shall have, by means ol 

[18, 19] Int., 

2.cos.(n't-\-s).sin.(nt—n't-f-s—s') = sin.(w£—2n't-\-s—2a') ; 

4.sin.(«2-j~s/),cos*(n^—n't-j-s—s') =—2.sin.{nt—2n!t-\-e—2s') ; 

2.cos.(n7-j-s'). sin.(2n2—2n'7-f-2s'—2s") = sin .(n't—2 n"t-\-s'—2s") ; 

4.sin.(n7-j- s').cos.(2ti/—2 n''t-\-2s?—2s") = —2.sin.(n't—2 n"t-{-e'—2s"). 

Substituting [6738m—p] in [6738fr, l], and making some slight reductions, it becomes, 

- âgërj • «• i -sin.(nt-Zn't+s-V)} - JT. H-(«'} ; 

which is the same as the part of [6738], depending on (1). 

[6741a] 

[67416] 

[6741c] 

[674Id] 

[6741e] 

[6741/] 

[6741g’] 

* (3459) We shall suppose, as in [6728a, &c.], nt-\-s, n'^-j-s', n"t-j-s", to be 

increased by the quantities Sv, ôv', ôv" [6725, 6726, 6739] respectively ; and shall use, 

for brevity, the value of q [67286], and the similar value of q' [6741c], which is easily 

reduced to the form [6741/1, by the substitution of [6740] ; 

q'— (2Q"—Q').sin.(w?;—2n't-\-'s—2s'-f-,g2~br) ; 

q' = — (2Q"— q).sm.(n't—2n"t+J—2e"-\-gt+T). 

Then we see, as in [6728c], that the angle nt—2n't-\-s—2s' is increased by the quantity 

—q ; and its sine is increased by the quantity —q.c,os.(nt—2n2-f-s—2s') [6728c?]. In 

like manner, the angle n't—2n"?-j-s'—2s" is increased by the quantity —q' [6741c], 

and its sine is increased by the quantity —q'.cos.(n't—2n"t-\-s'— 2s"), as is evident by the 
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we must therefore add, to the second member of the equation [6220], the 

quantity,* 

■—\m.n\ | 

-j- | 

1— 

1 — 

(1) 
n—n'—JV' 

(1) 
n —ri—N' 

G.(2Q'-Q) 1 

2 

In like manner we shall find that we must add to the second member of 

the equation [6221], the term,f 

\m .n 1 — 
(2) 

n'—n"—JS' 
. G'.(2Q"—Q'). 

method of reduction in [6728c?]. Now if vve substitute the values of q, q' [67286,6741c?] 

in the first members of [6741?, it], and reduce by [18, 19] Int., retaining only the terms 

depending on the angle gt-\- r, we shall get the second members of the expressions 

[6741?, Jc], 

—q. cos.(nt—2— 2s') = —£.(2Q'— Q). sin. {gt -j-r) ; 

—q'.cos.{n't—2n"t-\-z'—2s") = \. (2 Q"— Q') .sin .(gt -j- r). 

Substituting in [6738 line 1] the increment [6741/,?], and in [6738 line 2] the increment 

[6741g*, &], we get the terms in the second member of [6741 lines 1, 2] respectively. 

* (3460) We have found that the second member of [6728], being divided by 

c?£.sin. (gt-f-r), gives the function [6730], which is to be subtracted from the second 

member of the equation [6217], as in [6730']. In like manner, if we divide the second 

member of [6741] by c?^.sin.(^-f-r), we shall get the quantity which is to be subtracted 

from the second member of [6220] ; or, by changing the signs, we get the quantities to be 

added to the second member of [6220], as in [6742]. 

| (3461) We may deduce d.{e".cos.to") from c?.(e/.cos.w/) [6738], by changing (1) 

into (2), as in [6217c], and increasing the accents of the elements of m, mf, m", by 

unity; it being evident that mf is acted upon by m, mf' ; as mf' is by m!, m'" ; and as 

the term depending on the angle ri't—2n'"tJrs"—2s'", is not increased by integration, it 

may be neglected, and then we shall get from [6738], 

d.(e".cos.v'')=—J;m'.n"dt.G'. ^ 1— | . sm.(n't—2n"t+d—2s") ; 

observing that this change makes G [6137] become G' [6163]. Now by following 

the calculation in [6738—6742], we get the same result as in [6743] ; but this is more 

easily obtained by derivation. For if we put in [6738], G = 0, and 
m.n 

1 (1) . (2) 

n§e n-n'-JY' mt0 n'—n"-JY7/ ’ n becomes identical with [6743c] ; and the same 

changes being made in [6742], which is deduced from [6738], it becomes as in [6743]. 

VOL. IV. 41 

[6741;] 

[6742] 

[6742'] 

[6743] 

[6741ft] 

[6741?] 

[6741ft] 

[6742a] 

[6742b] 

[6743a] 

[67435] 

[6743c] 

[6743d] 

[6743e] 
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[6744] 

[6745] 

[6746] 

[6747] 

[6748] 

[6744a] 

[6748a] 

[67486] 

[6748c] 

Hence the equations [6217, 6220, 6221, 6222] become respectively,* 

o = h. | g—(0)- [7]—(0,1 )—(0,2)—(0,3) | 1 

4~ [ail • h' -f~ [o,2j • h"-\J- [o53 

0 = A'. g g—(!)—[T]—(1,0)—(1,2)—(1,3) J 

4~ [ljoJ *h-\- [ijsj • h"~{- [lj3 

4j 1 
.h!"—\m. 

n—n 

l 

•*'• \ ii-jv* ! •'2 

(V) 3 

1 

jy.G\(2Q"-Q'); 2 

1 

H- [3,0] >h 4~ 3,1 • hf 4~ 3,2 .h" 2 

It may be thought that the equations [6337—6341], which correspond to 

the inclinations and nodes of the orbits, can acquire, in like manner, some 

sensible terms depending on the square of the disturbing force ; but it is 

easy to satisfy ourselves that this is not the case, by considering the 

differential equations of these motions, which are given in [1331]-+ 

* (3462) Subtracting, from the equation [6217], the expression [6730], according to 

the directions in [6730'], it becomes as in [6744]. Adding, as in [674T], the function 

[6742] to the second member of [6220], gives [6745]. The function [6743] being added 

to the second member of [6221], as in [6742'], gives [6746]. Lastly, [6757] is the same 

as [6222]. 

f (3463) If we neglect the terms of the equations [1331], depending on s2, and 

substitute, as in [1, 6, 31] Int., 

sin.(v_0).cos.(v— â) = à.sin.(2v—2Ô) ; sin.2(v—d)=è—icos.(2v—2ô) ; cos.2(u—Ô) = ^ 4-J.cos.(2v—2é) ; 

we shall get, 

df.tang.<p 
d.tang.9=— 

e?0.tang.<p = 
dt.tang.<p 

He 
■). cos.(2ti-2S)+(^]-sin • (2u-2d) j -Î. sin. (ti-S). (• sr/“W£ 

l \dr ) \ dr 

dR \ 

ds) ’ 

dR\ 

ds ) 
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18. The square of the principal inequality of the satellites, which we have 

developed in [6126—6193], can produce a sensible term, which we shall now 

investigate. This inequality may be supposed to correspond to a variable 

ellipsis, and in this case it affects the excentricity and the perijove of the orbit. 

Now since 6v = ( i ).sin.(2nt—2n't-j-2e—2s) [6172], denotes this inequality 

in the motion of the first satellite, and 2e.sin.(ntfs—ns) [6240a], the first 

term of the elliptical part of if we represent by 6.(e.sin.ro), and 

6.(e.cos.ns), the variations of e.sin.ra and e.cos.^, depending on the 

disturbing force, we shall obtain in v the inequality,* * 

ôv = 2(L(e.cos.'OT).sin.(fttf~h£)—2a.(e.sin.w).cos.(wtf-j-s). 

We shall put the inequality ôv [6749], under the following form ; 

6v = ( i ).cos.(nt—2n't-j-s—2 s'), sin. (nt-j-s) 1 

+( i ).sin.(nt—2n't-j-s—2s').cos.(nt-j-s). 2 

If we substitute, in these expressions, the values of (pqg'j’ (jppj [67186], and reduce 

the products by means of the formulas [17—20] Int., we shall find that the resulting terms 

are connected with angles of the form 2d—2d'±(2d—2â), or 2d—2ô, and that they do 

not increase by the integrations like those of the forms 2d—2d/±d, or rather v—2d', 

which are retained in [67246—e] ; therefore we may neglect them ; and for similar reasons 

we may neglect other terms arising from the partial differentials of R, relative to r and 

v. The terms of [67486, c], depending on > maJ also be neglected ; for the 

deduced from [6297], is of the small order s, s n /dR\ 
expression ol ( — > and if we 

\ds)’ 

substitute the values of s=tang.p.sin.(D—Ô), s' = tang.q/.sin.(D'—Ô') [1330"], we shall 

easily perceive that there are no terms produced, of the proposed order, in [67486, c], which 

can become sensible by the integrations. Similar remarks may be made relative to the 

terms of the order of the square of the disturbing force for the other satellites m', m", m'". 

* (3464) From [22] Int. we get, sin.(n^-f-s-^) = cos.-ra,.sin.(n^-j-s)"’sjn*w'cos-(^-f-£) ; 

multiplying this by 2e, we obtain the term of v [6750], under the following form ; 

2.(e.cos.w).sin.(rtf-f-s)—2.(e.sin.OT).cos.(w£-j-s). 

Substituting the parts of ^(e.cos.tt), <5.(e.sin.TO), depending on the disturbing force, it 

becomes as in [6752]. Putting in the formula [21] Int, a — nt-\-e, b = nt-2n'tf-s-2s', 

we get an expression of sin.(2wt— 2n7-f-2e—2s') ; and by multiplying it by ( i ), we get 

the value of ôv [6749], as in [6753]. Comparing together the coefficients of cos.(w£-f-£)> 

in the equivalent expressions [6752, 6753], we get [6754]. In like manner the coefficients 

of sin.(rt*4-s), being put equal to each other, give [6755]. 

[6748'] 

[6749] 

[6750] 

[6751] 

[6752] 

[6753] 

[6748d] 

[6748e] 

[6748/] 

[6748g-] 

[67486] 

[6752a] 

[67526] 

[6752c] 

[6752dj 

[6752c] 
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[6754] 

[6755] 

[6756] 

[6757] 

[6758] 

[6759] 

Comparing together the two expressions [6752, 6753], we get, 

2<$.(e.sin.to) = —( i ).s\n.(nt—2n'tJrs—2s') ; 

2(5.(e.cos.to) = ( i ).cos.(nt—2nltJrs—2s'). 

These values are the same as those which we have obtained in the preceding 

article. For we have found in [6724], 

d.(e.cos.to) = —Im'.F.ndt. \ 1— -—~~—->.sin.(^—2n't + s—2s'). 
^ /l7l ~m£ïl v » j 

Hence we obtain, by integration, the corresponding expression of ^.(e.cos,to) 

[6751], or, 

2(5.(e.cos.to) = 
m'.F.n 

1 (0) .cos. (nt—2 n't -f - s —2 s'). 
n—2 n!'t~ 2 n—2 n'—N] 

If we now observe that we have very nearly* N= n—(0) [67586], and 

by [6132, 6172], we have, 

m!. F, n 
(0 2 n — 2 n!—JY ’ 

* (3465) We may neglect the terms of iV2 [6124] depending on M, Jl{0), in 

comparison with that depending on (p—|<p) ; as is evident from the estimated values 
[6758a] r ( •) 

[6485a, &c.] ; hence [6124] becomes iV2 = rc2. | 1—2. > . Its square root gives 

[67586] very nearly, by using (0)[6216], jV = w—=w-(0), as in [6758]. Moreover 

[6758c] by comparing the expressions of Sv [6132, 6172], we obtain the value of (i) [6759]. 

Substituting this in [6755], we get [6758d] ; making successive reductions, by changing 

the forms of the factors, and using n—JY = (0) [6758], we finally obtain [6758/], which 

is the same as [6757]. 

[6758rf] 2.«.(e.cos.w)—3(|_3b,_ 
-JY' 

cos.(nt—2 nt-\- 

[6758e] 
m'.F.n ( (n-JY) ) 

n—2 n' < i 1 2n—2n'—JY ' 

m'.F.n ( ) t (0) > 
[6758/] n—2 n' < 1 1 

1 -1 cos .(nt—2nV-j-£—2s'). 

We may, in a similar manner, prove the identity of the expressions of 2.<5.(e.sin.TO), 

deduced from [6715, 6754]. For by inspection we see, that [6715] may be derived from 

[67g8g.] [6714], by changing v, to, into 100°, to—100°, respectively, in the terms which 

are independent of R ; and the same changes are to be made in [6719], leaving the angle 

2v—2v' [6719 lines 1,2], or 2nt—2n't+2s—2s', unaltered, because it is derived from 

[6758/0 R’> so that if we put the angle nt—Sn't+e—2s', which occurs in [6724], under the form 

(<2nt %n't-j—2s—2s')—(nt-fs), we must consider (2nt—2n7+2s— 2s') as invariable ; 

[6758Î] but —(w/-j-s) is to be changed into —{nt-f-s—100°) = —(nt-f-£)+100° ; or, in other 
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we shall find that this second value of 2.6.(e.cos.™) agrees with the 

preceding. Now the elliptical expression of v [669], contains the following 

term ; * * 

f-e2.sin.(2?zC]-2s—2ns) = f.(e2.cos.2OT—e2.sin.2 «).sin.(2wtf-}-2s) 1 

-—fe2. sin.tf.cos.vy.cos.(2w£-j-2s). 2 

Changing e.sin.w into e.sin.ro+5.(e.sin.«), and e.cos.^ into c.cos.^+<5.(e.cos.^), 

we find that the expression of v contains the term, 

ôv = f-.{ [c5.(e.cos./)]2—[5.(e.sin.w)]a}.sin.(2wt-|“26) 1 

—|-.a.(e.cos.'5j).i.(e.sin.«).cos.(2wtf+2s). 2 

Substituting for 5.(c.cos.®), 5.(c.sin.w), their preceding values, there will 

arise in v the inequality,! 

6v = y5-g-.( i )2. sin.(4wz;—4n't -j- 4s—4s') ; 

words, we must increase the angle nt—2n't-\-s—2s' [6724] by 100° ; or change sin. 

into cos. Hence we get from [6724], 

d.(e.sin.ro) =—§m'.F.ndt. ^ 1———ji™—— ^ .cos.(nt-—2n'z-f-s—2s'). 

Now by comparing the second members of [6758d,f], we get 1— -—; 
SmlTl—rfr7t — JV ,-wi—-CW?! — 

substituting this in [6758&], and then taking the integral, we get, 

5.(e.sin.®) = —■ sm.(nt—2n t+ s—2s') 

— —|.(i).sin.(n£—2 n't~\-s-—2 s'). [6759] 

Multiplying this last expression by 2, it becomes as in [6754]. 

* (3466) We obtain by development, as in [22, 32, 31] Int., 

sin.[(2wZ-}-2s)—2ns] — cos.2'sï.sin.(2?iZ-{-2s)—sin.2tf.cos.(2nU[-2s) 

= (cos.2 ns—sin.2TO).sin. (2nt~\~2s)—2.sin.tf .cos.w.cos. (2nt-\-2s). 

Multiplying this by fe2, we get [6761]. Substituting the augmented values of e.sin.w, 

e.cos.ïtf [6762], and neglecting terms of the order (e.sin.w). â. (e.sin.®), we get [6763]. 

These neglected terms are much smaller than those which are retained, because 2e.sin.z3 

is less than 25,(e.sin.w), the former being of the order 40" [6057/], and the latter of 

the order 5050", [7513 line 5, 6754, 6172]. Similar remarks may be made relative to 

the corresponding terms in [7467 lines 1, 4], in the value of v'. Those of v" are 

neglected from their smallness in [6766']. 

f (3467) Putting for brevity T= nt—2n!t-\-s—2s, we obtain from [6754,6755], 

by using [31,32] Int., 

[6760] 

[6761] 

[6762] 

[6763] 

[6764] 

[6758&] 

[6758Z] 

[6758m] 

[6758n] 

[6760a] 

[67606] 

[6760c] 

[6760(Z] 

[6760e] 

[6764a] 

VOL. IV. 42 
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[6765] 

[6766] 

[6764&] 

[6764c] 

[6764d] 

[6764e] 

[6765a] 

[67656] 

[6765c] 

[6765tf] 

[6765e] 

[6765/] 

[6765g-] 

[6765ft] 

[6765i] 

[6766a] 

[67666] 

we shall find in the same manner, in v', the inequality [6765£] ; * 

5v' = T5g-. ( n y.sm.(2nt—2n't + 2 s—2s') ; 

and in v", the inequality,! 

6v" — t5t.( hi )2. sin.(2 n't—2n"tJr2s'—2s"). 

[<5.(e.cos.TO)]2—[(J.(e.sin.'ro)]9 = q.(i)2. {cos.2 T—sin.2 T\ — |.(i)2.cos.2T; 

<5.(e.sin.TO). 5.(c.cos.to) = —|-.( i )2.sin.T.cos.T=—|.( i )2.sin.2T. 

Substituting these in [6763] and reducing by means of [21] Int., we get, by successive 

operations, the expression [6764e], being the same as in [6764] ; 

Sv = . ( i )2. {cos.2 T. sin.(2«Uj-2s)-|-sin.2 T.cos.(2n^-f-2s) ] 

— tf • (1 )2-sin- (2nt-{-2s-|-2T) = T5g. ( i )2. sin. (Ant—4n^-f-4s—4s'). 

* (3468) Using the abridged symbol T [6764a], we get, from [6173], the first of the 

expressions of 5v' [6765a]. Developing this by means of [21] Int., we get [67655]. 

<V = —( ii ) .sin.( T-j- n!t -f- s') 

= —( n).sin.T.cos.(n't-j-£/)—(11 ).cos.T.sin.(n'tf-f-s'). 

Now the elliptical value of v', similar to that of v [6750], is 2e'.sin.(n7-f-£/—to') ; and 

if we develop it, as in [67525], it becomes, 

2.(e'.cos.TO').sin.(nY-f-s')—2.(e'.sin.TO').cos.(w'£-j-s') ; 

and the variations 5.(e'.sin.to'), 5.(ê'.cos.to'), produce in this term of v', the following 

expression, which is similar to [6752] ; 

ov' — 2.5.(e'.cos.TO/).sin.(n'tf-f-s')—2.5.(e'.sin.TO/).cos.(w'£-}-£/)* 

Putting the two expressions of R' [67655, e] equal to each other, and then comparing 

separately the terms which are multiplied by sin.(wZ-f-s'), cos.(n'tf-j-s'), we obtain the 

two following equations ; 

2.5.(e'.cos.TO/) ==—(n ).cos.T; 2.<5.(e'.sin.w-') = (n).sin.T. 

From these values we get, in like manner as in [67645, c], 

[5.(e'.cos.TO')]2-[5.(e'.sin.TO')]2 = U(II)2*cos-2T; ^.(e'.sin.TO^/^e'.cos.TO'j^-l^ii^.sin^T. 

Now accenting the letters v, n, s, to1, in [6763], and then substituting their reduced 

values [6765»-], we get the expression [6765A], which is similar to [6764c?] ; and by 

successive reductions, using [21] Tnt., we get [6765Ï], corresponding to [6765]. 

<V = T5g . ( ii )2.{cos 2T.sin.(2w'i ]-2s')-j-sin.2T.cos.(27i'^-j-2£') [ 

= T5F. ( ii )2.sin.(2n!t-j-2s'-j-2T) = T5F. ( n)2.sin.(2wf-—2«'?-f-2s-—2s'). 

f (3469) Putting for a moment for brevity T' — n't—2—2s", wre find that the 

value of Sv" [6174] becomes, as in [6766a] ; and by developing, as in the preceding 

notes, it becomes as in [67665]. 

Sv" = —( in ). sin ( 

= —( m).sin.T'.cos.(n"t-j-s")—(m).cos.T'.sin.(w/4-£"). 

Comparing this with the expression [6766c], which is similar to [6752], and arises from the 

greatest of the elliptical terms of v", 
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These inequalities are very small; that which corresponds to v' [6765 or 6947], 

is the only one deserving of notice. 

The square of the disturbing force introduces also, into the coefficients of 

the chief inequality of each of the three first satellites, some quantities, 

which increase considerably by the divisor of the order (n—2n'f, which 

affects them. We have noticed, in § 4, the sensible part of those 

quantities which depend on the product of the masses of the satellites by the 

ellipticity of Jupiter’s spheroid, in determining with precision the values of 

N, N\ N" [6128, &c.].* The other parts are so small, that they may be 

neglected without any sensible error. 

19. We have determined in [6530, &c.] the secular equations of the motions 

of the satellites of Jupiter, and we have observed that the only part of these 

equations which can finally become sensible, is that which depends on the 

secular variations in the elements of Jupiter’s orbit, and in the position of 

its equator [6525]. If the part of dR, depending on the square of the 

disturbing force, contain any terms of the form d R—Q.H^.dt, Q being 

[6767] 

[6767q 

[6768] 

[6769] 

8v" = 2.8.(e" .cos.iz").sin. —2.8. (e".sin.TO//).cos.(n'T-j-s") ; 

we get the two equations [6766d], which are similar to [6765/]; from these we easily 

deduce the expressions [6766e], corresponding to [6755g] ; 

2/.(e".cos.v/') = —( iii).cos.T' ; 2.<h(e".sin.'sj") = (m).sin.T'; 

[<5.(e".cos.'ra")]2—[<5.(e".sin.'ra")]2 — m)2.cos.2T' ; 

5.(e//.sin.TO//).5.(e/hcos.-5J//) = —±-.(m)2.sin.2T/. 

Now putting two accents on v, n, s, tz [6763], we obtain the corresponding term of 8v" ; 

and by substituting [6766e], we get, by successive reductions, the expression [6766g], 

which is similar to that in [6765i]. 

W'^T\.(ni)^{cos.2T\smI2n'I+2e,,)+sm.2T\cos.(2n''t-f2s")\ 

= ye •(111 )a.sin.(2n//f-f-2//-f27w) = T56. (iii f.sln.(2n't—2n"tJr2e'—2s"). 

This last expression corresponds to [6766]. 

[6766c] 

[6766c/] 

[6766e] 

[6766/] 

[6766g] 

* (3470) The terms here referred to are those in [6139,6140; 6160,6161 ; 6164,6165], 

For we have very nearly, as in [6758, &c.], N = n— (0) ; N' = n'—(1), he. ; hence 

we get, by developing in series the following expression of the divisor in [6139, &c.], 

n- n- 

ï_JL + &C . 
-2n' {n-2n’f ^ 5 -n'—JV' n—2n'-\-{l) 

and in this way the term depending on the ellipticity (1), is virtually introduced with the 

divisor (n—2rif, being of the same order as the terms which are mentioned in [6767] 

Moreover we have seen in [6485a—e], that the part depending on the ellipticity of Jupitej 

is greater than those arising from the action of the sun and satellites, as in [6767']. 

[6767a] 

[67676] 

[6767c] 
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[6770] 

[6771] 

[6771/] 

[6772] 

[6773] 

[6774] 

[6775] 

[6771a] 

[67716] 

[6771c] 

[6771c/] 

[6774a] 

[6775a] 

[67756] 

a constant coefficient, and H [6527] the excentricité of Jupiter’s orbit, it is 

evident that the corresponding part of the double integral JJ3andt.dR, 

which enters into the expression of 6v [6771c], will acquire, bj integration, 

a divisor of the order of the square of the disturbing force,* wdiich will 

render it sensible, and it will become of the same order as the quantities we 

have determined in [6530, &c.] ; it is therefore important to notice such 

terms, or to prove that no such ones exist. 

In the first place we may observe, that in the function R, the quantity 

W cannot be multiplied by the sin.2/, or cos.2 /; / being the longitude 

of the perihelion of Jupiter [6276] ; because the value of R is independent 

of the arbitrary point, which is taken for the origin of the longitudes 

[949—950]. The non-periodical part of R, depending on the square of 

the disturbing force, and multiplied by H2, can be produced only by the 

combination of two angles which mutually destroy each other, under the sign 

of cosine ; for R evidently contains only cosines.f We shall put i/2 under 

the following form ; J 

C i.(nt—Mt+e—E)+2.(Mt+E—/) ) 

■C0S' ^ — i.(nt—Mi+e—£)—%{Mt+E—1) $ ' 

*(3471) The square of the excentricity e2 [1109], which is named H2 in [6770], 

depends on angles of the form gZ-j-f3 j g being of the same order as the disturbing forces 

[1097c]; so that if we put FT2 = 2'.N.cos.(gt-\-@), we shall have, as in [6769], 

dR= Q.dt.'ï!. jV.cos.(g/-j-f3). Now we see, in [6060 or 6561/], that v contains a term 

of the form Sv = Jf3andtAR [6771] ; and by substituting the preceding value of dR 

[6771c], it becomes of the form Sv = JJSan.Qdfi.2'.N.cos.(gt-\~p) ; then it is evident 

that the double integration introduces the divisor g2, of the same order as the square of 

the disturbing force [6771a] ; as is stated in [6771']. 

f (3472) This is evident, by comparing the expression of R [949] with its 

developments [957, &c.] ; and it will also be manifest from the development of R in the 

following note. 

J (3473) If we develop the value of R relative to the sun’s action, as we have done 

for that of the satellite, in [6090, &tc.], without restricting it to its first terms, as in 

[6100,6103, &c.] ; but carrying on the approximation so as to contain multiples of the 

angle nt—Mt-\-z—E, we shall find that R will contain cosines of angles of the form 

cos .ifnt—Mt-fs—E); i being an integral number, including i = 0[954"]. Moreover 

the term H.cos.(Mt-fE—I) is introduced, in [6275], by means of the excentricity of 

Jupiter’s orbit; and its square will produce H2.cos.2.(Mt-\~E—I). Hence it follows 
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Part of the angle contained under the sign of cosine may appertain to the 

co-ordinates of m, and this part is the only one which must be varied in 

R to obtain dR ; now whatever this part may be, it is evident that the 

differential of the preceding term is nothing ; therefore dR contains no 

term of the form Q.H^.dt [6769], depending on the square of the 

disturbing force. It is evident that the same reasoning may be applied to 

the terms, depending on the change of the equator and orbit of Jupiter. 

Thus the square of the disturbing force does not introduce any sensible 

quantity in the secular equations of the satellites of Jupiter, or in the secular 

equation of the moon. 

that the angles connected with the coefficient Ha, which mutually destroy each other, 

and produce H2 independent of the cosines, must be of the forms assumed in [6775]. 

Now the differential of a term of the form [6775], being taken relative to the characteristic 

d, which affects only the co-ordinates of m, changes the cosine into sine; and as the 

angle under the sign of cosine or sine is identically nothing, its ■sine must vanish, so that 

dR = 0, as in [6776, &c.]. 

[6776] 

[6777] 

[6775c] 

[6775d] 

[6775e] 

VOL. IV. 43 
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CHAPTER VIL* 

NUMERICAL VALUES OF THE PRECEDING INEGtUALITIES. 

Sidéral 
revolu¬ 
tions. 

[6778] 

[6779] 

[6780] 

[6781] 

Values of 

n, ri, 
ri', ri". 

[6782] 

[6783] 

[6784] 

20. To reduce the preceding inequalities to numbers, we must know the 

times of the sidéral revolutions of the satellites, and their mean distances 

from Jupiter’s centre. These durations are by the tables, 

First satellite 1^,769137787 ; log. = 0,2477617 ; 

Second satellite 3 ,551181017; log. = 0,5503728 ; 

,154552808 ; log. = 0,8545825 ; 

,689019396 ; log. = 1,2224308 . 

n"', are inversely proportional to these times ; 

Third satellite 7 

Fourth satellite 16 

The values of n, ri, ri1 

hence we have,f 

n = ri". 9,433419; 

ri = ri". 4,699569 ; 

n" = ri". 2,332643 ; 

log. coeff. = 0,9746691 ; 

log. coelf. = 0,6720580 ; 

log. coeff. = 0,3678483 . 

* (3474) In the original work this is erroneously named Chapter VI, and a similar 

[6778a] error -js founc} jn the names of all the succeeding chapters of this book. We have corrected 

these mistakes, by increasing each of the numbers by unity. 

f (3475) Dividing the number of days in [6781] by those in [6778, 6779, 6780], we 

[6/81a] get the coefficient of ri", in the second members of the expressions [6782,6783,6784] 

[67816] respectively. Instead of expressing these quantities in terms of ri", we may denote them 

by terms of n, ri, ri' ; and as these values are frequently required in this work, we have 

[6781c] inserted them, for convenience, at the beginning of this volume, in [6025a—p\. These 

expressions are easily deduced from those in [6782—6784]. For the same cause we have 

[6781c?] a|SQ reduCed the values [6835—6838, 6840] to similar forms, as in [6025e—i]. The 

mean sidéral motion of the first satellite, in the time lday,'769137787, [6778], is 4000000"; 

[6781e] hence its motion in one Julian year is 825826010"; which represents the value of n 

[67S1/] [60627, 60257r]. In like manner we get, from [6779, 6780, 6781], the values of ri, ri', ri", 
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To determine the mean distances a, a', a", a'", we shall observe that the 

greatest elongation of the fourth satellite from Jupiter, in its mean distance, 

and seen at the mean distance of Jupiter from the sun, has been observed 

by Pound,* * to be 1.530",864 = 496s. He also observed, at the same 

as in [6025ft;]. Finally, in order to obtain, at one view, a comparison of the different angles, 

we have inserted in [6025o,p] the values of g, g2, g3 [7176,7183,7190,7195]; 

and those of _p, px, p2) p3 [7226, 7233, 7238, 7245], M [72536], n—M, &c. [6025n]. 

The angles given in [6025m—p], according to the theory, are used by Delambre in the 

edition of his tables, printed at Paris in 1817 ; but the values of n, n', &c. are varied 

a little. The times of the synodical motions, used in the construction of the tables of this 

last edition, are as follows, using sexagesimal hours, minutes and seconds ; 

First satellite ld 18/l 28w 35s,945374812 = l^3,’769860479 ; 

Second satellite 3 13 17 53 ,730106062 = 3 ,554094098; 

Third satellite 7 03 59 35,82511281 = 7 ,166386865; 

Fourth satellite 16 18 05 07,0209844 =16 ,753553484. 

Supposing, as in Bouvard’s tables of Jupiter, that the motion of the planet, from the fixed 

equinox in a Julian year, is 33°,7212094 or 33°,7366724 from the earth’s moveable 

equinox, we shall obtain the motions n, n', n", n!", of the satellites, from the same 

moveable equinox, in 100 Julian years, according to these tables of Delambre, namely, 

First satellite 8258261°, 65128 ; 

Second satellite 4114125 ,82948; 

Third satellite 2042057 ,91292 ; 

Fourth satellite 875427 ,46850; 

agreeing very nearly with the values adopted by the author [7253—7257]. 

* (3476) Pound’s measure of the elongations 1530//,864, being divided by the 

semi-diameter Jx 120",3704, gives the value of a'", expressed in parts of this 

semi-diameter, as in [6787]. The elongations of the fourth satellite were observed very 

carefully by Professor Airy, in the autumn of 1832, and the results of his observations are 

given in the sixth volume of the Memoirs of the Astronomical Society of London. With 

these new observations, he has re-computed the mass of Jupiter, by the method given by 

La Place in [4065] ; and has increased it from [406ld] to ; which agrees 

very nearly with Encke’s estimate ^ ^ , from the perturbations of Vesta ; and with 

that of Nicolai, [4061g], from the perturbations of Juno; and by this means he 

has nearly removed the discrepancy in the different estimates of the mass, mentioned in 
[4061g—m]. 

[6785] 

[6781g-] 

[6781ft] 

[678H ] 

[6781ft] 

[6781Z] 

[6781m] 

[6781n] 

[6781o] 

[6781p] 

[6781q] 

[6781 r] 

[6781s] 

[6787a] 

[67876] 

[6787c] 

[6787c?] 

[6787e] 
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[6786] 

[6787] 

[6788] 

[6788'] 

[6789] 

[6789'] 

[6790] 

distance, the diameter of Jupiter’s equator to be 120",3704 = 39?. Taking 

this semi-diameter for unity, we shall have, 

a"' = 25,43590 ; log. a!" = 1,4054471. 

There may be some inaccuracy in this value of the ratio of a!" to the 

semi-diameter of Jupiter’s equator, arising from the uncertainty in the 

estimate of Jupiter’s diameter, in consequence of the effect of the irradiation 

in its measure. This cannot produce any sensible error in the following 

results ; but the unity we make use of may not accurately represent the 

sem i-diameter of Jupiter’s equator. 

With respect to the distances a, a', a", it is much more accurate to 

compute them, from the value of aby Kepler’s law [387], than to deduce 

them from observation. According to this law, the mean distance a, of 

the first satellite from Jupiter’s centre, is a = a'".\Jy . * But the 

accuracy of this expression is a little impaired, by the forces disturbing the 

motions of the satellites, which, as we have seen in [6079", 6123], add to 

the mean distances a and a!" the quantities 6a and 6a'" ; whose 

analytical values are given in [6123, 6125]. The only sensible term in these 

quantities is that depending on the oblateness of Jupiter, which we may 

represent by 6a = a. ; f we must therefore add this quantity to the 

[6789a] 

[6790a] 

[67906] 

[6790c] 

[6790i] 

[6790e] 

[6790/] 

* (3477) We have, as in [6110], «3ra2= 1 =a"'3nm ; hence we easily obtain [6789]. 

f (3478) It is evident from the calculations in [6485a—e, &cc.], that the terms of the 

second member of [6123], depending on M, m', are much smaller than those depending 

on p—|cp; and by neglecting them we shall have ~ = ^3Jf~ ? as m [6790]. Now 

from [6789a] we have a=n~ I nearly; and by adding it to 6a —a.-g^-' = 
(P—i<P) _2 (p—è<P) 

n 3.- 
3a2 

we get the expression [6792]. Putting three accents to the letters a, n, in [6/92], 

we get the expression [6793], corresponding to the fourth satellite m . Dividing [6792] 

by [6793], and multiplying the result by awe get [6794]. Substituting in [6794] 

the values of n, a!" [6782, 6787], we obtain [6797] ; observing that we may use the 

value of a [6795] in finding the divisor a2 ; but if we wish merely to verify the value of 

a [6797], it will be rather more accurate to substitute, at once, in the term — [6794], the 

value of a [6797] ; and we shall find that the result agrees with the calculation of the 

author. In like manner, by accenting successively the letters a, n, [6794], with one or 
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value of a, given by the equation w? = — [6110c]. Hence we shall have, 
CL 

_2 ( t . (p—i<?) } 
a = n 1+i. —] ; 

and for the same reason, 

h + ..iî=M ]. 
f Cl 

Therefore we shall have, 

a = 
a2 a"'2 

. a!". '3 / 71 
n- 

in this expression we may substitute tf'.C/’Ç for a [6789], in the 

divisor —. 
a2 

Hence it is easy to ascertain the values of «', a". The value 

of (p—\ 9) may be determined with precision, by the motions of the orbits 

of the satellites. The first approximation gave its value p—■§? = 0,0217794; 

and this is so near to the corrected value [7152], that the difference cannot 

have any sensible influence on the following computations. Hence we 

obtain, 

a = 5,698491 ; 

a' = 9,066548; 

a" = 14,461893; 

«"'=25,43590. 

log. a = 0,7557599 ; 

log. a' = 0,9574420 ; 

log. a" = 1,1602252; 

log.a"' = 1,4054471. 

two accents, we get the values of o', a7 ; and by reducing them to numbers, we find that 

they agree with [6798,6799]. We have verified these calculations, and find for the part 

of [6794], which is independent of p—the terms in [6790//] ; and that depending on 

p—as in [6790/] ; the sums of these give the values of a, a!, a", a"' [6790&], 

agreeing with [6797—6800]. 

First term 5.697281 9.065849 14.461551 25.43590 

Second term 1210 699 340 0 

Sum gives 0=5.698491 a'= 9.066548 a"= 14.461891 «'"=25.43590 

Hence we see that these values of a, a', a", a!", computed in this manner, contain the 

term depending on p—\ <p [6792], and it is therefore very properly omitted in the 

constant terms of Sr, Sr', Sr", Sr'" [6843, 6845, 6847, 6849] ; so that it is evident that 

there is no ground for the objection to this omission, which is made by Professor Airy, in 

his paper in the Memoirs of the Royal Astronomical Society of London, Vol. VI. p. 88, 98. 
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[G791] 

[6792] 

[6793] 

[6794] 

[6795] 

[6796] 
Mean 
distances 
of the 
satellites 
from 
Jupiter 
expressed 
in parts of 
its equato¬ 
rial radius. 

[6797] 

[6798] 

[6799] 

[6800] 

[6790g-] 

[6790/t] 

[6790/] 

[679C&] 

[6790/ ] 

VOL. IV. 
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First and 
second 
satellites. 

[6801] 

[6802] 

[6803] 

[6804] 

[6805] 

First and 
third 
satellites. 

[6806] 

[6807] 

[6808] 

[6809] 

[6801a] 

[68016] 

[6801c] 

Combining these values together, two by two, we have deduced, by means 

of the formulas [963iv—1008'], the following results ; 

I. and II. Satellites, m, m'. 
a 

ol= - = 0,62851829 ; * 
a 

hence we deduce, 

= 2,02968796 ; 

Then, 

bp = 2,2588400 ; 

bp = 0,1923542; 

M6) = 0,0349955 ; d 7 ' 

db(P 
= 1,099916 ; 

a 
log. - = 9,7983179; 

6T = —0,595719117. 
CL ' 

da. 

dlf 

da. 

dbp 

= 1,084600; 

= 0,366639. 
ctci 

6?) = 2,571615. 

bp — 0,7543117 ; 

bp =0,1065115; 

bp = 0,0204800. 

dLW 
^- = 1,750014; 
da. 

da. 
0,773248 ; 

= 0,3632143 ; 

6i5> = 0,0605324 ; 

dbp 
—— = 1,452760 ; 
da. 

dbi5) 
1 =0,537010; 

c/a 

1. and III. Satellites, m, m!'. 

1 

2 
3 

2 

o 
O 

a 
a = - = 0,394034909 ; 

.. Æ 

hence we deduce, 

£ÜJ = 2,078416242; 

Then, 

bp = 2,0852433 ; 

bp = 0,0411410; 

dbi0) 

a 
log. ^ = 9,5955347 ; 

621 = —0,386231350. 

c/a 
0,476987 ; 

am) 
= 0,329802 ; 

aa 

= 0,4194902; 

W4> = 0,0142110; a y * 
dbV 

= 1,208235; 

6f =0,1248495; 

6f = 0,0050800. 

dbp 

da. 

dm 
2 

c/a 

c/a 
= 0,681369; 

= 0,149798. 

1 

2 

1 

2 

* (3479) The value of a [6801], is deduced from a[6304]; by substituting 

the values of a, a' [6797,6798]. In like manner, those in [6806, 6810, &c.] are the 

values of &c. From these we deduce the values of 62], 62] ; bp, bp, hc.; 
CL Cl 

ill(0) dl( 1) 

_i_, _1_, 8ic. ; in the same manner as in the planetary calculations [4086a—e] ; 
da da 
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I. and IV. Satellites, m, m"'. 

a = --=0,224033410; 
a 

hence we deduce, 

¥3 = 2,025175212 ; b(1\ = 

Then, 

bf = 2,025831 ; If = 0,228387 ; 

bf = 0,0071873 ; bf = 0,0014098 ; 

a 
Jog.= 9,3503128; 

a 

dbf 

da 
= 0,237381 ; 

dbf 

da 
= 1,059579 ; 

-0,222618894. 

W> = 0,0384562 ; 2 ' 7 

bP = 0,0002846. 
a 7 

rim) 

= 0,350827 ; 

fl}P) 
= 0,097721 ; 

da 
d/>!4> 
=i-= 0,025197. da 

a 
a = — = 0,626926714 ; 

a 

hence we deduce, 

^ = 2,201911334; 

Then, 

bf = 2,2570986 ; 

bf =0,1906386; 
bf = 0,034428 ; 

db^ 

II. and III. Satellites, m', m". 

log. 4 = 9,7972168 ; 

63 = —0,594386339. 

da 
d£i3) 

2 

do- 

= 1,093150; 

= 1,076290; 

6!‘> = 0,7515340 ; 
6|4> = 0,105293 ; 

6<7> = 0,020107. 
db\X) 

= 1,743650; 

= 0,765517; 

= 0,3609108; 
bh = 0,059691 ; 

dèl9) 
da 

d6P 
2 

da 

da 
dbf 

da 

- = 1,444842 ; 

= 0,530315; 

db®) 
-£- = 0,361124. 
da 

if = 2,537577. 

II. and IV. Satellites, m', m'". 

a 
a = — = 0,356447000 ; 

a 
log. — = 9,5519949; 

1 

2 

1 

2 

1 

2 
3 

1 

2 

3 

retaining only such terms as are useful in the subsequent calculations, on account of their 

producing sensible inequalities. 1 have not verified these numbers, but by a very rough 

calculation find that they agree nearly with the results for similar values of a, in the 

planetary calculations [4085—4227]. 
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First and 
fourth 
satellites. 

[6810] 

[6811] 

[6812] 

[6813] 

Second 
and third 
satellites. 

[6814] 

[6815] 

[6816] 

[6817] 

[6818] 

Second 
and fourth 
satellites. 

[6819] 

[6801d| 
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[6820] 

[6821] 

[6822] 

hence we deduce, 

6i°] = 2,064048552 ; 6= 

Then, 

6f = 2,0685085 ; 

6,(3) = 0,0300272 ; 
2 J 1 

dbf 

da 

dbf 

da 

0,415141 

0,263317 

1 

bp = 0,374917; 

6<4)=0,0093817; 

db[l) 
^ = 1,164667; 

J/Ji) 
2^- = 0,108542. 
da 

—0,350692291. 

6f = 0,1008003; 

6f = 0,0030277. 
l/m 
-iL. = 0,599392 ; 
da 

1 

2 

1 

2 

III. and IY. Satellites, m", m'". 
Third and 
fourth 
satellites. 

[6823] 

[6824] 

[6825] 

[6826] 

= ^ = 0,568562391 ; a 
a 

log. — = 9,7547781 ; 
a 

hence we deduce, 

6^ = 2,165200864; 

Then, 

6f =2,1996536; 

bp = 0,135969 ; 

^(6) == 0,018696 ; 

6°) = —0,544549802. '-i 

6['> = 0,6558357; 

6J4) = 0,068124; 

bp = 0,010398. 
Jim 

—Y == 0,878931 ; 
da 

a 1 = 0,812421 ; 

A = 1,545882; 

6f = 0,284370 ; 

6?> = 0,035180; 

dm 

da 

dbf 

da 
1,190293; 

da da 
0,526520 ; 

Jl(5) 

gi- = 0,330751 ; 
da 

22i- = 0,201993. 
da 

<7> 

3 

1 

« 

3 

[6827] 

Approxi¬ 
mate 
values of 
the masses 
of the 
satellites. 

[6828] 

[6829] 

[6830] 

[6831] 

[6832] 

21. Using these values and the formulas in 3 [6078—6125], we have 

deduced the following results ; supposing, as in [6796], that 

P—J<p = 0,0217794 ; log.(P — J?) = 8,3380459. 

The values of N, N’, N", N"' [6833a, &c.], depend considerably upon 

p_4<p; and its effect is most sensibly seen in the expression of N [6833a]. 

These values depend also upon the masses of the satellites wi, in, m , m . 

By the first approximation we have obtained, 

m =0,0000184113; 

m! =0,0000258325; 

m" =0,0000865185; 

m’" = 0,00005590808 ; 

Jupiter’s mass = 1. 
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The smallness of the influence of the masses of the satellites upon the values 

of N, N', &c., renders the errors arising from any inaccuracy, in the 

estimated values of those masses, insensible. The mass m' is multiplied, 

in the expression of iV2 [6124], by the function, 

a4 
/ dA{0)\ 

\-^r) + l-a\ da* )' 

/ddA'<»\ * 

We have found, in [1075], that this function can be reduced to the form, 

fddAm\ 3 a2. bdl 
a“ 

- a , .... . _r 

da ) + daz j — 2.(!—a»)» ’ 

we may therefore easily compute it, as well as the analogous functions, by 

means of the numerical results in [6801—6826], This being premised, 

we find, 

N =nm. 9,4269167; 

N' = n'". 4,6979499 ; 

N" = ri". 2,3323090 ; 

N"’ = 0,9999070. 

log. 9,4269167 = 0,9743697 ; 

log. 4,6979499 = 0,6719084; 

log. 2,3323090 == 0,3677861 ; 

log. 0,9999070 = 9,9999596. 

Then by supposing the time of the sidéral revolution of Jupiter to be 

4332days,602208, we shall have,f 

M = ft'". 0,00385196 ; log.0,00385196 = 7,5856818 ; 

from these we have deduced the following formulas, in which the quantities f 

* (3480) Substituting in [6124] the value of the function [6834], we obtain, 

JV2 2 = n2. ^ 1—2. 
(p—a<p) 

a2 

M a 
-4- 2, m 

n4 

Sa^.bdl } 
2.(1—«2)2 J 

Substituting in this expression the values [6782, 6797—6800, 6827—6831], we get JY 

[6835] ; including in the terms under the sign 2 those which correspond to the satellites 

m!, m", m!" ; the value of cl, corresponding thereto, being respectively as in 

[6801, 6806, 6810]. Again, byebanging, in [6833a], the elements of m into those of 

mf, and the contrary, we can obtain, by a similar calculation, the value of Nf [6836] ; 

the terms under the sign 2 being, in this case, m, m", m'", and the values of a are 

those in [6801,6814,6819]. In like manner we obtain JV", JS'" [6837, 6838]. I 

verified the calculation of JY [6835], but did not re-compute [6836—6838]. 

f (3481) From [6781, 6839] we have, 

JVL: n'" : : 16days,689019396 : 4332days,602208 : : 0,00385196:1, 

as in [6840]. 

Î (3482) To avoid confusion, we have here introduced the Roman letters m, m', 

m"’, m///, instead of the Italic letters used by the author, for these augmented values ; so 

vol. iv. 45 

[6832'] 

[6833] 

[6834] 

[6835] 

[6836] 

[6837] 

[6838] 

[6839] 

[6840] 

[6833a] 

[68336] 

[6833c] 

[6833d] 

[6833e] 

[6833/] 

[6840a] 

[6841a] 
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[6841] 

Inequali¬ 
ties of the 
longitudes 
of the first 
satellite. 

[6842] 

[68416] 

[6841c] 

[6841c?] 

[6841e] 

[6842a] 

[68426] 

[6842c] 

[6842c?] 

[6842e] 

[6842/] 

[6842g-] 

[68427c] 

[6842?] 

[6842Æ] 

MOTIONS OF THE SATELLITES OF JUPITER. [Méc. Cél. 

m, m', m" m"', denote respectively the masses m, 

satellites, multiplied by 10000.* * 

+ 187",4465.sin. (n't—nt+e'— s) 

—21736",4863.sin.2.(?^—nt+e'—e) 

_ _ 70",8315.sin.3. (n't—nt s'— s) 

— _ 16", 1926.sin.4.(n't—nt-\-s'—e) 

— 5".4039. sin. 5. (n’t—nt-\- /■— s) 

— 2". 1433. sin. 6. (n't—nt-f-/—s) 

m, m n m m 

1 

2 
3 
4 
5 
6 

of the 

that by using the approximate values [6828—6831], we shall have, 

m = lOOOO.m =0,184113; 

m' = 10000.rri = 0,258325 ; 

m" = lOOOO.m" = 0,865185 ; 

to!" — lOOOO.m"' = 0,5590808. 

* (3483) The value of Sv [6842], is computed from the formula [6119], neglecting 

the term [6119 line 1] depending on t, as in [6121]; and using the values of 

&c.; ^ ) ’ ^c' —1001]. Then substituting the values of the 

elements of the satellites, and those of the functions depending on b and its differentials 

[6782—6840], we obtain [6842]. In like manner, the values of Sv', Sv", Sv'" 

[6844, 6846, 6848], are computed by changing successively, in [6119], the elements of 

m into those of m", and the contrary ; and then using the numerical values 

contained in [6782—6840]. I did not examine these numerical calculations, except in a 

few of the most important terms. The values in [6842 lines 2, 14], were found to be 

correct. 

Again, if we put r= a -f- br [6057a] in the first member of [6116], and neglect <5r2, 

it becomes —. Substituting the value of k [6122], in the constant part of this 

expression [6116 line 1], and reducing as in [6117a, &c.], it becomes as in [6123]. If 

we now substitute, in the periodical terms of [6116], the numerical values [6782—6840], 

and then multiply by a, we shall obtain the corresponding terms of Sr [6843] nearly. 

The constant parts corresponding to the function [6123], are particularly examined in 

[6843a—v], on account of the error of the author in the signs. In like manner, by 

changing successively the elements of m into those of m!, m", m'", in the functions 

(5/ or" Sr"' 
[6116, 6123], we obtain the values of —, —, —. Multiplying these by a!, a" or 

a!", we get Sr, Sr", Sr", respectively. The periodical terms agree with those in 

[6845, 6847, 6849]. The constant terms are noticed in [6845?, 6847c, 6849c]. The 

whole of this calculation is similar to that in [4277a—p], corresponding to the planetary 

orbits, to which we may refer for the purpose of illustration. I examined the calculation, 

of the chief term of Sr [6843 line 3], and made it the same as that of the author. 
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i -j- 21 ",9334. sin. (ri't—ntf-s"—s) \ 
„ \ —18",5197.sin.2.(ti"*-nt+f— *) / 

+ m * 1 ",9017. sin .3.(nf't—ni-\-s"— s) ( 
l— 0",3569.sinA(rc"£—nt+d'— s) ) 

3",6109.sin. (ri"t—nt+e"'—s)N 

+ m'". ) — l",5588.sin.2.(w'"*.—ttf-H"'—s) > 
( —0", 1079. sin. 3. (W'7_s"'—s) ) 

-f 0", 1460.sin.(2nt—2Mt-f2 s—2AJ). 1—0,000041267, * 
+ 0,00046652.cos. (n't—nt+e'—,s) 
—0,09764199.cos.2.(n'*—nti +s' — s) 

—0,00040917.cos.3.(^—^ +a'_£) 
—0,00010761.cos.4.(tz7—^ + s'—s) 

—0,00003824. cos. 5. (w'f—w* + s'—e) 
—0,00001642.cos.6.(rc7—nt+d—s) 

7 
8 
9 

10 

11 
12 
13 

14 

1 

2 
3 

4 

5 

6 
7 

* (3484) The constant terms in the values of Sr, or', Sr", Sr" [6843 lines 1, 8, 13, 17 ; 

6845 lines 1,7,13, 17; 6847 lines 1,5,12,19; 6849 lines 1, 4, 8, 12], are given in 

Set 
conformity with the value of — [6123] ; from which we have deduced the expression 

[68436], by multiplying by a, and changing Sa into Sr, in conformity with the notation 

here used ; 

, , , , 9/dÆo)\ 
Sr — —— • a-f^a.'S.m .cr.( 

n~ \da )• 

We have neglected the part of Sr, which depends on p — ^ cp, because it has already been 

introduced into the values of a, a!, a", a!" [6790&, &c.]. If we change successively, in 

[68436], the elements of m into those of ml, m" or m"', and the contrary, we shall get 

Sr', Sr", Sr'". It will be seen in [7078, 7079, &c.], that the only parts of the values of Sr, Sr', 

Sr", Sr'", which are required to be noticed on account of their magnitudes in eclipses, are 

those depending on the greatest inequalities ; as, for example, that in [6843 line 3] relative 

to the satellite ml; for, by substituting in it the value of m' [6841c], it becomes nearly 

equal to —0,02.cos.2.(?f7—nt-j-s'—s) ; and this may become greater than any other of 

the variable terms of [6843]. It is also much greater than any of the constant terms, 

contained in the function [68436, d] ; for one of the greatest of these terms is that in 

[6849 line 8], which is less than 0,001. Notwithstanding these constant parts of the 

radii vectores are so small that they are neglected by the author in [6789', &c.], we 

shall compute them, by means of [68436, &c.], in order to show that the numerical values 

given by the author have wrong signs in the original publication. We have corrected these 

[6842] 

Inequali¬ 
ties of the 
radius 
vector of 
the first 
satellite. 

[6843] 

[6843a] 

[6843&] 

[6843c] 

[6843d] 

[6843c] 

[6843/] 

[6843g-1 

[6843/tj 
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[6843] 

[6843/] 

[6843Æ] 

[6843Z] 

[6843m] 

[6843n] 

[6843o] 

[6843jo] 

[6843?] 

[6843r] 

[68435] 

!—0,00000702, 

+ 0,00007780.cos. (ri't-nt-fB"— 0 

—0,00010631 .cos.2. (ri't—nt+ *) 

—0,0000 1 310.cos.3. (n"t—nt+ s"—s) 

—0,00000269.cos.4.(+7—nt+s"—$) 

—0,00000113c \ 13 

+ 0,00001478.cos. (ift—nt+i"—») / 14 

—0,00000968.eos.2> nt+s1"—s) f 15 

—0,00000078.cos.3.(?A—nZ+s"7—s)) 16 

—0,000000158, 17 

—0,00000095.cos.(2A/Z—2nt+2E—2s). 18 

8 
9 

10 
11 
12 

signs in 

/dÆV\ 

[fdâ ~y 

this translation. If we substitute in the formula [68436] the expression 

1 //MO) 
:--. _i_ [999], we shall get, 

a2 da L 

Sr 
t M* , C , a db[V „ dbp) 

= —}• gpr • « —la- \ m ~rr Jrm ■&2- ~zrr 4“ m •a* dm dm 

db[0) 
2 _ 

dm 

using for m and 3- the values [6801, 6804 line 1], in the term depending on m! ; 
da 

also the values [6806, 6809 line 1], in the term depending on m" ; and the values 

[6810, 6813 line 1], in the term depending on m". Now if we substitute, in the term 

—i.—.a [6S43&], the values of n, a, M [6782, 6797, 6840], it becomes 

—0,000000158, as in [6843 line 17]. In the original work it is +0,00000095, being six 

times its real value, and with a different sign. It was probably computed from the formula 

[6117], ivithout noticing the part arising from —2&, which is introduced into the 
db[o) 

expression [6123]. In like manner we find, by substituting the values of a-, 

corresponding to the different satellites, as in [6843/, &c.], that the terms of [6843/c] 

depending on m', m", mw, become, 

— 0,000041267. m'— 0,00000702. m" —0,00000113. m'". 

These terms in the original work, are represented by 

+0,000084865. m/+0,00000703. m^+0,00000113. m"' ; 

all the signs being wrong ; and the first term is about twice its actual value. We have 

inserted in the original work [6843 lines 1, 8, 13] the corrected values [6843+], annexing 

the letter c to the numbers to denote that this correction has been made, as in [6021/]. 

If we substitute the values of m', m", m"' [6841c, d, e] in [6843p], it becomes nearly 

equal to —0,000017, or about of the radius a [6797], being less than two 

centesimal seconds, supposing the circumference of the orbit of the fourth satellite to be 
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—6951",4660. sin. (nt—n't-\-e—s') \ 
— 52",6315.sin.2.(W'—n’t-f-s—s') / 
— 10",5253.sin.3.(%/—n't-\-s—s') > 
— 3",3448.sin.4.(?i£—n't-\-s-—s') l 

— l",2969.sin.5.(?i£—n't-\-s—s') j 

( + 184",5172.siii. (n"t—n't+é'—s') v 
1 —12108",9920.sin.2.(??"^—n7+s"—s') I 

m„ ) __ 68",8 828.sin.3. (n"t—w'tf+s"—s') f 
’ \ — 15",7643.sin.4.(w"zf—/) 
/ — 5",2597.sm.5.(n'+-»'<+<"—s') l 
\ — 2",0814. sin. 6. —n't-\-s'—s') ) 

f+ 12",3755.sin. (*"'*—»'*+/"—0) 
+ m'". } —10",8356.sin.2.(n"7—w7+s"'—s') £ 

(_ l",0646.sin.3.(n'"t—n't-\-s'”—s')) 

+ 0",5881. sin. (2»'f—2M+2s'—2E). 

<5r == m. 

+0,00044579/ 

+0,05069318.cos. (nt—n't-^s—s') 

+0,00059197.cos.2 .(nt—n't+e—s') 

+0,00014002.cos.3.(^—n't-\-s—s') 

+0,00004784. cos.4. (n/!—n't-\-s—s') 

^+0,00001928.cos. 5. (nt—n't-\-s—s') 

1 

2 
3 
4 
5 

6 
7 
8 
9 

10 
11 

12 
13 

14 

15 

1 

2 
3 

4 

5 

6 

expressed by 4000000". Now the arc q [6022?t], described by the satellite during its 

passage from the centre to the circumference of the shadow is 111780" [7554], and this is 

described in 4945" of time [7558] ; hence an arc of 2" corresponds to + of a second of 

time in the duration of the eclipse, and as this is wholly insensible, it is neglected by the 

author. We may also remark that some terms, of exactly the same order, are neglected 

in the calculation of the values of a, a', a", a'" [6789', &c.] ; and it would not have 

been of the least importance if they had been wholly omitted in the expressions of 

Sr, Sr', Sr", Sr"' [6843—6849] ; they are probably inserted by the author like many other 

very small and insensible inequalities, merely because they had been computed by the 

formulas; and they serve to show, by inspection, that they have no sensible value. 

* (3485) The value of the constant part of Sr', is easily deduced from [68436], by 

changing the elements of m into those of m', and the contrary ; by this means it 

becomes, 

. . JM2 fdÆo) \ 

:= 5T • a +a -2MM {-+ 

Inequali¬ 
ties of the 
longitude 
of the 
second 
satellite. 

[6844] 

Inequali¬ 
ties of the 
radius 
vector of 
the second 
satellite. 

[6845] 

[6843*] 

[6843w] 

[6843u] 

[6845a] 

[68456] 
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182 MOTIONS OF THE SATELLITES OF JUPITER. [Méc. Cél. 

[6845] 

i—0500006492c \ 7 

+ 0,00073255.cos. (n"t—n't+s"—s') I 8 

—0,08670960.cos.2.(>,/?—n't+J'—s') ( 9 
v V 

—0,00063398.cos.3.(n"t—ril+e"—e') / 10 

—0,00016685.cos.4.(ra'7—»'<+£"—s') l 11 

—0,00006067.cos.5.(»"l—s') I 12 1—0,00000797, ) 13 

+ 0,00007146.cos. (n"'t—n't+s'"—s') ( 14 

—0,00010133.cos.2.(»'"«—jï'1+s'"—s') ( 15 

—0,00001189.COS.3. (n"'t—»'l-|-s"'— s') ) 16 

—0,000001015, 17 

—0,00000609.cos. (2jlft—2»'«+2£—2='). 18 

[6845c] 

[6845c?] 

[6845e] 

[6845/] 

[6845g-] 

[6845*.] 

[6845i] 

[6845*] 

[6845?] 

[6845m] 

For the inferior satellite m, we must use the value of —A™—a. 

[1002] ; and by means of the formulas [996, 999], it becomes, 

a. 
(dAs0)\ 1 7m, . a dbi0) ,a dbÿ 

2 

da 

but for the superior satellite m", we must use the formula, 

Ada' ; a"2 

a'2 d6[°) ,77,(0) 
[999], 

da da 

and a similar one for m'". Hence the expression [68456] becomes, 

a!. 
dM°A „ 2 d&f 

a. —i- — m . or. —■ 
da / da 

m'". a * dÆ] 
da 5 

In the coefficient of m, we must use the values of a, 6[0), —L [6801,6803,6804]; in 

that of m/ the values [6814, 6817] ; in that of m", the values [6819, 6S22]. 

Moreover in the term depending on M2, &.C., we must use the values of n', aM 

[6783,6798, 6840]. Hence the expression [6845/] becomes, 

<$/= -|-0,00044579.m—0,00006492.11/—0,00000797.mf"—0,000001015. 

In the original work the corresponding numbers are, 

ôr' = — 0,00044608. m -f0,00006497. m"-j-0,00000798. m"'+ 0,000006090 ; 

all of them having wrong signs ; and the last term, depending on M2, being six times too 

great. I examined the three largest terms, contained in [6844 fines 1,7 ; 6845 lines 2,9], 

and found the two last to agree very nearly with the values given by the author ; the 

coefficient in [6844 line 1] was found, by a rough calculation, to be —6942/5, which 

differs a few seconds from the value given by La Place. 
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sv = m. 

+ m'. 

24".2648.sin. (nl—n"t-\-s—s')' 

— 0".7044. sin .2. (nt—»"<+s—s') 

0".1277.sin.3.(»<—»"<+>—s') ! 

—3478",2675.sin. 

— 50",9399. sin.2. (n't—ri't+s— s' ) 

— 10",2071 .sin.3. (»'<—»"<+»' — >") 

— 3",2305.sin.4.(rc'/—»!S+s'—«") 

— l",2651.sin.5.(»'<—ri't+J—s") 

— 0",5453.sin.6.(m'<—»"t+s'—s") 

+ 106",1614.sin. 

—362", 1030. sin.2. (»'"<—«") 

— 25",4655.sin.S.(»"7—:re"t+s"'—s") 

— 6",9227.sin.4. (»"'<—n"t+*"'—s") ’ 

— I",8800.sin.5.(»t"'<—»"<+e"'—s") 

[ — 0",6997.sin.6.(»"'<—#"<+s"'— s") y 

+2"3870.sin.(2n"i—2M+2s"—2£). 1 +0,00054783, * 

+0,00059147.cos. (»*—»'*+ e— s") 

-j-0,00001906.eos.2. —n t-\- e—s ) 

-f-0,00000348.cos.3. s—/) 

1 

2 
3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

1 

2 

3 

4 

* (3486) The expression of the constant term of or", similar to [6845/], is evidently 

represented by 

&" = i 
Jkfs 

tv "2 

... C . c?5|°A . . / ,.n,> i d&i0/ ... g rf&P-) ) 
“ ■ 1 »•/’+«-• -/)+» ■/’+«•• | • 

In the coefficient of m we must use the values of a, 5i0), 2* 

da 
[6806, 6808, 6809] ; in 

those of rri, the values [6814,6816,6817] ; and in those of mi", the values [6823, 6826]. 

Moreover, in the term depending on M2, we must use the values of n", a", M 

[6784,6799, 6840]. Hence the expression [6847a] becomes, 

S r" = 0,00054783. m + 0,00070922, m—0,00006848. m'7/—0,00000657. 

In the original work, the corresponding numbers are, 

or" = —0,00054798. m — 0,00070942. m' -f 0,00006850. mw + 0*,00003944 ; 

all of them having wrong signs, and the term depending on M2 being six times too great. 

By a rough calculation I found the coefficient in [6846 line 4] to be —3476//,6; and in 

[6847 line 6], —|—0,041358.., agreeing nearly with the author. 

Inequali¬ 
ties of the 
longitude 
of the 
third 
satellite. 

[6846] 

[6847] 

[6847a] 

[68476] 

[6847c] 

[6847c?] 

[6847e] 
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Inequali¬ 
ties of the 
radius 
vector of 
third 
satellite. 

[6847] 

Inequali¬ 
ties of the 
longitude 
of the 
fourth 
satellite. 

[6848] 

[6849] 

1+0,00070922, \ 

+0,04137743.cos. (n't—n"t-\-s'—s") J 
+0,00091726.COS.2. (n't—n"<+ s' —s") 1 
+0,00021712.cos.3.(n't—n"t-\-s—/) \ 

+0,00007409.cos.4.(?#—n"t-\-s'—s") f 

+0,00002980.cos.5.(n't—+7+ s'—s') l 

+0,00001318.cos. 6. (n't—n"t-\- s'—s") J 

1—0,00006848, v 

+ 0,00075191 .cos. (n'"t—n''t+s'"—s") | 

—0,0044961. cos.2.(n'"t—n't+i"—s') I 

—0,00039801.cos.3.(n'"t—n"t-\-s"—s") l 

—0,00010474.cos.4.(+'+-++H'"—s") f 

—0,00003569.cos.5.(+"/—ri't+s'"— s") j 

—0,00001379.cos.6.O'"*—ri't+f'—s") J 

—0,00000657, 

—0,00003944.cos.(2M—2^'"+2E—2/"). 

m _ C + 14",2458.sin. (nt—n^'t+e—e'") ) 

,w — m. J _ 0"J0206.sin.2.(nt—w'"£+s—s'") \ 

r + 22",4521. sin. (rit—n'"t+s'—s'") \ 

+ m'. <— 0",3085.sin.2.(w+—+7+/—s'") > 

(— 0",0540. sin. 3. (nt——s'") ) I— 32",0439,.sin. (n"t—ri"t+^— s'")\ 

—15",9570.sin.2.(n"*— »"<+ s"—^ ) J 
— 3",3293.sin. 3. (+7—n"’t + s"— s'" ) 1 

— l",0197.sin.4.(rc"*—»'"f+rf'_s'") \ 

— 0",3735.sin.5.(+7—■»'"*+e"-— s'" ) ) 

+ 12",9881 .sm,(2n'"t—2Mt + 2s'"—2E), 

( +0,00088138, 5 

6r’" = m. < +0,00057018.cos. (nt—n'"t-{-*—*"') > 

( +0,00000113.cos.2.(w*—?A+s—s'") ) * 

5 

6 

7 

8 

9 
10 
11 

12 

13 
14 

15 
16 

17 

18 

19 

20 

1 

2 

3 

4 

5 

6 

7 
8 

9 

10 

11 

1 

2 

3 

* (3487) Here all the satellites m, m', m!', are inferior to m"' ; and the expression 

<5r"', similar to [6847a], becomes, 
[6849a] 
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/ +0,00093964 \ 4 
, \ +0,00091758.COS. (n't—n'"t+s'— s'") / 5 

+ m ' j +0,00001095.cos.2- (n't—■»'"<+*'■— s'") I 6 
( +0,00000166.cos.3.(»'<—«'"<+*'—s'") ) 7 

(' + 0,00114435, \ 8 

+ „ \ + 0,00326071 .cos. (»"<—»'"<+/'—s'") / 9 

+ m ’ ] + 0,00057836.cos.2.(ra''<—«'"<+«"■—«"') ( 10 
( 0,00013614.cos.3.(n'7—»'"Z+s"—s'")) 11 

—0,00006290, 12 

—0,00037741 .cos. (2Mt—2n"'t + 2E—2s"'). 13 

[6849] 

Inequali¬ 
ties of the 
radius 
vector of 
the fourth 
satellite. 

In the coefficient of m, we must use the values of a, &i0), 
dbf) 

da. 
[6810, 6812, 6813] ; in 

those of m! the values [6819,6821, 6822] ; in those of m!' the values [6823,6825, 6826] ; 

also those of a'", M [6S00, 6840]. Hence we get, 

Sr'" = +0,00088138. m-f 0,00093964. m'+ 0,00114435. m" — 0,00006290. 

In the original work, the corresponding numbers are, 

Sr'" = —0,00088152. m—0,00093981. m'—0,00114443. m"-f-0,00037741 ; 

all of them having wrong signs, and the term depending on JÜ2 being six times too great. 

Professor Airy computed some of the coefficients of [6848, 6849], in the sixth volume of 

the Memoirs of the Royal Astronomical Society. He makes the coefficient in 

[6848 line 6] equal to —32",016 ; and those in [6848 lines 7, 11 ; 6849 lines 10, 13], the 

same as the author. I have re-computed the coefficient in [6848 line 6], using the data. 

[6823—6826,6784], as given by the author, and find it to be —32",0439 ; which is 

inserted in this translation, instead of —35",4372 in the original work ; the letter c being 

annexed to denote that it has been so changed [6021*]. The coefficient of the term 

[6849 line 9] is found by Mr. Airy to be 0,00317865. I have not examined, with much 

care, any of these numbers ; but appearances indicate that they have not been computed 

with the strictest accuracy, to the full number of places of decimals inserted in these tables, 

though they are quite sufficient for all practical purposes ; taking into consideration that the 

whole radius vector r'" in seconds 636620", appears, when viewed from the earth, under 

an angle of only 1530" [6785] ; therefore an arc of 1200" in ov'" [6848], would appear 

to us under an angle of less than three centesimal or one sexagesimal second ; and an arc of 

1200" is described by the first satellite in its orbit in less than a sexagesimal minute of time; 

so that an inequality of a few seconds in Sv"', is of no consequence in a practical point of 

view. 

[6849a'] 

[68496] 

[6849c] 

[6849d] 

[6849e] 

[6849/] 

[6849g-] 

[68496,] 

[6849*] 

/ 
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[6850] 

[6851] 

[6852] 

[6853] 
Values of 

<?'■ 
[6854] 

[6855] 

22. We shall now consider the •perturbations depending upon the 

excentricities of the orbits, and shall represent the inequalities of Sv, ôv', Sv", 

depending on the angle nt—2n'tfs—2= gtfA, in the following manner, 

as in [6725, 6726, 6739] ; 
sv = Q. sin. (nt—2n't + £—2s' + gt+r) ; 
sv' = q. sin. (nt—2n't+s—2s' fgt+r) ; 
Sv" = Q" .sin. (nt—2 n't-\-z—2s' -\~gt-\-^ ). 

We shall have, as in [6261, 6268, 6269],* 
3/F. n2 

2 .(n—2/-f-g-)2 jPA + 4. Ghf a 

Q' = 
3n'2 

+ m. \ -,. Fh + Gh! ? 
(a ) 

(n~2n'+gy- ( + Jot". 5 F'h'+ J,. G'h" ] ) ’ 

Q"= _ —'ff—. \ ^. F'k' + G'h" 1 . 
^ (n—2/i-j-o-)2 (a ) 

We have given, in ^ 4, the analytical values of F, G, F', G' ; hence we 

obtain the following numerical values ; f 

[6853a] 

[68536] 

# (3488) Putting the values of Sv [6261, 6850] equal to each other, we get the 

expression of Q [6853]. In like manner, by comparing [6268, 6851], we get [6854] ; 

and from [6269,6852], we obtain [6855], by using n — 2n" = n—2n' [6154]. 

[6856a] 

[68566] 

[6856c] 

[6856c?] 

[6856c] 

[6856/] 

[6856g-] 

[68566,] 

f (3489) From [996, 999] we get, 

aA{2) = 

substituting these in [6130] it becomes, 

2 n 

• a- 
dvp 

2 

da 

F = . a. 
n—n 

a. 
2 dm 

d CL 

and by using tbe numerical values [6783, 6782,6801, 6803 line 1, 6804line 1], we get 

[6856]. Substituting —a'2-(g^P) ” a'^(!) + aa'’(f^r) [6212/l in the expression of 

G [6142], we get [6856/*], which can be reduced to the form [6856g] by the substitution of, 

\ da ) 

and a [6304]. The coefficient of a, ill this last expression, vanishes $ consequently it 

becomes as in [6856A] ; 

a 

n—n' a2 n—n a n—n \ da / 

(3 n'—n) A 1 _ AL a + <2+g>. ftfa. \ 
! a2 n—n n—n 1 ’ ( c?a ) n—n 

(3n'—n) j__(w+ny) ^(l)_a 

n—n! * 0,2 n—n' ’ “ c?a 



VIII. viî. § 22.] PERTURBATIONS DEPENDING ON THE EXCENTRICITES. Î87 

F= 1,483732; 
G =—0,857159; 
F'= 1,466380; 

G' = —0,855370. 

log. = 0,1713555; 
[or —0,856159J ; log. = 9,9330614, or 9,9325544, ; 

- log. = 0,1662466 ; 
log. = 9,9321540. 

Now if we substitute the numerical values of n, n Sec. [6856c], we find that this last 

expression of G becomes G = —0,856159, instead of —0,857159, given by the 

author in [6857]. This causes a variation in the value of G of about ¥¥F part, which 

must produce a small change in the numerical values of Q, Q' [6860, 6861], and in those 

of (2Q'—Q), (2Q"— Q') [6744—6746] ; consequently also in the fundamental 

equations [7170—7172]. To estimate roughly the effect of this error, we shall select the 

equation [6745] ; and if we substitute in it the values of Q, [6860, 6861], it will 

g y 
and as this divisor is produce the terms in [7171] having the divisor ^1 -f oqo^oqq^I 

nearly equal to unity [6025o], we may neglect it in this rough estimate, and then the 

corresponding terms of [7171] will become —17495'',Slh—49185",95A'-J- 20804",40A". 

Now though the error in the value of G [6S56&] does not affect all the terms which are 

used in computing these coefficients, yet we can estimate the order or comparative 

magnitude of this correction, by supposing all the terms of [6356m] to be varied ¥-i¥ part. 

This produces —20". h—57"./i'-f-24. A" ; and by substituting the values of h, h" 

[7184,7185], it becomes nearly equal to —57".//; corresponding to a change in the 

annual motion of the perijove of the second satellite g\ [7183], by a quantity of the same 

order as the coefficient of h', namely, 57" ; and this may be considered as no importance, 

because the excentricity of the orbit of the second satellite is insensible [6057g]. Finally, 

mistakes of this kind cannot be fully rectified without going over the whole of the 

subsequent calculations of the theory of the satellites. This seems hardly worth the labor, 

considering that the result will not be very materially improved by repeating the calculations ; 

because the imperfect data we now have, for ascertaining the motions of the satellites, will 

probably produce much greater variations in the values of the elements of the orbits, than 

those which arise from this small error in the calculation. 

If we compare the values of F, F' [6130, 6147], we find that F' can be derived from 

F, by changing the elements of m into those of m', and the elements of m! into those 

of m" ; and by making the same changes in the expression of F [68565], we get, 

2ri ,,„v . „ dbg) 
F' = 

n—n n 
a. Iff-o?. 

do. 

Substituting, in this expression, the numerical values of n, n // a. 
dbg) 

2 

da. : 
[6783,6784,6814,6816, 6817], we get F'= 1,466380, as given by the author in [6858]. 

Again, by comparing the expressions of G, G' [6137, 6163], we find that G' can be 

derived from G, by changing the elements as in [6856s] ; and by making the same changes 

in [6856A], we get, 

[6856] 

[6857] 

[6858] 

[6859] 

[6856/] 

[6856Æ] 

[6856/ ] 

[6856m] 

[6856n] 

[6856o] 

[6856p] 

[6856q] 

[6856/-1 

[6856s] 

[6856/ ] 

[6856w] 

[685 6t>], 
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By means of these values, we find,* 

[6860] 

[6861] 

n , {16,850204.4—6,118274.4'{ # 
kJ == —m.--- X 

(i+. s.y 
\ “ 3001300"/ 

{13,307450.4—4,831907.4' { # 

(i+- -g—T ’ V r 3001300"/ 

, „ {4,133080.4'—1,511467.4" { 
+ m . — 

Q' m. 

(i +-...g -Y 
V “ 3001300"/ 

[6862] 
™ , {3,248934.4'—1,188133.4"! 
Q =—m\ — 

g 
3001300", 

We shall determine the quantities h, 4/, h", h'", and g-, hy means of ther 

[6856m>] G' = 
(3 n"—n') 

vl—n" a3 

(ff+n") 
ff—n" 

■ a 

[6856æ] 

[6856?/] 

Substituting the values of 7i', n", he., which are mentioned in [6856m], we get 

G'=—0,854990, differing a little from that of the author [6859], namely, 

G==—0,855370. 

[6859a] 

[68596] 

* (3490) We have, in [6694a], n—2ff = 3001156" ; therefore the expression 

(■n—2ff-j-g)2, which occurs in [6853—6855], may be put under the form, 

(M-2n')2-{i+3-^r; 

substituting this and m' = [8841c] in [6853], it becomes, 

[6859c] 

[6859d] 

[6859e] 

[6859/] 

[6859g] 

[68594] 

m 

\ 3001156"] 

3 F.rfi 

g 7 » * ( a0000.(n—2n')3 * 1 20000.(?i—2ff)3 ' a 
4 + 

3G.n3 a 
h! 

The coefficients of 4, 4', may be reduced to numbers, by means of the values of ii, 

n', , jF, G, [60254:, 6801, 6856, 6857] ; and then the expression of Q becomes of 
CL 

the same form as in [6860]. In like manner, we may reduce the values of Q', Q" 

[6854, 6855], to the forms [6861,6862], by using the values [6859c?, &c.], together with 

those in [6814, 6858, 6859]. There are several small errors in the numbers given by the 

author, in the expressions [6860—6862]. For example, the divisor of g in the 

denominator is 3001300", instead of 3001156" [6859c]. The coefficient of 4, in [6860], 

is 16,853; that of 4' is —6,112; differing in the third decimal from the values of the 

author ; and similar discrepancies are found in the coefficients of 4, 4', 4" [6861,6862] ; 

but, like the terms mentioned in the last note [68564, &c.], they do not seem to be of 

sufficient importance to affect the results, in any sensible manner. 
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equations [6744—6747]. To reduce these equations to numbers, we shall 
observe that the value p—J<p = 0,0217794 [6827], given by the first 

approximation, being liable to some degree of uncertainty, we shall put, 
p_i9 = ,*. 0,0217794; 

being an indeterminate coefficient. We shall then obtain, from [6217c, </],* 

(0) = 553878//,76.M' ; 

(1) = 109003", 20. 

(2) = 21264", 89.^ ; 

(3) = 2946",95.^; 

(0,1) = m'.39826",00 ; 

(0,2) = m". 5205",05 ; 

(0,3) = m'". 767",12; 

[o] = 103",27 ; 

= 207",29 ; 

= 417", 63; 

\T\ = 974",19. 

= m/. 29516",02 ; ^ 

= m". 2511",39; 

= m'". 213",46; 

1 

2 

3 

4 

1 

2 

3 

*(3491) Substituting in [6217c, d], the values of p—|<p [6863], n, n', n", n'", M 

[6025lc,m], and a, a', a", a'" [6797—6800], we obtain the expressions [6864]. Upon 

examination, these numbers were found to be correctly computed. 

j- (3492) Substituting m' — — —- [6841c] in (0,1) [6213], and using the values 

of n, a, 6L°], b-1 [6025&, 6801, 6802], we get (0,1) [6865]. In like manner, from 

[6865]. By the same process, using the values [6806, 6807], we 

[6865] ; and with the values [6810,6811], we compute (0,3), ^0,3^ 

[6214] we get 

obtain (0,2), 

0,1 

0,2 

[6865]. If we use the values [6814, 6815], we shall get (1,2), 1,2 ; and with 

[6819, 6820], we get (1,3), j^l,3j. Lastly, by using the values [6823,6824], we get 

(2,3), 2,3 [6867]. 

If we divide the equations [1093, 1094] by m's/a!, and substitute the value of 

= a [6304], we get the expressions of (1,0), £l,oJ [6865d]. By changing the 

[6863] 

[6863'] 
Symbol 

[6864] 

Numerical 
values of 
the 
symbols. 

[6865] 

[6864a] 

[6865a] 

[68656] 

[6865c] 

VOL. IV. 48 
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[6866] 

[6867] 

[6868] 

[6865c?] 

[6865e] 

[6865/] 

[6865g-] 

[6865b] 

[6868a] 

[6868b] 

MOTIONS OF THE SATELLITES OF JUPITER. 

(1,0) = m. 31 SIS",Il ; 

(1.2) = m". 19566",65 ; 

(1.3) = m,//. 1804", 18 ; 

[10] = m. 23400",04 ; 

[Ïæ] = m". 14469",66 ; 

[11] = m"'. 790",56 ; 

(2,0) =m. 3267",32; [W] = m. 1576".46; 

(2,1) = m'. 15492",62 ; 2,1 = m'. 11456",90; 

(2,3) = m'". 5886",85 ; [àà] = m'". 3995",03. 

(3,0) = m. 363", 10 ; 

(3.1) = m'. 1077",15 ; 

(3.2) = m". 4438", 87 ; 

[aol = m. 101",03; 

[3,1] = m'. 471",99 ; 

3,2 = m".3012",37. 

Hence the equations [6744—6747] become. * 

[Méc. Cél. 

1 

2 

3 

1 

2 

3 

1 

2 

3 

elements of tri into those of m", we get [6865e], and so on for other forms ; 

(1,0) = 

(2,0) = (0,2). 

(3,0) = (0,3). 

(2,1) = (1,2). 

m 

m y a 

m'// ’ 

my a 

m '"ya!" 7 

xa!ya! 

m!1 y a" ’ 

[i!o] = [oa].^=[°a)v-S; 

@ = [°E 

[3,°] = [0,3] • 

IB=0j& 

my a 

m"ya" 7 

m y a 

m"'ya'" ’ 

va! y a! 

m "ya" 

Hence we easily obtain the values of the expressions [6865—6868]. Upon re-computing 

the first numbers in [6865 line 1, 6866 line 1], they were found to agree nearly with the 

results of the author ; the other expressions [6865—6868] were not examined. 

* (3493) Substituting in the four equations [6744—6747] the numerical values of the 

functions [6864—6868], we obtain, without any reduction, the corresponding parts, in 

lines 1, 2, of the equations [6869—6872]. The terms of the equations [6869—6871], 

which contain the denominator, (Vf 3U01^007,) » are produced by means of the values of 

q, Q', Q" [6860—6862]. Thus in the equation [6744] we have, 
[6868c] 
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0 = ^-553378",78. M--103",27-39826",00.m'-5205",05.m"-767",12.m'"}./t 1 

+29516",02. m' A'+ 2511 ",39. m" h"-{- 213",46. m"' h!" 2 
— f688803".m+436089//.tn/}.m'fr+f250103".m+158343".m/—213931".m+m7t+78234".m/m".ft" . g 

1 + g 
3001300" 

0 = {^--109003",20.^-207",29-31573",71-m-l9566",65.m/'-1804'/,18.m'"}./?/ 1 

+23400",04. m/t + 14469",66.m7i"+790",56.m"7i"' 
, {226503". m + 143201 m'— 196037". m" \. mh 
+---7---75- 

O A* 

1+ ; 
g 

3001300" 

V 

+ 

{62242". m2+52068". min/—140696". mm"+94603".m/m"+60174".m"2}. h' 

fi+—i—Y V ‘ 3001300+ 

\ —25726". m+34596 .m"+22518".m"} 

4 

1 + 
m "h" ; 

3001300" 

0=|^-21264",89. ^-417",63-3267",32.1H-15492",62. m/-5886",65.m,"}./t" 1 
+1576",46.m/t+11456",90.m7i/+3995",03.m",A"/ 2 

577Q3"mm/A-f 20952"m-28 ne'W-l 7921"-m"]-mh'- [ 10279".m/+6554". m" ) -m 'A" 
+ 

3001300' 

— ; o 

0 = {g-2946",95. m— 974", 19-363", 10. m -1077", 15. m'-4438",87.m"}. h 

+101",03.mA + 471",99.m'A+3012",37.m"/i". 
1 

2 

^■••{1-âJs=5v]-p4-8Q'+«}ï 
and if we substitute, in this expression, the values of Q, Q [6860, 6861], we shall obtain, 

for the numerator of the terms which have the divisor $ 1+,—~—-j , the following 
3001300"3 

function ; 

C — {26,61490.m+16,8502044.m'}.h } 

im'.n. k 1 — 2++++v( • F- S + { 9,663814.m+6,118274.m/-8,266160.m"} .A' V . 
( + 3,022934.m "A" ) 

Now from [6025Æ,/] we have 2n—2n'—N— 3570453", also (0) = 553879" nearly, 

[6864]; hence I— = 3+Q453 ? multiplying this by n = 825826010" 

[6025A], and by Jm'. F= 0,370933.+ = 0,0000370933.m' [6856, 6841c], we get 

i m'-n- ^ 1—2n—2n'~JV‘ j * ^~ 25880",6.25.m'. Substituting this in the function [6868c], 

it becomes, 

—{688810".m+436094".m/} .m'./i+ { 250106".m+l 58345".m'—213933".m" ] .m'. ft+78235".m'.m".fc". 

[6869] 

[6870] 

[6871] 

[6872] 

[6868c'] 

[6868/j 

[6868e] 

[6868/] 

[6868g-] 

[6868A] 

[6868i] 

[6868&] 
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[6873] 

[6873'] 

[6874] 

[6875] 

[6876] 

When the masses m, m', m", m'", shall be known, and also the 
indeterminate quantity i^ [6863'], we shall have, by solving the equations 

[6869—6872], four values of g, and the corresponding ratios of the 
indeterminate quantities A, A', A", A'", to one of them, which will remain 
indeterminate. These four systems of g, A, A', A", A'", will give the same 

number of values of Q, Q', Q" [6860—6862]. 

Moreover, the surfs action adds to the motion of the satellite m, the two 

inequalities, 
15. M2. A 

2w.(2M-|-iV—n—g) 
sin. (nt—2 Mtrfs—2E-\-gtJ[-r) 

3 M 

n 
H. sin. (Mt+E—/). 

We may substitute* N = n f g, in the term [6874], wffiich is only sensible 

These numerical coefficients differ a few seconds from those given by the author in 

l6868Z] £6869 line 3] ; but as they are multiplied by the small factors mm' =0,04, nf2=0,06, 

iff m" = 0,2, nearly [6341/>, c,d] ; and also by h, A', or h", which is of the same order 

as the excentricities [6057e, 6235/—m\, the differences become nearly insensible. In 

[6868m] the original work, the term —213931". m" [6869 line 3], is printed with a wrong sign -f- ? 

we have given it correctly in [6869] ; and we may observe that it is merely a typographical 

mistake; since the author has used the sign — in reducing it to numbers in [7170 line 1], 

where it makes a part of the term —25371",60 ; the negative sign being dei’ived from 

[6868?i] part now unc[er consideration, since the other two terms, of the coefficient of In! 

[6868e line 2], are positive. In the Mémoires de l’Académie Royale de Paris, 1788, 

[68680] page 359, where the author first published the theory of Jupiter’s satellites, he gives the 

sign of this term correctly. The numbers in [6868Æ] are somewhat affected by the error 

[6868p] in the value of G [6856/], and by the small differences in the values mentioned in 

[6868g] [6859/, &c.]. The same is to be observed relative to the equations [6870, 6871], deduced 

[6868r] from [6745, 6746], by the same methods of substitution. Greater differences than 

those which are mentioned in [6868/], are found in some of the terms of 

[6870 lines 3, 4, 5 ; 6871 line 3] ; and though these quantities are much decreased by 
[68685] being connected with very small factors of the forms m2A, mm'h, m"2h', &c., yet they 

may not perhaps be considered as absolutely insensible. We have not, however, attempted 

to correct these small mistakes, for the reasons mentioned in [6856?-] ; considering them as 

[6868£] far within the limits of the errors of the elements which are used as the basis of the 
calculation. 

*(3494) This assumed value of N gives JY—n—g = 0; consequently the divisor 

t6874al —w—;g [6874] is reduced to its first term 2M; upon the supposition that 

N—n—g is so small, in comparison with 2M, that it may be neglected ; and then the 
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in the third and fourth satellites ; * by this means the coefficient of this 
' t> 

coefficient of the terra [6874], corresponding to the first satellite, becomes simply 

15M 
—’-j—.h——0,0015312.A [6877]. The similar coefficients relative to the other 

satellites are easily deduced from this by accenting the letters, as in [6878—6880]. We 

shall see, in the next note, that these assumed values JY—n"—g'2=0, and AT—nw—g'3 = 0, 

can be used for the third and fourth satellites; but we could not use W—n—g= 0, 

N—n'—gx = 0, for the first and second satellites, if A, h' were of any sensible magnitude ; 

because N—n—g, instead of vanishing, is nearly equal to —4M; as is evident from 

the values of JY, n, g [6025fc, Z, o]. Now the object of the author being merely to show 

that the terms [6874], relative to the first and second satellites, are so unimportant that they 

may be neglected, taking into consideration the smallness of the values of A, h', it will be 

sufficiently accurate, for this purpose, to suppose that 2M-{-JS—n—g is of the same 

order as 2M ; and this method is adopted in [6876, &c.], and in the following note. 

* (3495) Each of the four values of g [6025o], has corresponding values of 

h, K, A", A"', as in [7176—7179, 7183—7186,7190—7193, 7195—7198] ; making in 

all sixteen different values of A, A', &c., and producing sixteen inequalities of the form 

[6874]. Most of these inequalities are very small, as we may easily perceive by noticing 

only the largest term, corresponding to each angle. Thus with the angle g= 606989"',9 

[7176], we need only notice A [7179'] ; and from the values of M, JY, n, g [6025Z—o], 

it is evident that, by neglecting the signs, we may consider 2M-f-W—n—g as of the 

order 2M, as in [6874/] ; so that the coefficient of the term [6874] becomes of the same 
15jyr 

order as ———. A =—0,0015.A nearly [6874A] ; and as A is of the same order as e 

[6236], or of the order 20" [6057e], this becomes of the order 0,0015x20" = 0",03 ; 

which is insensible. Again, with the angle gx — 178141",7 [7183], we need only notice 
1 5 M2 v 

JJ [71864, and then the coefficient of the term [6874] becomes — ———-——---, 

15M 
which may be supposed, as in [6875e], to be of the order — -. h! — —0,003.A' nearly, 

Ar TL 

[6878]; and as h! is of the order e' or 183" [6057e], this becomes of the order 0",5, 

which is insensible. The same process with the angle g2 [7190] and A" [7193'], gives 

15M% h" 15m h" 
a coefficient of a sensible magnitude = ~ ™arly ; 

observing that JY"—n"—g2 — —58272" [6025/r, Z, o] is quite small in comparison with 

2M — 674422" [6025m], so that we may change 2—n"—g2 into 2M. Finally, 

the angle g3 = 7959", 105 [7195] with the term A'" [7198'J, gives in [6874] the 

Ï5M2JJ" 15 M.b!" Ar„, _1nn// 
nearly; because JY -n -^ = -16100 coefficient — 

2n//'.(2M+JV///-nw—ga) 4 n" 

[6025A:, Z, o] is so small in comparison with 2M [6875Z], that it may be neglected. 
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[6876'] 

[68746] 

[6874c] 

[6874/] 

[6874c] 

[6874/] 

[6875a] 

[68756] 

[6875c] 

[6875/ 

[6875e] 

[6875/] 

[6875g-] 

[6875A] 

[6875i] 

[6875Æ] 

[6875Z] 

VOL. IV. 
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[6876"] 

[6877] 

[6878] 

[6879] 

[6880] 

15 j\i 
inequality becomes equal to-— . h. Then we have, by using the values 

of n, nn", M [6782, 6783, 6784, 6840], 

15M 

[6881] 

[6882] 

[6884] 

[6885] 

[6886] 

I. Satellite ; 

II. Satellite ; 

III. Satellite ; 

IV. Satellite ; 

4 n 
= 0,0015312; 

i 5/If 
f = 0,0030737 ; 

4 n! 

15 M 

15M 

4rT 

= 0,0061926; 

= 0,0144449. 

We have observed, in [6696—6698], relative to the inequality [6875], that 

it is modified by the reciprocal action of the satellites. We can then take, 

for H.sm.(Mt-{-E—/), the half of the first term of the equation of the 

centre of Jupiter ; and this term is equal to the following expression ; * 

61208",23. sin .(Mt+E—I). 

This being supposed, we shall have, by noticing only the preceding 

inequality, 

[6883] ÔV — — 37",49. S 1 + 
3kna 

6v' 74",98. S 1— 

6v" == —149",96. S 1 + 

Oahm. k?i2 

v ( 4a.m 1 4a.m _ 

3a". m.kn2 

32a.m".(.M2-k?r!). \ 1+ ^ 
1 l 1 4a.m 1 4a.m 

. sin. (Mt-\-E—/) ; 

. sin.(Mt-\-E—/) ; 

. sin.(Mt-\-E-—/) ; 

6v"' = — 353",69c.sin.(M+£—/). 

[6882a] 

[6882& ] 

[6882c] 

[6882c?] 

[6882e] 

* (3496) The equation of the centre is 2e.sin.(w?-j~s—^) [669] ; and by changing 

the notation so as to correspond to [6274—6277], it becomes —7)* The 

symbol H is the same as eiv = 0,04807670 [4080]; hence 2H, in seconds, is 

2X0,04807670X636620" — 61213", 1 = 2iJ, as in [6882] nearly. Now taking H 

equal to half this value, we get 1T= 30606",5 ; and by substituting it in [6696—6698], 

with the values of n, vf, n", M [6025^, m], they become as in [6883—6885], 

respectively. Lastly, the term [6875], corresponding to the fourth satellite, is 

3 JV1 H 
--T-.sin.{Mt-\-E—J) ; and by using the preceding values of M, H, it becomes 

—353",69.sin.(.M-}--U—I), which differs a little from that of the author, whose coefficient 

is —349",79. We have given the corrected value in [6886], annexing the letter 0 as in 

[602U] to denote that it has been changed. 
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23. We shall now determine the inequalities of the motions of the satellites 

in latitude. The equations between \ V, x", x'" [6347—6350], become,* 

0= {553878",76./x+103",27+39826",00.m'+5205",05.m"+767",12.m"/}.x 1 

—39826",OO.m'. x'_5205",05.m". x"—767",12.m"\ x"#— 103",27 ; 2 

0={ 109003",20.f+-207",29+31573",7Lm+19566",65.m"+1804",18.m"/}.x' 1 

—31573",71.m.x—19566",65.m".x"_1804",18.m+x"'—207",29 ; 2 

0={ 21264", 89. m. +417",63+3267", 32.m+l 5492", 62.m'+5886",85,m"'| .x" 1 
—3267",32.m.x_-15492//,62.m'.x'_5886",85.m'".x'"—417",63; 2 

0= {2946",95. M- +974", 19+363", 10.m+1077", 15.m'.+4438",87.m"}. xw 1 
—363",lO.m.x—1077",15.m'.x'_4438",87.m".x"_974",19. 2 

The equations [6418—6421], between Z, Z', Z", Z'", y?, become, 

0={j>-553878",76. m<-1 03",27-39826",00.m'-5205",05.m"-767",12.m"'}.Z 1 
+39826",OO.m'. Z'+5205",05.m". Z"+767",12.m'". V" ; 2 

0= [p-109003",20.f*-207",29-31573",71 .m-19566",65.m"-l 804", 18.m'"}. V 1 

+31573",71 .m. Z+l 9566",65.m". Z"+l804",18.m"'. V" ; 2 

0={/-21264", 89. (*-417",63-3267", 32.m-15494/62.m'-5886",85.m'"].Z" 1 
+3267",32.m. Z+15494",62.m'. Z'+5886",85.m"'. V" ; 2 

0={jp-2946",95.^-974",19-363",10.m-1077",15.m'-4438",87.m'+ Z'" 1 
+363", 1O.m.Z + 1077", 15.m'. Z'+ 4438", 87.m". Z". 2 

When [6863'] and the masses m, m', m", m'", are known, we can 
obtain, by means of the four equations [6887—6890], the values of 
x, x', x", x'". The four equations [6891—6894] give, by elimination, an 
equation of the fourth degree in p. With these values of p, we may 
obtain, by means of the equations [6427—6430], the latitudes of the 
satellites above the orbit of Jupiter. 

We have seen, in [6362, or 6427], that the part of the latitude s, which 

depends upon the inclination of the equator to the orbit of Jupiter, is 

(x—1). è'. sin.+ + +). 

* (3497) Substituting in [6347-6350] the values [6864-6868], we get [6887-6890] ; 

and the like substitutions being made in [6418—6421], they become as in [6891—6894]. 

Remarking, however, that the coefficient 15494",62. m! [6893 lines 1, 2] should be 

15492",62, to conform to the value of (2,1) given in [6867], and used in 

[6871 line 1, 6889 lines 1, 2] ; the difference of these two expressions is, however, 

insensible, taking into consideration the smallness of m! [7143], as will appear in 

[7133/, See.]. 

[6887] 

[6888] 

[6889] 

[6890] 

[6891] 

[6892] 

[6893] 

[6894] 

[6895] 

[6896] 

[6887a] 

[68876] 

[6887c] 
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[6897] 

[6898] 

[6899] 

[6900] 

[6901] 

[6902] 

[6903] 

[6901a] 

[69016] 

[6901c] 

[6901c?] 

[6901e] 

[6901/] 

[6901g-] 

[6901ft] 

[690li] 

[6901ft] 

[6901?] 

[6901m] 

[6901n] 

If we take, as in [6398], the orbit of Jupiter in 1750 for the fixed plane, 

and the vernal equinox of this planet, at the same epoch, for the orgin of v 

and U, we shall have, as in [6405], 

6' = lL + bt ; 

, . at 

* = P — ‘ 

We shall determine a and b by means of the following equations, which 

depend on the differential formulas [1132, &c.] ; * 

a = (4,5). I. cos. n -f (4,6). /'. cos. n' ; 

b = —(4,5). I. sin.n — (4,6)./'. sin.n'; 

the values of (4,5) and (4,6) being given in [4235]. We must however 

decrease, in the first of these values, the mass of Saturn, in the ratio of 

dpiv dqiv 
* (3498) If we take the values of [1132], we shall find that they contain 

the quantities (4,0), (4,1), (4,2), (4,3), (4,5), (4,6) ; and that all of them, except 

(4,5), (4,6), may be neglected on account of their smallness ; hence we get, 

d-~- = (4,5)• 1 qv~qiv} + (4,6). j qyi—qiv | ; 

d-£ = — (4,5). jpv—piv j — (4,6). |/vi—piv}. 

Now we have, as in [1032], piv==tang.<piv.sin.ôiv, qiv = tang.çiv.cos.ôlv ; <plV [1030', 1030"] 

being the inclination of the orbit of Jupiter to the fixed plane, which is represented by y in 

[6313'] ; and ôiv [1032"] is the longitude of its ascending node, corresponding to 1 [6314], 

in the present notation ; hence we have very nearly, 

piv = y. sin.l ; qlv = y. cos.7. 

Substituting these expressions in [6400, 6401], we get piv — at, qiV = bt ; whose 

differentials give 

c?»iv dq{v 7 
- = a ; —— = b ; 
dt ’ dt 

hence the equations [6901&, c] become, 

a — (4,5).{9V—î1'! + (4,6).j9*>— f}-, 

i = —(4,5). \p—F| -(4,6)-\f'—?"}■ 
Again, if we increase the accents on p, p' [1033], by four, the quantities y, TL [1026 ] 

will change into I, n [6904] respectively ; and we shall get, from [1033], 

pv—piv = I.sin.n ; qv—qiv — Lcos.II. 

In like manner, by increasing the accents on pv, qv [6901/] by unity, the symbols J, n 

[6904] will change into T, n7 [6905] respectively ; and the equations [6901/] will become, 

py *— piv =/'. sin.n' ; qv{ — qiy = T. cos.n'. 

Substituting the expressions [6901/, n] in [6901/i, *], we get [6901, 6902] respectively. 
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3359,4 to 3515,6 ; as we shall see in [9121].* / is the inclination of the 

orbit of Saturn to that of Jupiter in 1750. n is, at the same epoch, the 

longitude of the ascending node of Saturn’s orbit upon that of Jupiter, and 

counted from Jupiter’s vernal equinox. /' and n' are the same quantities [6905] 

relative to Uranus. We have bj observation, very nearly, 

lL = 3°,4444 [6406] ; [6906] 

hence we deduce, as in [6903.g], 

■^r = 9",0529 ; [6907] 

b = 0",070350. [6908] 

Then we have, as in [6366], 

V = . (2C~^—- . ! M^+m.nK x x'+m".»"a. x'"}. [6909] 
1 41 C 1 

If we suppose Jupiter to be an ellipsoid, we shall have, as in [6335],f 

2C—A—B g.(P—i<f>).f0'nrR*dRm 

C “ f0'nrB*dB 

n being the density of a stratum of the ellipsoid whose radius is R ; R [6911] 

being equal to unity at the surface of Jupiter. If we suppose the densities 

of the strata of Jupiter and the Earth, at distances proportional to the 

* (3499) The value of the mass of Saturn, which is used in [4061], is 
1 + f^. 
3359,4 7 

that in 

[9121] is 
1 

3534,08 7 
differing a little from 

3515,6 
which is used in [6904]. Putting the 

two first expressions equal to each other, we get l + ^v = 
3359,4 . 

3515,6’ 
substituting this in 

[4235 line5], weget (4,5) = 7S,3597 = 22",715 ; and by putting ^=0, in [4235line6], 

we have (4,6) = 0s,096647 = 0",298294. Again, by substituting the values [1032, &c.] 

in [6901Z, n\, we get, 

I.sin.TI = tang.cpv.sin.ôv—tang.<piv. sin.ôiv ; I.cos.n = tang.<pv.cos.âv —tang.cpiv.cos.ôiv ; 

J'.sin.n'—tang.<pYi.sin.âvi—tang.<piv.sin.âiv ; T.cos.n' = tang.pvi.cos.dvi—tang.cpiv.cos.div. 

Substituting, in these last expressions, the values of cpiv, pv, cpvl ; âlv, ôv, ÔV1, [4082,4083], 

we get the numerical values of J.sin.n, /.cos.II, J'.sin.n', I', cos.n'; thence we obtain, 

from [6901, 6902], the values of a, b. The former, being divided by 1L [6906], gives 

[6907] nearly; the latter is as in [6908]; the reduction to seconds being made by 

multiplying by the radius in seconds, when necessary. 

[6903a] 

[69036] 

[6903c] 

[6903<Z] 

[6903e] 

[6903/] 

[6903^] 

f (3500) The equation [6910] is the same as [6335] ; observing that we have changed 

the symbol S, which represents the density in the original work, into n,, to conform to 

the notation in [6335]. 

VOL. IV. 

[6910a] 
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[6912] 

[6913] 

[6913'] 

[6914] 

[6915] 

[6916] 

[6916'] 

[6914a] 

[69146] 

[6914c] 

[6914c?] 

[6914e] 

diameters of these planets, to be in a constant ratio to each other ; or, in 

other words, if n be represented by the same function of R, for both 

planets, then the value of the following function, 

ftJi'.&dR 

fifir^dR ’ 

expressed in parts of the radius of the surface of the planet taken as unity, 

will be the same for these planets. In this hypothesis, if both planets be 

fluid, their ellipticities will be, as in [2068&, &c.], proportional to the 

respective values of <p, corresponding to each of them ; or to their ellipticities 

if they be homogeneous.* If we suppose the same ratio to obtain in their 

actual state, and we have seen in [2069] that this is nearly conformable to 

observation, then the values of ——y—— will be, for each of these 'planets, 

respectively proportional to the ellipticities corresponding to the case of 

homogeneity. These ellipticities, by the same article [2068'"], are as 

0,10967000 to 0,00433441 ; hence we have, 

2C—A—B /2C—A—B\ 10967000 

C ~ V C ) • 43341 ’ 

the value of —y—, in the second member of this equation, 

corresponds to the earth. This last value is represented, in [3407], by the 

following expression ; 

* (3501) The formula [6910] relative to Jupiter may be made to correspond to that of 

the earth, by changing the ellipticity p into p', the centrifugal force <p into f and 

26—A—B 
into 

f_^ 

---J , as in [6916']. Then we shall have for the earth, 

&tf-W)f0'nr&dR 
fSUr&dR 

because the value of the function [6913] is the same for both planets [6913']. Dividing 

the equation [6910] by that in [69146], and making a slight reduction, we get, 

2C—A—B 2 C—A — B\ p — kV 

The theory adopted in [6912] is the same as in [2068//] ; and we have in [2068Ar, &c.], 

p : p : : 9 : <p' • ' p—ü<p : p'—; so that we may put 
P—&<P 

y in [6914c], and it will 

become 
2 C—A—B i ÇC—A — B^ 

—. If we now substitute in this expression, for 

-j, their values corresponding to the case of homogeneity, according to the hypothesis in 

[6915], we shall obtain the equation [6916]. 
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/2C—A—B\ _ 0,00519323 

V C ) ~ 1+6. 0,748493’ 

Moreover we have, in [3406, 4631c],* 

3.(1 +€) = 2,566; or e == —-0,144666.... 

By means of these data we find, for Jupiter, 

2 C—A—B 

C 
0,14735. 

The time of Jupiter’s rotation is found, by observation, to be 0days,4l377, 

and that of its sidéral revolution is equal to 4332days,6 ; hence we deduce,! 

M 0,41377 

T = 4332,6 ’ 

Therefore we shall have, 

= 3",5591 

+ m. 2134",60.x 

+ m'. 529",78.x' 

+ m". 130",52.x" 

+ m"'. 23",99.x'". 

We have found, by a first approximation, 

[6917] 

[6918] 

[6919] 

[6920] 

[6921] 

[6922] 

* (3502) We have, in [3406], X = 3.(l+€) ; the letter p being changed into 6, so 

as not to interfere with the notation which is used in [7073]. We have also X = 2,566 

[4631c]. Putting these values of X equal to each other, we get [6918] ; and from this 

we easily deduce § = —0,14466... . If we substitute this value of € in [6917], we 
^_g\ 

-^-J = 0,00582385 ; and by using this value in the second member of [69186] 

[6916], we obtain the expression [6919]. 

f(3503) Jupiter’s sidéral motion is represented in [6101'j by Mt; and the rotatory 

motion by it [6316]. Now as these motions are inversely as their times of revolution [6921a] 

1 10 41 .‘177 
4332days,6, 0day,41377 [6920], we get j = - . , as in [6921]. Substituting 

this value of j- in lp [6909] ; using also the values of n, ri, n", ri", M [6025&:, m], 

[69216] 

and those of m, in', m", m'", deduced from [68416—e], with the value of c 
[6919], we get [6922]. Finally, by substituting the values [6923—6926], also those of [6921c] 

m, m', m", m'" [68416—e], in [6922], we obtain [6927]. Upon examination, it was 

found that the numerical calculations in [6919—6927] were very nearly correct. 
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[6923] 

[6924] 

[6925] 

[6926] 

[6927] 

[6928] 

[6929] 

[6929'] 

[6930] 

[6929a] 

[6929&] 

[6929c] 

[6929cf| 

[6930a] 

[6930&] 

[6930c] 

[6930c?] 

[6930e] 

x = 0,00063534 ; 

x' = 0,0064232 ; 

x" = 0,0299802 ; 

x"' = 0,134612. 

CCorrected in 

7206—7309, ] 

If we adopt the preceding values of the masses of the satellites, we shall have, 

lp = 9",8788 ; 

hence we deduce,* 

6' = XL + 0",070350A ; 

y = 0",8259. t. 

This last coefficient 0",8259, is therefore very nearly the annual precession 

of the equinoxes of Jupiter upon its orbit. 

To reduce to numbers the inequalities of the periodical motions of the 

satellites in latitude, computed in [6453—6482], we shall observe, that we 

may suppose, without any sensible error,f 

N,+ l = l; N! + ±= 1 v N" + l. = l. 
‘ n" 

* (3504) Substituting in [6899, 6900] the values [6906—6908, 6927], we get 

[6928, 6929] ; the value of V being nothing at the epoch of 1750 [6897]. If we 

suppose, as in [7219a], that the value of +, at the epoch of 1750, is +=—148°,62129, 

its general value, for the time 1750 + ?, will be obtained by adding the preceding value of 

+ to that in [6929] ; hence we shall have + = —148°,62129 + ?.0",8259. Now if we 

suppose, as in [7211], I= 200°—+, we shall have 1=348°,62129—?.0'/,8259 ; 

which will be of use hereafter. 

f (3505) Substituting in [6485, 6486] the values of a, a', a", a[6797—6800], 

and that of p—£ <p [6827], we get nearly, 

N, — 1,00067 ; xY/ = 1+0027 ; N'/ = 1,00010 ; Nf = 1,00003. 

Moreover from the values [6025p, Jc, i], we obtain nearly, 

=0,00069 : = 0,00032 : ^=0,00014; = 0,00009; 
n n n" n'" 

“ = 0,00081; “ = 0,00164; “ = 0,00330; “ = 0,00770. 

From the first terms in [6930+ «], we get — + JV)—1 = 0,00136 ; and although the 
71/ 

second member of this expression is small, in comparison with unity, it is larger than the 
2 jyj 2M p 

other term — = 0,00081, with which it is connected, in the divisor-j- --f- N.—1, 

of the term of s [6460 line 2] ; so that it will not be sufficiently accurate to suppose, with 



VIII. vii. §23]. INEQUALITIES IN THE LATITUDES. 201 

This being premised we obtain, 

j) 

the author, as in [6930], that — —1 = 0, if the term depending on this divisor 
1ft 

were of any sensible magnitude. Thus if we substitute the first of the expressions [6930] 

in the coefficient of the term of s in [6460 line 2], it becomes, 

3 M% 
(L'—l) 

4n2 

2 M 

3 M 

8 n 
. (1—L') = 0,00015.(Z—Z/), [6930c], 

n 

agreeing with the result of the author in [6931 line 2] ; but this numerical value will be 

rn 

considerably decreased, if we use the actual value of — 4- N.— 1 [6930<2] ; therefore the 

expression [6930A] can be considered only as a rough estimate, serving to show that the 

term in question is, in general, so small that it may be neglected. One inequality of this 

kind is computed in [7521], with the coefficient 5",26 ; this is retained by the author, 

because it does not require a new argument, but can, in eclipses, be combined with a much 

larger term [7522 line 1]. This coefficient is reduced to nearly 3", for small values of /, 

by using the correct value of the divisor [6930c]. 

The similar term of s' [6480 line 2] has for its coefficient the quantity, 

 3 jyP.(L'-l') 

2M 
and we have, from [6930c], -- = 0,00164, which is much larger than Nj-—1 = 0,00027 

[6930a], so that we may, with a much greater degree of accuracy than in the preceding 

calculation [6930/*, &c.], neglect N'—1, and also , for any small value of v, like 

that in [7479], or like — = 0,00032 [69306], corresponding to the very small term of 

s' [7480]. Now if we neglect the small terms [6930n'J, we find that the coefficient 

[6930m] is reduced to the form [V—L') — 0,000307. (V—E) [6930c], which is 

similar to that of s [6930A]. This expression is the same as that in [6932 line 2], and it 

would be decreased about one seventh part, for small values of p, by using the expression 

of JY'—1, [6930w]. In like manner we may reduce the term of s" [6481 line 2], with 

a considerable degree of accuracy, to the form ~.(6"— X/) = 0,000619. {V'-L!) 
O It 

[6930c], as in [6933 line 2], Finally, the coefficient of the term of s'" [6482] may, by a 

similar process, be reduced to the form . (I'"—If) = 0,00144L') [6930c], as in 

[6934] ; which is sufficiently accurate for all practical purposes. 

The same reduction may be made in the terms in the first lines of [6460, 6480, 6481] ; 

51 

[6930] 

[6930/] 

[6930g-] 

[69306] 

[6930i] 

[69306] 

[6930Z ] 

[6930Z] 

[6930m] 

[6930n] 

[6930»] 

[6930o] 

[6930p] 

[6930?] 

[6930r] 

VOL. IV. 
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[6931] 

[6932] 

[6933] 

[6934] 

[6935] 

[6935'] 

[6936] 

[6930^] 

[6930* ] 

[6930m] 

[6930u] 

[6930u>] 

[6930a;] 

[6935a] 

[69356] 

s = m'. 0.00349437. (/'—l). sin.(3y—4F—pt—a) 1 

+0,00015.^2.(I — U).sin.(y—2U—pt—a) ; 2 

5' = [m.0,00276975.(Z+/) + mL0,00170910.(F'-?')}.sin.(2y-3F-p?-A) 1 
+0,00030736. (F—J7).sin.(®'—2X1—pt—a) ; 2 

5" = m#. 0,00135305. (? '— l ") .sin. (2F—2?/'—pt—a) 1 
+0,00061925.(1 "—LI).sin. («"—2 U—pt—a) ; 2 

s'" = +0,001447 815. (V"—L'). sin. (F"— 2 U—pt—a). 

24. We shall now compute the inequalities depending upon the square 

of the excentricities and inclinations of the orbits, whose analytical values we 

have given in [6530, 6552]. Those which finally become the most sensible 

are the secular equations of the satellites, depending on the secular variations 

of the orbit and equator of Jupiter. But it is easy to prove that they are 

at present insensible, and that they will remain so for a long time to come. 

For the greatest is that of the fourth satellite, and its expression is, as in 

[6530, &c.],* * 

W" = —2. .Hx.cff 2.(1—x'")2. 3 .1L.bf—3.(S).^m.1L.bf. 

4?i/ v 
for we have, from [60256, 6930a, 6], 3-— = U00727, + *^/'/ — L00136 ; so that 

4n/ 'p • 
the expression of the divisor 3---~—Nt [6460], will not be very much altered 

from its true value, by putting JV) + ^ = 1, as in [6930] ; and by making this substitution 

m'. 0.2+3). (Z' — Z) 

we find that the expression [6460 line 1] becomes —4x0 00727— * ^ we su^st^ute ^ 

the values of a, 6|3) [6801,6805], also m' = [6841c], it becomes nearly as m 

[6931 line 1]. In like manner, the term [6480 line 1] becomes, by using the values 

[6797—6800, 6801, 6805, 6814, 6818], and [6841c?], very nearly, as in 

[6932 line 1], A similar calculation being made with the terms in [6481 line 1] ; using the 

values [6798,6799, 6818, he.], we get the term in [6933 line 1]. 

* (3506) The expression [6530] corresponds to the first satellite m, and by changing 

reciprocally the elements relative to in, into those corresponding to m", we get 6v"' 

[6936]. Now it is evident that the terms of Sv'" [6936] are much larger than those of 

Sv [6530]. For if we compare the first term of [6936] with that of [6530], we find that 
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Now we have, in [6908, 6906], 

b = 0",070350 ; * 1L = 3°,4444 ; 

and we also have,* 

2c = l//,9446 ; or c = 0",9723. 

Therefore, by making use of the values of x'", (3), given in 

[6926, 6864], and supposing t* = 1 in (3), we find that the secular 

equation of the fourth satellite is represented by 

at/" = —0,000135. tf2 ; 

so that it will be for a long time insensible. 

We have also, in [6552], the following inequality in the mean motion of 

the fourth satellite, referred to the orbit of Jupiter ; f 

their ratio is as and from [6864] we have nearly 0 = 
9. 0 

The same ratio obtains very nearly between the second terms of [6936] and [6530], 

X, X', &zc. being small [6923—6926]. Again, the third term of [6936] is to the third term 

of [6530] as X'"2 (3) to X2 (0) ; and by substituting the values [6926, 6923, 6864 lines 1,4], 

we find that the first term of this ratio is much greater than the second. Hence it appears 

that this term of Sv"' [6936] is much greater than the corresponding terms of Sv, Sv', Sv", 

as is observed in [6935']. 

* (3507) If we compare the expression of the excentricity of Jupiter’s orbit [6527] 

with that in [4407], we get c — 0s,329487, which represents the value of the coefficient 

of t in eiv [4407]. This term is produced chiefly by the action of Saturn, as is evident 

from [4404/&.c. 4246 line 4, 4403,4405], using the value mv = 33 J9 4/ [4061], and 

3359 4 
putting |uv = 0. If we use the value l-f-<*v = _ [69035], the preceding expression 

of c will be decreased in nearly the same ratio, making c = 0s,3149 = 0",972, or 

2c = 1",944, as in [6938]. Now substituting in [6936] the values of (3), £ 3 1 , Xw, b, 

1JL, 2c, [6864, 6926, 6937,6938], also that of H or eiv = 0,0480767 [4080], we get 

bv'" [6940] nearly. This is so very small that it does not amount to two centesimal seconds 

in a century $ and it must therefore be for along time insensible, as in [6940']. 

f (3508) The formula [6941] is easily deduced from the terms of [6552], depending 

on the angle p, by changing X, (0), 0 J , Z, into Xw, (3), 3 , V", respectively; 

so as to make them conform to the fourth satellite. 

[6937] 

[6938] 

[6939] 

[6940] 

[6940'] 

[6935c] 

[6935d] 

[6935e] 

[6938a] 

[69386] 

[6938c] 

[6938c?] 

[6938e] 

[6938/] 

[6941a] 
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[6941] 

[6941'] 

[6942] 

[6943] 

[6942a] 

[6942&] 

[6942c] 

[6942d] 

[6942e] 

[6942f] 

[6942g-] 

[6942h] 

[6942i] 

[6942Æ] 

[6942Z ] 

[6942m] 

[6942»] 

[6944a] 

6v'" = 
^6.(3).X"'+4.(1-X'").[ 3j-|.(l-X'").p] 

V 
è'. V". sin.(j?/+A—f'). 

* The first approximation gives,' 

pt + a — V = t. 7541" + 31°,9199c 

V" = 2772" ; 

hence the preceding inequality becomes,! 

* (3509) The chief term of s'" [7329], depending on the peculiar inclination of the 

orbit of the fourth satellite to the fixed plane, may be put under the form, 

3///=?=2771",6.sin.(«/,/+ 283°,29861 -f t.7528",01). 

In this expression the coefficient of t is relative to the moveable vernal equinox of the 

earth [7327, &c.] ; and if we refer it to the fixed equinox of 1750, we must change the 

coefficient of t from 7528"’,01, to 7682",64, as in [7327]. Making this change, and 

then putting the expression equal to that of s'" in [6300 line 4], we get, 

r. sin.(t/''-j-p*-f- a) = 2771",6 .sin. (j/"-j-283°,29861 -j- 7682", 64). 

Comparing the coefficient of the first member with that of the second, we get l"'—2111%, 

as in [6943] nearly. Moreover, by comparing the angles under the sign sin., we get, 

pt-f a = 283°,29861 +t. 7682", 64. 

Subtracting, from this last expression, the value of f/=—148°,62129 -f- t. 0",8259 

[6929c], and neglecting the whole circumference 400°, we obtain, 

31°,9199+ *.7681",8141. 

The constant angle 31°,9199 agrees with that which we have given in [6942] ; observing 

that the author has inserted, in the original work, —52875", instead of —J—31°,9199, in 

both the formulas [6942, 6944]. This appears to be merely a typographical mistake ; 

since the true value —}-31°,9199 is used in the subsequent parts of the work, as in 

[7315, 7317, 7318, &c.]. The coefficient of t, which is used by the author in 

[6942, 6944], is 7 541"; being the value assumed as a first approximation, in [694 V, &c.] ; 

and it differs a little from that in [6942g], namely, 7681",8J41. Substituting in [6941] 

the values of X'", (3), pt-j-A—+ V", he. [6926, 6864, 6942g, 6943], also 

ô' — 3°,43519 [7217], and dividing by the radius in seconds, it becomes very nearly equal 

to the following expression, 

5v"' = — 49",51.sin.(f.7681",8141+31°;9199) ; 

being the same as in [7318 line 13] ; the coefficient of t being changed as in [6942Jc\. 

Remarking, however, that, by a rough calculation, the coefficient of this inequality appeared 

to be a fraction of a second less than the value given by the author. 

f (3510) We have seen in the last note how the inequality [6944], corresponding to 

the angle, or value of p [6942], is computed. The terms depending on the other larger 

values of jp, may be neglected, because they are decreased by the increased value of the 
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sv'" = —49/51.sin.(Z.7541//+3I°,9199c). 

The inequalities of this kind are insensible relative to the other satellites, 

[6944g-—m~\. 

25. It now remains to consider the inequalities depending upon the square 

of the disturbing force. We have seen, in [6765], that the second satellite 

is subjected to the inequality, 

àv' = T5-g .(ii)2. sin.(2nt — 2n't -f- 2s — 2s'). 

divisor p, and also by the decreased value of the coefficient V". This is evident by the 

inspection of the value of s'" [7352] ; in which the coefficients of t, corresponding to the 

moveable equinox [7328], are 7528",01, 28220s,85, 133715",77; and the corresponding 

coefficients or values of l 

the values of —, relative to these quantities, will be nearly as 

4,80 
P 

or as 1, 0,04, 

neglecting the signs, are 2771",6, 448",93, 4",80 ; so that 

2771,6 448,93 

7528,01 5 28220,85 5 

133715 77’ OjOOOI ; consequently the two last terms must be so much less 

than the first [6944], that they may be neglected. The coefficient 49",51 [6944] is the 

maximum of that inequality, and this arc is described by the fourth satellite in about 18 

sexagesimal seconds of time [6781] ; and generally the effect in eclipses will be much less 

them this maximum value., on account of the multiplication by the sine of the angle with 

which the coefficient is connected in [6944]. If we change the symbols in the formula 

[6941], so as to make it conform to the first satellite, and compute the value of Sv 

corresponding to the expression of l, in [7522 line 3], we find, that the coefficient of this 

term of Sv is —2",7 ; which can be described by this satellite in a tenth of a sexagesimal 

second of time, and is therefore wholly insensible. In like manner, by changing the 

symbols in [6941], so as to correspond to the second satellite, and to the value of V in 

[7482 line 4], we find, that the coefficient of this correction is —128",4, which is 

considerably greater than that in [6944], neglecting the consideration of the signs ; but as 

an arc of 128",4 is described by the second satellite in less than 10 sexagesimal seconds 

of time, it may, on that account, be considered as of less importance than that of Sv'" 

[6944/] ; but it seems to be of sufficient magnitude to be noticed. Lastly, by changing 

the symbols in [6941], so as to correspond to the third satellite, and to the value of Z" in 

[7427 line 3], we find, that the coefficient of this correction is —37",7 ; which can be 

described by this satellite in about 6 sexagesimal seconds of time, being considerably less 

than that for the fourth satellite [6944/]. The corrections for other values of Z, l', Z", 

aie decieased like those for the fourth satellite in [6944e], and may be considered 

insensible, as in [6944']. We have not, in this note, taken into consideration the terms 

depending on the square of the disturbing force, mentioned in [6553, &c.]. 
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[6944] 

[6944'] 

[6945] 

[69446] 

[6944c] 

[6944d] 

[6944e] 

[6944/] 

[6944g] 

[69446.] 

[6944i] 

[69446] 

[6944Z] 

[6944in\ 

[6944n] 
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[6946] 

[6947] 

[6947a] 

[69476] 

[6947c] 

[6947d] 

[6947e] 

We have by observation, very nearly,* 

(ii) = 11923"; 

hence the preceding inequality becomes, 

6v' = 69",78. sm.(2nt—2n't -f 2s — 2s'). 

The inequalities of the same kind are insensible relative to the other 

satellites [69471/, &c.]. 

* (3511) We obtain from [61726, 6240/], by successive reductions, 

sin .(nt—n't-{-s—s') — sm.(2n"t—2 n't-{-2^'—2s') = sin.2.(©"—©') = —sin.2.(©'—©"). 

Substituting this last expression in [6173], we get 8v' = (ii) .sin.2.(©'—©")• Comparing 

this with the corresponding term of [7450 line 2], we get (ii) = 11920",67, agreeing 

nearly with [6946]. Multiplying the square of this by and dividing the quotient by 

the radius in seconds, it becomes as in [6947] nearly. In like manner, by comparing 

[7513 line 5] with [6172], and [7390 line 2] with [6174], we get (i) = 5050",59, 

(hi) = 808",20. The former being substituted in [6764], gives <5r = 12",5.sin.4.(©-©') ; 

and the latter being substituted in [6766] gives h" — 0",3. sin.2.(©'—©"). This term of 

Sv" is insensible, but that of Sv might be noticed, with the other similar inequalities in 

[7513] ; though it is hardly sensible in observations in eclipses, on account of the rapidity 

of the motions of the first satellite ; since the angle 12s,5 is described in about half a 

sexagesimal second of time [6778]. 

[6947/] 
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CHAPTER VIII. 

ON THE DURATION OP AN ECLIPSE OF ANV SATELLITE. 

26. We do not directly observe the motions of the satellites of Jupiter 

about that planet. The elongation of a satellite from Jupiter, as seen from 

the earth, is so small, that a very slight error in an observation can produce 

a variation of several degrees, in the place of the satellite, when referred to 

Jupiter’s centre. The eclipses of the satellites furnish an incomparably 

better method of determining their motions ; and it is to these observations 

we are indebted for the knowledge of their perturbations. The shadow of 

Jupiter is projected in an opposite direction to that of the sun; and the 

satellites are immersed in this shadow when they are nearly in opposition 

to the sun. The inclinations of the orbits of the three inner satellites, to 

the orbit of Jupiter, and their distances from that planet are so adapted to 

each other, that the satellites are eclipsed at each revolution. But the 

fourth satellite passes often beyond the limits of the shadow, and is not 

eclipsed ; and for this reason as well as on account of the longer duration 

of its revolution, the eclipses of this satellite happen less frequently than 

those of the other satellites. 

A satellite disappears from our view before it is wholly immersed in 

Jupiter’s shadow. Its light is diminished by the penumbra, and its disc, as 

it gradually enters into the shadow of the planet, becomes invisible to us, 

before it is totally eclipsed. The limb of the satellite, at the moment when 

we cease to perceive it, is therefore at a small distance from Jupiter’s shadow ; 

and if we suppose that there is at that distance an exterior surface similar to 

that of the shadow, the immersion of the satellite, within this exterior surface, 

will be the beginning of the eclipse, as it appears to us ; and its emersion 

from this exterior surface will be the end of the eclipse.. 

[6948] 

[6948'] 

[6948"] 

[6949] 

Exterior 
or 

fictitious 
shadow. 

[6949*1 
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[6950] 

[69508 

[6951] 

[69518 

[6952] 

[6953] 

[6954] 

[6955] 

[6956] 
Plane 
touching 

the 
shadow. 

This exterior or fictitious shadow is not the same for all the satellites. It 

depends on their apparent distance from Jupiter, whose brilliancy weakens 

their light, and on the greater or less power of their surfaces in reflecting 

the light ; it also depends upon the penumbra ; and probably also upon the 

refraction, and upon the extinction of the solar rays in Jupiter’s atmosphere. 

The greatest duration of the eclipses of one of the satellites, cannot therefore 

give, with precision, that of the other satellites ; but the comparison of these 

durations will throw light on the influence of the causes we have just 

mentioned. The variation of the distance of Jupiter from the sun or 

from the earth, changes the intensity of the light we receive from the 

satellites, and this has an influence upon the duration of their eclipses. The 

elevation of Jupiter above the horizon, the clearness of the earth’s 

atmosphere, and the power of the instruments which are used in the 

observation, have also an influence upon this duration. All these causes 

produce a degree of uncertainty in the observations of the eclipses of the 

satellites, particularly in those of the third and fourth. Fortunately, we can 

observe quite often, with these two satellites, the immersion and emersion in 

the same eclipse ; which gives the time of their conjunction with a 

considerable degree of accuracy, and independent of most of the causes of 

error above enumerated. 

In the first place we shall determine the figure of Jupiter'’s shadow. If 

this planet and the sun were spherical, the shadow would be a cone, 

touching the surfaces of the two bodies. But Jupiter is sensibly elliptical ; 

therefore its shadow must differ from that of a cone. 

We shall consider generally the shadow of an opake body illuminated by a 

luminous one, whatever be the figures of these bodies. If we draw through 

any point of the surface of the shadow a plane which is a tangent to that 

surface, it will also be a tangent to the surfaces of both these bodies. It is 

evident that the three points of contact will be in a right line, which will 

also coincide with the surface of the shadow ; therefore this surface is 

formed by the intersections of a series of planes, which touch the surface of 

the opake and luminous bodies. We shall suppose, as in [19d], that 

x = ay -f bz -j- c, 

is the general equation of these planes, a, b, c, being quantities which are 

variable from one plane to another. We may here apply the considerations 

used in [1167", &c.], relative to the orbits of the planets considered as 

variable ellipses. If we vary, by infinitely small quantities, the rectangular 
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co-ordinates x, y, z, they may be considered as appertaining to the same 

plane. Hence we may take the differential of the equation, 

x = ay -j- bz + c ; 

considering a, b, c, as constant quantities ; which gives, 

dx = a dy -f- b dz. 

Taking then its differential, supposing all the quantities to be variable, and 

subtracting the first differential from the second, we obtain, 

0 — y.da -j- z.db + dc ; 

so that if we consider b and c as functions of a, we shall have, 

0 = yfz. ~ f ~ . 
J da. da. 

We shall now put, 

f* = 0, 
for the equation of the surface of the luminous body ; and X, Y, Z, for the 

three co-ordinates of this surface,* at the point where it is touched by the 

plane. In order to make this plane a tangent to the surface, it is necessary 

not only that the co-ordinates should satisfy the equation of this surface, but 

that they should also appertain to its differential, 

0=©•«+(©• dY+ffdz- 
Substituting for dX its value clX = adYJrbdZ [6959], we obtain, 

f diA , P dp 
0 = dY. 

dYj^^KdX :)!+dZ{(S) + b-(s)!- 

It is evident that this last equation ought to be satisfied, whatever be the 

values of dY and dZ; hence we get, 

/ 

Vr, 
o a. 

fdjf 

\dX/ 

d dY 
0= +b. 

dZ dXy 

* (351.2) The equations of surfaces are treated of in [19a—/]. The differential of 

the equation of the surface ^=0 [6963], is evidently as in [6964] ; and if this differential 

surface coincide with the plane [6958, &tc.], it will satisfy the equation [6959], by changing 

dx, dy, dz, into dX, dY, dZ, respectively, as in [6965]. Substituting this in [6964], 

we get [6966] ; which cannot be satisfied for all values of dX, dY, unless both their 

coefficients be put equal to nothing, as in [6967,6968]. 

53 

[6957] 

[6958] 

[6959] 

[6960] 

[6961] 

[6962] 

[6963] 

Equation 
of the 
surface of 
the lumi¬ 
nous body. 

[6964] 

[6965] 

[6966] 

9 

[6967] 

[6968] 

[6962a] 

[6962&] 

[6962c] 
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[6969] 

[6970] 

[6971] 

Equation 
of the 
surface of 
the opake 
body. 

[6972] 

[6973] 

[6974] 

[6975] 

[6976] 

[6977] 

[6978] 

[6979] 

Shadow of 
an opake 
body. 

[6980] 

[6969a] 

[69696] 

[6973a] 

MOTIONS OF THE SATELLITES OF JUPITER. [Méc. Cél. 

Combining these equations with the following, * 

M- = 0 ; X = aY + bZ -f- c ; 

p- being a function of X, Y, Z ; and then eliminating X, Y, Z, we obtain 

the first fundamental equation in a, b, c. 

We shall also put, 

f*' = 0, 

for the equation of the opake body ; and X', Y', Z', for the co-ordinates, 

corresponding to the points where it is touched by the plane ; // being 

considered as a function of these co-ordinates. Then this equation will give, 

in like manner, the four following equations ;f 

^ = 0 ; X' = aY'-f- bZ'-f- c. 

Hence we get a second fundamental equation between a, b, c. By means 

of this, and the first fundamental equation [6970], we obtain b and c in 

functions of a. Substituting these functions in the two equations 

[6956, 6962], namely, 

x — ay-j- bz-f-c; 

°=y+z-t + d£ 
we shall have two equations between x, y, z, &c. ; and by eliminating a, 

we shall finally obtain an equation between x, y, z, which will be that of 

the surface of the shadow. This is the general solution of the problem for 

the determination of the shadoiv of an opake body ; and the same solution 

gives also the equation of the surface of the penumbra ; for it is evident that 

this surface is formed like that of the shadow, by the successive intersections 

* (3513) The equations [6969] are the same as those in [6963, 6958], changing 

æ, y, z, into X, Y, Z, respectively, so as to correspond to the point of contact. 

Eliminating X, Y, Z, from the four equations [6967—6969], we obtain the first 

fundamental equation in a, b, c j corresponding to the plane which touches the luminous 

body. 

7 (3514) The equations [6973—6975] are similar to those in [6967—6969], changing 

X, Y, Z, into X'} Y', Zr, respectively ; so as to correspond to the surface of 

the opake body. 
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of the planes which touch the surfaces of the luminous and opake bodies ; 

with this difference, that in the case of the shadow, we must consider the 

intersection of the planes which touch these surfaces, on the same side ; whereas [6981] 

in the penumbra, ice must consider the intersections of the planes which touch Penumbra. 

these surfaces upon the opposite sides. We shall now apply this solution to 

the shadow of Jupiter. 

In the first place, we shall suppose Jupiter and the sun to be spherical ; 

putting also, J“pmite°r> 

R = the sun’s semi-diameter ; [6982] 

R' — the semi-diameter of Jupiter ; [6982'] 

D = the distance of the centres of the sun and Jupiter. [6982"] 

Then the origin of the co-ordinates being placed at the sun’s centre, we have, [6982"'] 

for the equation of the sun’s surface, the expression,* X2-\-Y2-\-Z2—R2 — 0 ; [6983] 

so that we shall get, from [6963], 

i* = X2 + Y2 + Z2 — R2. [6984] 

Hence we shall have the four following equations ; 

X2 -f Y2 -f Z2 — R2 = 0 ; [6985] 

Y +al=0; [6986] 

Z -ff b X — 0 ; [6987] 

X = aY+bZ + c. [69S8] 

The three first equations give,f 

Xs.(1 + a2 + b9) = R2 ; [6989] 

and from the three last equations, we obtain, 

X(l+a2 + b2) = c. [6990] 

* (3515) The equation [6983] is similar to that in [19e], changing r', x, y, z, into 

R, X, Y, Z, respectively. Putting this equal to the assumed value p. = 0 [6963], we [6983a] 

get (x = X2 -}-Y2 -f- Z2 — jR2 ; whence, 

(s) = 2X; (ë)=2r> (§)=2Z- t6988^ 
Substituting these in [6967, 6968], we get [6986,6987]. The equations [6985,6988] [6983c] 

are the same as [6983,6969] respectively. 

f (3516) From [6986, 6987] we get Y = —aX, Z=—bX; substituting these 

in [6985], we get [6989] ; and by substituting the same values in [6988] we obtain the 

value of c [6990]. 
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[6991] 

[6992] 
Equation 

of 
Jupiter’s 
surface. 

[6993] 

[6994] 

[6995] 

[6996] 

[6997] 

[6998] 

[6991a] 

[6992a] 

[69926] 

[6992c] 

[6994a] 

[6998a] 

[69986] 

Hence we deduce,* 

c2 = £2.(l+a2+b2). 

The equation of Jupiter’s surfacef is (X'—D)2-|-Y/2-j-Z/2—R,Q = 0 ; so 

that from [6971] we have, 

fS = (X'—Df+Y'z+Z'z—R'*. 
From what has been said, we obtain the four following equations,f 

(X'—Df + Y2 + Z/2—R'* = 0 ; 

r + a.fjfc'—/)) = 0 ; 
Z' + b.(X'—D) = 0 ; 

X'—D = aY'+bZ'+c—D. 

Hence we deduce, § 

(c—Df = R'\(\ + a2-f b2). 

*(3517) Dividing the square of [6990] by [6989], and then multiplying the quotient 

by i?2, we get [6991]. 

f (3518) If X/5 Y', Zf, be the rectangular co-ordinates of Jupiter’s surface, referred 

to the centre of the planet as the origin of the co-ordinates, and R' its radius, we shall 

have, for the equation of its surface, as in [6985], X,2 -j- Y'2 -f- Z'2—R 2= 0; the 

axes of Xp Y', Z', being parallel to those of X, Y, Z, respectively. If we refer these 

co-ordinates to the centre of the sun, and put X' for the new co-ordinate, or the line 

drawn from the sun’s centre to the centre of the planet, and continued beyond it by the 

quantity X/} for positive values of the co-ordinate X/} we shall evidently have 

X == X'•—D -, the co-ordinates Y' and Z' remaining unaltered. Substituting this 

value of X/ in the preceding equation [69926], we get [6992], corresponding to f/ = 0 

[6971], as in [6993]. 

J (3519) The equation [6994] is the same as [6992] ; putting this equal to f/, we 

get [6993] ; whose partial differentials, relative to X', Y', Z', are, 

Substituting these in [6973, 6974]. we get [6995, 6996] respectively. Subtracting D 
from the last of the equations [6975] we get [6997], being the equation of the part of the 

surface which is touched by the tangent plane. 

<§. (3520) The equation [6998] can be deduced from the four equations [6994—6997], 

in the same manner as [6991] is from the four similar equations [6985—6988]. The same 

may be obtained more simply by derivation from [6991] ; observing that if we change 

X, Y, Z, R, c, into X'—D, Y', Z', R', c—D, respectively; the equations 

[6985-6988] will change into [6994—6997] respectively ; and by making the same 

changes in [6991], which was deduced from [6985—6988], we get [6998]. 
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Therefore by putting, 

we shall have,* 

consequently, 

Now if we put, 

R! 

R 
= \, [700(H] 

e —D 
\ Ï 

n 
l—x. 

D2 

the equation [6991] will give,f 

m(i—\y — 1 ; 

b2 = /2— a2 ; 

[6999] 

[7000] 

[7001] 

[7002] 

[7003] 

[7004] 

*(3521) Dividing the equation [6998] by [6991], we get 

Using the upper 

signs, we obtain the equations [7000, 7001] ; but we may also use the lower signs ; and it 

is easy to prove that the former correspond to the equation of the surface of the real 

shadow; and the latter to that of the penumbra [6981]. For it is evident that the vertex 

of the cone of the 'penumbra falls between Jupiter and the sun; so that its distance from 

the sun must be less than D ; but the vertex of the cone of the shadow falls beyond 

Jupiter, making its distance from the sun’s centre greater than X). Now if we suppose, 

as in [6992c], that the axis of X is the line drawn from the centre of the sun to that of 

Jupiter, it is plain that the vertex of the cone of the shadow, or that of the penumbra, will 

be on this line; and we shall have, at the vertex Y= 0, Z— 0; whence X=c 

[6988]. Substituting this in the value of c [7000&], we get, for the values of X, 

[6999] ; whose square root 

corresponding to these vertices, X — 
D 

l=F*i 
If we use the upper sign of q^Xj, we get 

X~p>D, corresponding to the shadow [7000e] ; and the lower sign gives X 

corresponding to the penumbra [7000^]. We may observe that the symbol \ [6999, &c.] 

is given without any accent in the original work ; but we have placed the figure 1 below 

the letter, to distinguish it from the symbols X, X', &c. [6343—6346]. The same change 

is made in [7025, &c.]. 

f (3522) Substituting the value of c [7001] in [6991], and then dividing by R2, 
D-2 

we get — =l-j-~a2~{~b2- Transposing 1, and substituting, in its first member, 

the value of /'2 [7003], we get /2 = a3 -f- b2, as in [7004]. Substituting the values of 

b, c, [7004,7001], in x — c = ay -]-bz [6958], we get [7006] for the equation of the 

tangent plane. 

[7000a] 

[70006] 

[7000c] 

[7000J] 

[7000e] 

[7000/3 

[7000*] 

[7000Æ] 

[7000i] 

[7004a] 

[70046] 

VOL. IV. 54 
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[7005] 

[7006] 

Equation 
of the 
tangent 
plane. 

[7007] 

[7008] 

[7009] 

[7010] 

[7011] 
Equation 
of the 

[7012] 
conical 
surface 
of the 
shadow. 

[7007a] 

[70076] 

[7007c] 

[7007tZ] 

[7007e] 

[7011a] 

[70116] 

[7011c] 

and the equation of the tangent plane [6958] will become, 

x — —= a • 
1 Ax 

Taking the partial differential of this equation relative to a, we get. 

hence we deduce, 

consequently, 

or. 

a = 

0 = y 

fy 

ZLZ 

2 ’ 

[/’ 

f* b=V/j»_a3 = i7==; 

D r l--JT 

x — —— =/Vy2+z3 ; 

which is the equation of the surface of a cone,f y and 0 being nothing at 

its vertex. We shall have at this point, 

* (3523) The equation [7006] is equivalent to that in [6958], being the equation of 

the tangent plane ; and in the same manner as [6960] is deduced from [6953], by taking 

the differential, considering a, b, c as variable, we may find [7007] from [7006] ; 

observing that as b, c, have been eliminated, there will remain only the variable quantity 

a. Then the differential of [7006], considering a only as variable, gives 

O^da.y—da. dividing this by da, we get [7007], or y =-^===. 

Squaring this and then deducing the value of a2, we get a [7008]. Substituting this in 

[7004], we get b [7009]. Substituting the value of a [7008] in the equation of the 

plane [7006], it becomes as in [7010] ; whose square gives [7011]. 

f (3524) We shall suppose, in the annexed figure, that CAV is the axis, and V the 

vertex of the right cone FDGEF. Through any point D of its surface draw the 

plane DGEF, perpendicular to the axis CV, and 

intersecting the surface in the circle DGEF. We 

shall suppose CAV to be the axis of x, CA=x, 
CV—D', and VA = D'—x-, also AB — y, 

BD = z these two lines being drawn parallel to the 

axes of y, z, respectively. Then in the rectangular 

plane triangle ABD we have, 

AW — AB* + BD* = y2+z*. [7011d] 
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x —-= distance from the sun to the vertex of the cone ; 

and this expresses the distance from the vertex of the cone to the sun’s 

centre. Subtracting D from it, we obtain the distance from this vertex 

to the centre of Jupiter, which is equal to 
D\ 
-—~ = distance from Jupiter to the vertex of the cone. 

Now in noticing the ellipticity of Jupiter, we shall suppose that the equator 

of this planet coincides with the plane of its orbit. The error arising from 

this supposition would vanish, if Jupiter were spherical ; it must therefore 

be of the order of the product of the ellipticity of Jupiter, by the inclination 

of its equator ;* therefore it must be insensible. This being premised, we 

shall have, as in [6991 ],f 

c = jR./l-j-aa+b9 ; 

Now by putting tang. A VD = -j, 
J 

we have, in the rectangular plane triangle VAD, 

AD= VA.t&ng.AVD = —. (D'—x). 
«/ 

Substituting this in the preceding expression of 

AD2, and then multiplying by f2, we get (U—xf =f2‘(y2j(~z2), which represents 

the equation of a conical surface, whose vertex is V, and agrees with that in [7011], by 

putting D'~-——. This value of D' being the same as the value of x, or CV, 
1 A1 

corresponding to the vertex V, where y==0, # = 0; as is evident by substituting these 

values of y, z in [7011]; whence we get the value of x as in [7013]. 

*(3525) If Jupiter were spherical, the shadow would be of the same conical form, 

whatever be the position of the axis of revolution of the planet. The greatest possible 

difference, when the form of the planet is elliptical, is of the order of the ellipticity p. Now 

it is very evident that, if we obtain the form of the shadow, corresponding to the elliptical 

form of the planet, and to the supposition that its axis of revolution is perpendicular to the 

plane of its orbit, and then vary the inclination of the axis by a small angle ; this elliptical 

part of the shadow p, will vary by a part which may be considered as of the same order 

as the angle, or as the sine or tangent of this angle ; so that the whole effect will be of the 

order of the product of the ellipticity p by this small angle, as in [7015']. 

t (3526) The equations [6985—6988] contain only the co-ordinates of the sun?s 

surface, and are wholly independent of those of Jupiter, which are found in the equation 

f = 0 [7020, 7018], Therefore the equation [6991], which is deduced from the 

equations [6985—6988], must also hold good when Jupiter is elliptical ; and by taking its 

square root, we get [7017]. 

[7013] 

[7014] 

[7015] 

[70152 

[7016] 

[7017] 

[701le] 

[7011/] 

[7011g] 

[7015a] 

[70156] 

[7015c] 

[70152] 

[7017a] 
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[7018] 

[7019] 

[7020] 

[7021] 

[7022] 

[7023] 

[7024] 

[7018a] 

[70186] 

[7018c] 

[7018c?] 

[7018c] 

[7018/] 

[7018g] 

[70186.] 

[7024a] 

[70246] 

[7024c] 

[7024c?] 

and the equation of Jupiter’s surface will hef 

(.X'—Df +F2 + (1+P)9.(Z/2—D'2) = 0 ; 

R' being the semi-minor axis of Jupiter. If we put the first member of this 

equation equal to \f we shall have, by what has been said in [701 8/-A], 

Y' -f- a. ([X'—D) — 0 ; 

(l+lf.Z'+bfX'—B) = 0 ; 

X'—D = aY'+ b Z' + c—D. 

Hence we deduce,! 

c-—D = (1 + p )>R'*\y//' l+a2+ — ■^•v/l+a2+h2—D, 

* (3527) The general equation of an ellipsoid, referred to its centre as the origin of 

the rectangular co-ordinates x, y, z, is æ2 + mff- nz3, = // [1363]. Its semi-axes, 

parallel to x, y, z, being k, — 

^/^=(l-j-p), k— (l+p).R', these semi-axes become (1-|(l-j-p).iî' and 

R', respectively 5 R' being the semi-axis of revolution [7019], and (1 + p).R' the 

equatorial radius. Substituting the values of m, n, k [7018c], in the equation of the 

ellipsoid [7018a], it becomes, by making a slight reduction, #2+y2+(l+p)2-(s2-D/2) — 0 ; 

now changing x, y, z, into X—D, Y', Z', to conform to the present notation 

[6992a—c], it becomes as in [7018]. Putting this equal to f, we get, 

/ = (X'—D)2 + r'2+(l+p)2.(Z'2—JP2) ; 

, respectively [ISOS"]. If we put \fm— L 

(^)=2<x'-i}y> (j!)=2F; ©=2Z'(1+p)a- 
Substituting these in [6973, 6974], we get [7021, 7022] respectively ; the other equation 

[7023] is the same as [6997], being the equation of the part of the surface which is 

touched by the plane. 

f (3528) We have Y1. ■ a.(X'-Sz)) [7021]; [7022]; 

substituting these in [7018, 7023], we obtain the two following equations respectively; 

{X'-Df. { l+a’ + J^ | = (1+p)s.B'2 ; 

b2 -> 

'(1+p)9 5 
D. (X'—D). | l + a2 + 

Dividing the equation [7024c] by the square root of the equation [70246], 

{X—D).^/ £ l+a2-b(q^2] =(l-fp).D7 we obtain, 

b2 7 
l+a2 + 

c -D 

(î+p)5 5 “"(ï+?jrw- [7024e] 
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Now putting, 

tt-tÙiE = X] [TOOOi] ; 

D2 

R2.(l— \)* 

we shall have, by neglecting the square of 

[7025] 

[7026] 

[7027] 

Multiplying this by (l-fp).-R', we get c— D = (l-f- p).-R'- \/ ^ l+a2+ | * as i7024/] 

in the first expression of c—D [7024]. Substituting in its first member the value of c [7024g-] 

[7017], we get the last member of [7024]. This equation corresponds to the shadow 

where X' f> D [7000h] ; that of the penumbra is easily derived from it by changing the [70246] 

sign of the radical in [7024/1 ; or, in other words, by changing X'—D into D—X' ; 

which requires that we should change c—D [7024e] into —c-f-Zb 

* (3529) The notation used in [7025, 7026], is similar to that in [6999, 7003]. Now 

if we put for a moment, for brevity, $2 = l-f-a2-f-b2, and neglect the square and higher 

powers of p, we shall have successively, 

1-4- a2 -f- ——- = 1 -j— a2 —|- b2—2pb2 — s2—2pb2 ; 
(l+P)2 

substituting these in the two last forms of [7024], we get, 

(l-f-p^Rhy/sS— 2pb2 — Rs — D; or (l-f- p).B!. | s — | = Rs—D. 

Dividing this last equation by R, and substituting the value of X, [7025], we get, 

< pb2) D 

°r> 

pb2 D 
(1 —Xj.s-J-X,. — — R . 

Squaring this last equation, and re-substituting in its first term the value of s2 [7028a], 

then dividing by (1—\)2, we get, 

2Xr . „ 1)2 

[7028a] 

[70286] 

[7028c] 

[7028/| 

[7028/] 

b2. 

l-fa2 + b2+ — -pb2 — or> 

[to26]- 

The square root of this last equation gives b. ^ l-f- qyyy- j — [//'2 — a2 ; dividing it by the 

coefficient of b, we obtain [7028]. Substituting this value of b, in the expression of c, 

[7028c] 

[7028/] 

[7017], and then making successive reductions, using 1 -j-/2 = —; 
Z)2 

223.(1—Xx)3 
[7026], we get, [7028g-] 

VOL. IV. 55 
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[7028] 

[7029] 

[7030] 
Equation 
of the 
tangent 
plane. 

[7031] 

[7032] 

q 

v 
= 1-ÏZ37 M 2—a2 ; 

D TP 

which gives, for the equation of the plane [7028/], 

* = + (l- ï=£) •z- ~^ • (/2- a’)- 

Taking its differential relatively to a only, we get, 

1—- \p 

0 = y — a 2, 1—x. 2 Xj p. jR2a 

y//2— a2 I) 

Eliminating a, by means of these equations, we shall obtain the equation 

of the surface of the shadow. But we may simplify the computation, if we 

suppose, 

fy a = 
Vf+i 

+ qp 

fy 
f=P being the value of a in the spherical hypothesis [7008], we shall 

l/VH-' 

have,* 

[70287t] 

[70287] 

[7028Æ] 

[70287 ] 

[7028??i] 

°=R-\/ {i+*H- (i- 1 = R- 

-P2 

Jp.(l—\f 

D 

Ï—\ D ' 

This last expression of c agrees with that in [7029]. Now substituting the values of b, c, 

[7028, 7029], in the equation of the tangent plane [6958], it becomes as in [7030]. This 

equation is similar to that in [7006], corresponding to the spherical form of Jupiter ; and by 

taking its differential relative to a, then dividing by da, we get [7031] j in the same 

manner as we have deduced [7007] from [7006]. 

[7033a] 

[70337» ] 

[7033c] 

* (3530) Substituting the value of a [7032], in p/(/2—a2), and making successive 

developments and reductions, rejecting terms of the order p2, we get [70337»]. 

V//2-a2 = 
/2y2 _ 2Ap2/ 

/* 

2/2-)-Za 

q P-27 

Z2*2 _ 2/q ?y 7 

772+-2 v/F+^S 

VV+z2 
XlP 

Vlultiplying this by 1— —, we obtain [7033] ; and by again multiplying by z, wre 
1 A-! 
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fz q p-y_\f?z 

z (i—\)Vy*+*?' 
Hence the equation of the tangent plane becomes, 

r— fi/STTi xi/p-^2 , B /2g2 
+2 ~ (1-X0V/+? + 1—X, D -yi+v 

Hence we deduce, 

' R_\* - r 
—xj i—x, D\/f+zs ■ 

x- 

/ I)2 
From [7026] we have f—— \^/ — 1; observing that the 

radical ought to have the sign — ; because x is less than ^ ^ -. * Thus 

we shall have, very nearly, 

get [7033/]. Now multiplying [7032] by y, we get [7033e]. Neglecting the part of 

«... y-2 za 
a [7032] containing p, we get a value of a, whence we deduce /3—■ a2 = —-f 0 ; 

y j ^ 
X p,_R2 B 

multiplying this by--—, we get [7033g]. Now adding -- to the sum of the 
JJ i Xj 

first members of [7033e,/g*], we get the second member of [7030], or the value of x ; 

and the term [7033d] being added to the similar sum of the second members of [7033e,/, g], 

becomes as in [7034], by making some slight reductions. 

fy2 " , 

A \p\ ,_ /z2 x,/pz2 
V1 j-x.UvX3-*3—v^b“"qpy 

\ p. ft2 

B fP- a2) = 
X,p.J22 

B '/ + z2- 

B 
Transposing —— in [7034], and squaring the result, we get [7035] ; which represents 

the equation of the shadow of Jupiter, free from radicals, except in the last small term of 

its second member. 

* (3531) The extreme point of the real shadow being at the vertex of the cone, the 

greatest value of x must correspond to that vertex ; and if Jupiter be spherical, this 

distance is —— [7013] ; therefore, in the case of p = 0, the general value of x, within 

the limits of the shadow, must be less than -—— ; so that x — must be negative. 
1—Ax 1—A1 ° 

B 
Now if we put p = 0 in [7034], we shall get 

1-Xx 
'■fftf2-h2’3 j therefore f must 

219 

[7033] 

[7034] 

Equation 
of the 
shadow of 
Jupiter. 

[7035] 

[7036] 

[7033d] 

[7033d'] 

[7033e] 

[7033/] 

[7033g] 

[7033/t] 

[7036a] 

[70366] x 
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[7037] 

[7038] 

[7039] 

Shadow of 
Jupiter. 

[7036c] 

[7036c?] 

[7036e] 

[7036/] 

[7039a] 

[70396] 

[7039c] 

[7039c?] 

[7039e] 

[7039/] 

[7039g-] 

D being much greater 

\)3 / D 

& * \l-\ 

—^_• 

îr than R [6982, 6982"] ; therefore we shall have, 
) \ 2 . . Ox C R ■) 

* 

-X .p z\ ^ vWl 1 

which is the equation of the figure of the shadow of Jupiter. We find by the 

same analysis, that the equation of the penumbra is, as in [7039g], 

be negative, supposing the radical U2/2+z2 t0 be positive. Moreover, it is evident from 

JR! R 
the definitions in [6982, &c., 7025], that —, — and are very small quantities; 

R 
and if we develop the expression of f [7036], according to the powers of — , we shall 

have f = — 
D 

-f- ^ on "f~ ^c- ’ which, by neglecting the small terms of the 

order —, becomes as in [7037] ; observing that ihe symbol \ denotes the ratio of the 

equatorial diameter of Jupiter to that of the sun [7025, 7018c?, 6982, &c.], which is very 

small; so that the expression of / [7037] is of the same order as —, which is very 

great in comparison with the neglected terms of the expression [7036c?]. 

* (3532) Dividing the equation [7035] by /2, then substituting the value of /[7037], 

we get [7039], ivhich represents the equation of the surface of the real shadow of Jupiter. 

The equation of the penumbra is obtained in a similar manner ; for the equations 

[6983—6991] corresponding to the sun’s surface, and those in [7017—7023] relative to 

the surface of Jupiter, require no alteration. But the quantity c—D [7024] changes its 

signs in the first and third members of [7024], as in [7024A, ?]. This produces a 

change in the signs of the second members of the equations [7028c], which were deduced 

from [7024], as well as in the resulting equation [7028c?] ; and this change may evidently 

be produced, by supposing the sign of \ to be changed in [7028c?, &c.]. Therefore the 

equations [7028—7035] may be made to correspond to the penumbra, by changing 

the sign of \. Moreover, in [7036] we must change the sign of /, and put 

f = 
D 

— 1, 
J?2-(l +\f 

the penumbra we must have f— 

because x )> j 

D 

D 

+ xi 

[7000g*, &c., 70366, &c.] ; so that for 

instead of [7037]. This change in the sign 

of /, produces a change in the sign of the last term of [7035], which contains the divisor 

fyïJfzZ ; so that in this term the radical may be supposed to change its sign, instead of /3. 

Finally, by making these changes in the signs of fiff-z2, in the equation of the 

shadow [7039], we get that of the penumbra [7040]. 
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• (*~ ff) = f+*+ ^ • '*• \ WÇ?+1 ! • 
p^(i+\Y 

D2 

We shall now consider a section of Jupiter's shadow, hy a plane 

perpendicular to the axis, at the distance r from the centre of the planet. 

We shall have in this case, x= Dfr [6982"] ; therefore,* 

R 
g. {i^-r.Cl-W = f+?+ . p*> — 1 

\Jf-YzÀ 

We have at first, by taking the square root of [7042], and neglecting terms 

of the order p, 

✓»*£? = = R- [ } ■ 

Substituting this approximate value in the small term of [7042], which is 

multiplied by p, we obtain, for the equation of the shadow, the following 

expression ; 

[ x+5-| c r (l_X ] ) 2 
(i+Py.R'*.\ = if+z*+ 

I— 
z>x, 

This equation appertains to an ellipsis, whose ellipticlty is f 
<l+i) 

D Xx 

* (3533) The first member of [7039] may be put under tbe form ~. \D—#.(1—J1, 

and then substituting x = JD-\-r [7041], it becomes as in [7042]. Neglecting p in 

[7042], and extracting tbe square root, we get the approximate value of [7043]. 

Substituting this in the small term containing p in [7042], and putting also R = 
\ 

[7025], we get, 

(1+P)9-^2 
■ {D\~r.{l-\)j, = >s+*s+ Pt-ez\ S 

I-Xx | r.(l — Xx) 

D 

— 1 

which is easily put under the form [7044] ; observing, that by reducing the last factor of 

[70426] to a common denominator, we have, 

r.(l-xy 
k I _I__ _I » 

1-X, 

X, X. — r-U—A) 
D 

1—Xj-f- 

X, 

D 

r-U-XQ 

D 

1 + D 
r-W\)i 

D 
1- 

r.(l-Xi)< 

DXt 

t (8534) We have in [2088], Jc2 = x2for the equation of an ellipsis, whose 

56 

[7040] 
Penumbra 
of Jupiter. 

[7041] 

[7042] 

[7043] 

[7044] 

[7045] 

[7042a] 

[70426] 

[7042c] 

VOL. IV. 

[7045a] 
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[7046] 

[7047] 

[7047'] 

[7047"] 

[7048] 

[7045&] 

[7045c] 

[7045c?] 

[7045e] 

[7045/] 

U045ê-] 

[70457c] 

[7045*] 

[7045Æ] 

T 
The quantity is very small, even in its greatest value corresponding 

to the fourth satellite ; hence we see that this ellipsis, or the figure of the 

section of the shadow, is very similar to the generating ellipsis of Jupiter, 

[7045&]. We shall use the following symbols ; 

« = the semi-major axis of the section of the shadow; 

p' == the ellipticity of the section of the shadow ; 

R' = the polar semi-axis of Jupiter’s mass [6932] ; 

i?'.(l+p) = the equatorial semi-diameter of Jupiter, [7018c] ; its ellipticity 

being P; 

then we shall have, 

rectangular co-ordinates are x, y, greatest semi-axis k, and least semi-axis — [2088a]. 
All 

If we change x into y, and y into z} in order to conform to the present notation, this 

equation will become &2 = y2-f-Xu2. #2 = 2/2-j-22-j-(xxi2—l)-^2. Comparing this with the 

equation [7044], we find that they become identical, by putting W equal to the first 

member of [7044], and Xn2—1 equal to the coefficient of z2, in the last term of the 

second member of [7044]. Hence we get, 

The greatest semi-axis k is the same as a [7048]. The ellipticity, which is represented 

k 
by the difference of the two semi-axes k, —, divided by the first of these quantities, is 

Xu 

1 X —1 
equal to 1-— "T— = Xxl—1, nearly; and by using Xu [7045s], it becomes as 

Xu X„ 

in [7045 or 7049]. Now we have X1 = T1D- nearly [7547]; substituting this in the 

i+;, 
ellipticity of the shadow p [7049], it becomes nearly p = p. ^^ j = p. ^1 -f-10. —^ ; 

and if we take for r its greatest value, corresponding to the distance a'" of the fourth 

satellite, we shall have very nearly, from [6785], r = a!" = 1/sin. 1530",864 = ¥-f¥. D ; 

hence nearly; consequently the ellipticity p'[7045A], becomes p = ff p ; 

which differs only part from the ellipticity P of Jupiter’s surface [7048], as 

in [7046]. 
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= (1 + p).jR'.^1— 
*j(l—\) 

DK 

P- >+F 
r.(l—Xx) 

= the ellipticity of the shadow ; 

DX, 

we shall also have, for the equation of the section of Jupiter^s shadow,* 

a2—(14~p')9.2'9; or /=«9—(1+p')9.22; 
and 2a will be the greatest width of this section. 

If we suppose \ to be negative, in the values of a and f the equation 

[7050] will become that of the section of the penumbra.f Now the greatest 

width of the penumbra, at the distance r from Jupiter’s centre, being equal 

to the difference of the two values of a, relative to the shadow and the 

penumbra, it will be given by the following expression [7053] ; R being 

the semi-diameter of the sun [6982] ; 

greatest penumbra = (1-f-p).R'. 
2 r 

D\ 

2r.R 

“IT 
[7052c]. 

* (3535) Substituting in the first member of [7044] its abridged value a2 [7045J], 

and in the last term of its second member, the symbol p; instead of its value [7049], we 

get a2 = !/2-{-22-f-2//.22, or a2—?/2 = 22.(l-}-2/) = 22.(l-j-/)2, nearly, as in [7050]. 

Putting 2 = 0, we get y=a = the semi-major axis, as in [7051]. 

f (3536) Changing the signs of R, in the equation of the shadow [7039], we get 

that of the penumbra [7040]. The equation [7043] becomes, 

r.(l+Xi) 
vV+2s = -R.x1. [h ~ ]• 

This change in the signs of Xl5 R, requires a similar change in the values in [70487 7049] ; 

and we shall put cq, Pl', for the values corresponding to a, /, respectively ; then we 

shall have, from [7048', 7049], observing that the value of R' [7025] is not altered, 

«1 = (1+,).JR'.(1+r-^tJ) Pi 
1-f- 

r.( 1 -)- Ax) 

We shall also have, for the equation of the surface of the penumbra, the following 

expression, which is similar to [7050] ; 

“i2 —2/2=(1 + Pi')^2- 

Subtracting the value of a [7048'] from that of a, [7052c], we get, by using 

r_(1 + P).B' 

Xi 
[7025], 

oq — a= (l-j-p).^. 
2r 

zfx] 

2 r.R 

~JT 
; asin[7053]. 

[7048'] 

[7049] 
Ellipticity 
of the 
shadow. 

Equation 
of the sec- 

17050] 
tion of the 
shadow. 

[7051] 

[7052] 

[7052'] 

[7053] 

[7050a] 

[7052a] 

[70526] 

[7052c] 

[7052d] 

[7052e] 
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Symbols. 

[70530 

[7054] 

[7055] 

[7056] 

[7057] 

[7058] 
Equations 
of the 
shadow. 

[7059] 

[7060] 

[7061] 

[7057a] 

[70576] 

[7057c] 

[7061a] 

[70616] 

[7061c] 

We shall now put, 

Z = the height of a satellite, above the orbit of Jupiter, at the moment of 

its conjunction ; 

r = the distance of the satellite from the centre of Jupiter, at the time of 

the eclipse ; 

v1 = the angle described by the satellite, by its synodical motion, in the 

orbit of the planet, from the time of its conjunction ; 

x. The axis of x is the projection of the radius vector of the satellite, on 

the orbit of Jupiter, at the instant of the conjunction; or, in other 

words, it is the continuation of the radius vector of Jupiter’s orbit, 

at the same instant ; 

then we shall have,* 

y* 2 = (r2 — z2). sin.2. v{. 

Hence the equation of the surface of the shadow becomes, 

(r2—'Z2).sin.2iq = a2—(l + p')2.,?2. 

We shall neglect the quantities of the order 24, and ^.sinAtq, 

this equation to the following form ; 

r2. sin.2tq — a2—(l-j-p')2.,^. 

Now we have,f 

which reduces 

* (3537) The satellite being at the distance r from the centre of the planet, and at 

the height 21 above the plane of x, y, the projection of r upon this plane will be 

represented by r1 = f r~ — z* ; and as this projected line rx forms the angle v1, with the 

axis of x [7055,7056] ; and the angle 100°—tq, with the axis of y ; we shall evidently 

have y — 7q.sin.2q = y/r2—z^.sin.iq ; whose square gives y3 [7057]. Substituting this 

in the second of the equations [7050], we get [7058] ; and if we neglect the term 

22. sin.2 *tq, on account of its smallness, it becomes as in [7060]. 

f (3538) Considering z as a function of q, and developing it according to the powers 

of v1} by Maclaurin’s theorem [607a], we get z — Z-fvlt —% vfhe. ; 

substituting vx = sin.tq-f- ^-.sinJiq-f &c. [46 Int.], and neglecting terms of the order 

mentioned in [7059], we get the expression of z [7061] ; observing that —, are of 

the same order as z, as is evident from the consideration that Z is of the order as [7065] ; 

and if we notice only its chief term in [7522 line 1], we shall have nearly 

Z = as = a.3°,43267.sin.('V-}-b10j3787) nearly. Now dv is to dvv as n to n—M, as 



VIII. viii. § 26.] ON THE DURATION OF AN ECLIPSE, 

therefore we shall have, very nearly,' * 

r9,sin.2.^ = «2-(1 + p')9.Z}—2.(1 +P')2.sin.^.Z. 
dZ 
dv, 

Hence we deduce. 

O+rT-z- 
dZ 

sin.r i ,.2 ~± \/ | 7 + (!+/)• f | • | 7 —(l+p')- 
z 
r 

If s be supposed to express the tangent of the latitude of the satellite, above 

Jupiter^s orbit, at the time of the conjunction [6033], we shall have very 

nearly Z = rs ; f and as r is nearly constant, the preceding equation 

becomes, 
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[7062] 

[7063] 

[7064] 

[7065] 

is manifest from the definitions of v, tq, n, M [6023c, d, 6022/, 6021 z] ; and as M is 

very small relative to n [6025/], dv1 may be considered as of the same order as dv ; [7061rf] 

d Z dZ 
consequently —— is of the same order as —. Substituting in this last expression the 

dZ 

dv 

dZ 
value of Z [7081c], we find that — or — 

dv dv 

holds good relative to , he. 
dvp 

is of the same order as Z ; and the same [7061e] 

* (3539) Taking the square of z [7081], and neglecting terms of the fourth order in 

dZ 
Z, vl} it becomes zJ~ Z2-j-2.sln.v1.Z. -f- he. Substituting this in [7060], we get 

[7062], which is a quadratic equation in sin.v,, and its root gives sin.u, [7083] ; observing 

that if we transpose the last term of the second member of [7082] into the first member, the 

equation becomes r*.sin.so1-f2.(I-(-p,)a.sin.ï;l.Z. ^ = a2— ( 1 -j-p')2.Z9 ; which may 

evidently be put under the form, 

r2. ) sin.tq -j- 
(ywf-fp* 

r2 

neglecting terras of the order '/dd’/J. Dividing this by r2, and taking the square root, 

we obtain [7063], 

f (3540) The expression of Z [7065] can be deduced from [6036], by neglecting 

terms of the order s°. The orbit of the satellite being nearly circular, r is nearly constant j 

and then the differential of Z, relative to iq, gives — = r. ~~ nearly. Substituting 

these values in [7083], we get [7086]. The remarks in [7087, 7068], relative to the 

signs, aie evidently correct 5 taking into consideration that the positive values of vt follow 

after the conjunction. 

[7062a] 

[70626] 

[7062c] 

[7065a] 

[70656] 

VOL. IV. 57 
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[7066] 

[7067] 

[7068] 

[7071a] 

[70716] 

[7071c] 

[7071c?] 

[7071c] 

[7071/] 

[7071g] 

[70716,] 

[7071i] 

[7071k] 

[70711] 

[7071 m] 

sin.»j = —(l + p')a. ^ ± p/ |y + (l + p')-s | | 7 —(1 + P')-* I * * * S * I • 

This formula, with the sign -f- prefixed to the radical, denotes the sine of the 

arc described by the satellite, by means of its synodical motion, from the 

conjunction to the emersion. With the sign —, it denotes the negative value 

of the sine of the similar arc, from the immersion to the conjunction. 

We shall put,* 

7* 

*(3541) If we notice only the chief inequalities in — and v, relative to the satellite 

m [6131, 6132], and also the chief term of the elliptical values [669], we shall have, 

“ = 1—e.cos.(n* + s—*)— ‘cos.(2^—2/t-f 2 s—2/) ; 

v = n?-f-s-j-2e.sin.(w?-|-s—to)-}- ——' ,^,7 .sin.(2nt—2n't-\-2e—2/) ; 
[£Yl—J 

and if, for brevity, we put, 

X' — 2e.cos. s—to)-}- - ^.cos. (2 nt—2 n'tfZs—2s7) ; 
I i&Yl-<£Tl J 

we shall find that the expression [7071a] becomes, 

-=1— 
a 

Moreover if we take the differential of [70716], and divide it by ndt, substituting X' 

[7071c], we shall get [7071e], observing that we have very nearly ndt — (2n—2n').dt 

[6151] ; 

~ = 1-f-X' ; or dv — ndt-\-ndt.X'. 

Now if we suppose, as in [6101'], that Mdt represents the sidéral motion of Jupiter, 

during the time dt, we shall have, from [6023c, d], dv= dv^Mdt, nearly. Substituting 

the value of dv [7071e], we obtain ndt.X' = dv1—(n—M).dt. Dividing by (n-M).dt, 

we get —— . X'= ———7 — 1 ; so that if we put -- . X' = X, it becomes as in 
5 n—M [n—M).dt n—M 

[7071]. Lastly, as n—M is nearly equal to n [6025Î], we shall have X' = X nearly; 

and it is evident, from [7071c], that X', or X, must be a small quantity of the order e, &c. 

From what has been said it appears, that if — contain a periodical term of the form 

— §X [7071 d], will contain a term of the form -{-Ai [7071 e]. A similar result 

holds good also with the satellites m', m", m". This is evident as it respects the elliptical 

terms depending on e', e", d", which are of the same form as those in [7071a, b] depending 

r'ôi^ . d.6vf 
on e. Moreover by comparing the coefficient of [6160], with that of —^, deduced 

from [6161], and observing that n—n! — nf nearly [6151], they become of the same 

r"6r" dAv'* 
form. Also -- [6164], and -—- deduced from [6165], correspond in like manner. 

a"2 L n dt 
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T — the time employed by the satellite in describingyjlhe greatest width a 

of the shadow, by means of the synodical motion ; 

t — the time of describing the angle vn by the synodical motion ; 

dv 
x = (n—M)4t — 1 ! or *’i = («— M).clt.(l+X) ; 

X being a very small quantity, a is the mean distance of the satellite from 

Jupiter [6079] ; — is the sine of the angle under which the radius a 

appears at the distance a. Putting this angle equal to (3, or, 

sin.p = —-, 
a 

we shall have, very nearly,* 

t = fly(i-x) 
p 

If we substitute in this expression for vx its sine, which differs but very 

little from the arc [70616]; and for sin.tq, the preceding value [7066] ; 

also (3 = — nearly [7074] ; we shall have, 
-0/ 

If we notice only the equation of the centre of the satellite, we shall have, 

as in [707lu, d, e, Zt], nearly, 

or y = l + |I; 

and it also follows, from the same articles [7071c, d, e, A], that this equation 

Symbols 

T,t,X 
[7069] 

[7070] 

[7071] 

[7072] 

[7073] 

[7074] 

[7075] 

[7076] 

[7077] 

[7078] 

* (3542) During the eclipse we may suppose the variation of v1 to be proportional to 

dvl vx , ^ v, , [7075a] 
t, so that 

dt 
hence [7071] becomes X= ——- 

t l J (n-M).t 
— 1 ; consequently, 

t — 
1 

n-M * 1+X n—M = ~Tr' (1—•X)> nearly ; [70756] 

since 
/j_V"\ 

or by multiplying the numerator and denominator by T; t — ’ an<^ s* 

(n—M).T represents the synodical arc described by the satellite in the time T, which, [7075c] 
'J\v M _ 

by [7069, 7074], is equal to (B, it becomes t ——--, as in [7075] ; or, as it may 

be expressed very nearly, t = T.( 1—X).5—^. Substituting the value of sin.vl [7066], [7075d] 

it becomes as in [7077], observing that ~ — a nearly [7076]. 
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[7079] 

[7080] 

[7081] 
Symbol 

t' 
[7082] 

[7083] 

[7084] 

[7080a] 

[7081a] 

[70816] 

[7081c] 

[7081d] 

[7081e] 

[7083a] 

[70836] 

[7083c] 
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holds good even when we include the chief inequalities of the satellite ; 

therefore we shall have, very nearly,* 

' = T-(!-x)-j-fl+fT-j• ^ jl+JX-(l +e')- ■ 

If we put the whole duration of the eclipse equal to t\ we shall have,! 

V t (3 3 ( (3 3 

Hence we deduced 

2T.(1 + |/).(1— X). 

This equation will serve to determine the arbitrary constant quantities 

which enter into the expression of s, by selecting the observations of the 

eclipses in which these quantities have the most influence. 

The duration of these eclipses being one of the most important parts of 

their theory, we shall examine particularly the preceding formulas for 

* (3543) Substituting in the radical expression of [7077], the value — =l-f^A 

nearly [7078], we get [7080]. 

j- (3544) We shall suppose the time from the conjunction to the emersion to he q ; the 

time from the immersion to the conjunction, considered as negative, is of the form —tll9 

tlt being positive. These values may be deduced from [7080], attending to the remarks in 

[7067, 7068] ; hence we have, 

= T.(l—X).^-(1+p')a.^h+iV+0+p')- - (.{l+fcX-tl+rt-p j y 

Subtracting the second of these expressions from the first, and putting t1Jrt11 = t/ [7081], 

we obtain [7082]. 

X [3545] Connecting the two factors in the radical [7082], and neglecting A2, we get 

f = 2T.(1-X).\fl l+X-(l+p')2.|. 

Squaring this we obtain, 

= 4T2.(1—X)—4TK (1—X)2.(l+p')2- 4 5 
r 

hence -- = • Extracting the square root, and multiplying by js, we 
(3“ 4/a.(l-)-p )-. (i—JL)-1 

obtain [7083]. 
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computing them. The radius of the shadow a varies with the distances of 

the satellites from Jupiter, and of Jupiter from the sun. Putting 

D = D'—ôD for Jupiter’s distance from the sun; D' being the mean 

distance; and supposing, as in [7078], r = a.( 1—JAQ, we shall find that 

the variations of a will be represented by the following expression ;* 

èX- jy 5 D\ 
variante pari 

JX is always very small in comparison with 
W 

D 
and this last quantity is 

* (3546) The values of D, r [7085, 7085'], give, 

r a.(l-iZ) a ( 5D-) 

D = U-UT =V ■ [ 1_ iX+ V i near'y- 
Substituting this in [7048'], we get, 

a = (l+f).R'. { 1-“-^ | +(l+p)-«'. | 

Of the two terms contained in this value of a, the first is constant, and the second variable ; 

being the same as in [7086]. 

t (3547) If we put the values of D [6275, 7085] equal to each other, we shall get, 

D'—W — D'—D'H.cos.(Mt-\-E—I) ; whence ^ = H.cos.(Mt-\-E—I) ; 

and as H—0,048... [68825], — is of the order 0,048. On the other hand, the values 

of jpr, corresponding to the satellites m, m', m", m'", are found in [7527,7488,7432,7377] 

to be respectively of the order 0,0039; 0,0093 ; 0,0013; 0,0072; which are much less 

than the preceding value of ~, as is observed in [7087] ; and the author has therefore 

neglected the term of [1O86], depending on -JX. To estimate roughly the value of this 

neglected term, we may observe, that the chief term of a [7048'], namely (l-f-p)./F, is 

to the term of [7086] depending on X, as 1 to A). —; and by substituting the 

IX * 
values —y- =9 [7045g], — = [7045Î, &£C.], this ratio becomes nearly as 1 to 

0,01.X Now if we take even the greatest of the preceding values of \X — 0,0093 

[7086c], we shall have 0,01 X= 0,000186; and its actual value is generally much less. 

Multiplying this by the semi-durations of the eclipses [7562—7565], we get the greatest 

efiect of tins neglected term in the times of these eclipses ; and this correction very rarely 

amounts to a second of time of the centesimal division. Hence we see that we may safely 

neglect the term depending on X, in [7086] ; and if we substitute for (l-f-p).jR' its value 

nearly [7048'], the remaining term of [7086] becomes 

yol. iv. 53 
~a. 

(1—XJ a ÔD 

\ T7 
; and 

[7085] 

[7085'] 

[7086] 

[7087] 

[7085a] 

[70856] 

[7086a] 

[70866] 

[7086c] 

[7086c?] 

[7086e] 

[7086/1 

[7086g] 

[70866] 
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[7087'] 

[7088] 

[7089] 

[7090] 

[7090'] 

[7091] 

[7092] 

[7086Î] 

[7086&] 

[7091a] 

[70916] 

[7091c] 

[7091c/] 

[7091e] 

equal to H.cosfMtfE—I) [7086a] ; therefore the variation of « is very 

nearly represented by the following expression, 

— «. H.cos.(MtfE—I) — variable part of a. 

Hence it follows, that in the preceding formulas we must substitute, for 

~ , the following function, 

— . ^ 1  --1- > —^ « Jÿ • H.COS.fMtfE 1) | . ^Corrected value of —J 

13, in this function, corresponds to the mean motions and mean distances of 

the satellite from Jupiter, and of Jupiter from the sun. 

T denotes the time that the satellite employs in describing half the width 

of the shadow a [7069] ; this time increases in consequence of the variations 

of a, by the quantity, 

—T. , JL. H.cos.(Ut+E—I) ; [First increment of 71] 

\ J 
and it increases, because the synodical motion, in the time dt, is very nearly 

equal to,* 

(n-M).dt. l+X—£f^rH.cos.($t+E—I) ; 

by substituting the value of 
ÔD 

17 [7086a], it becomes as in [7088]. So that if we use the 

mean values of a, (3, we ought to change a into ^ • H.cos.(Mt J-E —I) ; 
Xj JL> 

(X 

therefore — must be changed into the factor [7089]. Now as T [7069] denotes the 

time of describing the arch a, this time will be increased in consequence of the variable 

part [7088], by a quantity which is proportional to that variable part, as in [7091]. 

* (3548) The longitude of the sun, as seen from Jupiter, is M( -\~ E-]~2H.s\n. (Aft-\-E-I) 

[6101, 6L02, 6882a]. Its differential, divided by dt, is M+2HM.cos ml tlpE—I) ; 

which must be substituted for M, in the expression of the synodical motion 

dv1 — [n—M).dt.[ 1-f-JT) [7071, 7055], corresponding to the time dt, and by ibis means 

it becomes, 
( 2 M 

{?i-M-2HM.cos.(MtfE-I)\.dt.(l+X) = {n-M).dt. ) l-j-JT—— .H.cos.(MtfE-I) C 

nearly, as in [7092] ; which is to be used instead of (n—M).dt, in the preceding 

calculations. Now as the time T [7039] is inversely as the synodical motion, it will be 

represented by the mean value of T, divided by j IfX——- .jH.cos. (Mtf E—I) C , 
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which gives for the increment of T, depending upon this cause, 
c o m ) 

T. ^jrH.cos.(Mt+E-I)-~X ; [7091c] [second increment of 71] 

Therefore by neglecting X, as we have done above, we shall find, that by the 

combined effect of both these causes, T changes into, 

T. | 1+ f).n.COS.(Mt+E—I) | . [Corrected value of rj 

but these two causes have no sensible effect, except upon the eclipses of the 

fourth satellite [709lg]. 

In the beginning and end of these eclipses, the quantities of the order s4, 

which we have neglected in the radical part of the expression of t, 

[7063,7075, &c.], may become sensible [7383i, &c.] But the only one which 

has any influence is the square of* (i+e?- 
sds 

p.dv1 ’ 
which must be added to 

which augments the value of T. by the two terms given in [7093] nearly. Increasing T 

by the terms in [7091, 7093], and neglecting AT, as in the last note, it becomes as in 

[7094]. The effect of this correction is, in general, insensible ; and even in the eclipses of 

the fourth satellite it is hardly deserving of notice, as is shown in [7379], where the 

correction of T is found to be of the order 0,0006101.T, at its maximum; and if we 

suppose T to be equal to 9890", as in [7565], it will never amount to 6 seconds of the 

centesimal division, and in general will be much less. 

* (3549) In finding sin.rq [7063], we have neglected the term 

Z dZ 
under the radical, and by substituting — =s [7065], 

ds 

dv. 

(i+p^zjgY 
rs J 

nearly, it becomes 

ç , sds /2 . . . . T.{ 1_X) 
|(l-f~p/)2- ^ • This is to be multiplied by — ^-- to produce the corresponding part 

of t [70757, 7077, or 7080] ; or, in other words, the function under the radical in 

[7077, 7080], must be multiplied by — ; by this means the neglected term in [7077.7080] 

becomes — • ^ 
sds ^ ^ 

(1 -f-p')2. — > , as in [7095] nearly ; and for brevity we may represent it 
1 

& ' ( ' ' 1 ' 7 ' «to, . 

by SX. If we neglect the part depending on p', on account of its smallness, we shall have 

g2 ds^ 
—-. Now the product of the two factors of the radical in [7080, or 7082] is SX: 

nearly 1-j-X—(1-j-/)2. — ; and if we increase this by the neglected term SX, it will be 
(3- 

the same as to change X into Xg-SX, under the radical, in [7080, 7082], as is remarked 

in [7095,7096]. 

[7093] 

[7093q 

[7094] 

[7094fi 

[7095] 

[7091/] 

[7091g-] 

[7091ft] 

[7095a] 

[7095aq 

[70956] 

[7095c] 

[7095d] 

[7095e ] 
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[7096] 

[7096'] 

[7097] 

[7096a] 

[7096 6] 

[7096c] 

[7096d] 

[7096e] 

[7096/] 

[7096g-] 

[7097a] 

[70976] 

[7097c] 

[7097c?] 

[7097e] 

the quantity contained under the radical. We may notice this by 

augmenting X, by the quantity ^ a, under the radical in the expression 

of t' [7082], and decreasing* X by the same quantity, under the radical of 

the expression of s [7083]. 

We have confounded the arc vx with its sine [7076] ; now we have very 

nearly, as in [70616], f 

vx = sin.-f i- sin.3^ ; 

* (3550) The author, in the original work, says, that in the expression of s [7083] 

we must increase X under the radical, by the quantity SX [7095c/] ; but this is not accurate, 

and we have corrected the mistake in [7096']- For if we multiply together the two factors 

under the radical in [7082], neglecting X3, and then increase X by SX, under the 

radical, as in [7095e], we get the expression of t' [7096c]. If we now introduce the 

external factor 1—X, under the radical, it becomes as in [7096c?]; always neglecting 

terms of the order X2, or XSX. Squaring [7096c?], and reducing, we obtain the value 

of s [7096e] ; 

C = 2T.(l-JT).l/' [ l+X+SX-(\ + t'f.^ [ 

=2r.\y/\ l-Xf JJT_(1+Py. |. (i-x)2 ] ; 

_ PY\4TK(\ — X+lX)—t'*\ 

S 2T.(1 + p').(1—X) 

If we now compare the values of s [7083, 7096e], we see that —X must be changed 

into —X^-SX, under the radical of the expression of 5 [7083], to obtain the corrected 

value [7096e] ; or, in other words, X must be decreased by —SX, in that part of the 

expression. This agrees with the corrected translation given in [i096],but differs fiom the 

last paragraph of the original work. 

f (3551) The expression of t [7075] is proportional to y ; and if we substitute in it 

the value of v1 [7097], and the similar expression of (3 = sin.(3+ -J.sin.3/3, we get very 

nearly, by development, 

», sin.», H-fsi-s», = si™,.n+t.sin a„ 
sin.(3 1 [3 sin.]3 l-j-(t.sin.2 £ 

sin.y 
= ^-{ 1+A.(^-coS.2»,)-TV.(l-cos.2|B) } = 1-tVcos.2»,+A.cos.2@ j. 

Now in [70761 we have used sw'Vl for —, in the chief term of t, which does not contain 
t J sin.j3 (3 

s; and to correct this, we must multiply it by the factor 1—y^.cos.Sy,-]- ya-cos.2/3 nearly 

[7097c], as is observed in [7101] ; we must also use the same factor in the expression of 
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therefore the preceding value of t' must be multiplied by 1 -{--i-.sm.2?/. 

Relative to the first sitellite, vx is about ten degrees [7104, 7554] ; and this 

renders the product of t', by -t-.sin.2^, sensible. But this error is corrected, 

in a great measure, by the supposition we have made in [7076], that 

a ql 

— = 8. For we have — = sin.8 [7074] ; we ought therefore to have 
a a 

OL 

supposed — = (3— J .|33 [43] Int. ; which amounts to nearly the same thing 
CL 

n_i_p/N)2.s2 
as to multiply the value of t' by 1—t.sin.2^, because the term —- ‘ * *—, 

l3 

contained under the radical in the expression of t' [7096^], being a small 

fraction in the theory of the first satellite, we may neglect its product by 

i.sin.2|3 [7097g], The value t\ determined by the preceding formula, must 

therefore be multiplied by l+-t.sin.2vi--|-.sin.2f3, or by l-TV.cos.2'yi+T1¥.cos.2j3 

[7097c]. The arc vx differs but little from (3 relative to the first satellite, 

so that the product of t' by yL.(cos.2iq—cos.2^) is insensible.* 

t' [7082]. We may finally observe that the correction relative to ft [70976], produces a 

factor 1—A sin.2 /3 without the radical in [7077]; or very nearly 1—A*sin.s/B, under the 

radical ; hut this ought not to be applied to the term depending on s, mentioned in 

[70977], because the value of ft [7076] was not introduced into this part of [7077] ; but 

as this term is very small, we may neglect the effect of the correction arising from its 

multiplication by A sin.2p, as in [7100']. 

* (3552) If the satellite pass through the centre of the shadow, it will describe the arch 

2/3 [7076], during its passage; but when the latitude is large, the described arc, which we 

may call 2tq, must he less. To estimate roughly the effect of X, £ [7527, 7529], 

corresponding to the first satellite, upon the time t', we shall observe, that X [7527] being 

much smaller than £[7529], we may neglect it; and then the expression of F [7531] 

becomes t' = 9426"q/ l—^ ; but when s = 0, the value £ [7528] vanishes, and t' 

becomes 9426". The arch described in the first case corresponds to 2v1 nearly ; and in 

the second case, to 2/3 [7102a]. Hence 2p : 2r1 : : 1 :p/RZ|2 nearly; and if we put ft 

equal to q=l 1°,1780 [7104,7554], we shall get 2/3 — 22°,3560, and 2^=22°,3560.y/F/â 

nearly, The least value of 2c, corresponds to the greatest value of £, and this is nearly 

£=i [7529]; therefore the least value of 2c, is 2c, = 22°,3560.y/| = 21°,0774. 

Hence we get cos.2c, — cos.2/3 = 0,0067 and (cos.2tq-cos.2p) = 0,0005 at its 

maximum. Multiplying this by 9426" [7102c], we get the greatest error in the value of 

t', corresponding to the first satellite, which will not therefore exceed 5", and is generally 

much less. For the second satellite we have, in [7558], 2ft = 2q==13°,9692, and 

vol. IV» 59 

[7098] 

[7099] 

[7100] 

[7100'] 

[7101] 

[7102] 

[7097/] 

[7097g] 

[7102a] 

[71026] 

[7102c] 

[7102d] 

[7102e] 

[7102/] 
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[7102'] 

[7103] 

[7104] 

? 

[7105] 

[7106] 

[7107] 

[7108] 

[7109] 

[7110] 

[7102g-] 

[7102A] 

[7102i] 

[7102&] 

[7107a] 

[71076] 

[7107c] 

MOTIONS OF THE SATELLITES OF JUPITER. [Méc. Cél. 

The value of T, determined by a very great number of eclipses, will give 

the mean distance of the satellite from the centre of Jupiter, in parts of the 

diameter of the equator of this planet, supposing the satellite to disappear 

at the moment when its centre enters the shadow of Jupiter. For — [7073] 

is the sine of the angle under ivhich the half width of the shadi w is seen, from 

Jupiter’s centre, when this planet is at its mean distance from the sun, and 

the satellite at its mean distance from Jupiter. Now if ice put this angle 

equal to q, ice shall have, from [7047, 7103, &£.],* * 

(l~l~p)-Pd ( j_ (1 ■\) a 
a '{ \ ' D' 

= sin .q. 

The observed value of T will give that of the angle q, which is nothing more 

than the corresponding arc described by the satellite, by means of its synodical 

motion ; therefore we shall have the four following equations ; 

(1+P).Rf ( d" 
a m 

(1+P)-*' ^ 

a 

(1—\) 
‘ JD' x. 

= sin.q ; 

in 

a in a 
in 

Q—\) 
x, * D' 

— V = sin.q ; 

(1-f-p). ^ a 

d" 

m 

a 

I-p)-Rf Ç i 
d" '{ 

f—\) 

\ * jy 
(l-\) ff 

x, * D' 

= sin.9" ; 

sin .q m 

13°,9692.v/r=Jâ; and as the greatest value of £ [7491], is |, it becomes 

2vt = 13°,9691.v/f = 12°,0977. Hence TV- (cos.2« — cos.2(B) = 0,0005. Multiplying 

this by 11951" [7493], we get the greatest possible error in the value of t', corresponding 

to the second satellite, which does not exceed 6", and in general is much less. For the 

third and fourth satellites, tq is quite small ; so that if we put cos2tq = l, and use 

0 =q", or qw [7556, 7557], we shall find that the greatest error in t' will be, by 

[7437,7385], 14838".^.(1— cos.2/) = 11", and 19780".-jfe. (1— cos.2ç'") =5". Both 

these expressions will be decreased by using the actual values of cos.2tq ; and in general 

these errors will be incomparably less than the limits here computed. 

* (3553) The value of a [7048'] being divided by a, putting also D' for D [7085], 

and a for r, gives — = sin.§' [7104], corresponding to the first satellite, as in [7105]. 
CL 

Changing the symbols a, q, relative to the first satellite, successively into d, q' ; d', q" ; 

d", q1", corresponding respectively to the second, third and fourth satellites, we obtain 

the equations [7107—7110], the forms being altered a little by the introduction of the 
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Each of these four equations gives a value of ? that is, the value 

of a!" in parts of the radius (l+p)J?' of Jupiter’s equator [7048] ; for there 
a!" 

is but little uncertainty in the ratio — , given by Pound’s observations, 

a!" a'" a"' 
which are quoted by Newton \l\Q7d~\ ; and the ratios —, —, —, are 

well determined in [6797—6800]. The differences of these values of a'" 

will make known the errors of the supposition that the satellites are eclipsed 

at the moment of the entrance of their centres into the shadow. The 

penumbra, the magnitude as well as the brightness of the disc, and the 

refraction which the sun’s rays may suffer in Jupiter’s atmosphere, are 

sources of error whose effect it will be difficult to ascertain with correctness. 

quantities a, a', &c. between the braces. Before closing this note we may remark, that 

we have already mentioned, in [67876, Sic.], that observations similar to those of Pound 

[71 IP], have been made with great accuracy by Professor Airy. 

[7111] 

[711V] 

[7112] 

[7112'] 

[7107d] 
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CHAPTER IX. 

Data used 
in finding 
the masses 
of the 
satellites 
and the 
oblateness 
of Jupiter. 

[7113] 

First 
datum. 

[7114] 

[7115] 

[7116] 

[7117] 

[7118] 

[7119] 
Second 
datum. 

[7115a] 

[71156] 

DETERMINATION OF THE MASSES OF THE SATELLITES AND THE OBLATENESS OF JUPITER, 

27. The formulas [6782—6947] contain a great number of indeterminate 

constant quantities, whose values are indispensable in the determination of 

the theory of each satellite. The chief of these are the masses of the four 

satellites and the oblateness of Jupiter : we shall first attend to these points. 

To determine their values, we must have, by observation, jive data. We 

shall take for the jirst datum, the principal inequality of the first satellite, 

whose greatest term, according to the results of Delambre’s researches, is 

equal to 223",■471, in time; that is to say, it retards or accelerates the 

eclipses of that satellite, by that quantity, when at its maximum. To reduce 

this to an arc of the circle, we must multiply it by the whole circumference, 

or 400°, and divide it by the time of the synodical revolution of the first 

satellite, which is ldays,769861.* Hence wTe have, for this term, 

5050",59. 

The coefficient of the greatest term of this inequality is as in [6842 line 2], 

m'. 21736",4863. 

Putting the expressions [7116, 7117] equal to each other, we get, 

m' = 0,232355. 

We shall take for the second datum, the chief inequality of the second 

satellite, whose greatest term, according to the researches of Delambre, is 

# (3554) Multiplying the time of the sidéral revolution [6778], by the value of 

-- [6025Î], we get the time of the synodical revolution [7115], as in [6781 f] nearly. 
71 1 

The rest of the calculation in [7116—7118] is easily made. In the same manner we must 
rflj 

proceed with the second satellite, using the value [6779], and multiplying it by ——— 
71 JVl 

[6025Î], to obtain [7120]. 
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equal to 1059",! 8 in time. To reduce it to an arc of the circle, we must 

multiply it by 400°, and divide it by the time of the synodical revolution 

of the se.cond satellite, which is nearly equal to 3days,554095 [6779, 6781 &] ; 

hence we have, for this term, the following expression ; 

11920", 68. 

The greatest coefficients of the terms of this inequality are in [6844 lines 1,7]; 

and by taking these terms at their greatest positive values, and adding them 

together, we get,* 

m. 6951",466 + m". 12108",992. 

Putting these two quantities [7121,7122] equal to each other, we obtain, 

m = 1,714843—m". 1,741934. (1) 

The third datum which we shall use, is the annual sidéral motion of the 

perijove of the fourth satellite ; which, according to the computations of 

Delambre, is equal to 7959", 105 [7195]. Therefore we shall suppose, in 

the equation [6872], that 

g = 7959",105 ; 

then it becomes, by dividing by h1", 

0 = 6984",915—2946",95. /x—363",10.m—1077",15.m'—4438",87.m" 

+101",03. m. A + 471",99.m'. ~ + 3012",87.m". ~. 

To reduce this equation, so that it may contain only the indeterminate 

h b! h" 
quantities **, m, m", we must eliminate the fractions —, —, — . The 

tb n rt 

comparison of a great number of eclipses of the third satellite with the 

theory, makes it evident, that the expression of its motion contains two 

distinct equations of the centre,f and that one of them corresponds to the 

# (3555) The argument of the term in [6844 line 7], may be reduced to the same form 

as that in [6844 line 1], as is evident from [61726] ; and the maximum value corresponds 

to sin,{nt-—n't-f-s—s') — sin.2.(n"t—n't-j-s"—s') =—1; which makes the two terms 

become as in [7122]. Putting this expression equal to the value by observation [7121], 

and then dividing by 6951",466, we get [7123]. 

f (3556) This has already been observed in [624H, &z,c.]. The terms of ôv" [624H], 

and <V" [6241 Zc], dependi ng on the perijove of the fourth satellite to'", are respectively 

represented by Sv" = - 0,0816578.26'". sin.(a" - to'"), ôv"'=-1,0000000.26'". sin.(©"'-to'") 

[6241 and by putting 26'" = —9265",56, these coefficients become 756",605, 

9265",56, as in [7127] ; being derived from observation. 

60 

[7119'] 

[7120] 

[7121] 

[7122] 

[7123] 

Third 
datum. 

[7124] 

[7124;] 

[7125] 

[7126] 

[7123a] 

[71236] 

[7127a] 

[71276] 
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[7127] 

[7128] 

Fourth 
datum. 

[7129] 

[7130] 

[7131] 

[7132] 

Fifth 
datum. 

[7133] 

[7130a] 

[7133a] 

[71335] 

perijove of the fourth satellite. Delambre finds that this equation is 

756",605 [7389], and the equation of the eentre of the fourth satellite 

9265",56 [7318 line 1]. Therefore we have, 

h" 156",605 nn01^c„0 

W = 9265^56 = °’°816578 ! 

and this is the fourth datum, which we have derived from observation, in 

order to determine the masses. Hence the equation [7125] becomes, by the 

substitution of [7128], 

0 = 6734",634—2946", 95.^—363", 10.m +101", OS.m. 
h 

■4192",89.m"+I09",67. 
h! 
V» 

; (2) 

The equations [6869—6871] become, by substituting for g, m', —-, the 
/1 

preceding values [7124', 7118, 7128], and then dividing by h m * 

0 = — [24817",53+553878",78.,u+159201",5.m+5205",05.m"+767",12.m"+ ~ 
ft 

+ s 15361",81+57805" ,9.m—49445",3.m"}. ~ 

+1681",67 .m"+213",46 .m"' 

0 = { 56497",’7.m+ 225306", 4.m3—195001", 4.mm+ ~ ) 

c7751",815—109003",2.43608",l.m—41432",0.m"—1804",18.m'">.+ >; (4) 

l —81807",5. m2 +139953".mm"—59856", 1. m"2 > 

+1834",50.m"+790",56.m'"—2089",63.mm"+1829",06.m"2 ' 

0 = 14913",3.m. ~ + 14175",23-4842",59.m +4142",04.m" j. ~ ). (5) 

+276",79—1736",44.fe-266",80.m — 123",70.ra"+ 3514",34.m"' ) 

Lastly, th& fifth datum which we shall use, is the annual and sidéral motion 

of the node of the orbit of the second satellite upon the fixed plane. This 

motion is retrograde, and equal to 133870",4, according to the last 

computations of Delambre [7233], and it is the value of pf Substituting 

* (3557) Dividing the equations [6369, 6870, 6871] by hf", then substituting the 

values of g, m', — [7124', 7118, 7128], we get the equations [7130-7132] respectively. 
fb 

-j- (3558) The expression of the latitude of the satellite s = /.sin.(y + ptf+ a) 

[6300 line 1], is similar to that of the moon s = y.sin.fv+ (g—l)v—6\ [6298c]; 

changing y or 18542s,79 into l, — Ô into a, and {g— l)t> into pt ; so that (g— l)t> 
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it in the equation [6892], and then dividing by we get, 

0 = 133663",L1—109003",20.p,—31573",71.m. (l— y)—19566", 65.m".(l-y 

/ l'"\ 
—1804",18.m"'.fl— -J 

The equations [6891, 6893, 6894] become, by dividing them by and 

substituting for p and ml their values [7133, 7118], 

0 = 9253",79+ {124513",3—553878",76. p —5205",Q5.m"—767", 12. in'"} 

. (6) [7134] 

7" V" 
+5205",05.m". - + 767",12.m'".-+ 

7 i 

; (?) 

0 = 3600",26 + 3267",32. m.-i+{ 129852",51 —21264" 89. p,—3267", 32.m—5886",85.m'" j. 

+5886",85. m"'. — 
V \ 

0 = 250",28 + 363", 10.m. ~ + 4438",87.m". ~ 

(9) 

[7135] 

; (8) [7136} 

[7137] 
X 

V" ( 
+ 1132645",93—2946",95. p,—363",lO.m — 4438",87.m"}. j\ 

To deduce from these nine equations the values of the nine unknown 

h h! I /" V" 
quantities p, m, m", m"', —, —, y-, —, we shall observe that 

the last live of them being small,* we may, at first, suppose them to be [7138] 

nothing in the equations [7129, 7132, 7134]. Then eliminating m from 

these three equations, by means of its value in m", given by the equation 

[7123], we obtain three equations between m-, m", mw ; which may be used [7138/] 

is equivalent to pt. Now (g—\)v [4817] represents the retrograde motion of the moon’s 

nodes ; therefore pt must express the retrograde motion of the node of this satellite. 

Moreover as t is expressed in Julian years [7284], p will represent the annual retrograde 

motion of the node, as in [7133]. Substituting this value of p = 133870",4 in [6892], 

and then dividing by V, we get [7134]. In like manner, if we divide the equations 

[6891,6893, 6894] by V, and then substitute the preceding values of p, m' [7133,7118], 

we obtain the equations [7135, 7136, 7137] respectively. If we change the coefficient 

15494",62 [6893] into 15492",62, as in [68876, c], it would produce, in the second 
lH 

member of [7136], a correction that may be represented by —0",46+0",46.—, which 
1/ 

is insensible, and may be neglected, as we have already observed in [6887c]. 

[7133c] 

[7133d] 

[7133e] 

[7133f] 

* (3559) The smallness of these terms is evident from the inspection of the values 

[7145'—7150]. 
[7138a] 
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in finding these three unknown quantities ; finally, m can be determined 

by the equation [7123]. 

Substituting these first approximate values of p, m, m", m'", in the 

[7139] equations [7130, 7131], we obtain two equations for finding the values of 

h h! 
—, —. Similar substitutions in [7135, 7136, 7137], give three equations 

l l" V" 
for the determination of the values of Substituting these 

tit 

I V 1 1" V" 
[7140] values of ^ , —, — , — , in [7129,7132, 7134], wTe obtain, in like 

manner as in [7138'], three equations containing the four unknown quantities 

P, m, m", m'". We may eliminate m by means of the equation [7123] ; 

and by resolving these equations we get the values of p, m", m'", 

consequently also that of m ; these values being more accurate than those 

which were obtained by the first process in [7138']. 

We must repeat, with these approximate values, the same calculations as 

[7140'] before, and continue this process, until the two consecutive approximate 

values of each unknown quantity differ but very little from each other, which 

will happen after a few operations.* In this manner wehave found, 

[7140a] 

[71406] 

[7140c] 

[7140rf] 

■[7140c ] 

[7140/] 

[7140g-] 

* (3560) The method of computing the unknown quantities, as it is explained in 

[7138—7140], is quite simple, and has no other difficulty than the tediousness of these 

repeated numerical operations. We did not go over the calculations in this manner, but 

verified the results in [7141—7150], by the following method. Substituting in the 

equation [7134] the values [7141—7150], excepting that of p, we obtain an equation 

for the determination of p ; and as the coefficient of p is quite large, we can determine 

very nearly the value of p; this result agrees very nearly with [7141]. In like manner, 

by the substitution of m" [7144] in [7123], we get m, as in [7142] ; m' is the same as 

in [7118] ; m" is found from [7129], by substituting the values of all the other quantities 

as above. In the same way the quantities mw, —, 
h' hT_ 

W1 hf" ’ T* 

l" V" 

T3 T’ were 
computed from the equations [7132,7130,7131, 7128,7135,7136,7137] respectively, by 

substituting successively all except the required value ; and the results were found to 

agree very nearly with those in [7141—7150]. The values of mw, h [7145, 71453, were 

decreased a little, and that of p [7141] somewhat increased, so as to make p—[7152] 

become 0,021903. From this verification it is evident that there is no mistake of any 

importance in this part of the calculation. Finally we must observe that we have 

inserted the logarithms in [7141—7150], which are not in the original work. 
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f* = 1,0055974; log. =0,0024242; [7141] 

m = 0,173231 =m.l04; log. m = 9,2387509 ; [7142] 

m' = 0,232355 = m'. 101 ; log. m' = 9,3661520 ; [7143] 

m" = 0,884972= m".104; log. m" = 9,9469295 ; [7144] 

m'" — 0,426591 = m"',104; log.nT = 9,6300117 ; [7145] 

h = 00206221 ; log. A =7,3143329; [7145/] 

h! = /r.0,0173350; log. A = 8,2389238 ; [7146] 

h" = /F'.O,0816578; log. A = 8,9119976; [7147] 

l = V.0,0207938 ; log. j = 8,3179338 ; [7148] 

l" = —Z'.O,0342530 ; log. A = 8,5346986. ; [7149] 

l"' = —V.0,000931164; 
V" 

log. — = 6,9690262.. [7150] 

The oblateness of Jupiter can be determined by means of the quantity 

For this purpose we shall observe that we have, in [6863], 

p—i® = p.. 0,0217794 ; log.coeff. = 8,3380459 ; [7151] 

substituting the value of f* [7141], we obtain, 

P—= 0,0219013; log. = 8,3404699. [7152] 

To determine <p, we shall put the time of Jupiter’s rotation equal to t ; and 

the time of the sidéral revolution of the fourth satellite equal to T ; then 
[7153] 

we shall have very nearly,* 
'J'S 

a'"3.*2* 
[7154] 

* (3561) We shall put T' equal to the time required by a satellite to revolve about [7154a] 
Jupiter, in a circular orbit, at a distance equal to the radius of its equator, or unity [6786]. [71545] 

T2 
Then we shall have, as in [387], T2 : T'a : : a"'3: 1 ; or T/2=—. Moreover the [7154C] 

centrifugaljof this satellite is to the centrifugal force of a particle, situated on the surface of 
11 y'2 

Jupiter’s equator, as —2 to — ; or as J to [54;] ; and by using the preceding value 

T2 
of T/2 [7154c], it becomes as 1 to • Now the centrifugal force of the satellite [7i54<q 

being equal to its gravity, the preceding ratio will express that of the gravity of a particle 

of Jupiter’s equator to its centrifugal force; which is represented in [6044'J by 1 to <p; [7154c] 

61 VOL. IV. 
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[7155] 

Now we have, in [6787, 6781], 

a!" = 25,4359 ; log. a'" = 1,4054471 ; 

[7156] T == 16days,689019 ; l°g.T = 1,2224308 ; 

[7157] 

and according to the observations of Cassini, 

t — 0day,413889 ; log. t = = 9,6168839. 

[7158] 

Hence we have, 

9 = 0,0987990 ; log. 9 = : 8,9947525 ; 

[7159] 

and from this we get, as in [7154jf—A], 

p = 0,0713008. log.p = = 8,8530944, 

The semi-diameter of Jupiter’s equator being taken for unity [71546], the 

semi-polar axis will be 1—p [6044] ; therefore it will be represented by 

[7159'] 1—p = 0,9286992. The ratio of the polar to the equatorial axis has been 

several times measured. The mean between the various measures is 0,929, 

[7160] which differs only by an insensible quantity from the preceding calculation. 

But if we consider the great influence of the value of upon the motions 

of the nodes and the apsides of the orbits of the satellites, we must be 

[7160'] convinced that the ratio of Jupiter’s axes is given, by observations of the 

eclipses of the satellites, with greater certainty than by the most accurate 

direct measurement. The agreement of these measures with the result of the 

[7161] theory, proves, in a very striking manner, that the gravity of Jupiter is 

composed of the combined attractions of all its particles ; since the variation 

of the attractive force of Jupiter, arising from the observed oblateness of this 
r 7161'1 ^ ° M 

L J planet, represents accurately the motions of the nodes and apsides of the orbits 

of the satellites. 

We shall now collect together the preceding results. If we divide the 

values of m, m', m", m'" [7142—7145] by 10000, we shall have, as in 

[6841], the masses of the satellites ; that of Jupiter being taken for unity ; 

T2 
hence we get 9 = as IQ [T 154]. Substituting the values of a'", T, t [7155-7157], 

[7154/] a 
we get 9 [7158] ; and then from [7152] we obtain p [7159]. This agrees very well with 

the measures lately made by Struve, with the assistance of Fraunhofer’s great telescope. 

[715-b] rpjiege observations are given in the fifth volume of Schumacher’s Astronomische 

JVachrichten, page 14; and vary from p = 0.0714 to p = 0,0742. He assumed, as the 

most probable result, p = 0,0728 = pfgpi • 
[7154ft] 
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Mass of the first Satellite. ...to =0,0000173281; ra =0,173281; log.m =9,2387509; 

“ second Satellite....to' =0,0000232355; m' =0,232355; log.m' =9,3661520; 

« third Satellite....to" = 0,0000884972; m" =0,884972; log.m" =9,9469295; 

“ fourth Satellite....?»'" = 0,0000426591; m'"=0,426591 ; log.m"'=9,6300117; 

Jupiter’s mass = 1. 

Polar semi-axis of Jupiter = 0,9286992 ; [7159'] log. = 9,9678750 ; 

Equatorial semi-axis of Jup. = 1.0000000. 

If we use the values of the masses of Jupiter and the earth, given in 

[4061], we find that the mass of the third satellite is* 0,027337, that of the 

earth being taken for unity. We have found, in [4631], that the moon’s 

1 
mass is equal to = 0,014599 ; hence the mass of Jupiter’s third satellite 

is nearly double that of the moon ; and the mass of the fourth satellite is nearly 

equal to that of the moon. 

* (3562) The values to", to1v [4061], show that Jupiter’s mass is ^Q67 09 ’ exPressed 

in parts of the earth’s mass. Multiplying this by 0,0000884972 [7164], we obtain the 

mass of the third satellite, expressed in the same parts =0,027337, as in [7167]. These 

results would vary a little, by using the corrected values in [4061c?, &c.]. 
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[7162] 

[7163] 

[7164] 

[7165] 

[71654 

[7166] 

[7166'] 

[7167] 

[7168] 

[7169] 

[7167a] 

[71676] 
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CHAPTER X. 

ON THE EXCENTRICIT1ES AND INCLINATIONS OF THE ORBITS OF THE SATELLITES. 

[7169'] 

28. After having determined the oblateness of Jupiter, and the masses of 

the satellites, we shall now determine, in numbers, the secular inequalities of 

the elements of their orbits. The excentricities and motions of the apsides 

depend on the resolution of the equations in g [6869—6872]. If we 

substitute the preceding values of u, m, m', m", m"' [7141—7145], they 

will become,* 

[7170a] 

[71706] 

[7170c] 

[7170 d] 

[7170c] 

[7170/] 

[7170g-] 

[71706] 

[7Ï70Î] 

[7170k] 

* (3563) Substituting the values of the elements [7141—7150], in the equations 

[6869—6872], we obtain the four equations [7170—7173]. LTpon verifying the 

calculations of the author, we have found that the term 276", 18/ [7172 line 1], should be 

273",ll.h ; and the numerator of the last term in [7171 line 1], instead of being 

—49185",95, should be —49570",03. The other coefficients are very nearly accurate. 

The first of these mistakes is wholly unimportant, taking into consideration the smallness of 

h [6241/, &c.] ; it may therefore be left uncorrected. The second mistake augments the 

second member of the equation [7171], by the term 
384", 08. h! 

and it is evident 

that its general effect is much decreased by the smallness of h! [6241/, Sic.] ; so that 

almost the whole change it produces is in the second value of g, or g1 [7183] ; and if we 

substitute this value of gt in the expression of this error [7170e], it becomes —342 ,2.h. 

Now it is plain that if we use the method of approximating to the value of gt, which is 

mentioned in [7181], we shall find that this value of g1 will be augmented, by the quantity 

342",2 nearly, making it gt = 178141",7-j-342",2 = 17H483",2, instead of 178141",7, 

[7183]. This correction has however no sensible effect in the place of the second satellite, 

because the excentricity of its orbit is very small [6057e]; we have not therefore thought 

it to be necessary to repeat these calculations, in order to obtain the value of gl to the 

nearest second ; particularly as terms of the same kind have been neglected in [6858y, Sic.]. 



VIII. x. $28.] ON THE EXCENTRICITES OF THE ORBITS. 245 

0 = ) g—571269",6- 
51277", 10 

(1+ 3001300V S 

g 
6858", 2— 

25371",60 

(1 + 

g 
3001300'' 

.h' 

-f ^ 2222",5 + . 16°87^10 g |. A"+91",06(U' 

3001300V S 

, (1) [7170] 

2 

0 
( 17495"31 V C 
) 4054",77— 7—^ 2 -t-2 ( . A+ )g—133377",2— 

[ (!+ 

+ ) 12805",3 + 

._g 
3001300" 

20804",40 

49185",95 

fi+ g—y 
V ‘ 3001300"/ 

(i+ ê' 
3001300' 

? . A"+337",25./V 

M I 1 

; (2) 

2 

[7171] 

0 = 
OQ09" 70 

276",18 + ?-^ ( ./* + ) 2662",1 + 
4362",65 

0+ 

+ S g—28478",7 

-Y vV V 1 3001300"/ 

1902",60 

1 + g 

1 + g 
3001300' 

3001300' 

a ( .A"+I704",20.A/" 

M 

; (3) [7172] 

2 

0 = 17",506.A+109",67.A/-j-2665/'',86./&"+(£•—-8179", 12)./f". (4) 1 [7173] 

These equations give a final equation in g, of a very high degree. To 

each of these values of g, corresponds a system of constant quantities 

h, h\ h”, h'", in which three of these constant quantities are given, by means 

of the fourth, which remains arbitrary ; and as the nature of the problem 

requires but four arbitrary quantities [6225], the equation in g has but four 

useful roots. The great influence of the oblateness of Jupiter upon the motions 

of the apsides of the satellites, renders the values of g but little different 

from what they would be by means of that oblateness alone. Hence we can 

obtain the first approximation to these values, by putting, in each 

equation, the term connected with g separately equal to nothing. This 

consideration facilitates extremely the determination of the values of g, 

which we can obtain by a rapid approximation in the following manner. 

We shall in the first place observe, that the greatest value of g differs 

but little from 620000" ; therefore we shall put g — 620000" in the 

equations [7171,7172,7173], and after having divided them by h, we can 
h! Ji" }{" 

deduce the values of —, —, —. We must then substitute these values 
h h h 

in the equation [7170], putting also g = 620000" in the divisor 

62 

[7174] 

[7174'] 

[7174"] 

[7175] 

VOL* IV. 
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[7175'] 

[7175"] 

g> 7 
peculiar 
to the first 
satellite. 

[7176] 

[7177] 

[7178] 

[7179] 

[71790 

[7180] 

[7181] 

[7182] 

gi, K, 
peculiar to 
the second 
satellite. 

[7176a] 

[71766] 

[7176c] 

1+Ô 
S’ 

.»nn.on/v/l ? and we shall obtain a more accurate value of g than that 
N oOOloOO J ° 

which was first assumed. We must repeat this operation, with this last 

value, and so on, until the consecutive values of g agree nearly with each 

other. A few essays will suffice for this purpose ; so that we shall be sure 

that the equations [7170—-7173] will be satisfied ; and this calculation may 
}{ /y ft" 

be verified by substituting for g, — , 

find* 
h h 

their values. Thus we 

g = 60698909 ; 

hi = 0,0185238./j ; 

h" = —0,0034337./i ; 

h!" = —0,00001735 A. 

£+154",63 = 607144053 ; 

log.coeff. = 8,26773 ; 

log. co elf. = 7,53576,, 

log.coeff. = 5,23930,, 
'71 5 

The values of h', h", h"', corresponding to this value of g, being less than 

h, we may consider h as the peculiar excentricity of the orbit of the first 

satellite, whose apsides have an annual sidéral motion of 60698909. 

The second value of g, or g1, is given by approximation, by putting the 

term connected with g, in the equation [7171], equal to nothing. This value 

of g is nearly equal to 180000" ; therefore we shall put g — 180000" in the 

equations [7170, 7172, 7173], and then dividing by h', we can deduce the 

¥' 
We must then substitute these values values of the fractions ~, ~ , 

h h h! 

in the equation [7171], after dividing it by If and substituting g = 180000" 

in the divisor (\-f -rJY. We shall thus obtain a more accurate value 
\ 30013007 

of g, which is to be used, like the preceding value [7181], in repeating the 

operation ; and by continuing the calculation in this manner, we shall 

finally get, 

* (3564) Instead of going over the calculation, according to the directions here 

given, we have verified the computation, by substituting successively the values 

[7176—7179, 7183—7186, 7190—7193, 7195—7198], in the equations [7170—7173]; 

and we have found that these equations are very nearly satisfied by these values. The 

values of g correspond to the sidéral motion of the perigee, and by adding the annual 

precession 154",63 [3380], we get the annual motion from the moveable equinox of the 

earth. As this motion is frequently used, we have inserted the values of ,§•-}-154;/563 in 

[7176,7183, &c.]. 
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* £4-}-154", 63 = 178296",33 

log.coeff. = 8,57449 n } 

log.coeff. = 8,64017„; 

log.coeff. = 5,63919. 

gi = 178141",7 ; 

4 = —0,0375392.A' ; 

4" = —0,0436686.4'; 

4'" = 0,00004357.4'. 

The values of 4, 4", 4'", being less than 4', we may consider h! as the 

peculiar excentricity of the orbit of the second satellite, whose apsides have an 

annual sidéral motion of 178141",7. 

The third value of g, or g%, is given bj approximation, by putting the term 

connected with g, in the equation [7172], equal to nothing. This value is 

very nearly equal to 30000". Therefore we shall suppose g = 30000", in 

the equations [7170, 7171, 7173] ; and, after dividing them by hi', we can 

h hi hi" 
deduce the values of —, —-, —. These must be substituted in the 

(I lb ft 

equation [7172], after dividing it by 4", and substituting g-= 30000" in 

the divisor (\ -f- . Thus we shall obtain a more correct value of 
\ 3001300 J 

g, which must be used, like the preceding value [7188], in repeating the 

operation ; and by continuing the calculation, in this way, we shall finally 

obtain. 

= 29009", 8 ; 

h =0,0238111.4"; 

4' = 0,2152920.4" ; 

4'"=—0,1291564.4" 

ga-j-154",63 = 29164",43 ; 

log.coeff. = 8,37678 ; 

log.coeff. = 9,33303 ; 

log.coeff. = 9,11212n. 

These values of 4, 4', 4'", being less than 4", we may consider 4" as being 

the peculiar excentricity of the third satellite, ivhose apsides have an annual 

sidéral motion of 29009",8. 

* (3565) We have seen, in [7170A], that this value of g ought to be increased to 

178483",9 nearly. Moreover the coefficient [7196] is printed 0,0020622 in the original ; 

we have corrected it for an error in the fifth decimal place. We may remark that the 

comparison of the values of g, glt g2, gs [7176, 7183,7190,7195], corresponding to the 

peculiar motions of the perijoves of the first, second, third and fourth satellites respectively, 

shows that they decrease rapidly with the mean distance of the satellite from Jupiter. 

This peculiarity does not take place in the planetary orbits, as is observed in [7199'], and 

as we may see by inspecting the first lines of the formulas [4242—4248]. The reason of 

this difference is, that the motions of the perijoves of the satellites are produced chiefly by 

the ellipticity of Jupiter’s mass [7174']. 

[7183] 

[7184] 

[7185] 

[7186] 

[71864 

[7187] 

[7188] 

[7189] 

g%, A", 
peculiar to 
the third 
satellite. 

[7190] 

[7191] 

[7192] 

[7193] 

[7194] 

[7183a] 

[71836] 

[7183c] 

[7183d] 
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ft. 
peculiar to 
the fourth 
satellite. 

[7195] 

[7196] 

[7197] 

[7198] 

[71980 

[7199] 

[71990 

[7200] 

[72000 

[7201] 

[7202] 

[7203] 

[7204] 

[7205] 

X, X', 

X", X"'. 

[7206] 

[7207] 

[7208] 

[7209] 

[7206a] 

[7206&] 

Lastly, the fourth value of g, or g3f is that which is given by observation 

in [7124], for the annual sidéral motion of the apsides of the fourth satellite ; 

and we have found, in [7124, 7145'—7147], that in this case we get, 

g3 = 7959",105 ; #,+154",63 = 8113",735 ; 

h = 0,0020522‘"'[71B3a] ; log.coeff. = 7,31222 ; 

h' = 0,0173350./i"' ; log.coeff. = 8,23892 ; 

h" = 0,0816578.A". log.coeff. = 8,91200. 

These values of h, If h", being less than h'", we may consider h!" as the 

peculiar excentricity of the fourth satellite, whose apsides have an annual 

sidéral motion of 7959", 105. 

Hence we see that each satellite has an excentricity which is particularly 

adapted to it. This peculiarity, which does not take place in the theory of 

the planets [7183c], depends on the oblateness of Jupiter ; the effects of this 

oblateness on the perijoves of the satellites being very great. It now remains 

to find the excentricities which are peculiar to each satellite, and the positions 

of their apsides, at a given epoch. We shall give, in explaining the theory of 

each satellite, what has been discovered by observation relative to this subject. 

We shall now consider the inclinations and motions of the nodes of the orbits 

of the satellites. These elements depend upon the equations in x and l, 

[6887—6894], which we shall here resume. The equations in x 

!”6887—6890] become, by substituting the values of p, m, nf, m", in" 

[7141—7145], 

0 =—103",27+571269",64.x—. 9253",80.x'_ 4606",32.x"— 327",25.x"'; 

0 =—207",29— 5471",12.x+133377",33.x'~17315",94.x"— 769",65.x'"; 

0 = —417",63— 566", 16.x— 3599",79+ + 28478",73.x"—2511", 25.x'"; 

0 =—974", 19— 62",92.x— 250",28.x'— 3928",28.x"+ 8179",! 1.x"'. 

these equations, we find,* Resolving 

x =0,00057879; 

x' = 0,00585888 ; 

x"= 0,02708801 ; 

x'" = 0,13235804 ; 

log.x = 6,7625210; 

log.x' = 7,7678146; 

log.x" = 8,4327771 ; 

log.x'" = 9,1217504 ; 

]og.(l_x) =9,9997485; 

]0g.(l_x') =9,9974480; 

log.(l —x") =9,9880736; 

log* ( 1 —x"') = 9,9383406. 

* (3566) For the purpose of verifying these calculations, the values of X', X", X'", 

[7207—7209], were substituted in [7202], and the resulting value of X was found to be 

0,00057 ; which differs from [7206] by an insensible quantity. In a similar way we have 

deduced x' = 0,005858, from [7203] ; X" = 0,027088, from [7204] ; and x'"= 0,13230, 

from [7209] ; which agree nearly with the results of the author in [7206—7209]. 
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These values of x, x', x", x'", determine the parts of the latitudes of the 

satellites, which depend upon the inclination of the equator of Jupiter to its 

orbit. For we have, as in [6361], 200°—F equal to the longitude of the t721°] 

ascending node of the equator of Jupiter upon the orbit of this planet, and for 

brevity ice shall represent it by 1 = 200°—F ; moreover, d [6360] represents [7211] 

the inclinations of these planes to each other. Then it follows, from [6362], I 

that the parts of the latitudes of the satellites above Jupiter’s orbit, [7212] 

mentioned in [7209'], will be represented b y the following expressions;* 

5 = (1—x). ô'.sinfv—1) ; [7213] 

s' — (1—x'f ô'.sin.(F—I) ; [7214] 

s" — (1—x"). ô'.sin.(F'—I) ; [7215] 

s'" = (1— f). ft. sin. (F"—I). [7216] 

The inclination d of the equator of Jupiter to the orbit of this planet, and 
. r 7 [7216'] 

the longitude I of the ascending node upon the same orbit, are determined 

by observation. Delambre obtained, for the epoch of 1750, 

d = 3°,43519 ; log. d = 0,5359507 ; [7217] 

I = 348°,62129. [721S] 

These values of d and I are not rigorously constant. We have seen, in 

[6928, 6929], that the value of d increases annually by 0",07035, and that [7219] 

the value of I decreases annually by 0",8259, relative to the fixed equinox.f 

These quantities are so small that we need not take notice of them, during 
^ 7 o r72201 

the interval in which the eclipses of the satellites have been observed ; but it is L 

easy to introduce them in the calculation, if it be thought proper. 

* (3567) Substituting in the expression of the part of the latitude of the satellite m 

[6362], the value of ■*•'== 200°—I [7211], it becomes, 

(X—l).Lsin.(v-j-200°—I) =(1—X).<f.sin.(v—I), [7212a] 

as in [7213]; and by changing successively the quantities v, X, corresponding to the 

satellite in, into v', X'; v", X" ; v"', X'", corresponding respectively to the other satellites, [72126] 

we obtain the parts of the values of s', s", s'" [7214, 7215, 7216]. 

t (3568) The value of I [7218] being substituted in ¥'=200°—I [7211], gives at 

the epoch of 1750, —148°,62129 ; which is used in [69296]. Moreover we have C72J9«] 

shown, in [6929d], that the general expression of I is I = 348°,62129—0",8259.f; so [72196] 
that its annual decrement is 0",8259, as in [7219]. 

63 VOL. IV. 
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[7221] 

[7222] 

[7223] 

[7224] 

[7225] 

[7225'] 

[7221a] 

[72216] 

[7221c] 

[7224a] 

[72246] 

The equations in l [6891—6894],* become, by substituting the values of 

M-, m, m', m", m'" [7141, &e.], 

0 = (p—571269", 64).Z+9253",80.Z4-4606",32.Z"+327",25.Z"' ; (5) 

0 = 5471",12i+(y?—133377",33)i/+17315,',94./,/+769",65J'" ; (6) 

0 = 566",16.Z+3599",79./'+^—28478",73).Z"+251 1",25.Z'" ; (7) 

0 = 62",92.Z+250",28.Z'+ 3928",28.Z"+(>—8179",11).Z'". (8) 

These four equations give an equation in p, of the fourth degree.f To 

obtain the roots we can use the approximate method, which is employed in 

finding the values of g [7175, &c.]. In this manner we shall have the first 

value of p, relative to the orbit of the first satellite, by putting the coefficient 

of l, in the equation [7221], equal to zero; which gives p = 571269",64. 

Substituting this in the equations [7222, 7223, 7224], we may thence deduce 

V l" V" 
the values of —, —, —. Then substituting these values in the equation 

t L L 

[7221], after dividing it by l, we shall obtain a more approximate value of 

p. This value must then be used instead of the former, and the operation 

must be repeated, till the two consecutive values of p shall differ but very 

little from each other. By this means we shall obtain, after a few 

operations,Î 

# (3569) The coefficients of the equations [6891—6894], are the same as those in 

[6887—6890], which are computed in [7202—7204], and agree with the numerical values 

in [7221—7224]. We may moreover observe, that the equations [6891—6894] can be 

derived from [6887—6890], by changing the last terms of these equations, namely ; 

—103",27 ; —207",29; —417",63 ; —974", 19, into pi, pV, pi", pi"', respectively; 

also X, X', X", X"', into —l, —V, —l", —V”, respectively. Now making the same 

changes in [7202—7205], which are derived from [6887—6890], we get, without any 

reduction, the equations [7221—7224]. 

f (3570) Finding l from [7221], and substituting it in [7222—7224], we get three 

equations in V, l", 1"'. Then finding V from the first of these equations, and substituting 

it in the others, we get two equations in l", V". From the first of these, we get l" ; then 

substituting it in the second, and dividing it by V", we get an equation of the fourth degree 

in p. 

J (3571) To verify the values [7226—7229], we have reduced the equations 

[7221—7224] by dividing them by Z ; then using these new forms, we have substituted in 

V l" l 
[7221] the expressions of —, —, y [7227—7229], and have obtained the value of 

[7226a] 
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p = 571389",32 ; p—154,",68 = 571234",69 ; [7226] 

V = —0,0124527.1 ; log.coefF = 8,09526. ; [7227] 

l" = —0,0009597./ ; log.coefF = 6,98214. ; [7228] 

V" = —0,0000995.1 log.coefF. = 5,99782.. [7229] 

The values of l', l", l"', being in this case less than l, we may consider the V» 

quantity l as expressing the peculiar inclinations of the orbit of the first satellite?4 

satellite, upon a plane which passes always through the nodes of Jupiter’s 

equator, between that equator and the orbit of the planet, and inclined to the 

equator by the angle Xd'.* If we substitute the preceding values of \ ô' ^230] 

[7206, 7217], we shall find this inclination to be X£' = 19",88. The [7231] 

preceding value of p [7226] then expresses the annual retrograde motion of 

the nodes of the orbit upon this plane ; f consequently this motion is [7232] 

571389",32 [7226]. 

p [7226]. From the equation [7222], we get — [7227], by the substitution of the values 

l" lf,f ln 
of p, —, — [7226,7228, 7229]. In like manner, from [7223] we find y [7228], by 

Li L 

V V" V" 
the substitution of the values of p, —, — [7226, 7227, 7229]. Finally we obtain — 

Li l 

V l" 
[7229], from [7224], by the substitution of the values of p, — , [7226—7228]. A 

L i 

similar process was used in the verification of the other expressions [7233—7248] ; 

observing that in the verification of the values [7233—-7236], we have divided the equations 

[7221—7224] by V ; in those of [7238—7241] we have divided the equations 

[7221—7224] by V ; and finally, in the verification of the values [7245—7248], we have 

divided the equations [7221—7224] by V". The results of these verifications confirm, to 

a sufficient degree of accuracy, the correctness of the numerical results, deduced by the 

author from the proposed system of equations [7221—7224]. 

# (3572) This agrees with what is said in [6357—6362] ; where it is shown that the 

proposed fixed plane is inclined to the orbit of Jupiter by the angle (1—; subtracting 

this from <f, the angle of inclination of Jupiter’s orbit and equator [6360], we obtain Xâ' 

for the inclination of this plane to the plane of Jupiter’s equator, as in [7230] ; and by 

substituting the values of X, Ô' [7206, 7217], it becomes 19",88, as in [7231]. The 

inclinations of the similar planes corresponding to the second, third and fourth satellites, are 

XT, X" ô'} X"T, respectively, as in [7242, 7249, &c.] ; and by using the values 

[7208, 7209], we find that the two last of these quantities become as in [7243, 7250]. 

f (3573) We have seen, in [7133c], that pt expresses the retrograde motion of the 

node of the satellite upon the fixed plane, and from the fixed equinox [7328, &c.] ; and its 17231a] 

[7230a] 

[72306] 

[7230c] 

[72266] 

[7226c] 

[7226d] 

[7226e] 
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[7235] 

[7236] 
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[7238] 

[7239] 

[7240] 

[7241] 

[7242] 

[7243] 

[7243'] 

[7244] 

MOTIONS OF THE SATELLITES OF JUPITER. [Méc. Cél 

The second value of p [7233] corresponds to the orbit of the second 

satellite. It is given bj observation [7133] ; and we have seen in the 

preceding article [7133, 7148—7150], that we have in this case, 

px = 133870",4 ; ^—154",63 = 133715",77 ; 

/ = 0,0207938./' ; log.coeff. = 8,31793 ; 

l" = —0,0342530. V ; log.coeff, = 8,53470, ; 

/"' = —0,0009312./'. log.coeff. = 6,96904,. 

The third value of p [7238] corresponds to the orbit of the third satellite ; 

we shall have the first approximation to its value, by putting the coefficient 

of l" in the equation [7223] equal to nothing, which gives p = 28478",73. 

Substituting this in [7221, 7222, 7224], we may thence deduce the values 

l V V" 
of —, —, —. These values being substituted in [7223], after dividing 
Lit 

it by /", give a second value of p ; which is to be used, in repeating the 

process, in a second operation ; and by proceeding in this manner, we finally 

obtain, 

pa = 28375",48 ; ^—154",63 = 28220",85 ; 

l =0,0111626./"; log.coeff. = 8,04777 ; 

V = 0,1640530./" ; log.coeff. = 9,21498 ; 

/"'= —0,1965650./"; log.coeff. = 9,29351,. 

These values of /, /', /'", are less than /", so that this quantity may he 

considered as expressing the peculiar inclination of the orbit of the third 

satellite upon a plane, which passes always through the nodes of Jupiter\s 

equator, between the equator and the orbit of the planet, and is inclined to the 

equator by the quantity x"y [7230c]. Substituting for x" and d their values 

[7208, 7217], we find this inclination to be 930",52. The annual retrograde 

motion of the nodes of the orbit of the third satellite upon this plane, is 

28375",48 [7238]. 

Lastly, the fourth value of p corresponds to the orbit of the fourth satellite. 

We obtain a first approximation to its value, by putting the coefficient of /"' 

in the equation [7224], equal to nothing, which gives p— 8179", 11. 

Substituting this in [7221—7223], we get three equations for the 

l_ V_ If 
r ’ T7 If * 

determination of - , , These values being substituted in the 

mean value is the same as that on the plane mentioned in [7232] ; by subtracting the 

[7231&] precession 154",63.t, we get its value from the variable vernal equinox of the earth, so 

that p—154",63, represents this annual retrograde motion. 
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equation [7224], after dividing it by lgive a second value of p, which 

must be used like the first value in repeating this process. In this manner 

we finally obtain, 

p3 = 7682", 64 ; p3—154",63 = 7528", 01 ; 

l = 0,0019856./'"; log.coeff. = 7,29789 ; 

V = 0,0234108. /'" ; log.coeff. = 8,36942 ; 

l" = 0,1248622./'"; log.coeff. = 9,09643. 

These values of l, /', /", are less than /'",* therefore V" may he supposed 

to express the peculiar inclination of the fourth satellite, upon a plane which 

passes always through the nodes of Jupiter'1 s equator, between the equator and 

the orbit of the planet, and inclined to the equator by the angle x'"<f [7230c]. 

Substituting for d" and 6' their values [7209, 7217], ice find this inclination 

to be 4546",74. The annual retrograde motion of the nodes of the orbit 

of the fourth satellite upon this plane, is 7682",64 [7245]. 

Hence ice see that the orbit of each satellite has an inclination which is 

peculiarly adapted to it ; a circumstance depending upon the oblateness 

of Jupiter, whose influence upon the motions of the nodes of the orbits of the 

satellites, is very great [7183c, c/]. It now remains to find the inclinations 

corresponding to each orbit, and the positions of the nodes. We shall soon 

see what has been discovered by observation, relative to this subject. 

VOL. IV. 64 
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CHAPTER XL 

ON THE LIBRATION OF THE THREE INNER SATELLITES OF JUPITER. 

29. We have seen, in [6629], that the mean motions of the three inner 

satellites of Jupiter are subjected to the following law, which holds good 

relative to any variable axis, moving according to any law whatever [6632]. 

The mean motion of the first satellite, plus twice that of the third, is 

exactly equal to three times the mean motion of the second satellite. 

To show how accurately this law agrees with observation, we shall give 

the mean secular motions of these three bodies, as Delambre has determined 

them, by the discussion of an immense number of eclipses. He has found 

that, in one hundred Julian years, these motions, relative to the variable 

equinox, are,* 

First Satellite, 

Second Satellite, 

Third Satellite, 

[Fourth Satellite, 

8258261°,63313; 

4114125°,81277 ; 

2042057°,90398 ; 

8754270,45956]. [7281] 

# (3574) The motions of the satellites from the variable equinox in 100 Julian years, 

is given in [7253—7255]. Dividing these by 100, we get the motions in one Julian year, 

which is taken for the unit of time in [72833. Subtracting the annual precession 154",63 

[4357], we get the motions from the fixed equinox 825826009", 411412427//, 

204205635", 87542591", which agree nearly with the values of n, n', n", n'" [6025FJ. 

With the preceding value of n"'} we obtain, from [6840], the expression of M= 337211" 

[6025m] ; agreeing nearly with Bouvard’s tables 337212",094. These values of 

n, n', n", n!", agree very nearly with those used by Delambre, in his new tables 

[6781A, &c.], as is evident by subtracting the precession for 100 years 1°,5463 from the 

numbers in [6781o—r] ; then dividing by 100, and reducing to seconds. 
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The mean motion of the first, minus three times that of the second, plus 

twice that of the third, is therefore equal to 27",8. This difference is so [7256] 

small that it excites surprise, at the very near agreement of the theory with 

the observations ; and as the tables must be strictly subjected to the 

preceding law, the results in [7253—7255] have been slightly altered, by [7257] 

Delambre, to attain this object. 

We have seen, in [6630], that the epochs of the mean motions of the 

three satellites are subjected to the following law: ^cSce’s 

The epoch of the first satellite, minus three times that of the second, plus ^ 

twice that of the third, is exactly equal to the semi-circumference, or 200°. 

Delambre has determined these epochs, by the discussion of a very great 

number of eclipses, and has obtained the following results, corresponding to 

the commencement of the first of January, 1750, at midnight ; Epochs. 

First Satellite, 16°,69584; [7259] 

Second Satellite, 346°,0521 ; [7260] 

Third Satellite, 11°,41354; [7261] 

[Fourth Satellite, 366°,89437J. [7282] [7261'] 

From these results of observation it appears, that the epoch of the first 

satellite, minus three times that of the second, plus twice that of the third, 

is equal to 200°,01962,* which exceeds the semi-circumference by 196",2. [7262] 

* (3575) The numbers [7259—7261] give, 

16°,69584+3(400°—346°,0521 )+2X 11°,41354 = 201°,36662, [7259a] 

instead of 200°,01962, which is given by the author in [7262]. This difference probably 

arises from a mistake in the angle [7260], which is too small by about half a degree. 

These angles are afterwards changed by the author, into 16°,68093, 346°,48931, [72596] 

11°,39349, in [7495, 7439, 7386], respectively ; which satisfy the second law, or theorem, 

on the epochs [7258], within 0°,00002. We may observe that these angles are not [7259c] 

explicitly given in Delambre’s tables ; for, instead of them, he uses the times of the mean 

conjunction, or middle of the eclipse. From these times we find the epochs or angles [7259<2] 

©, ©', ©", corresponding to the commencement of the year 1750, to be nearly 

16°,67860, 346°,51677, 11°,39696, 366°,89437, respectively. The first three of [7259e] 

these values agree nearly with those used by the author [72596] ; but the last, or the value 

©w= 366°,89437, corresponding to the commencement of the year 1750, exceeds the 

value 80°,61249, given by the author in [72S2, 7281a], by the quantity 286°,28188. [7259/'] 

This mistake of the author has been noticed by Professor Airy, in Vol. 6, page 98, of the 

Memoirs of the Royal Astronomical Society of London. It has however no effect on the [7259g-] 

subsequent calculations of the coefficients of the inequalities, but may be considered as 
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Therefore the observations do not satisfy, quite so well, this second law 

[7262d relative to the epochs, as they do the first law, relative to the mean motions ; 

and it would not have been strange if there had been found a still greater 

difference, for the following reasons. 

We are situated at so great a distance from the satellites of Jupiter, that 

they disappear from our sight before they are wholly immersed in the 

[7263] shadow of the planet ; and they do not again become visible until they have 

partly emerged from it. To determine the time of the conjunction of a 

satellite, we suppose, that, at the moment of the immersion, its centre is 

at the same distance from the conical shadow as at the moment of the 

emersion. Now it may happen, that the part of the disk of the satellite, 

which first enters into the shadow, and of course re-appears the first, may 

be more or less adapted to reflect the sun’s light, than the part which is 

eclipsed the last. In this case it is evident, that, at the moment of the 

immersion, the distance of the centre of the satellite from the conical 

shadow, will be greater or less than at the time of the emersion ; and the 

time of conjunction, deduced from these observations, will therefore be more 

[7264] or less advanced than the true time. The epochs of the mean longitudes 

of the three inner satellites, deduced from the observations of their eclipses, 

may differ, on this account, from their real values, and therefore may not 

satisfy accurately the second law above mentioned [7258]. It is true that 

wre have here supposed that the part of the disk, which is first eclipsed, is, 

in all cases, sensibly the same. Now this is really the case ; for it is well 

known that the satellites present always the same face towards Jupiter, as 

the moon does to the earth. The circumstance we have just mentioned 

does not prevent the observations from satisfying the law of the mean motions 

[7252]. For these motions are determined by means of the difference of 

the epochs at very distant intervals of time, and are therefore independent of 

[7265] the inequalities, which might exist in the light of the different parts of the 

disks of the satellites, particularly when we notice as many immersions as 

emersions. 

The difference between the result of the observations and the law of the 

[7266] epochs [7258—7262], being very small, Delambre has thought it best to 

nothing more than an inaccurate deduction from the numbers in the tables ; and that the 

[7259ft] mjgtake can pe wholly corrected, by merely changing the angle into its corrected value, 

wherever it occurs in the formulas. 
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subject the epochs of his tables strictly to this law ; the corrections necessary 

to be made in the observations being within the limits of the errors to which 

they are liable. 

The two preceding theorems give rise, as we have seen in [6657, &c.], 

to a particular inequality, which we have denoted by the name of the 

libration of the satellites. We have given its analytical expression in 

[6646, 6652—6654, &c.], and to reduce it to numbers, we have, as in 

[6858, 6857], 

F' = 1,466380 ; log. = 0,1662466 ; 1 
G = —0,857159, [or —0,856159J ; log. = 9,9330614, or 9,9325544c. 2 

Hence the expression k [6609] becomes,* 

C a a" } 
k = 123,855. ] —7. m'm"%-.mm"A——;. mm' > ; 

( a! 4 a ) 

therefore the value of k is positive, as we have observed in [6619] ; where 

we have shown that the sign of k determines whether the mean longitude 

of the first satellite, minus three times that of the second, plus twice that of 

the third, is equal to nothing, or to the semi-circumference. The negative 

sign corresponds to the first case [6616], and the positive sign to the second 

case [6615]. 

If we substitute, in [7269], the preceding values of m, m', m", 

[7162—7164], we shall obtain, 

k = 0,000000607302. 

We have observed, in [6623], that if the law of the mean motions of the 

three first satellites [7252] were not rigorously correct, the observations 

would vary from it, by 100°, in an interval of time which is less than\ 

* (3576) Substituting in k [6609] the values of F', G, given by the author in 

[7268], and those of n', N', in terms of n [6025b,f] ; or, for greater accuracy, those in 

[6025Tc,T\ ; we obtain, very nearly, the expression of k [7269] ; and if we use the values 

of a, a', a" ; m, m'. m" [6797—6799, 7162—7164], we obtain the expressions of k 

[7269, 7272]. This will be decreased about ¥|g, by correcting the mistake in the 

estimated value of G [6857, or 7268 line 2] ; and by this means the coefficient 123,855 

[7269] is reduced to 123,7 nearly ; but this correction is of no importance in the remaining 

part of the calculation, where no great accuracy is required. 

t (3577) Putting ^ = 200°, in the expression of this interval of time [6623], it 

becomes, by successive reductions, as in [7273, 7274], 

vom iv. 65 

[72664 

[7267] 

[7268] 

[7269] 

[7270] 

[7271] 

Value of 

k 

[7272] 

[7269a] 

[72696] 

[7269c] 

[7273a] 
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[7273] 

[7273'] 

[7274] 

[72740 

Libration 
of the 
satellites. 

[7275] 

[7276] 

[7277] 

[7278] 

Periodical 
time of the 
libration. 

[7279] 

[72735] 

[7273c] 

[7275a] 

[72755] 

——. If we put T for the time of the sidéral revolution of the first 
n.\/2k 1 * * 4 * * 

satellite, we shall have nT = A00° ; hence the preceding interval can be 

T 
reduced to the form ^ ; and by substituting the value of T [6778], 

it becomes 401days,314 ; therefore it is less than two years, as we have observed 

in [6623]. 

The expressions of v, v\ v", depending upon the libration, which we have 

found in [6652—6654], become, by the substitution of the values 

of m, m', m"f 

v — P.sin. (nt.fk + A) 

v' — —P.0,889912.sin.(nt.fk -j- A) ; 

v" = P.0,062115.sin.(nt.fk + A) ; 

P and A being two arbitrary quantities, which can be determined only by 

observation. The duration of the period of this inequality! is 

T 

V/k 

400° 

n.\f k 7 
or 

; which is equal to 2270days,18, or rather more than six years. 

After having thus taken into consideration the whole system of the satellites, 

we shall now develop the particular theories of each one of them, beginning 

with the fourth. 

100° 100°.T 100°. T T 

n.fZk ~~ nT.f 2k “' 400°.^/^ 4.\/2k ' 

Substituting in this last expression the value of T = lday,7691... [6778], and that of k 

[7272], we obtain very nearly the same expression as in [7274/J. 

* (3578) If we put P =--~aggl , the coefficients of the values of v, v, v", 
4 ■—I—-*—j—  - 

ta.in' ta.ml' 

[6652—6654], will be represented by P ; — . P ; . P, respectively ; and by 

substituting the values of a, a', a"; to, vi, to" [6797—6799,7162—7164], they become 

as in [7275—7277]. 

f (3579) Putting T' for the period of this inequality, we shall have 

T 
T.n.fk — 400° — nT [7273']; or by dividing by n.y/k, T' = —, as in [7279]. 

Substituting in this expression the values of T, k [7273c, 7272], it becomes as in [7279]. 

[7278a] 
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CHAPTER XII. 

THEORY OF THE FOURTH SATELLITE. 

80. Delamb re has found, by the discussion of all the observed eclipses 

of the fourth satellite, that its mean motion, referred to the earth’s vernal 

equinox in a hundred Julian years, is,* 

875427°,45956. 

He has also found that the mean longitude of this satellite, referred to the 

same equinox at the moment of the midnight, commencing the first of 

January, 1750, which ive shall hereafter call the epoch of 1750, is equal to,f 

866°,89487c. 

Therefore we shall put, 

©'" = 866°,89437c+*.8754°,2745956 ; 

t — the number of Julian years elapsed since 1750 ; and, 

q"’ = the mean longitude of the fourth satellite, viewed from the centre of 

* (3580) This motion of the fourth satellite is increased to 875427°,46850, in the 

latest edition of Delambre’s tables, as we have remarked in [6781r] ; so that in these 

tables the annual motion is greater by about O^O, than that given by the author in [7283]. 

t (3581) We have already observed, in [7259/], that the epoch 80°,61249, given by 

the author in the original work in [7282], is too small by 286°,28188; and a similar 

mistake occurs in the angle 303°,76542 [7336, 7340, &c.], which is too great by 

18°,56542, as Delambre has observed in the last edition of his tables [7336a]. These 

mistakes are corrected in this translation, by inserting the true values, with the letter c 

annexed, as in [602H], namely, by putting 366°,89437c for 80°,61249, in [7282, fee.] ; 

and 285°,20c for 303°,76542, in [7336, &c.]. This change in the value of the angle 

[7282], affects the angle [7290, &c.], which is therefore corrected. 

[7280] 

[7281] 

[7281'] 
Epoch of 
1750. 

[7282] 

Mean 
motion. 

[7283] 

[7284] 

[7285] 

[7280a] 

[7281a] 

[72815] 

[7281c] 

[7281d] 

[7281c] 
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[7286] 

[7287] 
Longitude 
of the 
perijove. 

[7288] 

[7289] 

[7290] 

Mean 
anomaly. 

[7291] 

[7285a] 

[7286a] 

[72866] 

[7286c] 

[7288a] 

[72886] 

[7292a] 

[72926] 

Jupiter, and counted from the earth’s moveable vernal equinox.* 

JDelambre has also found that the perijove of the fourth satellite has an 

annual sidéral motion of 7959",105; or a motion of 8113",735 relative to 

the vernal equinox ;f and that the mean longitude of this perijove, in 

1750, was, 

200°,38054. 

Therefore if we put,J 

= 200°,38054 + t. 8113",735. 

©'"—will be the mean anomaly of the fourth satellite, counted from the 

perijove ; and we shall have, as in [7283, 7288], 

o'"— to'" = 166°,51383c +t.8753°,4632221. 

We have seen, in [7127], that the coefficient of the greatest term of the 

equation of the centre, is equal to 9265",56. It is easy to deduce, from this, 

the elliptical part of the longitude of the fourth satellite, as in the following 

expression ; § 

* (3582) In like manner, ©, ©', ©" [7496, 7440, 7301, &c.], represent the mean 

longitudes of the first, second and third satellites respectively, viewed from the centre of 

Jupiter, and referred to the earth’s vernal equinox. 

f (3583) The annual sidéral motion of the apsides of the fourth satellite, is 7959",105 

[7195], from the fixed equinox; or 7959", 105-J-154",63 = 8113",735 from the earth’s 

moveable equinox [7176c]. This agrees with [7286]. A similar alteration is made in 

[7295], for reducing the sidéral motion 29009",8 to the tropical motion 29164",43; 

observing that the longitudes of the perijoves of the first, second, third and fourth satellites 

are respectively represented by to, to', to", to"'; and that, in the rest of this booh:, these 

longitudes are counted from the earth's moveable vernal equinox. 

f (3584) The last tables of Delambre augment the angle [7287] about 1°,7, making 

the longitude of the perijove, at the commencement of the year 1750, nearly equal to 

202°,10. Using the epoch and annual motion, as given by the author in [7287, 7286], we 

get the expression of to'" [7288] ; subtracting this from ©'" [7283], we obtain [7290] ; the 

angle 280°,23194, given by the author, being changed into 166°,51383c, in consequence 

of the change in [7283]. 

§ (3585) We have, in [668, 669], the following expression of the equation of the 

centre, neglecting e4, 

(2c—Ue3).sin.(©'"—Zi'") T f-e2. sin.2 (©'"■—to'") -f- -[f .e3. sin.3 (©'"■—to'") ; 

and by putting its first term equal to 9265" 56, as in [7291], we get e = 4633" nearly. 

Substituting this value of e, in the second and third terms of [7292a], it becomes as in [7292]. 
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©'" + 9265",56.sin. (©'"— to'") 

+ 42", 14. sin.2. (©"'— to'") 

+ 0", 27. sin. 3. (©'"■— a"'). 

The fourth satellite participates a little in the equation of the centre of the 

third satellite. Delambre has found the coefficient of this equation of the 

third satellite to be 1709",05 [7388], and the longitude of the corresponding 

perijove, in 1750,* 

343o,82067. 

The annual sidéral motion of this perijove is 29009",8 [7190] ; hence its 

annual tropical motion is 29164",43 [72866] ; so that we shall have, 

to" = 343°,82067 + *. 29164",43. 

We shall put ©" for the mean tropical longitude of the third satellite. Then 

©"—to" will be its mean longitude, counted from the perijove. To determine 

©", we shall observe, that Delambre has found the annual motion of the 

satellite, in a hundred Julian years, to be,f 

2042057°,9040 ; 

and its mean longitude, at the epoch of 1750, 

11°,39349. 

Hence we have, 

©" = 11°,39349 + ^.20420°,579040 ; 

consequently, 

©"—to" = 67°,57282+*. 20417°,662597. [7301, 7296] 

Thus the equation of the centre of the third satellite [7293, 7303], will be, 

as in [7304a], 

6v"= 1709",05. sin. (©"—to"). 

We have, as in [7193], relatively to this equation of the centre, J 

* (3586) The longitude of the perijove of the third satellite [7294], is increased, in 

the last tables of Delambre, by nearly the same quantity as that of the fourth satellite, 

[7288a]. 

f (3587) The annual motion [7299] is increased about 89", in the new tables of 

Delambre [678 lg] ; and the longitude of the epoch [7300] is increased about 34". From 

the values given by the author in [7299, 7300], we easily deduce the expression of ©" 

[7301], and by subtracting the value of to" [7296], we obtain [7302]. 

% (3588) The chief term of Sv" [624U] is —2A".sin.(©"—to"). Putting this equal to 

the expression [7303], we find —26"== 1709",05. Substituting this in the term of Sv'u 
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[7292] 

[7293] 

[7294] 

[7295] 
Perijove of 
the third 
satellite. 

[7296]. 

[7297] 

[7298] 

[7299] 

[7300] 

[7301] 

Mean 
anomaly 

[7302] 
of the 
second 
satellite. 

[7303] 

[7294a] 

[7300a] 

[7304a] 
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[7304] 

[7305] 

[7306] 

Symbol 

n 
[7307] 

[7307'] 

[7308] 

[7309] 

[73046] 

[7304c] 

[7307a] 

[73076] 

[7307c] 

[7307/] 

[7309a] 

[73096] 

h!" = —0,1291564. ft". 

Hence the equation of the centre of the fourth satellite, which depends on 

the perijove of the third satellite, is represented by bv'" [7305] ; and by 

reducing the coefficient, it becomes of the form [7306] ; 

bv"' = —1709",05 x 0,1291564. sin. (©'"— to") 

= —220",73.sin.(©'"—* */'). 

We shall put n for the mean longitude of Jupiter, referred to the moveable 

vernal equinox of the earth. Then substituting, in [6848], the value of m" 

[7144], and neglecting the terms depending upon m, m', which may be 

done without any sensible error,* we shall find that this expression of bv"' 

becomes, 

bv'" = — 28",36c.sin. (©"—©"') 1 

—14,/,12.sin.2.(©,/—©"') 2 

— 2", 95. sin. 3. (©"—©"') 3 

— 0",90.sin.4. (©"—©#//) 4 

— 0",33.sin.5,(©"—©"') 5 

+12", 9 9. sin. (2©"'—2n). 6 

If we then observe that •—2hi" [6241k line 2] is the coefficient of the 

greatest term of the equation of the centre of the fourth satellite,! we shall 

[6241&], depending on 2A", we get the corresponding part of the equation of the centre 

of v'" [7305]. Multiplying together the two factors of the coefficient of [7305], we obtain 

[7306]. The terms of bv'", depending on h, h' [6241&], are insensible [6241/] ; that 

depending on h!" is given in [7310, or 7318 line 1]. 

* (3589) Substituting the value of m [7142] in [6848 line 1], and m' [7143] in 

[6848 line 3], we obtain 2",4 ; and 5",2 for the greatest terms of bv"', depending on 

m, m' ; and these coefficients are so small that they are hardly worth the trouble of forming 

two new tables for the sake of noticing them. The remaining terms in [6848 lines 6—11], 

produce the expression [7308], by substituting the values of m" [7144], 

= ©"—©'" [6240y], and 2n'"t—2E= 2©"'—2n [6240/]. 

The coefficient in [7308 line 1], according to the author, is 31",36 ; we have decreased it 

3",00, to correct for the mistake mentioned in [6849e]. 

f (3590) We have seen, in [6240/, e], that the greatest term of the equation of the 

centre of the first satellite, 2e. sin. (ntfs—to), is changed into —2A.sin.(n/-}-£—gt—a). 

Adding three accents to these symbols, so as to make them correspond to the fourth 

satellite, we find that the greatest term of the equation of the centre of the fourth satellite 

is 2/".sin.(n"7-f-ew—to'") ; and that it can, in like manner, be changed into 
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have, by considering the greatest term of the equation of the centre 

[7292 line 1], 

—W == 9265",56 ; or hm = —4682",78 ; [7310] 

we shall have, as In [6874 line 1, 6875&, &c.], the inequality, 

6v'" = 0,0144449. J.9265", 56. sin. (©"'+ —2 n), [7311] 

which may be reduced to the following form ; 

6vm = 66",94. sin. vs”—2 n). [7312] 

Putting, as in [6275e, &c.], the mean anomaly of Jupiter, counted from the [7313] 

perihelion, equal to Mt-pE—1= 1, we shall have, for the inequality 

[6886], the following expression; 

<5î/" = —353",69c. sin. L. [7314] 

Lastly we have, as in [6944], the inequality,* * 

a®"' = —49",51.sim(7.7541"+310,9199) ; [7315] 

7541" being the assumed annual sidéral motion of the node of the fourth 

satellite [6942] ; but we have found, in [7245], that this motion is greater, 

being equal to 7682",64. We must subtract from it the annual variation of 

the longitude of the node of Jupiter’s equator, P, which is equal to 0",8259 

[6929] ; hence the preceding inequality becomes, 

6v'" = —49", 51.sin.(f. 7681", 81+31°, 9199). [73,7] 

Connecting together all these inequalities, we shall have, for the longitude 

—2Aw.sin.(n"7-J-s///—g3t—r3), using the values of g, r [7286, &c.], peculiar to the 

greatest term of the equation of the centre for this satellite. Putting this last expression [7309c] 

equal to the chief term of the equation of the centre of the fourth satellite [7292 line 1], we 

get ■—2AW = 9265",56, as in [7310]. Now the inequality in <V", corresponding to that 

in 6v [6874 line 1], is represented, as in [6375A], by 

15 Mhr" 

W =-ppr~ • sin.(n"7—2Mt-\-e"—<2E-\-g3t-\-T3) ; [7309d] 

hence if we change the angle into ©"'+ 2n, as in [6240/], and substitute the 

numerical value [6880], it becomes ^w=-0,0144449./iw.sin.(©w-f-TOw-2n). Substituting [7309e] 

the value of A"' [7310], it becomes as in [7311] ; or by reduction, as in [7312] nearly. 

* (3591) The argument of the equation [6944] is the same as that in [7315] ; and by 

increasing the annual sidéral motion of the node from 7541" to 7682",64 [7316], then ^316<^ 

subtracting the precession 0/,8259 [6929], it changes into 7681/;,81 ; hence the expression 

of ôv"' [6944], becomes as in [6942m, or 7317] ; being the same as in [7318 line 13]. [7316& j 
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[7317'] 

.Longitude 
of the 
fourth 
satellite 
from the 
moveable 
vernal 
equinox of 
the earth. 

[7315] 

[7319] 

[7320] 

[7321] 
Longitude 
of the 
ascending 
node of 
Jupiter’s 
equator. 

[7322] 

[7322'] 

[7318a] 

[73186] 

[7323a] 

,/// V" of the fourth satellite, counted upon its orbit from the vernal equinox of the 

earth** 

v in ©'" -f 9265",56.sin. (e'"_*/") 

4- 42",14.sin.2.(©'"—ra") 

+ O",27.sin.3.(0'"—■a'") 

— 28//,36c.sin. (©" — ©'") 

— 14", 12. sin.2. (©" —©"') 

— 2",95.sin.3.(e"_ ©'") 

— 0",90.sin.4.(©" —e"') 

— 0",33.sin.5.(©" —©'") 

— 220",73.sin. (©'"—4') 

-f 12",99. sin. (2©'"— 2 n) 

+ 66",94.sin.(e"'+*"'_2n). 

— 353",6 9c.sin.F 

— 49",51.sin. 7681",81+31°,9199). 

1 

2 
3 

4 

5 

6 
7 

8 

9 

10 

11 

12 
13 

We shall now consider the motion in latitude. This motion depends upon 

the inclination of the equator of Jupiter to its orbit, and upon the longitude 

of the ascending node of the equator, at a given epoch. Delambre found, 

by the discussion of a very great number of eclipses, chiefly of the third and 

fourth satellites, that the inclination of Jupiter’s equator to the orbit of this 

planet, was ti — 3°,4352 in 1750 [7217]; and at the same epoch, the 

longitude of its ascending node was 348°,6213 [7218]. Moreover the 

annual precession of the equinoxes being 154",63 [7176c] ; and the annual 

precession of Jupiter’s equinoxes 0",8259 [6929'] ; the annual motion of 

the last equinox, referred to the first, is 153",8 ; so that the longitude of the 

ascending node of Jupiter’s equator, relative to the earth’s vernal equinox, is 

represented by 

348°,621344.153", 8. 

The term (V"—l).ô'. sin.(V"4V) in the expression of the latitude s'" of the 

fourth satellite [6430 line 1], will therefore become,! 

* (3592) Adding the mean longitude ©"', at the epoch [7285], to the sum of the 

^inequalities, which are computed in [7292,7306,7308,7312,7314,7317], we get the 

complete value of v"' [7318]. 

f (3593) From [7216', 7322] we have 1= 348°,6213-(-t.l53",S ; substituting this in 

the value of *•' [7211], we get V = 200°—1=—148°,6213—zU53",8 ; hence, 
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s'" = (1— x'").3°,4352.sin.(V"—348°,6213—*.153",8). 

Substituting the value of x"' [7209], we shall have, 

s'" = 2°,98051.sin.(u",+ 51°,3787— *.153",8). 

The term Z,".sin.(i/',-f-j?3*-|-A3), which occurs in the expression of s'" 

[6430 line 5, 6298a:], corresponds to the peculiar inclination of the orbit of 

the fourth satellite to the fixed plane ; it is therefore necessary to ascertain 

the values of V" and a3. Delambre has found, 

V" = —2771",6 ; [7352 line 2] 

and in 1750, 

a3 = 83°,29861. [7353 line 2] 

The value of p3 relative to this term, is 7682",64 [7245]. To reduce it 

to the moveable vernal equinox of the earth, we must subtract the precession 

154",63 [7176c]. Hence the term of s'" [7324] becomes, 

s'" = —2771", 6.sin.(F"+83°,29861 +*.7528", 01). 

Delambre has found, by comparing the eclipses of the third satellite, that 

the value of 1", relative to the orbit of the third satellite, is 1" — —2283",9 

[7415] ; and the value of a2, at the commencement of the year 1750, is 

a2 — 208°,32562 [7415]. Moreover, the corresponding value of p is 

Ps = 28375",48 [7238] ; and by subtracting from it the precession 154",63 

[7328], we obtain 28220",85, for the annual tropical motion of the node of 

the orbit of the third satellite, upon its fixed plane. Therefore the part of s", 

relative to this motion, is,* 

[7323] 

[7324] 

[7324'] 

[7325] 

[7326] 

[7327] 

[7328] 

[7329] 

[7330] 

[7331] 

[7332] 

sin.(c'"+¥/) = —: ■sin.(t/"+¥/+200°) = — sin. (F"+51°,3787—1.153", S) ; [73236] 

consequently the value of s'" [7322] becomes, 

«"' = (x"'—l).ô'.sin.(t>'"+*/) = (1—X"/d/.sin.(F"+51°,3787—*.153",8). [7323c] 

Now 51°,3787 = 400°—348°,6213, and tf = 3°,4352 [7319]; hence the last of the [7323d] 

expressions [7323c], becomes as in [7323] ; and by substituting the value of X'" [7209], 

it becomes as in [7324]. We may observe that, if we place three accents on l, X, v, in 

the value of s [6357/], we shall get the corresponding value of s'" [7323/] ; and by [7323e] 

substituting its value [7323c], also Ô' [7323ri], and Xw [7209], we get [7323_g], which 

will be used in [7344a, &;c.] ; 

s'" = 2'. (T-IJ). sin .(/+/+a)=( 1 .2 '.(L-L'). sin. ( v'"-\-pt -f- a )=(X" -1 )/.sin. (v'"fT) [7323/] 

= (1-X"').30,4352.sin.(//-/51°,3787-^.153",8)=2°,98051.sin.////-f-51°53787-^153",8). [732%] 

* (3594) The term of s", here treated of, is that in [6429 line 4] ; and by substituting 

*32 h—l [6422, Sic.], it becomes s" — l". sin.(t/'+p/+A2). We must substitute, in this 

67 

[7332a] 
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[7333] 

[7334] 

[7335] 

[7336] 

[7337] 

[7338] 

[73326] 

[7332c] 

[7335a] 

[73356] 

[7335c] 

[7335d] 

[7335e] 

[7336a] 

[73366] 
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5" = —2283,/,9.sin.(^+208o,325624-^28220',J85). 

To obtain the corresponding part of s'", we must multiply the coefficient of 

V" 
this term by —, and this fraction is —0,1965650 [7241] ; hence we get 

L 

the following term of s'";* * 

s'" = 448",93.sin.(v///+208°,32562+L 28220", 85). 

Delambre found that the value of relative to the peculiar inclination 

of the orbit of the second satellite to its fixed plane, is V = —5152",2 

[7471]; and the corresponding value of a, in 1750, is ax = 285°,20c.f 

The value of p relative to this inclination is yq= 133870",4 [7233]. 

Subtracting from it the precession 154",63 [7176c], lue obtain 133715",77, 

for the annual tropical motion of the node of the orbit of the second satellite 

upon its fixed plane. Therefore the part of s' relative to this motion is, 

= _5152",2.sin.('u/+285°,20c + ^.133715",77). 

expression, the value of p2t-|-a2, which is computed in [7331, 7332], namely, 

p2t+A2 = 208°,32562-f-Z. 28220",85; also for l" its value —2283",9 [7330], then it 

becomes as in [7333]. For the sake of distinctness, we have placed the proper indices 

s, 2, below the quantities p, a, in [7324/, kc., 7331], though they are not inserted in 

this part of the original work, notwithstanding they are used in [6430, kc.]. 

* (3595) If we suppose the term of s" [7333] to correspond to that in [6429 line 4], we 

shall have —2283",9= £2"Z2=Z" [6422, kc.]; and ^2Z-[-a2=208°,32562-f Z.28220",85. 

The corresponding term of s'" [6430 line 4], becomes, by the substitution of £2/"Z2 = Z"/ 

[6422, kc.], /'=Z"ksin.(F"+p2Z+A2); using the preceding value of pJ-\-A2, or that 

which depends on p2 [7238]. Now for the angle p2 we have l'" — —0,1965650.Z" 

[7241], as in [7334] ; and if we substitute it in s'" [73356], it becomes 

s'" = —0,1965650.Z".sin.(v'"-\-p2t-f-A2) ; and by using l" — —2283",9 [7335a], it is 

reduced to the form [7335]. We must proceed in the same manner in finding the term of 

s'" [7340], corresponding to the values p1 [7233] and l"' [7236]. We may neglect the 

term depending on p, V" [7226, 7229], considering the smallness of the coefficient 

—0,0000995 [7229] ; and also that the corresponding value of Z is so small that it is 

wholly neglected in the general expression of the latitude s [7522]. 

f (3596) This angle, in the original work, is 303°,76542, being too great by 

18°,56542, as we have already observed in [72816, kc.]. This correction is given in page 

xxii of the last Tables of the Satellites, by Delambre. We have inserted the corrected 

value 285°,20c, using the letter c as in [60217] ; observing that this corrected angle 

occurs in several places, as in [7338,7340, 7352, kc.]. 
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To obtain the corresponding part of s'", we must multiply the coefficient of 

V" 
this term by — ; and this fraction is found in [7236] to be equal to 

L 

—0,0009312; hence we get, in s'", the following term; 

s'" = 4", 80. sin. (t/"-|-285o,20c+L133715",77 ). 

It now remains to consider the inequality, 

/' = 0,001447815.(Z"'_L).sm.(y'"—2Z7—pt—a) ; 

which is given in [6934]. If we suppose that the value of p corresponds 

to the motions of the equator and orbit of Jupiter, we shall have, as in 

[6346, 6355d], 

L—V" = —L') ; 

V—L'= (1—x'").(L_L) ; 

therefore,* 

s'" = ( 1 —x'"). (L—L). sin. (v,/,Jrpt-\-A), 

is the latitude of the satellite above Jupiter^s orbit, supposing it to be moved 

upon its fixed plane [6357—6358] ; and we have found, in [7324, &c.], that 

this latitude [7344] is represented by 

s'" = 2°,98051.sin.(V"+510,3787—Z.153",8). 

Hence the preceding inequality of s'" [7341] becomes, 

s'" = 2°,98051x9,001447815.sin.(V "—2U—51°,3787+^153",8) ; 

or, by reduction, 

s'" = 43", 15. sin. (v'"—2 U—51 °,37 87+ L153", 8). 

Among the other terms contained in the expression, 

s'" = 0,001447815.(7'"—L').sin.(V"—2U—pt—a) ; [6934] 

the only one which is sensible, is that wdiich corresponds to the peculiar 

inclination of the orbit of the satellite to its fixed plane. ' In this case 

L! — 0 [6415], since the position of Jupiter’s orbit is not sensibly altered by 

the action of the satellites. Moreover we have, by what has been said in 

[7324', 7329], 

[7339] 

[7340] 

[7341] 

[7342] 

[7343] 

[7344] 

[7344'] 

[7345] 

[7346] 

[7347] 

[7348] 

[7349] 

* (3597) The expression of s'" [7344] is the same as that in [7323/], using the 

symbol 2' as in [6324J. The terms under this symbol in [7323/], are reduced to one 

term of the form [7323g], which is the same as that in [7345]. Comparing the first of 

the expressions [7323/] with the last of [7323/1, we find that we may change X'/Z'"—JL') 

into 2°,98051, and yt-f-A into 51°,3787—£.153",8. Making the same changes in 

[7341], after having prefixed the symbol ll to the terms in the second member, we get 

[7346] ; which is easily reduced to the form [7347]. 

[7344a] 

[7344&] 

[7344c] 

[7344c/] 

[7344c] 
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[7350] 

[7351] 

[7352] 

[7353] 

[7353'] 

Isin.(î/"+jp3£+A3) = ~2771",6.sm.(t/"+83°,29361 + £.7528",01) ; 

hence the preceding term [7348] becomes,* 

= .—4",01.sin. (ff"—2U—83°,29861—£.7528",01). 

Connecting together these different terms of the latitude s'" of the fourth 

satellite above Jupiter’s orbit, we obtain,f 

s'" = 2°,98051 . sin. (V"-j-51 °,3787—£.153", 8) 1 

—.2771",6 . sin.(ff"+83°,29861+*.7528",01) 2 

+ 448",93.sin.(î/"+208°,32562+ £.28220", 85) 3 

+ 4", 80. sin. (+'+285°,20c + £.133715",77) 4 

+ 43", 15. sin. (v'"—2 U—51 °,37 87+£. 153", 8) 5 

— 4", 01. sin. (v'"—2 £7—83°,29861—£.7528",01). 6 

In the eclipses of the fourth satellite, and in the eclipses of Jupiter by the 

same satellite, these expressions of v'" and s'" become more simple ; for we 

may supposet 2n = 2©"', 2U = 2v'" ; and then we shall have, at the times 

of these eclipses,^ 

[7351a] 

[73516] 

[7351c] 

[7351d] 

[7352a] 

[7353a] 

[73536] 

[7353c] 

[7353d] 

[7353c] 

[7354a] 

[73546] 

[7354c] 

*(3598) We obtain from [7350] p£ +a, or rather p3/+A3=83°,29861+£.7528",01, 

and V" — —2771",6, or V"~U = —2771",6 [7349]; hence, 

0,001447815.(Z/"—L') — —4",01. 

Substituting this in [7348], it becomes as in [7351] ; using the value of p£ + A, or rather 

jp3£+a3 [7351a]. It is unnecessary to notice the other values of p, depending on the 

terms in [7352 lines 3, 4, &c.], as the coefficients are too small to be noticed ; the greatest 

of them is 448",93 [7352 line 3], being hardly a sixth part of the preceding term; and, 

of course, the coefficients will not be one sixth part of that in [7351]. 

f (3599) The expression of s'" [7352] is the sum of the terms which are contained in 

[7324, 7329, 7335, 7340,7347,7351] respectively. 

f (3600) It is evident from the definitions in [6023a?, 6024/], that, in these eclipses, 

©"', n are equal, or differ by 200°; so that we may put generally 2n = 2©"'. Also 

from [6022y, 6023c], v", U are equal, or differ by 200°; therefore we may put 2U—2v'". 

In like manner, in the eclipses of the third satellite, we may put 2n=2©", 2£7 = 2v"; 

in those of the second satellite, 2n= 2©', 2U—2v'; and in those of the first satellite, 

2n = 2©, 2U=2v. 

<§> (3601) Substituting 211 — 2©'" [7353;] in [7318 line 10], it vanishes. The same 

substitution being made in the term [7318 line 11], it becomes, 

+66",94.sin.(to"—©"') = —66",94.sin.(©"1'—to"') ; 

connecting this with the term in [7318 line 1], we obtain +9198",62.sin.(©"'—to'"), as in 

[7354 line 1] ; and the whole expression of v"' becomes as in [7354]. Again, if we 
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vw = ©'" + 9198",62.sin. */") 

+ 42", 14. sin .2. ( ©'"—«'") 

+ 0",27. sin.3.(0'"—m'") 

— 28",36c.sin. (©" — ©'") 

— 14", 12. sin.2. (©" —©"') 

— 2",95.,sin.3. (©" —©'") 

— 0", 90. sin.4. (0" —©'") 

— 0",S3.sin.5.(©" — ©'") 

— 220",73.sin. (§"_*") 

— 353",69c.sin. F 

— 49", 51. sin. (2.7681", 81+31°, 9199). 

5'" = 2°,97620 .sin. (+"+51°,3787—153",8) 

—2767",6 .sin. (V"+83° ,29861+L 7528",01) 

+ 448", 93.sin.(V"+208°,32562+^.28220", 85) 

+ 4", 80. sin. (+"+285°,20c +1.133715", 77). 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

1 

2 

3 

4 

Values of 

V !" jn 

in eclipses; 
the 

longitude 
being 
counted 
from the 
moveable 
vernal 
equinox of 
the earth. 

[7354] 

[7355] 

This expression of s'" gives the explanation of a singular phenomenon, which 

has been observed in the inclination of the orbit of the fourth satellite, and in ^7356^ 

the motion of its nodes. The inclination of the orbit of this satellite to the 

orbit of Jupiter, appeared to be nearly constant, and equal to 2°,7, from the 

substitute 2U= 2d" [73539 in [7352 line 5], it becomes, 

43",15.sin.(—v'"— 51°,3787+053",8) =— 43",15.sin.(i/"+51°,3787—1153",8) ; [7354d] 

connecting this with the term in [7352 line 1], we obtain, 

2°,976195.sin.(V"+510,3787—*.153",8), [7354c] 

as in [7355 line 1], nearly. Making the same substitution of 2U—2Æ, in the term 

[7352 line 6], it becomes +4",01.sin.(V"+83o,29S61+/.7528",01) ; and by connecting 

it with the term in [7352 line 2], we obtain —2767",6.sin.(F"+83°,29861-+.7528",01), [7354/] 

nearly, as in [7355 line 2]. We may observe that the arguments of the inequalities in 

[7355 lines 1,2, 3,4], are represented by Delambre, for brevity, by H, I, K, L, at the [7354g-] 

times of the middle of the eclipse or opposition. The same arguments occur in the values 

of s", s', s [7427, 7482, 7522, &c.] ; and by using this notation, and putting V" equal to 

the mean longitude of Jupiter at the conjunction, corrected for the great inequality, we have, 

H=V'"+ 51°,3787—*.153",8; [7354/] 

I = F"'+ 83°,29861+7.7528",01 ; [7354Æ] 

K = F'"+208°,32562+^.28220",85 ; [7354/ ] 

L = F'"+285°,20c +1133715",77. [7354+ 

68 VOL. IV. 
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[7356'] 

[7357] 

[7358] 

[7359] 

[7360] 

[7357a] 

[73575] 

[7357c] 

[7357c/] 

[7359a] 

[7362a] 

[73625] 

[7362c] 

[7362c?] 

[7362e] 

[7362/] 

[7362g-] 

year 1680 till about 1760. During this interval the nodes had a direct 

motion, upon the orbit of the planet, of eight minutes in a year. Since 

1760, the inclination has very sensibly increased. We may obtain the 

inclination of the orbit, and the position of its nodes, at any given epoch, by 

giving to t the value which agrees with that epoch. We shall put the 

preceding expression of s'" under the form,* 

s'" = A. sin.®'"—B. cos.?/". 

We can determine A and B, by putting successively! v'" — 100°, and 

v'" = 200°, in the expression of s'". ~ will be the tangent of the longitude 

of the node, and \/A3-j-B2 the inclination of the orbit. J This being 

* (3602) Any one of the lines of the second member of [7355], may be put under the 

form A', sin.(F"—B') ; A' being the constant coefficient of that line, and —B' the 

constant angle, connected with v'". If we suppose the sign 2 of finite differences to 

include the terms in the four lines of [7355], we shall have s'" — 2.A'.sin.(vw—B'). 

Developing this by [22] Int., we obtain, 

s'" = sin.F". 'Z.A'.cos.B'—cos./". 2. A'.sin.B'. 

Now putting S.A'.cos.B'= A, 2.A'.sin.B' = B, it becomes as in [7358]. 

f (3603) Putting v"' — 100° in [7358], we get s'" — A; and if we put v'" = 200°, 

it gives s'"—B. Hence it appears that we can compute the value of A, by substituting 

v"'='i00o in [7355]; and the value of B, by substituting v" = 200° in [7355]. 

X (3604) It appears, from [533a], that if y be the inclination of the orbit, and 0/ the 

longitude of the ascending node, we shall have very nearly, for the expression of the 

latitude s"=y.sm.(v"'—ô/)=y.cos.^.sin.F"—y.sin.^.cos.F" [22] Int. Comparing this last 

expression of s'" with that in [7358], we get, 

A — y. cos/; B = y. sin.0,. 

Dividing this value of B by that of A, we get the following expression of tang.^, and the 

sum of their squares gives the value of y2; hence we have, as in [7359, 7360], 

tang.d, = ~ ; y = s/æ+B*. 

With these formulas, and those in [7359], we may compute the values of A, B, y, Ô' 

[7362] ; for t=—70, t = —30, and / = 10; which correspond respectively to the 

years 1680, 1720, 1760; the epoch being 1750 [7281'']. The values of A [7359,7355], 

corresponding to these times, are positive; therefore the values of 0/ must be in the first 

or fourth quadrant, as is evident from the expression of A—y.cos.^ [7362c], y being 

positive ; and to know which of these must be selected, we must refer to the value of B, 

which is negative; so that y.sin/ [7362c] must be negative ; consequently 6/ must be in 
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premised, if we put successively t=—70, t =—30, t = 10, which 

correspond to the years 1680, 1720 and 1760, we shall have, 

Inclination. Longitude of the node. 

1680, 2+7515; 346°, 0191 ; 1 

1720, 2+7210; 348°,1186; 2 

1760, 2°,7123 ; 352°,3238. 3 

If we represent the inclination by the formula 2+7515 + À7 + P73, t being 

the number of Julian years elapsed since 1680, we shall have, by comparing 

this formula with the three preceding inclinations,* * 

N = —0°,001035 ; P = 0°,0000068125. 

The minimum of the formula corresponds tof t = 75years,963, or to the 

year 1756. The mean of the three preceding inclinations is 2°,7283 ; the 

the fourth quadrant of the circle. The calculations of the author in [7362] have been 

verified, and found to be very nearly correct ; though some slight discrepancies were found 

in the fourth decimal place of the inclination, and in the third decimal place of the longitude 

of the node. 

* (3605) We shall suppose the general expression of the inclination of the orbit y, to 

be represented, as in [7363], by 

y = 2°,7515 + JV£ + P£2; 

£ being the time elapsed since the year 1680. Putting £ = 0, it becomes y = 2°,7515, 

as in [7362 line 1] ; then putting £ = 40, and y=2°,7210 [7362 line 2], we get 

[7364d] ; lastly, putting £ = 80 and y = 2°,7123 [7362 line 3], we get [73S4e] ; 

2°,75I5+404V+1600P = 2°,7210, or 0°,0305+4QJV+1600P = 0 ; 

2°,7515+80iV+6400P = 2°,7123, or 0°,0392+80W+6400P == 0. 

Subtracting a quarter part of the second of these equations from the first, we obtain 

0°,0207 + 2027=0; whence jY=—0°,001035, and 40iV=—0°,0414. Substituting 

this in [7364d], we obtain 1600P =0°,0414-0°,0305 =0°,0109 ; consequently 

P = 0,0000068125. Hence the expression of y [73646] becomes, as in [7364, &c+ 

y = 2°,7515—0°,001035.£ + 0°,0000068125.£2. 

t (3606) The minimum value of y [63646], is found by putting its differential equal to 

nothing, which gives 0 = —0°,001035+0°,000013625.£ ; wFence £ = 75,963, as in 

[7365] ; and this value would be somewhat augmented, by correcting the calculation for 

the small mistakes which are spoken of in [73626]. Substituting this value of £ in [73646], 
we get y = 2°,71 nearly, for the minimum value of y. 
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[7361] 

[7362] 

[7363] 

[7364] 

[7365] 

[73626] 

[7364a] 

[73646] 

[7364c] 

[7364d] 

[7364e] 

[7364/] 

[7364g-] 

[73646] 

[7365a] 

[73656] 

[7365c] 
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[7365'] 

[7366] 

[7367] 

[7368] 

[7369] 

[7370] 

[7371] 

[7372] 

[7373] 

[7374] 

[7366a] 

[73666] 

[7367a] 

[73676] 

[7367c] 

[7367ri] 

[7374a] 

mean annual motion of the node, from 1680 to 1760, is 7',88.* These 

results agree perfectly with those which have been found by astronomers, 

from the observed eclipses during this interval. Since the year 1760 the 

inclination has varied by a very sensible quantity. The preceding value of 

s'" [7355], makes the inclination, in 1800, equal to 2°,8657,f and the 

longitude of the node equal to 355°,8817. Observations, by continuing 

these results, compel us to give up the hypothesis of a constant inclination ; 

and we should have found it difficult to discover the law of these variations, 

without the assistance of the theory. 

To obtain the duration of an eclipse of the fourth satellite, we shall 

resume the formula [7080] ; So'" AJ" 

in which T represents the half of the mean duration of an eclipse of the 

satellite in its nodes [7069]. Delambre has found, by the mean of all the 

observations which he has used, that this semi-duration is equal to 9942" ; 

and since the discovery and use of achromatic telescopes, he finds this 

semi-duration to be diminished about 52", by the discussion of all the 

eclipses observed since that epoch. Therefore we shall suppose 

T = 9890"[=2*,22",25'sex.], as in [7565]. The symbol (3 [7073] 

represents the mean synodical motion of the satellite, during the time T; 

and we havef [3 == 23613". The value of p' [7049] is 

* (3607) The longitudes of the node in 1680., 1760, are 346°,0191, and 352°,3238 

[7362 lines 1, 3] respectively ; so that the motion in 80 years is 

352°,3238—346°,0191 = 6°,3047 ; 

dividing this by 80, we get the annual motion 7',88, as in [7365']. 

f (3608) Putting t = 50 in [7355], and then successively F"=100°, F" = 200°, 

we obtain the values of s'", which are denoted respectively by A, B, in [7359]. With 

these values of A, B, we compute, by means of the formulas [7362rf], the corresponding 

inclination y, and the longitude of 0/ ; which are found to be very nearly the same as those 

given by the author in [7367]. We may observe that the formula [7364/t] is not used for 

this purpose, because the value of t— 1800—1680= 120, is so great that it becomes 

necessary to notice terms of the order t3, which are neglected in that formula. 

J (3609) Dividing the expression of T— 9890" [7373], by the number of seconds in 

a Julian year, 36525000", we get T= 0,0002707735, expressed in parts of a Julian 
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(l-Xi) a" 

- Xx ’ D* 

and we have found, in [7159], P === 0,0713008 ; hence we deduce,* 

p' = 0,0729603. 

dv111 
The value of X [7071] is very nearly represented by f X= -jjtj,—1 5 

71 *01 

therefore if we notice only the greatest term of v'", we shall have, 

X = 0,0145543.cos.(©"/—*'")• 

We have also seen, in [7094], that the value of T must be multiplied by 

the factor, Î 

1 + J Jëm - ^ • § i ■acos'F =factor of T P369J; 

year; multiplying this by the annual synodical motion v!"—M= 87205380" [6025n], 

we get the synodical motion in the time T equal to (n—M).T= 23613" = (3, as in 

[7374]. 

a"> 
*(3610) We have — — sin.l530",864 [7045i] ; \ — 0,105469 [7547], Substituting 

these and p = 0,0713008 [73759, in P' [7375], it becomes as in [7376]. 

f (3611) We have, as in [7071], X = 
dvY in 

— 1 ; moreover, dv'" is to dv 
nr 

[n'"—M).dt 

as n'" to n'"—-M, nearly [6023c, d, 73745]; hence X becomes very nearly as in [73769* 

Substituting, in this expression of X, the chief term of v"' [7318 line 1], it produces, by 

using [7290], the expression, 

9265",56. 
d.sin.(©w-TOw) n „ w 8753°,463221.cos.(©//,/—■ro///) 

ri"dt 
= 9265",56 X 

n 

Substituting n'" = 8754°,2591 [60 257c], and dividing by the radius in seconds, 636620", 

it becomes X= 0,014553.cos.(©'"—to7"), as in [7377] nearly. 

% (3612) If we change n into n'", and a into a'", in the expression [7094], we shall 

obtain the factor of T corresponding to the fourth satellite, namely, 

, , / 2M (1— X,) a'"\ ^ 

+ \n'"—M ~x7~ ’ w)°H‘C0S-(Mt^~L ’ 

and by using the symbol V— Mt-j-E—I [60235], it becomes as in [7378]. Finally, 

a'" 
substituting the values of , X, [7375a], M [6840], and 212= 61213", 1 [68825], 

or 22= 30606",5, it becomes 1—0,0006087.cos.U; being nearly the same as in [7379]. 

vol, iv. 69 

[7375] 

[7375q 

[7376] 

[7376(] 

[7377] 

[7378] 

[73745] 

[7375a] 

[7376a] 

[73765 

[7376c] 

[7378a] 

[73785] 

[7378c] 
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[7379] 

[7380] 
Symbol 

£ 

[7381] 

[7382] 

Time of 
the emer¬ 
sion or 
immersion 

[7383] 

[7381a] 

[7383a] 

[73835] 

[7383c] 

[7383c?] 

[7383e] 

[7383/] 

[7383g-] 

[73835] 

[7383?] 

H being the excentricity of Jupiter’s orbit. Hence this factor becomes, 

1—0,0006101.cos. factor of T [7369]. 

We shall put £ = - , and we shall have,* 

£ = 1,352380 .sin.(«//,+ 51°,3787—*.153",8) 1 

—0,]25759.sin.(V"+ 83°,29861+ *.7528", 01) 2 

+ 0,020399.sin.(i/"+208°,32562+ *.28220", 85) 3 

+ 0,000218.sin. (t/"+285°,20c +1.133715",'77). 4 

This being premised, if we neglect the square of X, the quantity under the 

radical, in the expression of t [7369], will become 1 +X—£2 ; and if we 

also neglect the products of X and H by , we shall obtain,! 

t = —366",832. P±9890".(l— X—0,0006101.cos. F).v/i+X_f. 

* (3613) From the values of p, p' [7374, 7376], we obtain -if- 
1,0729603_ 

23613" ’ 
multiplying this by s'" [7355], it becomes as in [7381], using the abridged symbol [7380]. 

f (3614) The factor T.(l—X) = 9890".(1—X) [7373], which occurs in the 

expression of t [7369], being multiplied by the factor of T [7379], neglecting terms of the 

order HX, becomes, 

9890".(1—X—0,0006101.cos. V) ; 

and this is to be substituted for T.(l—X) in [7369]. Now the radical expression in 

[7369] may be put under the form ±[/l-f-X—as is evident by multiplying together 

the factors composing this radical, neglecting X3, and substituting g [7380] ; hence we 

get the term depending on the radical in [7383]. In the term of [7369] without the 

radical, which is very small, we may suppose the factor [73836] to be simply equal to 

9890" ç"7?9'" 
9890"; so that the term itself becomes-. (l-j-p')2.——. But from [7380] we 

(3 sirs ùv"> L 

have (l+p')3.//2=(32f, whose differential, divided by 2, is (1-J-P'^.s^ds'" = pP.ÇdÇ ; 
pip 

hence the differential expression [7383/] becomes —9890". p. ; and by substituting the 

value of p [7374], then dividing by the radius in seconds, it becomes as in the first term of 

[7383]. The whole duration of the eclipse t' [7082], is derived from that of i [7080], by 

retaining only the radical part of the expression, and multiplying it by ±2. The same 

process, being performed in the expression of t [7383], gives the whole duration of the 

eclipse t', as in [7385]. If we now examine into some of the largest terms, which have 

been neglected in computing the value of t, or t' [7383, 7385], we shall find that they are 

not in general of any importance. The most noted term is that spoken of in [7096], 

requiring that X should be increased under the radical, by the quantity ± 
s'"2 ds'"2 
0W"2 

, which 
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It is easy to deduce, from this expression, the times of the immersion and 

emersion of the satellite ; observing that t expresses the time elapsed from 

the conjunction of the satellite [7070, 7055] ; the conjunction being 

estimated by means of its projected place upon the orbit of Jupiter ; and the 

time from the conjunction can be determined by means of the tables of 

Jupiter, and the preceding expressions of v'", s'" [7354, 7355]. The whole 

duration V of the eclipse is represented by 

t' = 19780".(1—X— 0,0006101.cos. F).\/l-j-X—£2 = duration of the eclipse. 

is nearly of the order /32.( , as is evident from [7383e] ; observing that p' [7376] is so 
dv J 

small that it may be neglected. Now (qgyr) may he considered as of the order 1, at 

its maximum, and is generally much less. For if we notice only the chief term of £ 

[7381 line 1], and represent it, for brevity, by g — we shall have, very 

nearly, = A.cos; whence, 
(Lu 

ÿi = l/22.sin.(?///-j-jB) .cos. = M2.sin.(2t/"-f 2J5), 
0j\) 

which we shall put equal to U, for brevity, so that b = — |^4.sin.2(2t)///-|-2R) ; 

and this varies from 0 to its maximum \= v.(l,35)4, which is less than unity. 

Moreover £ [7374] is about °f die radius; hence (32 = (5V)2 = vifs- nearly; so that 

if X—£2 be very small in comparison with unity, the radical \/l-\-X—^ [7383] will be 

varied by ^/326 = nearly, in consequence of this variation in the value of X. 

Multiplying this by the factor T=9890" [7383], it becomes %Tp?b = l".b nearly; 

which, on account of the smallness of b, will not be in general of any importance. This 

term however must be noticed when the radical \/l-\-X—becomes very small in 

consequence of the great latitude of the satellite, as is observed in [7094;—7096]. We 

/dZ\2 
may find, by a similar process, that the terms of the order sin.2?q.f — J , be., which are 

neglected in [7062, 7059, &c.], produce nothing of importance in the values of t, t' ; 

and the same is to be observed relative to the other quantities, which are neglected in these 

calculations. 

[7384] 

Duration 
of the 
eclipse. 

[7385] 

[7383Æ] 

[7383Z] 

[7383Z'] 

[73837n] 

[7383ft] 

[7383o] 

[7383p] 

[7383ç] 
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[7386] 

[7387] 

[7388] 

[7389] 

[7390a] 

[7390&] 

[7390c] 

[7390i] 

CHAPTER XIII. 

THEORY OF THE THIRD SATELLITE. 

31. We have found, in the preceding chapter [7301, 7296], that 

©"= 11°,39349 + *.20420°,679040; 

S43°,82067 + f.29164",43. 

We have also seen, in [7303], that the equation of the centre, corresponding 

to this satellite, is 

6v" = 1709",05.sin.(©"—<). 

This satellite has another equation of the centre corresponding to the 

perijove of the fourth satellite [7127], and represented by 

6v" = 756",61 .sin.(©"—™"'). 

The expression of 6v" [6846] becomes, by the substitution of the values of 

m, m', m'" [7142—7145],* 

* (3615) We have, as in [6240n,p, q, /], 

nt—n"t~j-s—s" = © —©" ; 

n'"t—n"t-\- s'"—4' = ; 

nt—2n't—(— s—2s —j—^*2^ —i—-^2== ©—2© —{-1î 

n"t_2Mt-\-s"—2E+g2t-{-r2= &"-2n-\-zs" ; 

Substituting the values [7390a, 6] in [6846], a 

we get, by a very easy numerical calculation, 

n't—n"t-j-sf—s" = e'—©" • 

2n"t—2Mt+2s"—2E = 2©"—2n ; 

nt—2n!t-{-s—%z'-\-gat-\-Ts = ©—2©/-fV" ; 

n"t-2Mt+sf'-2E+g3t-\-T3 = e"-2n -fra'". 

the values of m, m', m"' [7142,7143,7145], 

e values [7390], 
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6v" = 4",21.sin. (©_©") 1 

—808",20.sin. (©'— ©") 2 

— 1 l",84.sin.2. (©' — ©") 3 

— 2",37. sin.3. (©' — ©") 4 

— 45",29.sin. (©"—©'") 5 

+154",47. sin. 2. (©"—©'") 6 

+ 10", 86. sin. 3.(©"—©'") 7 

+ 2",53.sin.4.(©"—©'") 8 

+ 2",39. sin. (2©"—2n). 9 

The theorem on the epochs of the three inner satellites [6628g], becomes,* 

©—©" = 200° + 3©'—3©" ; 

therefore the two terms, 

4",21.sin. (©—©"); [7390 line 1] 1 

—2",37.sin.3.(©'—©") ; [7390 line 4] 2 

may be connected together in one single term, 6v" — —6",58.sin.(3©'—3©"). 

Substituting in the expression of Q" [6862], the value of g = 29009",8 

h' 
[7190], relative to the apsides of the third satellite, also — = 0,2152920 

/ L 

[7192], corresponding to this value of g, and —2h" = 1709",05 [7388], we 

shall find, that the inequality .Sv” — 2n't-^s—2s'[6852], 

becomes,! 

* (3616) Adding 3©'—3©" to both members of the equation [6628g], we get the 

expression of ©-©"[7391] ; whose sine gives sin.(©-©") ==-sin.3(©-©") ; substituting 

this in [7392 line 1], it becomes —4",21.sin.3(©'—©"). The sum of this, and that in 

[7392 line 2], becomes as in [7393], 

f (3617) The part of the equation of the centre of the third satellite 5v" [6243], 

depending on the angle g or g2= 29009",8 [7393'or 7190], has for its coefficient the 

quantity —2#2"A2, which is represented by —2h" in [6229d line 5] ; and the coefficient 

of this term of Sv" is 1709",5 [7388]; hence we have —2A"= 1709",05, or 

h" = —854",525. Now for this value of g we have, in [7192], 

h' = 0,2152920A" = —0,2152920x854",525 = —183", 97. 

Substituting these values of g2, A', A", and that of m'— 0,232355 [7143], in Q" [6862], 

we get Q" = —95", 18 ; hence the inequality [6852 or 7394'] becomes, 

hr/ =5 —95",18.sin.(wt—2n'f-f-s—^~\-g%t-\- r2) ; 

which is easily reduced to the form [7395], by using the first of the expressions [7390c] ; 

and we finally obtain the form [7396], by substituting the value of 0—2©' [7395'J. 

VOL. iv. 70 

[7390] 

[7391] 

[7392] 

[7393] 

[7393'] 

[7394] 

[7394'] 

[7392a] 

[73926] 

[7394a] 

[73946] 

[7394c] 

[7394d] 

[7394e] 

[7394/3 
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[7395] 

[7395'] 

[7396] 

[7396'] 

[7397] 

[7398] 

[7399] 

[7400] 

[7401] 

[7398a] 

[73986] 

[7398c] 

[7398c?] 

[7400a] 

[7401a] 

[74016] 

[7401c] 

[7401c?] 

ôv" = _95",18.sin.(©—2©'+^"). 

Now we have ©-2©' = 200°-j-©'-2©" [7391] ; hence the preceding inequality 

becomes, 

ôv" = 95",18.sin.(©'—2 ©"+<). 

Substituting in Q" [6862] the value of g or g3 = 7959",105 [7195], relative 

h' 6" 
to the apsides of the fourth satellite, and for —, the quantities 

[7197, 7198], depending upon this value of g, observing also that we have 

as in [7127, 71276], 

—26'" = 9265", 56, 

we find that the same inequality [7394'] becomes, for this case,* 

ôv" = 43",58.sin.(©'—2©"-}-V"). 

The inequality [6885], 

ôv" = —149",96. ) 1+ 
3a"m. kw3 

8W.(JP-lrf).(H-££+£ 

.sin —/), 

becomes, by substituting the values of m, m', m", k, t 

ôv" = —147",42. sin. F. 

The inequality [6874, 6876], corresponding to the third satellite, is, Î 

15'Mf'.sm.(n"t—ZMt+f—2E+gt+r) ; 
A fin" ^ 

* (3618) We get from [7397] A"=—4632",78 ; and for the value of g or g3 

[7396'], we have, as in [7197, 719S], 

6' = 0,0173350.6'" = —80",31 ; A" = 0,0816578.6'" = -378",30. 

Substituting these values of 6', 6", g, also m' [7143], in [6862], we get Q" = — 43",58 ; 

hence the inequality [6852] becomes ôv" = —43",58.sin.(wf—2n't-\-e—2s'—]—r3) ; 

and by using the second expression [7390c], it becomes ôv" ——43",58.sin.(©—2©'-j-'za/"). 

Now substituting the value of ©—2©' [7395'], it becomes as in [7398]. 

f (3619) Substituting V—Mt-\-E—I [7313] in [7399], using also the values of 

n, M. k, a, a', a", m, m', m" [6782, 6840, 7272, 6797-6799, 7142-7144], it becomes 

as in [7400] ; as we have found by verifying the calculation. 

% (3620) Substituting N—n—g = 0 [6876] in [6874], it becomes, for the third 

satellite, as in [7401] ; and the coefficient of this inequality is reduced to the form 

—0,0061926.6", by using [6879]. Substituting 6" = —854",525 [73946], corresponding 

to the root g2, it becomes 5",29.sin.(n"?—2Mt-\-s"—2E-fg3?-j-ra) ; which is easily 

reduced to the form in [7402 line 1], by using the first equation [7390d]. In like manner. 
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and on account of the double excentricity of the third satellite, it produces 

the two following inequalities, 

èv" = 5//,29.sin.(0,/—2n + vs") 1 

+2", 34. sin. (©"—2 n + * *"'). 2 

It now remains to consider the equation of the libration of the third satellite ; 

but it follows, from [7275—7277], that this equation [7277] is not a tenth 

part of that of the first or second satellite [7275, 7276] ; and as neither of 

these is of sufficient magnitude to become sensible by observation, it is 

evident that this equation of the third satellite must be wholly insensible. 

Therefore, by collecting together all these inequalities of the third satellite, 

we obtain the following expression of its longitude in eclipses, where we 

may suppose 2n = 2©" [7355c] ; * 

v" = e/, + 170S',,76.sin. (©" — «") 

+ 754",27.sin. (©" — «"') 

— 808",20.sin. (©' — ©") 

— I r/,84.sin.2.(©' — ©") 

— 6",58.sin.3.(©' —©") 

— 45",29.sin. (©"—©'") 

+ 154",47.sin.2.(©" —©'") 

+ 10",86.siri.3.(©"—©"') 

+ 2",53. sin.4.(©" —©'") 

+ 95", 18.sin. (©' — 2©"+«") 

+ 43",58.sin. (©' —2©"+®'") 

— 147",42. sin. F 

1 

2 
3 

4 

5 

6 
7 

8 

9 

10 

11 
12 

by using —26" = 756",61, or h" = —378",30 [73986], corresponding to the root g3, 

we find that the coefficient —0,0061926.6" [7401c], becomes equal to 2",34 ; hence we 

get the expression in [7402 line 2], by using the second of the equations [7390/]. 

* (3621) Substituting 2n = 2©" [7404], in the term in [7390 line 9], we find that it 

vanishes. The term in [7402 line 1] becomes 5",29.sin.(-©//-f-OT//)=-5",29.sin.(©"—vs") ; 

connecting this with that in [7388], it becomes 1703",76.sin.(©"—vs"), as in [7405 line 1]. 

Lastly, the term [7402 line 2] becomes 2",34.sin.(—©"-}-tow) == — 2",34.sin.(©"_vs"') ; 

and by connecting it with that in [7389], we get 754",27.sin.(©"—vs"'), as in [7405 line 2]. 

The rest of the terms in [7405] are the same as those in [7390, 7396,7398,7400] ; 

observing that the two terms in [7390 lines 1, 4] are reduced to one in [7393], being the 

same as that in [7405 line 5]. 

[7402] 

[7403] 

[7404] 

Longitude 

v" 
in eclipses; 
counted 
from the 
earth’s 
moveable 
vernal 
equinox. 

[7405] 

[7401e] 

[7401/] 

[7404a] 

[74045] 

[7404c] 

[7404/] 

[7404e] 
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[7406] 

[7407] 

[7408] 

[7409] 

[7410] 

[7410'] 

[7411] 

[7411'] 

[7409a] 

[74095] 

[7410a] 

[74106] 

[7410c] 

In the motions of the third satellite there have been discovered some singular 

variations, arising from the double equation of the centre in the theory of this 

satellite. To explain these variations, Wargentin had recourse to two 

particular equations, whose periods in eclipses were twelve and a half, and 

fourteen years, and which are, in fact, tw7o equations of the centre, referred 

to apsides, which move with différent velocities ; but having been compelled, 

by observation, to abandon this theory, he introduced, instead of it, the 

supposition of a variable excentricity. The first hypothesis of this learned 

astronomer is, as we have just seen, conformable to nature ; but he was 

deceived with respect to the periods and magnitudes of these equations, 

because he did not know that one of them must be referred to the apsides of 

the fourth satellite. We have, as in [7387, 7288], 

to" == 343°, 82067 T L29164",43 ; 

to"' = 200°,S8054 + *. 8113",735. 

Comparing these two equations together, we find that the perijoves of the 

third and fourth satellites coincided in 1682,* and then the coefficient of the 

equation of the centre wras equal to the sum of the coefficients of the two 

partial equations [7405 lines 1,2], that is, 2458",03. In 1777 the perijove 

of the third satellite wTas further advanced by 200° than that of the fourth,f 

and then the coefficient of the equation of the centre was equal to the 

difference of the coefficients of the partial equations [7405 lines 1, 2], or 

949",49. These results are entirely conformable to observation. 

* (3622) Putting the expressions of to", to"' [7408, 7409], equal to each other, we get 

t = —68 nearly ; and as the epoch is 1750 [7281'], this time corresponds to 

1750—68 = 1682. In this case the arguments of both the inequalities [7405 lines 1,2], 

are equal to ©"—to" ; and their sum is 

(1703",76 -[-754",27). sin. (©"■— to") = 2458",03.sin.(©"—to"), 

as in [7410]. 

f (3623) Putting the expression of to" [7408] equal to 

to'"+200° = 400°,38054-H.8113",735 [7409], 

we get t = 27, corresponding to the year 1750-j-27 = 1777, as in [7410']. Substituting 

this value of to"' = to"—200°, in the term [7405 line 2], it becomes, 

754",27.sin. (©"— TO"-j-200°) = —754",27.sin.(©"—to"). 

Connecting this with the similar term in [7405 line 1], it becomes, 

(1703",76—754",27 ) .sin. (©"—to") = 949".49.sin.(©"—to") ; 

as in [7411]. 
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We shall now consider the motion of this satellite in latitude. The term of 

s" [6429 line 1], namely, 

s" = (x'A_i).a#.sin.(«/;+y), 

becomes, by the substitution of the values of 6', 

s" = 3°,54213. sin. 51 ° ,37 87—1.153", 8). 

The term s" = l".smfv"-\-jpt-\-A), or s" — l".sm.(v"Jrp2tf-A2), which is 

included in the same expression of s" [6429 line 4, 6422, &c.], and 

corresponds to the peculiar inclination of the orbit of the third satellite, is 

represented in [7333] in the following manner, 

s" = —2283^9.sin.(tf"+208o,32562+t28220",85). 

If we substitute, in the term of s" [6429 line 5, &c.], the values of j)3, a3 

[7329], corresponding to the peculiar inclination of the orbit of the fourth 

satellite, it becomes,! 

s" = —2771",6. ~.sin.(i>"+83°,29861+t7528",01). 

Now we have in this case, by [7248], 

~ = 0,1248622 ; 
L 

hence the preceding term [7416] becomes, 

= —346//,07.sin.(t;/,+83o,2986l4-L7528,/,01). 

* (3624) The term of s" [6429 line 1], is the same as in [7412]. It is incorrectly 

printed in this part of the original work ; its second member being given under the form 

(1—X'^.ô'.sin.^'-f-pt+A). Now by proceeding as in [7323a—g], we get the expressions 

of s", similar to those in [7323f,g], and which may be derived from them, by changing 

Xw into X", and v'" into v". In this way, the three last of the formulas [7323/, g] give, 

s"=(V/-l).ô/.sin.(n//+^/)=(l-X//)-30,4352.sin.(îj//-l-510,3787-tl53//,8)=30,34213.sin.(î;//+51o,3787-053", 8). 

The first of these expressions is the same as [7412] ; the third is deduced from the second, 

by using X" [7208], and is the same as that in [7413] representing the latitude of the 

satellite, supposing it to move in a fixed plane, similar to that spoken of in [6358], and 

corresponding to the third satellite. 

t (3625) The coefficient of the term of s" [6429 line 5], can be deduced from that of 

s'" [6430 line 5], corresponding to the same value of p [7245], by multiplying the 

expression of s'" by -^ = 0,1248622 [7248 or 7417], and changing v'" into v"m, hence 

the expression of s'" [7329] gives that in [7416], which is easily reduced to the form 

[7418] by substituting [7417]. 

[7412] 

[7413] 

[7414] 

[7415] 

[7416] 

[7417] 

[7418] 

[7413a] 

[74136] 

[7413c] 

[7413d] 

[7413c] 

[7414a] 

[74145] 
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[7419] 

[7420] 

[7421] 

[7422] 

[7423] 

[7424] 

[7419a] 

[74196] 

[7419c] 

[7423a] 

[74236] 

[7423c] 

[7423d] 

[7423e] 

[7425a] 

The term s" [6429 line 3] becomes also, by substituting the values of p19 ax 

[7338, &c.], corresponding to the orbit of the second satellite,* 

s" = —5152",2. Ç. sin. (u"-)-285o,20c+i. 133715",77). 

We have in this case, as in [7235], 

j = —0,034253; 

then the preceding term becomes, 

s" = 176",48.sin.(î;"+285o,20c+^133715,/,77). 

The only sensible term of s", among those we have given in [6933 line 2], 

is the following ; 

s" = 0,00061925.(7"—Z/).sin.(y"—2U—pt—a). 

Substituting for l"—Lp, a, their values corresponding to Jupiter’s 

equator, it becomes,f 

s" = 20",7.sin. (v,f—2 U—51 °,37 87-|-Z. 153", 8). 

If we substitute also for Z", p, a, their values corresponding to the orbit of 

the third satellite [7415], and then put L' = 0 [6415], we shall have,]: 

* (3626) The expression [7419], corresponding to the second satellite, is similar to 

that in [7416], depending upon the fourth, changing the symbols relative to the fourth 

[7329 or 7350] into those corresponding to the second [7338] ; by this means we get the term 

s" [7419] ; and by substituting [7420], it becomes as in [7421]. It is not necessary to 

notice the term of s" [7414], corresponding to the value of p [7226] ; because, in this case, 

y> 
the factor —= — 0,0009597 [7228] is very small, and the term is also insensible on 

l 

account of the smallness of Z. 

f (3627) The expression of the inequality of s" [7422], corresponding to the third 

satellite, is similar to that of s'" [7341], relative to the fourth satellite ; changing X'" into 

X", V" into Z", v* 1" into v", and 0,001447815 [6934] into 0,00061925 [6933 line 2] ; 

observing also, that by this means the factor (1-XW). 3°,4352 = 2°,98051 [7323g-, or 7345], 

corresponding to the fourth satellite, becomes for the third satellite (l-X").3°,4352=3°,34213, 

as in [7413]. Now making the same changes in the expression of s'" [7346], which is 

derived from [7341], we get the corresponding term of s", namely, 

/= 3°,34213X0,00061925.sin.(T/'—2C7— 51°,3787+*.153",8) ; 

which is easily reduced to the form [7423]. 

f (3628) When we consider the terms of s", spoken of in [6415], we may put 

L'—0 [7424] ; and then the inequality [6933 line 2, or 7422] becomes, 
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5" = —r,,42.sin.(^"—2U—208°,32562—£.28220",85). 

Connecting together all these terms of the latitude, we shall have in 

eclipses, where 2U = 2v" [7353c], very nearly,* 

5" = 33400",6. sin.(>"+510,3787—1.153",8) 1 

— 346",07.sin.(ff'+83o,29861+*.7528",01) 2 

—2282",5. sin.(+'+208°,32562+2.28220",85) 3 

+ 176",48. sin. (++285° ,20c+£.133715", 77). 4 

To obtain the duration of the eclipses of the third satellite, we shall resume 

the formula [7080],f 

[7425] 

[7426] 

Latitude 
of the 
third sat¬ 
ellite in 
eclipses. 

[7427] 

s" == 0,00061925.1". sin.+—2U—pt—a). 

If we use the values of l", j>£ + a, or rather p2t + a2 , corresponding to [7415], it becomes, 

s"== —0,00061925 X 2283",9.sin.+'—277—208°,32562—*.28220",85) ; 

and by reducing the coefficient we obtain [7425]. The other terms of s" [7427 lines 2,4], 

being small, will not produce any sensible terms of this form. 

*(3629) Putting 2U—2v" [7426] in [7423], it becomes, by a slight reduction, 

—20",7.sin.(w"+51°,3787—£.153",8). Connecting this with the similar term in [7413], 

we obtain the part of s" which is contained in [7427 line 1]. The same substitution of 

2U— 2v" being made in [7425], it becomes l",42.sin.(v"+208°,32562+£.28220",85) ; 

connecting this with the term in [7415], depending on the same argument, we obtain the 

part of s", which is contained in [7427 line 3]. Finally, the terms in [7418, 7421] 

correspond respectively to [7427 lines 2, 4]. 

In the above calculation [7427b, Sic.], we have neglected the terms in [7427 lines 2,4], 

because they are much smaller than the term in [7425 line 3], which we have retained ; 

and this term produces only a very small quantity [7425], which would not be worth the 

trouble of computing, if it depended on a different argument from the other inequalities ; 

butas it depends, at the time of the conjunction, on the same argument with the inequality 

[7415], it is computed and combined with it in [7427 line 1]. For similar reasons we may 

neglect the term of s" in [6933 line 1], which, by using the value of nf [7143], becomes 

nearly 0,0003.(/'—7").sin.(2/—2v"—-pt—a). Now taking for V, l", any of the 

coefficients of s', s" [7482, 7427], corresponding to the same angle, we see that the 

resulting terms are quite small, and not of sufficient importance to be introduced by a table 

with a new argument, like those mentioned in [7427e]. 

f (3630) Changing s into s", into v" in [7080], we get the expression of t 

[7428], corresponding to the third satellite ; being similar to that for the fourth satellite 

[7369]. The expression of T in [7428] represents the time of the mean duration of the 

eclipses of the third satellite, when in its node ; in like manner as for the fourth satellite in 

[7425a'] 

[74256] 

[7425c] 

[7427a] 

[74276] 

[7427c] 

[7427d] 

[7427c] 

[7427/] 

[7427g-] 

[74276] 

[7427Î] 

[7428a] 

[74286] 

[7428c] 
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[7428] 

[7429] 

[7429'] 

[7430] 

[7431] 

[7428c?] 

[7430a] 

[74306] 

[7431a] 

[74316] 

[7431c] 

[7432a] 

(i+p')2- —|l-f pC-Hl-JY). (1+p). 

In this formula T represents the half of the mean duration of the eclipses 

of the third satellite in its nodes [7428c]. This time has been found by 

Delambre to be T = 7419" [7564], from the observations made since the 

invention of the achromatic telescope ; and we shall assume this as the value 

of T. The mean synodical motion of the third satellite, during the time T, 

is represented by* (3 [7428«f] ; and we have (3 = 41410" [74306]. The 

value of p' in this case is p = 0,072236 ;f the value of X is, by [7376«], 
dv" 

very nearly equal to —1 ; so that if we notice only the greatest terms 
71 CLt 

of v", we shall have,î 

[7370]. Moreover (3, instead of being, as in [7373], for the fourth satellite, represents, 

in [7428], the mean synodical motion of the third satellite during the time T, corresponding 

to the third satellite. 

* (3631) In this case we have, in like manner as in [73746], ([n"—M).T=$. Now 

from [6025ri\ wTe have n"—M — 203868424" ; and the expression of T=7419" [7429'] 

being divided by the number of seconds in a Julian year 36525000, gives 

T— 0,000203121. Substituting this last value of T, and that of n"—M, in the 

expression of (3 [7430a], it becomes (3 = 41410'', as in [7430]. 

t (3632) The value of p corresponding to the third satellite, is easily deduced from 

a'" 
that in [7375], for the fourth, by changing a'" into a". By this means — is changed into 

— ; and by using [7375a], it may be put under the form, 

hence we have, 

rtf! qJI rjfN rJt 

^7 = ^-^ = ^-sin.l530",864; 

p. £ 1+^. sin. 1530",864 | 

1— • ~ .sin. 1530", 864 
a’ 

Substituting the values of —, p [6823, 7375a], it becomes as in [7431]. 
d J 

X (3633) Changing n'" into n", and vf into v", in the expression of X [7376a], 

corresponding to the fourth satellite, we get the similar value of X for the third satellite, 
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X= O,OO268457.cos.(0"—O 1 

+ 0,00118848.cos.(©"—to"') 2 

—0,00128817c.cos.(©'—©") 3 

We have seen also, in [7094], that the value of T must be multiplied by 

the factor,* 

(l-\) 

\ * & l 
.H.cos. F ; 

dv " 
X=———1 [73764. If we retain only the greatest terras of v", which are given in 

7X at 

[7388, 7389, 7390 line 2], we shall have, 

X= . d. {1709",05.sin.(©"—ra")-f756",61.sin.(©"—to'")—808",20.sin.(©'—©") \ ; 
ix dt 

and the three terms, of which this expression is comprised, produce the three terms in 

[7432 lines 1,2, 3] respectively. For the first term of [74326] is 

1709" ,05. • cos. (©"—to") ; 
71 at 

and if we substitute the values of ©"—to", n" [7302, 6025&], it becomes, 
204176626 , ... 

709 ,05 X 204205635 ,cos'(e ) ’ 

which is easily reduced to the form in [7432 line 1], by dividing by the radius in seconds 

636620". Again, by subtracting the value of to"' [7288] from that of ©" [7301], we get 

©"—to'" = 211°,0129-{-£.204197677" ; and its differential being divided by the value of 

n" [6025&], gives 
d.f©"—to"') 

n"dt 

204197677 _ 

204205635 ’ 
multiplying this by the second coefficient 

756" 61 
[74326], or CQ(.p’(-7, we get the coefficient of the term in [7432 line 2]. Lastly, 

636620" 

we have, from [7301, 7440], ©' — ©" = 335°,0958 +1.207206791 hence 

~^dT = 304305635 ; thls b7 “ t7432J]’ We Set the COefHcient 

the third term of X, in [7432 line 3] ; which is —0,00128817 ; differing a little from the 

author, who makes it —0,00126952; having probably used the factor 204197677 [7432e], 

instead of 207206791 [7432/]. We have corrected this in [7432 line 3], annexing the 

small letter c to the number —0,00128817c, to denote that it varies from the original 

work. We may however remark, that this correction is of very little importance, since it 

produces only a variation of a small fraction of a second of time in the value of t [7436, &c.]. 

* (3634) The factor [7433] is similar to that in [7094 or 7378]. The last of these 

expressions corresponds to the fourth satellite ; and by changing n'" into n", also a'" into 

• • , CL^ 
a", we get the similar factor for the third satellite ; then substituting the value of —, 

[74316], it becomes, 

[7432] 

[7433] 

[74326] 

[7432c] 

[7432d] 

[7432e] 

[7432/] 

[7432iff] 

[74326] 

[7432»; ] 

[7433a] 

VOL. IV. 72 
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and bj redaction this factor becomes of the following form, 

[7434] 1—0,00039871 .cos.V. 

[7434'] Putting | = (1+p),s_ > we shall have,* 

£ = 0,864850.sin. (++ 51°,3787—U53",8) 1 

—0,008961.sin.(t/,+ 83°,29861 + ^.7528",01) 2 

[7435] —0,059101. sin. (t/'+208° ,32562+£.28220", 85) 3 

+ 0,004570. sin. (+'+285°, 20c +1.133715",77). 4 

This being premised, we shall have,f 

[7«6] t = —482",6,.. dt 7419».(1—X—0,00039871.cos.r).l/!+X=f ; 
CIV 

hence we may easily determine the times of immersion and emersion ; and 

[74335] 1+1 ^ . £. sin.1530",864 j . H.cos. V. 

[7433c] Substituting the values ^, M, ft", p, H [6823, 6Q25Jc,m, 7375a, 7378&], it becomes 
CL 

[7433c?] 1—0,0003984.cos. V: being very nearly as in [7434]. 

1 -1- p' 1 072236 
* (3635) From [7430, 7431] we have 5 multiplying the expression 

of s" [7427] by this factor, we obtain the expression of £ [7434'] in the form given 

in [7435]. 

f (3636) The expression [7436] for the third satellite is easily deduced from the similar 

[7436a] ^ne for ^ fourtjj satellite [7383], observing that the first coefficient —366",832 [7383] 

[7436Z>] may be put under the form —T\3 = —9890".j3, as in [7383e]. Then changing 

T= 9890", which corresponds to the fourth satellite [7373], into T=7419" [7429'] 

for the third, we find that the expression of t for the third satellite, derived from [7383], 

will be, 

[7436c] t=— 7419"./3. §5 ± 7419".(1—X—0,000398171.cos. V).s/ 1+X—ÿ; 

observing that the coefficient of —cos.V, in [7379, 7383], changes from 0,0006101 to 

[7436c?] 0,00039871 in [7434, 7436]. Substituting the value (3 = 41410" [7430], in the factor of 

the first term of [7436c], namely, —7419".(3, and dividing by the radius in seconds, it 

becomes —482",6, which is inserted, with the usual mark c, in [7436], instead of the 

[7436e] number given by the author in the original work, which is —517",4 j being too great by 

nearly a fourteenth part. 
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the whole duration t' of the eclipse will be,* 

V = 14838".(1—A—0,00039871.cos.F).v/l+X—f. ‘ [7437] 

* (3637) The expression t' [7437] is deduced from [7436], in the same manner as 

[7385], is derived from [7383] in [7383/] ; namely, by retaining only the part depending 

on the radical, and multiplying it by ±2; by this means it becomes as in [7437]. We 

may make an estimate of the value of the neglected terms, in the same way as we have 

done for the fourth satellite, in [7383c—y\. The most important of these neglected terms 

is that which is computed in [7383«], producing in [7436] the term £TTj32.6=7419'/X§02.& 

[7383o], supposing X—to be small, as in [7383n]. Now j3 [7430] is about /g- part 

of the radius, or, more accurately, (32=^iF; hence 7419"X^(32.&—16".6 nearly; and 

if we use the value of b [73S3??z] corresponding to this case, namely, b=\A*.sm?(%v',-\-%B), 

it becomes 4"..44.sin.2(2t/'-|-2l?) ; A being, as in [7383Z], the greatest coefficient in the 

value of £ [7435], or A—0,86.. ; hence 4".Xt4=2'/, and the preceding correction 

becomes equal to 2".sin.2(2r"-{-2j5) ; so that at its maximum it is only 2", and is generally 

less, except when the latitude of the satellite is very great, or X—£2 large; then it 

requires some notice, as in the similar case for the fourth satellite in [7383p]. In like 

manner we may prove that the other neglected terms [7062, 7059, &sc.], are in general 

unimportant. 

[7437a] 

[7437b] 

[7437c] 

[7437c?] 

[7437e] 

[7437/] 
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[7438] 

[7439] 

[7440] 

[7441] 

[7441'] 

[7439a] 

[74396] 

[7441a] 

[74416] 

[7441c] 

[7441c?] 

CHAPTER XIY. 

THEORY OF THE SECOND SATELLITE. 

32. The discussion of the eclipses of the ft satellite gives, for its 

mean motion from the earth’s vernal equinox in one hundred Julian years, 

the following expression, 

4114125°,812765; 

and its mean longitude at the epoch of 1750, equal to* 

346°,48931c ; 

we shall therefore put, 

©' = 346°,48931C+L41141°,25812765. 

The different equations of the centre are included in the term,f 

6v' = —2/i/.sin.(ff?-f-s'—gt—r). 

The expressions of h, h', relative to the two first values of g [7176, 7183], 

have appeared to Delambre to he insensible, notwithstanding the attempts he 

* (3638) In the original work the mean longitude is stated to be 146°,48931, instead 

of 346°,48931 ; we have given the corrected value, with the small letter c appended, to 

denote that it has been corrected. The value [7439] differs a little from that obtained in 

[7259e], from the last edition of Delambre’s tables of the satellites, printed in 1817. 

f (3639) The expression of the equation of the centre of the second satellite [7441], 

is similar to that for the third, in [7394a, &c.] ; and the term which is considered as peculiar to 

the second satellite, is easily deduced from the second term of [6242], by substituting 

j3/hl = h! [6229t? line 4]. We may also observe that the equation of the centre, which is 

considered as peculiar to the first satellite, is given by the first term of [6241], and is 

âv = —2A.sin.(7i?-{_£—gt—r) ; or, as it may be written, Sv = —2ft.sin.(©—to) [6240]. 

These are used hereafter in [7457, 7497, &c.]. Both these values of h, h', are found to 

be insensible by observation [7441']. / 



VIII. xiv. $32.] THEORY OF THE SECOND SATELLITE. 289 

made to discover them. The orbits of the first and second satellites do not 

therefore seem to have any excentricités peculiar to them ; but they participate 

sensibly in the excentricités of the orbits of the third and fourth satellites, 

[7467 lines 1,2, &c.]. We have, in [7192 or 6241 A], relative to the third 

value of g, or g2, the excentricity peculiar to the orbit of the third satellite, 

# = 0,2152920.#'; 

now we have, as in [7394], 

—2h" =» 1709",05 ; or h" = —854",525. 

Hence the equation of the centre of the second satellite, relative to this value 

of g, or gü, is* 

= 367",95. sin. (©'—to"). 

We have, relative to the fourth value of g, or g3 [7195], 

# = 0,0173350.#" ; [7197] 

but we have, as in [7310], 

—2#" = 9265",56 ; or #" = —4632",78 ; 

therefore the equation of the centre of the second satellite, corresponding to 

this value of g, is 

ôv' = 160", 62. sin. (©'—®"'). 

If we substitute the values of m, m", m"' [7142—7145], in the expression 

of 5v' [6814], observing also that the law of the epochs gives, as in [7391], 

©—©' = 200° -f- 2e'—2©", 

we shall obtain,f 

[7442] 

[7442'] 

[7443] 

[7444] 

[7444q 

[7445] 

[7445'] 

[7446] 

[7447] 

[7448] 

[7449] 

# (3640) Substituting h" [7444] in [7443], we get, 

—2A' = 1709",05 X 0,2152920 = 367",95. 

We also have, in like manner as in [6240s], —gj—r2 = ©'—to"; hence the [7445a] 

expression of ôv' [7441] becomes as in [7445]. In like manner, from [7446,7447], we 

obtain -2A':=9265",56 X 0,0173350=160",62; substituting this and n'tf-s'-gg-T^—e'-é" [74456] 

[6240s], in [7441], we get Sv' [7448] ; observing that g2t-fr2 [7445a], corresponds to 

the third satellite [7442'], whose perijove is in the longitude to" [6021.S, 6205A] ; and [74455] 

corresponds to the fourth satellite [7445'], whose perijove has the longitude to'" [6021s]. 

f (3641) We have, as in [6240p, q, s', 7449], 

nt —n'l+e — s' = ©—©' = 200°-f 2©'—2©" ; [7450a] 

n"t—n't-\-d'— s' = —(©'—©") ; [74506] 

n'"t—n'tfs"— s' = — (©'—©'") ; [7450c] 

2rit—2Mt+2s'—2E = 2©'—2n. [745 Jrf] 

vol. iv. 73 VOL. IV. 
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[7450] 

[7451] 

[7452] 

[7453] 

[7454] 

[7455] 

[7456] 

—• 163",29.sin. (©'• — ©") 1 

-f 11920",67.sin.2.(©' —• ©") 2 

+ 60",96.sin.3.(0' -©") 3 

+ 4",83.sin.4.(©' —e") 4 

+ 4",66.sin.5.(©/ _©") 5 

+ j",66.sin .6.(©' _©") 6 

— 5",28.sin. (©' —0"') 7 

+ 4",62.sin.2.(©/ —©'") 8 

+ 0",59.sin. (2©'- —2n ). 9 

We must connect these terms with the inequality 6v' = 69",78,sin.2(©—©') 

[6947, 7450a], or 

6v' = 6 9s, 7 8. sin. (4©'— 4©"). [7449] 

The values of Q1 [6861], corresponding to the different values of g, are,* 

Q' = 1,634693.h 5 [corresponds to g] 

Q' = 2,488106.A ; » gx 

Q’ = —0,662615JU ; « g9 

Q' = —0,055035.h'". “ 

Hence it follows, that the excentricity, appertaining to the first satellite, is 

[7450e] 

[7450/] 

[7450-] 

Substituting m—0,1732Sl [7142] and the expression [7450a], in [6844 lines 1, 2, 3], 

we obtain., 

-P1204",56.sin.2(©'—©")—9", 11.sin.4(©'— ©")+l",82.|n.6(©'— ©"), 

for the terras depending on m ; the expressions [6844 lines 4, 5] being neglected on 

account of their smallness. Again, by substituting m" = 0,884972 [7144], and the 

expression [74506], in [6844 lines 6—11], we get, for the terms depending on m", 

—163",29.sin.(©'—©,')+10716/,,ll.sin.2(©'—10")-f 60",96.sin.3(©'—©") 

+13",94.sin.4(©'—©")+4,66.sin.5(e'—©//)-{-l,84.sin.6(©/—0"). 

Adding together the terms in [7450e,/], we get the terms in [7450 lines 1—6]. Now 

substituting m/" = 0,426591 [7145] in [6844 lines 12, 13], we get [/450 lines /,8] 

respectively. The term in [6844 line 14] is neglected, on account of its smallness. 

Finally, the term in [6844 line 15] is the same as that in [7450 line 9], using [6240/]. 

[7453a] 

1 / \ 2 

* (3642) Putting for brevity — = (l+3Q0f3^) » we ma? reduce tbe expression of 

q' [6861] to the form [74536]. This may be reduced to the forms [7453c, d, e], by 
h h" h!" 

multiplying successively the factor Fh, without the braces, by —, — or —, and 

dividing the factor within the braces by the same quantity respectively ; hence we get, 
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more sensible in the eclipses of the second, than in those of the first. For the 

equation of the centre of the first, is —2A,sin.(©—vs) [7441c] ; and although 

the coefficient 2h is greater than the value of Q' [7453], which corresponds 

to it, yet. the motion of the second satellite being less swift, by one half, 

than that of the first, the inequality depending on Q' [7453, 6850] produces, 

in time, a greater variation in the eclipses of the second satellite than the 

C h' V h" ■) 
Q'= j 13,307450. m—4 831907. —.m+4,133080. —.m"—1,511467.y.m" i .Fh; 

= | 13.307450. 2-.m—4,831907. m+4,133080. m"—1,511467. ^.m" | .Fh' ; 

= | 13,307450.4,831907.^.m+4,133080.— .m"—1,511467. m" £ .Fh" ; 

= { 13,307450. ^.m—4,831907.^.m-f4,133080.^.m"—1,511467.-^.m" | .Fh"'. 

We must substitute, in all these expressions, the values of m, m" [7142, 7144], Then in 
]L' v> 

[74536], we must substitute the values of —=0,0185238, — = —0,0034337, and 
•t> n 

^• = 606989",9 [7176—7178], and we shall obtain the expression of (f [7453]. Again, 

substituting the values [7183—7185] in [7453c], we get [7454]; also substituting the 

values [7190—7192] in [7453c/], we get [7455]. Lastly, by substituting the values 

[7195—7198] in [7453e], we get = —0,00553.h!" ) which differs a little from the 

expression given by the author in [7456] ; however this difference is hardly sensible in the 

resulting inequality in [7462 line 2]. 

We must now substitute, in the expression of Q' [7453—7456], the values of 

h, h': h", h'", which are peculiar to theirs/, second, third and fourth satellites respectively; 

but the values of h, h' being insensible [7441'J, may be neglected. The value of h" 

[7460] being substituted in [7455], gives Q' = 566//,22 ; hence the inequality [6851] 

becomes, by using the corresponding angle gzt -j-r2 [7442'], 

Sv' == 566",22.sin.(»/—2 n'tf-s—2s'-j-<g/-]-r?). 

Now we have, in [6240/, s], 2 nt—2n't-\-2s—2s' = 2©-—2©', ntfs—-g2t—r2=©—vs" ; 

and by subtracting the second of these equations from the first, we get, 

nt—2n't-\- s—2s! g JfT % = ©—2®'-fvs" ; 

hence we obtain the inequality Sv' [7462 line 1]. In like manner the value of h"' [7461], 

with the corresponding angle g3/-|-r3 [7445', &c.], being substituted in [7456], gives 

Q' = 254",97 ; and for this value of Q', the inequality [6851] becomes, 

Sv' = 254", 97. sin. (nt—2n't-\~s—"FW)- 

This is easily reduced to the form [7462 line 2], using the above values, and observing that 

ntfs—g3t—T3 = ©—vs'" [6240*]. 

[7457] 

Remarka¬ 
ble results 
relative to 
the excen- 
tiicities. 

[74536] 

[7453c] 

[74534] 

[7453e] 

[7453/] 

[7453g-] 

[74536] 

[7453/] 

[74536] 

[7453/] 

[7453m] 

[7453»] 

[7453o] 

[7453/] 
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[7458] 

[7459] 

[7460] 

[7461] 

[7462] 

[7463] 

[7464] 

[7464'] 

[7465] 

[7466] 

equation of the centre of the first does in its eclipses.* It is also curious to 

observe that the equation of the centre of the second satellite is more sensible 

by the inequality depending on Q' than by itself; since its coefficient is 

—2A [7441], whilst that which depends on Q' is 2,488106./*' [7454]. 

We have, by what has been said in [7444, 7447], 

—2h" = 1709",05 ; or h" = — 854",525 ; 

—2h'" = 9265",56 ; or h!" = —4632",78 ; 

the two inequalities depending on Q', relative to h", h'", will therefore be, 

as in [7453/, o, &c.], 

6v'= 566",22. sin. (© —2®'fa") 1 

+254",97.sin.(e _20/+^"). 2 

The inequality in [6884], 

Oa'm.kn2 

W.(Jf-k*).(.+ S + £) 
.sin .(Mt-j-E—I), 

becomes, by substituting the values of m, m', m" [7142—7144],f 

6v' = —11 l",34.sin. F ; 

the other inequalities of the same article are insensible. Lastly, the 

coefficient of the equation of libration, relative to the second satellite, is, as 

in [7276], 

—0,889912.P ; 

P being the coefficient of the similar inequality [7275], relative to the first 

satellite. Hence it follows, that the inequality of libration must be most 

[7458a] 

[74586] 

[7458c] 

* (3643) The mean motions of the satellites m, m!, in the time t, are represented by 

nt, n't, respectively [6022/]. Hence the time required by the first satellite to describe 

the arc 2h, which is the maximum value of its equation of the centre [7441c], is 

and the time required by the second satellite, to describe the arc Q' = 1,634693.h [7453], 

is . now as n is nearly equal to 2n' [6151], these times are to each other as 1 
n' 

to 1,634693, or as 3 to 5 nearly ; so that the time of describing (/, is considerably 

greater than that of describing 2h. 

f (3644) Substituting in [7463] the expression Mt-\-E—I=V, and the other values 

[7464a] mentioned in [7400a], we get [7464]. The terms of <V depending on [6874] are 

insensible, as is observed in [6875e—A] ; therefore they are neglected as in [7464']. 



VIII. xiv.§ 32.] THEORY OF THE SECOND SATELLITE. 293 

sensible* in the motion of the second satellite ; but it has not however been 

discovered by observation. 

Connecting together all these inequalities, we shall have, in the eclipses of 

the second satellite,! 

«/ = ©' + 367",95.sin. (©' — */') 1 
I 

~r 160",62.sin. (©' —to'") 2 

— 163",29.sin. (©' — ©") 3 

-f 11920",67.sin.2.(e' — ©") 4 

+ 60",96.sin.3.(©' _©") 5 

+ 74",61.sin.4.(©' — ©") 6 

+ 4",66.sin.5.(©/ -©'0 7 

T 3",66.sin.6.(©' —e") 8 

-— 5",2 8. sin. (©' —©'") 9 

+ 4",62.sin.2.(©/ _0///) 10 

+ 566", 22. sin. (© —2 ©' + *") 11 

+ 254",97.sin. (©' _2©"+to"') 12 

— 11 l",34.sin.F. 13 

We shall now consider the motion of the second satellite in latitude. 

The part, j 

* (3645) Proceeding in the same manner as in [7458c—c], we find that the time of 

describing the arc P [7466], by the first satellite, is to that of describing the arc P.0,889912 

P P 
[7465] by the second satellite, as — to — X 0,889912; and as n = %ri nearly [7458c], 

this ratio is represented by that of J to 0,889912; so that the time of the beginning or 

end of an eclipse is affected nearly twice as much, by the libration of the second satellite, as 

by that of the first satellite. 

f (3646) Connecting together the terms of oV, which are computed in this chapter, 

and adding to them the value of v' — e' at the epoch, we get the expression [7467], 

corresponding to the time of an eclipse of the second satellite, where we have 2II = 2©' 

[7353c/]. For the term [7445] is the same as [7467 line 1] ; [7448] is the same as 

[7467 line 2] ; [7450 lines 1, 2,3] correspond respectively to [7467 lines 3, 4, 5] ; the sum 

of the expressions in [7450 line 4, 7452] gives [7467 line 6] ; the terms in 

[7450 lines 5, 6, 7, 8] correspond respectively to [7467 lines 7, 8, 9, 10] ; the term 

[7450 line 9] vanishes, by putting 2©/ = 2lI [74675]; lastly, the terms in [7462,7464] 

correspond respectively to the terms in [7467 lines II, 12, 13]. 

X (3647) In the original work, the second member of [7468] is given under the form 

(I .sin.(F-]-p^TA) j which is changed in like manner as in the similar case for the 

vol. iv. ' 74 

[7466'] 

Longitude 
of the 
second 
satellite 
in eclipses, 
from the 
earth’s 
moveable 
vernal 
equinox. 

[74.67] 

[7466a] 

[74665] 

[7467a] 

[74675] 

[7467c] 

[7467J] 

[7468a] 
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[7468] 

[7469] 

[7470] 

[7471] 

[7472] 

[7473] 

[74686] 

[7472a] 

[74726] 

[7472c] 

[7472d] 

[7472e] 

[7472/] 

s' — (x'—1)2'. 

of the expression of s' [6428 line 1], becomes, by the substitution of the 

values of x', ô', 

/ = 3°,41507.sin. (V-f 51 °,37 87—1.153",8). 

The term ^=Z,.sin.(®,+jp1^+A])» in the expression of s' [6428 line3, 6425, &c.], 

corresponding to the peculiar inclination of the orbit of the second satellite, 

is given in [7338] under the form, 

s' = _5152",2.sin.(?/+285°,20c + £.133715",77). 

We have, in [7227], relative to the first of the values of p 

[6428 line 2, 7226],* 

V — —0,0124527.? ; [7227] 

but as no inclination of the orbit of the first satellite, or value of l, has been 

discovered by observation [7516'], we may neglect it. Again, with the 

third value of p, or p2 [6428 line 4, 7238], we have, 

!L — 0,1640530 ; [7240] 
l 

and the term s'= l'.sm.(v'Jrp2t-\-A2) [6428 line 4], relative to the value p^ 

becomes, by means of [7415], 

third satellite, in [7413a]. Now proceeding as in [7413d], we may change [7468] into 

$'=(1-—X/).3°,4352.sin.(/+51°,3787—£.153",8) ; and by substituting the value of X' 

[7207], it becomes as in [7469]. 

* (3648) The process here used for finding the terms of s' [7472—7477], is similar to 

that for the fourth satellite [7338—7340, &c.], changing v'", s'", l'", into v', s', V, 

respectively, where it may be necessary, and retaining the same values of the angles 

pt-{-a, p1t-{-A1, he. Thus the expression s'" [73352], changes into, 

s' = 0,164053.I" .sin. (y'-{- pzt -f- a2) ; 

observing that the numerical coefficient —0,19656502" [7241], corresponding to the 

fourth satellite, must be changed into 0,1640532" [7240], corresponding to the second 

satellite. Substituting the value of l" [73352] in s' [7472c], it becomes as in [7474'J. 

In the same way we get the term [7477], corresponding to the a!ngle pat -j- a3 ; as we have 

done for the third satellite in [7416] ; which, by changing v", s', l", into v', s, l', 

respectively, becomes, 

«' = —2771",6. y» • sin.(/w/—f-83°,29861 528",01 ) ; 

l' 

and by substituting the value of — = 0,0234108 [7247 or 7476], corresponding to the 
L 

i' 
present case, which gives —2771",6. pj, — —64",88, it becomes as in [7477]. 
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s' = —2283",9. h.sin.(++203°,3256?+*,28220",85) [7474] 

= -—2283",9x0,164053.sin.{y+208°,3256+]-*.28220",85) ; [7474'] 

therefore by reduction we have, in s', the following inequality, 

= —374",68.sin.(F+208°,3256'Z + ^28220//,85). [7475] 

Lr 
The value of —, corresponding to the fourth value of p, or p3, 

t 

[7245, 6428 line 5], is 

h = 0,0234108 ; [7247] [7476] 
{/ 

Therefore the term [6428 line 5] becomes, relative to this value of p, 

s' = —64", 88.sin.(F+83°,29861 + ^7528", 01). [7472c,/] [7477] 

We may neglect, without any sensible error, all the terms of s' [6932], 

except the following,* 

5' = 0,000307S6.(J'—L').s\n.(v'—2U—pt—A). [7478] 

This becomes, relative to the inclination of the orbit of Jupiter to that of 

the satellite,! 

* (3849) If we substitute the values of m, m" [7142, 7144], in the terms of s' 

[6932 line 1], they become s'= [0,0Q05.(Z—V) -j-0,0015.(Z"—Z')}.sin.(2v—Sv'—pt—a) 

nearly. Now if we take any one of the values of p, as for example the second [7233], 

we shall have very nearly 1=—105" [7522 line 3], V— •—5150" [7482 line 4], 

Z" = 176" [7427 line 4]. Substituting these in [7478a], it becomes 10".sin.(2y-3i/-p£-A). 

The maximum of this inequality is an arc of 10", which is described by the second satellite 

in about one centesimal second of time, as is evident from the time of its sidéral revolution 

[6779]. We have selected this second value of p because it corresponds to some of the 

greatest numerical values of Ï—V, l"—V [7478a], as appears by comparing the terms 

of s, s', s" [7522, 7482, 7427], which correspond respectively to these angles. Thus if 

we had used the third value of p, or p2 [7238], the resulting inequality [7478a] would 

be less than 3" of space, or 0",3 of time. Hence we see that this term may be neglected, 

as in [7477'] ; and then the expression of s' [6932] becomes as in [7478], 

! (3650) The terms of s' [7478] are of the same order as those which we have 

neglected in the preceding note ; but the inequalities deduced from it, in [7479, 7480], can, !4479aJ 

in eclipses, be reduced to the same arguments as the large terms in [7482 lines 1,4], 

without requiring any new arguments or tables ; they are therefore taken into consideration [7479Ô] 

and computed in the following manner. Proceeding as in [7423a, &c.], we find that the 

expression of s' [7478], may be derived from that of s'" [7341], by changing V" into V, 

X' into X', v" into v', and the coefficient 0,001447815 into 0,00030736 ; observing also U479cl 

[7478a] 

[7478b] 

[7478c] 

[7478*/] 

[7478c] 

[7478/] 
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[7479] 

[7480] 

[7481] 

Latitude 
of the 
second 
satellite. 

[7482] 

[7483] 

[7484] 

[7485] 

[7486] 

[7479d] 

[7479e] 

[7479/] 

[7479g-] 

[74797*] 

[7482a] 

[Méc. Cel 

F = 10",49.sin. (v'—2U—51 °,3787-\-t. 153",8) ; 

and relative to the inclination of the second satellite, 

5' = — 1",58.sin. (F—2 £7-—285°,20c—5133715",77). 

Connecting together all these terms, we shall have, in eclipses of the second 

satellite, in which we may suppose 2JJ — 2v' [7353d],* * 

F = 34140",2. sin.(«4- 51°,3787—5153",8) 1 

— 64", 8 8. sin. (V+ 83°,29861+57528",01) 2 

— 374",68.sin.(F+208°,3256T+ 528220",85) 3 

—5150",6. sm.(V+285°,20c + 5133715",77) 4 

To obtain the duration of the eclipses of the second satellite, we shall 

resume the formula [7080], 

t= T.(\-X). (i+p'p. | + ± y/ p+iX+(i+P'). •+p+|X_(i+f'). ( ; 

In this formula, T is the half of the mean duration of the eclipses of the 

satellite in its nodes [7069], where s' vanishes. Delambre has found this 

semi-duration to be T = 5975",7 [7563], by observations made since the 

discovery of achromatic telescopes ; and we shall use this value of T. The 

mean synodical motion of the second satellite, during the time T, 

that the factor (1—a'").3°,4352 = 2°,98051 [7423c] becomes for the second satellite 

(1—X).3°,4352 = 3°,41507, as in [7469]. Now making the same changes in the 

expression of s'" [7346], we get the corresponding inequality in s', namely, 

7 = 3°,41507 X0,00030736.sin.(7—277-51°,3787+7.153",8) ; 

which is easily reduced to the form [7479]. Again, in noticing the terms depending on the 

mutual attraction of the satellites, we may put 17 = 0 [6415], and then [7478] becomes 

s' = 0,00030736.5.sin.(F —277—p7— a). Substituting the value of 5 = — 5150" 

[7482 line 4], and the corresponding angle y>17+A1 = 285°,20c + 7.133715",77, it becomes, 

s' = —0,00030738x5150".sin.(P—2U—285°,20c—t. 133715",77) ; 

and by reduction we get [7480]. The other values of V [7482] produce, in [7478], no 

terms of a sensible magnitude. 

* (3651) Substituting 277=2/ in [7479], and making a slight reduction, it becomes 

s = —10",49 .sin. (7+51°,3787—7.153",8) ; connecting this with the term in [7469], it 

becomes as in [7482 line 1]. Again, by making the same substitution of 217=2+ in 

[7480], it becomes / = 1",58.sin.(7+285°,20c-—7.133715",77) ; connecting this with the 

term in [7471], we get that in [7482 line 4]. The term [7475] is the same as 

[7482 line 3] ; and the term [7477] is the same as [7482 line 2]. 

[7482&] 
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is* f3=67254//,2 ; and we have, in this case,f p'=0,0718862. The value 

dv' 
of X [7376'] becomes for this case X = -jj —1 ; so that if we notice only 

71 Ctt 

the greatest terms of v', in which the argument differs but little from ©', 

we shall have,! 

X= 0,00057797.cos. (©'—*") 1 

+0,018361c .cos.2.(©'—&") 2 

[74868 

[7487] 

[7488] 

* (3652) For the second satellite we have, in like manner as in [7430a], 

(n'—M).T=i3; substituting ri—M = 411075216" [6025ra], and T=5975",7 [7485], 

or T— 0^80001636058, it becomes as in [7486']. 

[7486a] 

t (3653) The formula similar to [7431c], corresponding to the second satellite, is 

p. £ gin. 1530",864 | 

1— . —. sin. 1530", 864 

of 
substituting the values —, p [6819, 7375a], we get p —0,0718845, being nearly 

as in [7486']. 

[7487a] 

[74875] 

X (3654) If we retain only the two greatest terms of v' [7467 lines 1, 4], we shall get 

from [7487], 

X=-jj .cq367",95.sin.(©'—^11920",67.sin.2.(©'— ©")] ; [7488a] 
77 u f 

and these produce respectively the two terms of X [7488]. For the first term of [7488a] 

d ( o' 
is 367",95. •———Lcos.(©'—-m") ; and if we subtract the value of to" [7408] from that 

of ©' [7440], we get ro" = 2°,66864-j--zk411383417//; substituting this and n! [6025&] 

in the preceding expression, and then dividing by the radius in seconds 636620", it becomes 

367"95 411383417 
6366S07' • 411418487 or O,00057793.cos.as in [7488 line 1J 

nearly. Again, from [7386, 7440], we obtain ©'—©" = 335°,09582-f-£.20720679l" ; 

using this and the preceding value of n', we find that the second term of [7488a] gives in 

A the term “dh6620" * 2 ‘ 4ÏÏ4Ï2427" -cos-2-(0 “ e ) 5 which, by reduction, becomes 

0,018861.cos.2.(e'—©"). This differs a little from that given by the author in the original 

work, 0,0187249.cos.2.(©'—©") ; we have given the corrected value with the letter c 

annexed, to denote that this correction has been made ; we have also changed sin. into 

cos. in the formula [7488], as it was incorrectly given in the original work. 

[74886] 

[7488c] 

[74884] 

[7488e] 

[7488/] 

[74S8g-] 

75 VOL. IV. 
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[7488'] 

[7489] 

[7490] 

[7491] 

[7489a] 

[74896] 

[7489c] 

[74S9d] 

[7491a] 

[74916] 

[7491c] 

[749Id] 

[7492a] 

In this theory, and in that of the first satellite, we may neglect, without any 

sensible error, the factor,* * 

1 + 
2M 

ml—M 

(1—\) a! ) 

\ * Jy ) 
. H. cos.V, 

which is contained in the value of T [7094]. Now putting (l-fp'). 

we shall have,f 

£ = 0,544120c. sin.(z/-{- 51°,3787—U5S",8) 1 

—0,001034c.sin.(F+ 83°,29861+ *.7528",01) 2 

—0,005971 c.sin.(F+208°,32562+t28220/',85) 3 

—0,082089c.sin. (F+285°,20c+1.133715",77). 4 

This being premised, we shall have,f 

* (3655) The factor [7489] for the second satellite is easily deduced from that for the 

third satellite [7433], by changing n" into ml, also a" into a'; and if we make these 

changes in the expression [74336], we shall find that this factor will become, for the second 

satellite, 
(1-N) a 

a" 

.sin. 15304864 > .H.cos.V. 

Substituting the values [7433c, 6819], it becomes very nearly equal to 1—0,00027.cos.F ; 

and the part depending on cos.V produces in t [7492], a term of the order 1" .cos.V; 

which is so small that it may be neglected. It is also plain that the term depending on 

cos.V may be neglected for the first satellite, because each of the two terms of the 

expression [74896] will be decreased nearly one half, by changing a' into a, and ml into 

n, as is evident from the values given in [6801, 60256]. 

f (3656) The expression of £ [7490] is similar to that which is assumed in [7434', &c.] 

for the other satellites. Substituting in it the values of p', £ [7486'], we get 

?= --.s' ; so that the value of 2 is obtained by multiplying the expression of s 
* 67254",2 ’ b J ° 

1 0718863* 
[7482], by the factor ; hence we obtain [7491]. In computing these coefficients 

the author has neglected to multiply the numbers by the factor l-j-p7 = 1,071S862, so 

that the numbers given in the original work, namely 0,501629, 0,0009214, 

—0,005571, —0,076569, are too small. We have given the corrected values in [7491], 

and have, as usual, annexed the small letter c to denote that they have been corrected. 

J (3657) The numerical coefficient of the first term of [7492], is represented by — Tp 

in [74366], and that of the second by T; so that the expression of t, which is similar to 

[7436], becomes for the second satellite, when the term depending on cos.V is neglected 

[7488'], 
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t = -631",29.^ ± 5975",7.(1—X)Vî+X—f. 

The total duration t' of the eclipse will be, 

t’= 11951",4.(1— Z)Vl+X— f. 

t=-Tg. M ± r.(i-X)yi+x=f>. 

Substituting T=5975",7 [7485], also the value of (3, in parts of the radius, namely 
87254"o 

13= 03^90/'/ =0,10565 [7486'], it becomes as in [7492]. The expression of t' [7493] 

is found as in [74376], by multiplying the second term of [7492] by ±2. The terms 

which are neglected in [7492] may be estimated as in [74376-/] ; thus the greatest neglected 

term is |X/.6 [7437c]; and by substituting the values of T, j3 [7492c], it becomes 

33".6. Now the maximum value of b [7383m], is ±AA ; A being, as in [7383/], the 

chief term of or nearly A = % [7491 line 1] ; hence this value of b is b = \AA 

nearly, and the preceding term 33".b is less than a second. The other terms, similar to 

those in [7383^, &c.], may evidently be neglected from what has been said in the notes on 

that article. 
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[7492] 

Duration 
of an 
eclipse. 

[7493] 

[74926] 

[7492c] 

[74924] 

[7492e] 

[7492/] 
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[7494] 

[7495] 

[7496] 

[7497] 

[749F] 

[7498] 

[7499] 

[7499a] 

[74996] 

CHAPTER XT. 

THEORY OP THE FIRST SATELLITE. 

33. The discussion of the eclipses of this satellite has given for its 

mean secular motion, relative to the vernal equinox of the earth, the 

following expression, 

8258261°,63035 ; 

and for its mean longitude at the epoch of 1750, the value, 

16°,68093; 

we shall therefore put, 

©= 16°,68093+ L825820,6163035. 

The different equations of the centre of the satellite are included in the term 

[7441c], 

ôv = —2/i.sin.(nt-{-s—gt—r) ; 

and we have seen, in [7442], that it is only necessary to notice, in this 

theory, the third and fourth values of g. We have, in [7191], relative to 

the third value of g, or ga, 

h = 0,0238111. h". 

Now we have, as in [7394], 

—2h" = 1709",05 ; or h" = —854",525 ; 

therefore the equation of the centre of the first satellite, relative to the 

value of g or ga, is* 

* (3658) Substituting h" [7499] in [7498], we get h=— 20",347, or —2A = 40",69 

nearly. Using the value of g, namely g2, in [7497], and putting, as in [6240s], 

nt-f-s—gzt—r„ = ©—w", it becomes as in [7500]. In a similar manner by substituting 

h'" [7502], corresponding to the fourth value of g or g3, in [7501], we get —2A=19",01. 

Hence the expression [7497] becomes for this value of g as in [7503], by using the same 
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ôv — 40", 69. sin. (©—to"). 

We have, relative to the fourth value of g [7195, 7196], 

h = 0,0020522C.A" ; 

and in [7310], 

—2h!" = 9265",56 ; or hi" = —4632",78 ; 

therefore the equation of the centre, relative to this value of g or g3, is as 

in [74996], 

5v = 19",01c.sin.(©—■«"'). 

If we substitute, in the expression of ôv [6842], the values of m', m", 

[7143,7144], and neglect the terms depending on m'"* *, using also the law 

of the epochs [7391],f 

2©—2©" = 200° -f 3©—3©', 

we shall obtain,! 

reductions as above, and observing, as in [6240s], that for this case we have 

nt-j-s—-gat—rs = ©—to'". We may remark that the correction, made in the coefficient 

0,0020522c in [7183a], changes a little the coefficient of the inequality [7503], which, 

in the original work, is 19",11 instead of 19",01c. 

* (3659) The greatest coefficient of the terms depending on m'", is that in 

[6842 line 11], namely, m"'.3".6109; which, by using the value of m"/ [7145], becomes 

1",5 ; and as this may be neglected on account of its smallness, we may much more safely 

neglect the smaller terms, contained in [6842 lines 12, 13]. 

j (3660) Changing the signs of all the terms of [7504], and then adding to both 

members the expression 3©-3©', it becomes, by a slight reduction, ©—3©'-|-2©" ——200° ; 

differing in the sign of the second member from the expression [6628g], which is used for 

the third and second satellites in [7391, 7449]. These last expressions correspond to the 

case of i = 0, in the equation [6628g-] $ but in the equation [7504a or 7504], we have 

£ = —1. 

1(3661) We have, in [6240p], n't—nt-\-s'—s = —(©—©') ; substituting this, and 

the value of m' [7143], in [6842 lines 1—5], we obtain the following terms of ôv, 

ôv = _43",55.sin.(©—©')-}-5050",59.sin.2. (©—©')+16", 46.sin.3. (©—©') 

+3",76.sin.4.(©—©')-f-l",3.sin.5.(©—©') ; 

the term in [6842 line 6] being neglected on account of its smallness. In like manner, by 

substituting ri't-nt-fs"—s = —(©—©") [6240p], and m" [7144] in [6842 lines 7, 8], 

we obtain the two following terms of ôv ; the terms in [6842 lines 9,10] being neglected 

on account of their smallness ; 

[7500] 

[7500q 

[7501] 

[7502] 

[7502'] 

[7503] 

[7504] 

[7499c] 

[7499c?] 

[7503a] 

[7504a] 

[75046] 

[7505a] 

[75056] 

[7505c] 
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Sv —— 43",56.sin. (©— ©') 1 

FF 19",41c.cos.f.(©—©') 2 

U505] ^ +5050",59.sin.2. (© — ©') 3 

4- 0",07. sin.3. (© — ©') 4 

3",7 6. sin.4. (© — ©') 5 

+ 1",58. sin.5. (©— ©') 6 

The values of Q, corresponding to the different values of g, are,* 

Sv = —19",4Lsin.(©—©")-f 16",39.sin.2. (©—©"). 

If we change the signs of all the terms of the equation [6628/, and then add 3©—3©' to 

both members, we shall get generally, i being an integral number, positive, negative 

or zero, 

2©—2©" = (—200°+400°7 ) -f 3©—3©'. 

Taking the sine of this expression and developing the second member by [21] Int., we get 

[7505/] ; and in like manner the sine of one half of the same expression gives [7505/] ; 

sin.(2©—2©")=Sin.(—200°+400°i).cos.(3©—3©')+cos.(—200o4-400°7).sin.(3©-3©/); 

sin.(© — ©")=sin.(—100o-j-200°.i).cos.§.(© —©')-f-cos,(—100°-j-200°.i).sin.J-.(©—©'). 

Now i being an integer or zero [6628p], we evidently have sin.(—200°-f-400°.f) = 0, 

cos.(——200°+400°i) =—1 ; sin.(—100°-|-200oi) = ± 1, cos.(—100°-f-200°.f) =0; 

hence the expressions [7505/ /] become, 

sin.(2©—2©") =—sin.(3©—3©') ; sin.(©—©") = ±cos.§.(©—©') ; 

and by substituting these values in [7505/], it changes into, 

<5t> = =F 19",41 .cos.f.(©-—©')—16",39.sin.(3©—3©'). 

Connecting together the terms of Sv [75056,/, we get, very nearly, the same expression 

as in [7505]. For the first, second, fourth and fifth terms of [75055], correspond 

respectively to those in [7505 lines 1,3, 5, 6] ; the third term of [75056], being connected 

with the second of [7505//, gives [7505 line 4] ; and the first term of [7505/;:] is the same 

as that in [7505 line 2]. The coefficient of this term in [7505 line 2], is given by the 

author, in the original work, in the form —19",41, without noticing the double sign 

of which he seems not to have been aware ; we have inserted the double sign, putting the 

usual mark c to denote that the coefficient has been altered. If this coefficient were 

important, it would be necessary to resort to the usual methods of investigating it, as its sign 

could not be determined by means of the argument ©—&' ; and the method of reducing 

the terms of Sv [7505/ to the same form as those in [75056], would fail. Fortunately, 

however, this correction is so small that it hardly affects the time of an eclipse f of a 

second ; so that Delambre neglects it in his tables. 

* (3662) Substituting j — ^1+ —Q^ [7453a], in the expression of Q [6860], 

[7506a] ^ |3ecomes 0f t]je form [75066] ; and by proceeding as in [7453a—c], we may deduce 

from it the expressions [7506c, d, e]. 

[7505(2] 

[7505e] 

[7505/] 

[7505g] 

[7505/ 

[7505/ 

[7505/ 

[7505/ ] 

[7505m] 

[7505/ 

[7505o] 
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Q = —2,690499.A ; [7506] 

Q=: 1,397738.A'; [75073 

Q = 0,208780.A" ; [7508] 

Q= 0,016482. A". C^509] 

It is also remarkable that the excentrieity of the orbit of the first satellite is [7510] 

more sensible in the inequality depending upon Q, than by its direct action,* 

Substituting h" = —854",525 [7499], and h'" = —4632",78 [7502], we [7510'] 

shall have the two inequalities, 

Q = F.m'. ^ —16,850204 +6,118274.-^ | .A; [7506&] 

= F.m'. 16,850204. ^r-f6,118274 | .h'; [7506c] 

= F.m'. I —16,850204. +6,118274. | . h" ; t7506iJ 

= F.m'. ^ —16,850204.^+6,118274.^, | .A"'. [7503e] 

We must substitute m'= 0,232355 [7143] in all these expressions. Then in [75065] we 
K ' [750P/] 

must put g = 606989",9 and - - — 0,0185238 [7176, 7177], and we shall get the value 

Jl 
of q, as in [7506] nearly. Again substituting the values of gx, - - [7183, 7184], in 

[7506c], we get [7507] ; also substituting the values of g2, [7190, 7191, 7192] [7506g-] 

h h! 
in [7506c?], we get [7508]. Lastly, substituting g3, , —, [7195, 7196, 7197] in 

[7506e], we get [7509]. 

* (3663) The coefficient of the equation of the centre is —2A [7497] ; and that of 

the inequality [6850] is Q = —2,690499.A [7506]; and this is greater than the ^ 

numerical value of the preceding expression. The values of A, N being insensible [7441/], 

we may neglect the inequalities depending on the values of Q [7506, 7507], as we have 

done for the second satellite in [7453?]. The value A" [7510'] being substituted in [7508], 

gives Q=—178",41 ; hence the expression [6850] becomes, 

8v =—178",41.sin.(n?—2n't-{-e—2s'-\~gzt -j-T2) ; [7510c?] 

which is easily reduced to the form [7511 line 1], by substituting the value [7453m]. 

Again, by substituting the value of A"' [7510] in [7509], we get Q =—76",36 ; hence [/^^^eJ 

the expression [6850] becomes, 

Sv =—76",36.sin.(n?—2n't-\-s—2 s'fgj -}-r3) ; 

and by using the values [7453m,p], it is reduced to the form [7511 line 2]. 

[7510/3 
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[7511] 

[7512] 

[7512'] 

Longitude 
of the first 
satellite 
in eclipses, 
from the 
earth’s 
vernal 
equinox. 

[7513] 

[7514] 

[7512a] 

[7513a] 

[75135] 

[7514a] 

[75145] 

[7514c] 
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to = —178",41 .sin.(©—2©/+ro" ) 1 

— 76",36.sin.(©—2©/+®w). 2 

As the inequality [6883] depending upon V is reduced to only 3", we may 

neglect it.* 

Connecting together all these inequalities, we shall have in eclipses, in 

which we may suppose 2n = 2© [7353e],f 

v = © -j- 40",69. sin. (©—w") 1 
+ 19",01c.sin. (©-V') 2 
— 43",56. sin. (e— ©') 3 

=F 19",41c.COS.|-.(©—©') [this term is -19",41.sm.(e-©"f] 4 

+ 5050",59. sin.2.(©—©') 5 

+ 16",26c.sin.4. (©—©') 6 

+ 1",58. sin. 5.(0—©') 7 

— 17 8",41. sin. (©_2©+V/) 8 

— 76",36. sin. (©—2e'+«"'). 9 

We shall now consider the motion of the first satellite in latitude. 

The part, $ 

5= (x—l).ô'. sin. («?++), 

of the expression of 5 [6427 line 1], becomes, by substituting the values 

of x, ô', •+ 

* (3664) Substituting the values of the quantities mentioned in [7400a] in [6883], 

it becomes Sv = 3".sin.V nearly ; this is so small that it is not worth the trouble of a new 

argument and another table to notice it ; the author has therefore neglected it in [75121. 

f (3665) The term [6842 line 14, 6240s'] is 0",1460.sin.2.(©—n), which vanishes in 

eclipses where 2n = 2© [7512'] ; we may also observe that this term is always insensible. 

Now connecting together the terms in [6947e, 7500, 7503, 7505, 7511], neglecting the 

very small term in [7505 line 4], and adding to the sum the longitude of the epoch ©, we 

get v [7513]. We may observe that the author omitted the term in [6947e], making the 

coefficient in [7513 line 6] +3",76, instead of the corrected value 16",26c. 

% (3666) In the original work the formula [7514] is given under the form 

(1—X).é'.sin.(«+pz+A) ; we have altered it, so as to make it conform to [6427 line 1] ; in 

the same manner as we have done for the second and third satellites, in [7468a, 7413a, &c.] ; 

and by proceeding as in [74685, 7413d], we may change the formula [7514] into 

s = (1—X) .3°,4352.sin. (t>+ 51°,3787—tf.l53",8). Now substituting the values of X 

[7206], it becomes as in [7515]. 
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s = 3°,43320.sin. (it3787—£.153",8). 

The term s — /.sin.(fl-|-y?/-f a), of the same expression of s [6427 line 2], 

which corresponds to the peculiar inclination of the orbit of the first satellite, 

has hitherto been found to be insensible. We have, relative to the second 

and third values of p [7233, 7238], 

l = 0,0207938./' ; [7234] 

1 = 0,0111626./". [7239] 

The term s = /.sin.(»+p/+A) [7516], becomes, relative to these values,* 

5 = — 25",49 .sin.(u+208°,32562+/.28220",85) ; 1 

—107/,,14e.sin.(»+285°,20c + f. 133715",77) ; 2 

as it regards the other values of p, this term is insensible in eclipses 

[7518(7, e]. We might therefore neglect, without any sensible error, all the 

terms of s which are contained in [6931 ] .f We shall however retain the 

term in [6931 line 2], 

s = 0,00015312.(/—Z/).sin.(u—2U—pt—a). 

which becomes, relative to the inclination of the equator to the orbit of 

Jupiter, Î 

* (3667) Substituting in [7517] the value of l' =—5152",2 [7471], corresponding to 

the second value of p [7233], we get / = —107",14, producing in s [7516], the term 

s — —107",14.sin.('y-j_285°,20c-j-^133715",77), as in [7518 line 2] ; observing that in the 

original work the coefficient is —105",04, which we have changed into —107", 14c. In 

like manner, by substituting in [75179 the value of l" — —2283",9 [7415], corresponding 

to the third value of p [7238], we get 1 = —25",49, producing in s [7516] the term 

[7518 line 1]. We may neglect the first value of p, because the term / [7516'] is 

insensible. We may also neglect the term depending on the fourth value of p [7245], 

and /= 0,0019856./"' [7246] ; which, by using —2771",6 [7329], gives /=—5"; 

which is so small that it is not worth the trouble of a new argument and another table, in 

order to notice it. 

f (3668) Substituting the value of m' [7143] in the coefficient of the term of s 

[6931 line 1], it becomes s = 0,0008(/' —Z).sin.(3«—4F—pt—a) ; and as the greatest value 

of V—/, corresponding to either of the angles p, in [7482, 7522], is about 5000", this 

inequality will not exceed 4", which is too small to be introduced by a new argument and 

a new table ; and by neglecting it, the expression is reduced to the term in [6931 line 2], 

which is the same as [7520]. 

Î (3669) The expression of s [7520] is similar to that of s'" [7341], and may be 

derived from it by changing X'" into X, v"' into v, /"' into /, and 0,001447815 into 

vol. iv. 77 

[7515] 

[7516] 

[75169 

[7517] 

[75179 

[7518] 

[7519] 

[7520] 

[7518a] 

[75186] 

[7518c] 

[7518c?] 

[7518c] 

[7519a] 

[75196] 

[7521a] 
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[7521] 

[752P] 

Latitude 
of the first 
satellite. 

[7522] 

[7523] 

[75230 

[7524] 

[7525] 

[75216] 

[7521c] 

[7521d] 

[7521e] 

[7521/] 

[7521g] 

[7521/0 

[7524a] 

[7526a] 

5 = 5",26. sin. (/—2U—51 °,3787-\-t. 153",8) ; 

Connecting together all these terms [7515, 7518, 7521], we shall have in 

eclipses, in which we may suppose 2U = 2v [7353e], 

5= 34326',7.sin. (y+ 51°,3787-L153",8) [7521g] 1 

— 25^49 .sin.(v+208°,32562+L28220",85) 2 

—107,,,14c.sin.(v-f285°,20c + Ll33715/',77). 3 

To obtain the duration of the eclipses of the first satellite, we shall resume 

the formula [7080], 

t=T.( i-x).^-(i+ey.j.£-±y./ p+jx+(i+P')/].p+|x-(i+p')/^- 

In this formula, T is the mean semi-duration of the eclipses of the satellite 

in its nodes [7069]. Delambre has found this semi-duration to be 

T'=4713" [7562], by means of the observations which have been made 

since the use of achromatic telescopes. Therefore we shall assume this value 

of T. Moreover (3 is the mean synodical motion of the satellite, during 

the time T [7373]; and we have* * [3= 106516" [7524a]; also in this 

casef p' = 0,0716667. The value of X, as in [7376'], is represented very 

0,00015312 ; observing also that the factor (l_xw).3°,4352 = 2°,98051 [7323g-or 7346], 

becomes for the first satellite (1-—7).3°,4352 = 3°,43320, as in [7514c, 7515]. Now 

making the same changes in the expression of s'" [7346], which is derived from s'" [7341], 

we get the corresponding term of s, namely, 

s = 3°,43320x0,00015312.sin.(«—2U--510,37S7+f.l53",8), 

which is easily reduced to the form [7521]. In eclipses, where 2U = 2» [7353c], the 

expression [7521] becomes s = — 5",26.sin.(v+51°,3787—U53",8) ; and by connecting 

it with the term in [7515], it becomes as in [7522 line 1]. We may observe that the 

coefficient 5",26 [7521], ought to be reduced to about 3", as we have shown in [6930Z'] ; 

and this would increase the factor in [7522 line 1] by the small quantity 0,00023 nearly, 

making it 34329",0C. The terms in [7522 lines 2, 3] are the same as those in 

[7518 lines 1, 2] respectively. As it regards the terms depending on the mutual action of 

the satellites, we may put L'—O [6415], and then [7520] becomes, 

s' = 0,000153122.sin.(v—2 U—pt—a) ; 

and by using the values of l [7518, &c.], it becomes insensible. 

* (3670) We have, in like manner as in [73746], 0= (n—M).T; substituting 

471 r 
n—M — 825488799" [6025n], and T=^^;, =0,0001290349 [7523'], in parts of 

a Julian year, it becomes (3 = 106516", as in [7525]. 

-j- (3571) Changing in [7487a] a' into a, we get the value of /, corresponding to the 

first satellite, 
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nearly by X = — 1 ; so that by noticing only the greatest term of v, 

we shall have very nearly,* 

X= O,OO79334.cos.2.(0—©'). 

Putting g — (1-j-p'). — , we shall have,f 
?> 

0,345364 .sin.(»+ 51°,3787—*.153", 8) 1 

—0,000256 .sin.(>+208°,32562+628220",85) 2 

—0,001078c.sm.(ï>+285o,20e-H. 133715", 77). 3 

This being premised, we shall have,f 

* = ~788"’55- f ± VÏ+SR» ; 

p. j l-f^.sin.l530",864 | 

1— — .sin.1530^864 
Aj a" 

Substituting the values ~-f, p [6810, 7375a], we get p, as in [7525]. 
a „ 

* (3672) Noticing only the great inequality of v, contained in [7513 line 5], namely 

5050",59.sin.2.(©—©'), we get, by substituting it in the expression of X [7526], 

X= 5050",59.—^ .cos.2.(©—©'). Now we have, from [7449,7488e], 

d.(e—e') = 2d.(©'—©") =2x207206791". 

Substituting this and n [6025&], we get, by dividing by the radius in seconds 636620", 

5050",59 

030620" X 

4x207200791" 

825820010 
.cos.2.(©—©') = 0,0079622.cos.2.(©—©') 

which differs a little from [7527] ; but this difference has no sensible effect on the value of 

t [7530]. 

2 I f ^ 

f (3673) From [7525] we get -- = -p—--. Multiplying s [7522] by this 

factor, we get the expression of £ [7528], as in [7529]. The coefficient of the third line 

of the original is —0,001057, instead of —0,001078c ; the difference arises from the 

correction in the coefficient of s [7522 line 3], spoken of in [75186]. 

X (3674) The expression of t is easily deduced from that in [74926], corresponding 

to the second satellite, by changing v into v ; hence we have, 

*=s=' -^f3, ~ï~ 

Substituting T = 4713" [7523'], and in parts of the radius ft = [7525], or 
636620 u 4 

[7526] 

[7527] 

[7528] 

[7529] 

[7530] 

[75266] 

[7527a] 

[75276] 

[7527c] 

[7527d] 

[7529a] 

[75296] 

[7530a] 

[75306] 
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Duration 
of an 
eclipse. 

[7531] 

[7530c] 

[7530d] 

[7530e] 

and the whole duration of the eclipse will be, 

V = 9426". ( 1 —X). v/l+X—? • 

Tv = 788",55, it becomes as in [7530]. Multiplying the term of [7530], connected with 

the radical, by ±2, we get, as in [74376], the expression of t' [7531]. 

The terms which are neglected in [7530], may be estimated as in [7492d, 7437b, &c.] ; 

thus the chief term |Tj32.6 [7437c], by substituting T=4713" [7523'], and in parts of 

the radius p=£ nearly, becomes 65".6. The maximum value of b being [7383m]; 

and A is nearly equal to the chief term of which is about equal to i [7529 line 1] ; 

hence this maximum value becomes 6 = |.(-g-)4 = T[l2-; therefore the preceding term 

65".6 is less than half a second at its maximum. The other terms may be neglected as 

in [7383^, &c.]. 
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CHAPTER XVI. 

ON THE DURATION OF THE ECLIPSES OF THE SATELLITES. 

34. We have given, in [7107—7110], the expression of the sine of the 

angle q [7104], described by each satellite in half the time of the duration 

of the eclipse ; supposing the planet to be at its mean distance from the sun, 

and the satellite in its node, and at its mean distance from Jupiter ,* also that 

the satellite is eclipsed at the moment its centre enters into the shadow of 

the planet. Dividing this angle q by the circumference 400°, and 

multiplying the quotient by the time of the synodical revolution of the 

satellite, we obtain the half time of the duration of the eclipse. The 

difference, between this and the observed time, represents the whole effect 

of the error of the preceding supposition, and of the errors of the other 

elements, which enter into the calculation. We shall now resume the 

expressions [7107—7110] ; 

(l+p)-*' 
d" 

(i + pM*' 

d" 

(1 -}- p).R' 

d" 

(1 -f- p). R' 

oT 

a 

m a 

a 

m a 

a // 

(l-\) d" \ f , 

\ w < 
> = sin.q ; 

(l-\) d" 1 • _ / 

\ • 
TP ] 

> = sin.q ; 

(l-\) d" \ 

D' $ 
■ = sin.^ ; 

(l-\) d" \ * „ „ m 

\ D' j 
> = sm.q . 

(l-(-p).jR' being, as in [7018c, d~\, the semi-diameter of Jupiter’s equator; 

we shall have, by means of [6785, 6786], 

(l+p).#' £. 120",3704 

<?" “ 1530",864 

We have, as in [6787], a!" = 25,43590. This value of ol" is deduced 

78 

[7532] 

[7533] 

[7534] 

[7535] 

[7536] 

[7537] 

[7538] 

VOL. IV. 
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[7539] 

[7540] 

[7541] 

[7542] 

[7543] 

[7544] 

[7545] 

[7546] 

[7541a] 

[7544a] 

[75446] 

[7544e] 

[7544<*] 

[7547a] 

MOTIONS OF THE SATELLITES OF JUPITER. [Méc. Cél. 

from the preceding equation, by putting (l-f-p).jR' equal to unity [6786] ; 

therefore we shall have, 

hence we obtain,* 

(l-f-p).R' a"' 1 _ 

a"' * T “ a ’ 

the value of a being that which is given in [6797]. Then we have, as 
in [7025], 

, _ (l + p).fl\ 
1 R 

R being the sun’s semi-diameter, when viewed from Jupiter.f Its diameter, 

when observed at the mean distance of the earth from the sun, is 

5936" = 32", 3 s,264: therefore, when viewed from Jupiter, it is 2R = 
5936" 

D' being the mean distance of Jupiter from the sun [7085], that of the 

earth from the sun being taken for unity. Now we have, by means of 

[6786,7537], 2.(1 -f-p).i2' = 120",3704; hence we get,Î 

* (3675) Multiplying [7540] by —, we get the expression of the first terra of 
CL 

[7533], equal to — , as in the second member of [7541]. In like manner the first terms 
CL 

of [7534, 7535, 7536], are represented by -i , respectively ; using the values of 
CL Cl CL 

a, aa", a'" [6797—6800]. 

f (3676) In [6982] R is taken for the sun’s actual semi-diameter, and in [7018c] R' 

is the polar semi-axis, also 2.(1-j-f).jR' the equatorial diameter of Jupiter ; but as only 
Rf 

the ratio of R' to R occurs in [7543], under the form —, we may substitute the apparent 

semi-diameters of these bodies as viewed from the same distance, as for example, the mean 

distauee of Jupiter from the sun, which is the same as the mean distance of that planet from 
5936" 

the earth ; so that we may put, as in [7545], 2i?=—this being the sun’s diameter 

as seen from Jupiter ; and as in [6786 or 7546] 2.(1 -\-p).R' = 120",3704 equal to the 

equatorial diameter of Jupiter, as seen from the sun or from the earth, at the mean distance 

of Jupiter from either of these bodies. 

X (3677) The expression of \ [7543], may be put under _ the form, 

Xt = [2.(l-j-p).iU}. now substituting the values of 2.(l-{-p).Z2'= 120",3704 [7546], 
<4 jLt, ■* 
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h = 
120",3704. D' 

5936" 

Moreover we have,* 

(14-P).IF a!" (1-f-P).R' 
. — — 

0,105469. 

a /H 
I)' 

i sin. 120",3704 = 0,0000945387. 

Hence we deduce from [7547, 7548], 

A4-AA. A. = 0,000801823. 
(i U X1 

Therefore the four equations [7533—7536] become,f 

- 0,000801823 = sin.o ; 
a 1 

— — 0,000801 823 = sin.q' ; 

A — 0,000801823 = sin.?" ; 
a 1 

A — 0,000801823 = sin.?'". 
a x 

J D’ VZW'%70LD' 
~ 5933" [7545], we get \ = —^ '—, as in the first expression [7547] ; and by 

using D' = 5,20116636 [4079], it becomes X, = 0,105469, as in [7547]; whence 

(1—X,) 
—2 = 8,481427. 

* (3678) The factor in the first member of [7548] being multiplied by -——, 
Xi 

produces, in [7549], the numerical value of the second term of each of the equations 

[7533—7536]; and we have obtained, in [75476], the value of -—— ; also that of the 

factor [7548] may be reduced to its second form —, by rejecting a"', which occurs 

in its numerator and denominator. Now (l-j-p).iT being Jupiter’s equatorial semi-diameter 

[7544a], and D' the mean distance of Jupiter from the earth, the expression ^ 

will express nearly the sine of half the semi-diameter, or very nearly half the sine of the 

whole diameter 120",3704 [7544c], as in [7548]. Multiplying this by 

get [7549]. 

* l-7-i 

' X, 
[75476], we 

f (3679) The first terms of the equations [7533—7536] are given in [7541a], and the 

second term in [7549] ; substituting these in [7533—7536], we get [7550—7553] 

respectively. Substituting the values of a, a, a", a[6797—6800], we get the values of 

q, q', q\ f [7554—7557]. 

[7547] 

[7548] 

[7549] 

[7550] 

[7551] 

[7552] 

[7553] 

[75470'] 

[75476] 

[7548a] 

[75486] 

[7548c] 

[7548c/] 

[7550a] 
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[7554] 

[7555] 

[7556] 

[7557] 

[7558] 

[7559] 

[7560] 

[7561] 

[7562] 

[7563] 

[7564] 

[7565] 

[7566] 

[7558a] 

[7558b] 
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Substituting the values of a, a\ a" a"1 [6797—6800], we obtain, 

q = 111780"; 

q' = 69846" ; 

q" = 43544" ; 

f = 24524" ; 

which give the following values for the half duration of the eclipses ;* 

I. Satellite, 4945",87 ; 

II. Satellite, 6205",93; 

III. Satellite, 7801",30 ; 

IV. Satellite, 10271",64. 

The observed semi-durations are, 

1. Satellite, 

11. Satellite, 

III. Satellite, 

IV. Satellite, 

4713"; [7524] 

5976"; [7485] 

7419"; [7429] 

9890". [7372] 

They are all of them less than the calculated semi-durations, which ought 

to be the case on account of the disks of the satellites ; for although these 

disks are small, they are of a sensible magnitude, when viewed from Jupiter’s 

centre. A satellite does not therefore disappear at the moment of the 

entrance of the centre of its disk into Jupiter’s shadow, and the semi-duration 

of the eclipse is diminished by the time which elapses between the entrance 

of the centre, and the disappearance of the satellite. It may also be 

decreased by the refraction of the sun’s light, in passing through Jupiter’s 

atmosphere ; but it is increased by the penumbra. These various causes 

are not however sufficient to account for the difference between the observed 

and calculated semi-durations. This will appear by considering the eclipses 

* (3680) The synodical motion of the first satellite is n—M seconds [6025w] in one 

Julian year, or 36525000" ; hence the time of describing a synodical arc of one second is 

aU525000" 
-—- . Multiplying this by the arc q [7554], we get the time [7558]. In like 

71 JVÂ 

, . r„rrn-, . j , 36525000" , . . , 36525000" „ 
manner, the time [7559] is represented by ——.q ; that in [7560] by —-——-. q‘ ; 

36525000" 

n'—M 1 ? L J J n"—M 

lastly, that in [7561] by V7 ’• (i"• Substituting the values of n—J\l, he. [6025n], 
yi jyj. 

we get the values [7558—7561], as given by the author very nearly. 
[7558c] 
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of the first satellite, in which the effects of the penumbra, and of the refracted 

light in Jupiter’s atmosphere, are but of small moment. To obtain the 

width of the disk, viewed from Jupiter’s centre, we shall suppose the density 

of the satellite to be the same as that of the planet; then taking, for unity, 

the semi-diameter of Jupiter, we shall find that the apparent semi-diameter 

of the satellite, viewed from Jupiter’s centre, will be equal to* —— • 

Substituting the values of a, m [6797, 7162], we shall obtain 2890",93c for 

this semi-diameter. This angle being multiplied by the time of the synodical 

revolution of the satellite, and the quotient divided by 400°, gives 127",913 

for the diminution of the semi-duration of the eclipse, depending upon the 

magnitude of its disk. Subtracting this quantity from 4945",870 [7558], 

we get 4817",957 for the calculated semi-duration. This semi-duration is 

greater than the observed time [7562], and yet there is reason to believe 

that the satellite disappears before it is wholly immersed in the shadow. 

* (3681) Jupiter’s mass being 1, and that of the satellite m, their radii will be as 

1 :\ÿm, supposing their densities to be equal ; so that Jupiter’s radius being 1 [6786], 
3 

that of the satellite will be \/m. Dividing this by the distance of the satellite from Jupiter 

a, we obtain very nearly the sine of the angle under which that radius or half-diameter 
3 

appears when viewed from Jupiter’s centre =—, as in [7568]. Substituting the values 

of a, m [6797,7162], we find that it corresponds to sin.2890",93, as in [7568] ; observing 

that, in the original work, this semi-diameter is erroneously marked 2809",93 ; and the 

whole diameter is given in [7574] equal to 5619",86, instead of 57S1",86. The time of 

describing the arc 2890",93, by the synodical motion, may be obtained by the method 

36525000" 
pointed out in [7569], or by multiplying it by the factor --—— [75585], which gives 

127",913 for the diminution of the semi-duration of the eclipse, as in [7569] ; and by 

doubling it we get 255",826 for the time requisite for the whole disk to enter into the 

shadow, as in [7574]. Proceeding in the same manner with the other satellites, we have, 
3 3 3 

k/ 711 ! \/ 71) " 6 /17) m 

as in [75685], for their diameters, the expressions 2. — , 2.—-, 2.-—; and by 
a a a • 

using the values of a', a", a'" [6798—6800], and those of ml, m", ml" [7163—7165], 

they become as in the first column of the table in [7575—7577]. Multiplying these 

expressions, as in [7568e], by 36525000", and then dividing the products by nl—M, 

ri'—M, n'"—M [6025n] respectively, we get very nearly the times in the second column 

of the table [7575—7577]. 
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[7572] 

[7573] 

[7574] 

[7575] 

[7576] 

[7577] 

Hence it appears that we must decrease, by at least J¥th part, the assumed 

diameter of Jupiter 120",3704 [6786], so as to reduce it to 118". 

If we compute, in the same manner, the disks of the satellites viewed from 

Jupiter’s centre, and the times they require to enter perpendicularly into the 

shadow, we shall obtain the following results. 

Disks of the Satellites, viewed from Jupiter’s centre, Times required for the whole disk 

at their mean distances from the planet. to enter into the shadow. 

I. Satellite, 5781",86c. 255",826 ; 

II. Satellite, 4007",30 . 356",055 ; 

III. Satellite, 3923",44 . 702",914 ; 

IV. Satellite, 1749",04 . 732",567. 

Hence it is easy to determine the times when the satellites, or their shadows, 

[7578] enter into or quit the disk of Jupiter. Comparing these times with those 

which are observed, we shall obtain the densities of the satellites of Jupiter, 

when their masses shall be w7ell known. The observations of these eclipses 

of Jupiter by his satellites, may throw much light upon their theory. We 

can almost always observe the beginning and end of them ; and these 

observations can be made with the satellites and with their shadows, so that 

they are really equivalent to four observations ; whilst, in general, we cannot 

[7579] observe more than the beginning or the end of an eclipse of a satellite. 

This kind of observations, which has been very much neglected, deserves 

therefore the utmost attention of astronomers. 
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CHAPTER XVII. 

ON THE SATELLITES OP SATURN. 

35. The theory of the satellites of Saturn is very imperfect, since we 

have not a sufficient number of observations to determine their elements. 

The impossibility of observing their eclipses, and the difficulty of measuring 

their elongations from Saturn, have prevented the determination, with much 

accuracy, of any of the elements, except the times of revolution and the 

mean distances ; and even with respect to these distances there is a degree 

of uncertainty, which leaves some doubt upon the value which results for 

the mass of this planet. Now as we do not know the values of the 

excentricities of the orbits of these satellites, it is impossible to give the 

theory of their perturbations. But there is one phenomenon which deserves 

the attention of mathematicians and astronomers, namely, the constant position 

of the orbits of the satellites in the plane of the ring ; excepting, however, the 

plane of the orbit of the outer satellite, which varies sensibly from the plane of 

the ring. This phenomenon is analogous to that which we have explained, 

in the last chapter of the fifth book [3689, &c.], relative to the permanency 

of Saturn’s rings in the same plane. We have already observed, in 

[3689, 3692, &c.], that both these phenomena depend on the same cause, 

namely, the oblateness of Saturn ; whose action keeps the rings and the 

satellites in the plane of its equator. We shall now explain the reason why 

the orbit of the outer satellite varies from that plane in a very sensible 

manner. 

We shall resume the equation [6295], 

A dds r2 C / dR\ ds / dR \ ) 

dv'3 5 h2 ‘ l \dv )’ dv \ ds ) ) * 

If we neglect the ellipticity of the orbit, we shall have r — a, and Id — a, 

[7580] 

[7580y] 

[75gJ] 

[758iq 

[7582] 

[7583] 

[7584] 
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[7585] 

[7584/] [6299a]. Moreover, if ive take the primitive orbit of the satellite for the fixed 

plane, s will be of the order of the disturbing forces ; therefore by neglecting 

ds 
the square of these forces, we may reject the products of s and — by these 

forces. Hence the equation [7583] becomes,* 

_ dds . ( dR\ 0 = s } 
We shall suppose that this equation is for the outer satellite of Saturn, and 

we shall proceed to ascertain the corresponding value of R. In the first 

place we shall have, by noticing only the sun’s action,f 

‘3S.\°cX+yY + zZ}3 

2D5 

[7586] 

Part of 

R 
depending 
on the sun. 

[7587] A D ‘ 2D3 

We shall use the following symbols : 

[75878 The axis of x is the line drawn from the centre of Saturn to the ascending 

node of the primitive orbit of the satellite upon the orbit of Saturn ; 

[7588] x is the inclination of the primitive orbit of the satellite to the orbit 

of Saturn ; 

[75888 X', Y', are the rectangular co-ordinates of the sun’s place, referred to the 

centre of Saturn, and to the relative orbit of the sun about Saturn ; 

the axis of X being the same as that of x ; 

[7588"] U is the angle included between the sun’s radius vector D, and the axis x 

or X 

* (3682) In this case R and f[6030,6039, 6042, &c.], are each of the order of 

[7586a] )dR\ ds 
the disturbing masses ; hence ( —j— ) . — , is of the order of the square of these masses ; 

and by rejecting it from [7583], we obtain [7586]. 

[7587a] 

[7587&] 

[7587c] 

[7587<2] 

| (3683) The expression of R, corresponding to the action of the sun S' upon the 

outer satellite m of Saturn, as it is given in [7587], is of exactly the same form as that in 

[6042e], relative to the sun’s action upon Jupiter’s satellite m ; the symbols being the same 

as in [6021—6033], merely changing what relates to Jupiter and its satellite into the 

corresponding quantities relative to Saturn and its satellite respectively. Thus X, Y, Z> 

[6026], in the present article, represent the rectangular co-ordinates of the sun, referred to 

the centre of gravity of Saturn as their origin, supposing this centre to be at rest, and the 

sun to describe a relative orbit about Saturn. In like manner, so, y, z [6022] represent 

the rectangular co-ordinates of the outer satellite m, referred to the centre of gravity of 

Saturn as their origin, &c. 
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Then we have,* 

X = X ; [7589] 

Y = Y'.COS.X ; [7590] 

Z =—F.sin.x. [7591] 

X =D.cos.U; [7592] 

Y =D.sm.U; [7593] 

a: = Æ.cos.'y; y — «.sin.?; ; z=as ; [7594] 

* (3684) We shall suppose in the annexed figure, that C represents the place of the 

centre of the planet Saturn, which is considered as the origin of the co-ordinates. The 

plane of the figure is the primitive 

orbit of the outer satellite, which is 

taken for the fixed plane of xy, 
[7584'] ; the axis of x being the 

line CN, drawn from the centre of 

Saturn to the ascending node of the 

primitive orbit above the sun’s 

relative orbit about Saturn, being 

the same as the descending node 

of the sun’s orbit below the fixed plane of xy [7587']. S is the place of the sun, whose 

rectangular co-ordinates are represented, as in [7537c], by 

CN = X, NS' = Y, S'S— —Z ; 

the negative sign being prefixed to Z, because the line NS is supposed to fall below the 

plane of xy [7589c?]. We have also, as in [7588'], 

CN = X', NS = Y', angle SNS' = X, 

Now in the rectangular triangle NS'S, we have NS' = NS.cos.SNS' = T'.cos.X ; 

SS'— NS.sin.SNS'= T'.sin.X. Substituting these in the values of Y, —Z [7589c], 

we get [7590,7591] respectively. The equation [75S9] is obtained by putting the two 

expressions of CN [7589e, g] equal to each other. Again we have CS = D 

[6027,75875], angle SCN=U [7588"]; hence in the rectangular triangle CNS, 

we have, 

CN = CS.cos.SCN = JJ.cos.U ; NS = CS.sm.SCN= D.sin.ZJ; 

and by substituting the values of CN, NS [7589g-], we get [7592,7593] respectively. 

If we substitute the values of X', Y' [7592, 7593] in [7589—7591], we shall get, 

X— D.cos.L/; 

Y = jD.sin. fJ.cos.X ; 

Z = —D.sin.t/.sin.X. 

Finally, the values of x, y, z [7594], are easily deduced from [6034—6036], by rejecting 

terms of the older s2 [i585], and substituting r = a, r' = a' [7584 or 6091] ; neglecting 

the excentricités, which are unknown [7580']. 
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[7595] 

[7596] 

Part of 

M 
depending 

[7597] 
on the 
obhiteness 
of Saturn. 

[7596a] 

[75966] 

[7596c] 

[7596d] 

[7596e] 

[759:/] 

[7596-] 

[7537a] 

therefore, by retaining in a.f-J^ no other terms than those depending on 

sin.v or cos.v, which are the only ones producing the secular motions of 

the orbit [6298],* we shall have, 

fd,R\ 3 S', a3 . 
a. — = —r. sin. a.cos. x.sin. v. 

\ds J 2Lr 

To determine the part of which depends on the oblateness of 

Saturn, we shall observe that this part of R is found, in [6050, 6052], 

to be,f 
M R2 

■R= (p— 

* (3685) If we substitute the values of æ, y, z, X, Y, Z [7594, 7589m—o] in the 

first member of [7596a], it becomes as in its second member; and its partial differential 

relative to s being divided by ds, gives [75966], 

lxX-\-yY-\-zZ}2= a2.jD2. ]cos. U.cos.'W-j-sin. t/.cos.X.sin.'D —s. sin. C7.sin.xP; 

d.^xX-\-y'iJr^Z]i ____ga2.D2.sin. JJ.sm.X.^cos.U.cos.v-\-s'm.U.cos.'k. s'm.v—s.sin. C/.sin.X], 
do 

Now if we put r—a [75S4] in the second term of [7587], and then substitute this value 

of R in the first member of [7596], we shall find that the first and second terras of [7587] 

produce nothing, and the third term becomes like the first member of [75966], multiplied 

3S.a 
by — ; therefore the second member of [75966], being multiplied by the same factor, 

gives, 

a ‘ (~r) = • s^n • 6^- sin .X. [ cos. 67.cos.r-f- sin. 67.cos.X.sin.r—s.sin. C7.si n.X ]. 

In noticing the terms depending on the secular equations, it will only he necessary to retain, 

as in [6298], the terms depending on sin.r, cos.v, s. We may neglect the term 

depending on s [7596/j, because it is of the order of the disturbing forces [7585], and is 

3S.c? 
multiplied by the factor , of the same order. We may also neglect the first terra of 

the second member of [7596/], containing the factor sin.U.cos.U.cos.v = |.sin.267.cos.r, 

producing angles of the form v^p2U, which differ from sin.r, cos.r [7596c], The 

remaining term of [759Qd] is the second, ~jp~ • sin.X.cos.X.sin.r.sin.267; and by substituting 

sin.277=^—J.cos.2C7, and neglecting the term containing 2U, it becomes as in [7596]. 

f (3686) Substituting R = —5 V [6052] in [6050], we get [7597]; M being the 

mass of Saturn [6028, 75876]; Z?=the radius of the equator of Saturn [6045]; 

v = the sine of the declination of the outer satellite above Saturn’s equator [6045', 75876]. 
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M = the mass of Saturn, which is taken for unity, or M = 1 ; 

B = the mean radius of Saturn’s mass, which is taken for unity, or B =1 ; 

7 = the inclination of the primitive orbit of the outer satellite to the 

plane of the ring ; 

y = the distance of the descending node of the primitive orbit of the outer 

satellite, relative to the plane of the ring, from the ascending node 

of the same primitive orbit upon the orbit of Saturn ; the first of 

these nodes being supposed more advanced, according to the order 

of the signs, than the second ; 

v—y = the distance of the outer satellite from the descending node of its 

orbit upon the ring. 

Then we easily find, by neglecting the square of sfi 

v2 = sin.2/, sin.2 (v—y)—2.s.sin. y.cos.7.sin.(y—y). 

* (3587) In the annexed figure 97, C 

represents the centre of Saturn, about which ^ 

is drawn the spherical surface JVIHBGPP'. 

The plane of the sun’s relative orbit about 

Saturn intersects this surface in the arc JYIN ; 

the plane of the primitive orbit of the outer 

satellite intersects this surface in the arc 

JSHB; and the plane of the rings intersects 

it in the arc IHES ; P is the pole of the 

orbit JVHB ; and P' the pole of the plane 

of the rings THE. Then from the above 

notation we have, by supposing G to be the place of the outer satellite, 

JVB = v ; JV7/ = y ; /IB = v—y = angle BPH, or GPU ; 

PP' — y — angle EHB ; BG = s-, PG==100°~s; 

angle GPP'=GPH+ I00° = «-Y-f-100°; P'G=100°-dec. ; cos. F G=v [6045']. 

Then in the spherical triangle PGP', we have, from [63] Int., the formula [7601 A] ; 

which, by using the symbols [7601e—g], become as in [7601f], 

cos.P'G = cos.PG.cos.PP'-\-srn.PG.sin.PP'.cos.GPP' ; 

v = sin. s. cos. 7—cos. s. sin./.sin. (y—y). 

Neglecting terms of the order s-2, as in [7589p], we may put sin.5 = s, cos.s = I 

[43,44] Int.; substituting these in [760K], then squaring the result, and neglecting s2, 

we get [7601]. 
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[75984 
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Hence we get,* 

/dR\ 2.(p—| <p) . . . 
a.I — J =-—- . sm.y.cos.7.sm.(/—y). 

It now remains to consider the action of the rings and the six inner satellites. 

If we consider an inferior satellite, whose radius is r' and mass in', supposing 

its orbit to be in the plane of the ring, or in that of the equator of Saturn, 

we shall have, as in [6030 line 1], relative to this satellite, 

D m'.( xx + yy' -j- zz ) m 

If we now take, for the axis of x, the intersection of the plane of the 

primitive orbit with that of Saturn’s equator or ring, we shall have,f 

* (3688) Putting r = a [7589p], M=l, 1 [7598, 7598'], in [7597], then 

taking its differential relative to s, which is found in v2 [7601], we get, 

/dR\ (p—èq>) mf)\ 
a\ds ) a3 ’ \ ds / 

Substituting the value of v2 [7601], we obtain [7602]. 

f (3689) The change of the axis of x from the line CN [7587'], in fig. 96, page 317, 

to the line CH, fig. 97, page 319 [7605], has no effect on the function R [7604] ; as 

we have seen in [949', &.c.], where it is proved that this function R is wholly independent 

of the planes of x, y, z; but the values of x, y, z, will differ from those in [7594]. To 

obtain the values corresponding to the present case, we shall draw the lines CH, CB, 

CG, and upon CG shall take Cg=r. From g let fall upon CB the perpendicular 

gb; and from b let fall upon CH the perpendicular bh; then we shall have x=Ch, 

y=hb, z=bg. Nowin the triangle Cgb, wehave bg=Cg.s\n.GCB=r.sm.GCB=rs 

nearly, as in [7608] ; also Cb = Cg.cos.GCB = r.cos.GCB, or Cb = r, neglecting 

terms of the order s2 [44] Int. Then in the triangle Chb we have Ch — Cb.cos.B CH, 

hb—Cb.sm.BCH, or in symbols x = r.cos.(v-y), y=r.sin.(u-Y), as in [7606, 7607]. 

We may find the values of x, y', z [7609-7611], corresponding to the satellite m!, 

in the same manner as we have found those of X, Y, —Z, for the sun [<589m o], 

merely changing the sign of Z, because the satellite vi is supposed to be at the point S, 

on the plane of the rings, above the plane of the primitive orbit x, y. In this case we have 

the arc HS = v [7612], the angle SHB — y, and the radius vector of the satellite 

equal to r'. Hence it is evident that we may derive the values of x, y, z [<609—^611], 

from those of X Y, —Z [7589m—o], by changing D, U, X, into /, v, y, 

respectively. 
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x = r.cos.(/—*■) ; 

y = r.sin.(ü—*) ; 

z — r.s ; 

a/ = r'.cos.F ; 

2/' = r'.cos.y.sin.ff ; 

z' — r'.sin.y.sin.®' ; 

v' being the angular distance of the satellite m' from the descending node 

of the primitive orbit upon the plane of the ring. If we change r, r' into 

, rejecting the terms which do not depend 

upon sin.?;, cos.y, or those which are multiplied by s [7596e], we shall have,* 

/dR\ _m'. a^a'.sm.y.sm.v'__ 

a \ds ) \d2J\-a'2—2aa'.co$.(y—-y).cos.i/-—2aahcos.y.sin.(v-/).sin.F]l 

If we suppose a' to be small in comparison with a, as is the case with 

respect to the inferior satellites and the different points of the ring, we shall 

a'4 
have, by neglecting terms of the orderf —, 

° CL 

a, a' respectively, in a. I 
'dR\ 

ds) 

*(3690) If we use for brevity W—xx'-\-yy'-\-zz', also r2=Æ2-j-î/2-f-s2 [6023], 

r'2 =x2-\-y2-\-z/2 [6039d], we shall find that the expression of R [7604] will become 

. Its differential relative to s, which is found only in W, R = 
tn'.TF 

/dW\ 
3. ( -r- 1. Now if we substitute the values 

r> 3 

. /dR\ m'.a / dW\ _m'.a 

gives = J — ]r2_!_/2_2r$r \ds J 

[7606—7611] in W [7615a], it becomes as in [7615d] ; and its partial differential, relative 

to s, gives [7615e], 

W = rr'. [ cos.(v—y).cos.F-J-cos. y.sin.(v—t) .sin.F-f-s.sin. y.sin.v'j ; 

fdW\ , . . , 
I — J = rr .sin.y.sin.'i). 

Substituting [7615e] in [7615c], and neglecting the first term which does not contain v 

[7596e], we get, 

a. 
dR \ m.a 

Zs. rr .sm. y.sin.v 
ds ) |r2_|_/2_2 W\i 

Now putting, as in [7589/], r—a, r'=a', and then substituting the value of W 

[7615d], we get [7615] ; observing that we may neglect s, which occurs in the term W 

of the denominator, because it produces only terms of the same order as those which we 

have usually neglected. 

|(3691) If we put for brevity W'— cos.(v—■>p).cos.?/-}-cos.y.sin.(v—^).sin.F, we 

shall find that the expression [7615] becomes, by development, 
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[7617] 

[7618] 

[7619] 

[7620] 

[7621] 

[7616& ] 

[7616c] 

[7616d] 

[7616c] 

[7616/] 

[7616g-] 

[7616ft] 

[7616t] 

[7616ft] 

a.\ 
'dR' 

. ds , 

3 ml. a3 a'2 

2.(a2-j-a'2) 
sin. 7.cos. 7. sm.(v—y). 

If we consider the rings as a collection of an infinite number of satellites, 

we shall have, in virtue of their mutual action, and of that of the satellites 

which are within the orbit of the outer satellite, 

f D • • , N 
a\~dsJ = —JD-sin*7-cos-7*sin.(t5—y) ; 

B being a constant coefficient depending upon the mass and constitution of 

the rings, and also upon the masses and mean distances of the satellites from 

Jupiter. Now if we put, 

K 
3 S.cr 

To3' 
K' = 

(p— Ap) 

aA 
+ » 

“•(f) 
m'.aPa'. sin. 7.sinV 

1- 
2 aal 

(a2-{—cty2]2 

m'.cfta'.sin.y.sin.v' <[ 1 , 

’ i 1 ' 

a2 -p a~ 

3 act: 

W I 

.W'- 
15a2a'2 

JU2+&c. ] 
1 5 (a2+a/2)g ( ' a2-f a'2 1 2.(a2+a/2)2 

The first term of [7616c] which does not contain W, is independent of v, and 

may therefore be neglected [7614]. We may also neglect the term containing R7'2, 

because the square of W [7616a], when reduced by [1,6,31] Int. relative to sin.2F, 

sin.F.cos.F, cos.2F, will become of the form A,Brs\n.2v'-\-Crcos.%v'; At, Bt, C/y 

being independent of F. This expression of W/2 is multiplied by sin.F, in [7616c]; 

so that if we reduce the product, by means of [17, 18] Int., it will produce terms of the 

r sin. / sm. 
forms . v, 

cos. ; cos. 
. 3c7, &c., and no term independent of F ; therefore it cannot be of 

either of the forms sin.a or cos.v, which are retained in [7614]. Terms depending on 

a'4 
TV3, WA, &c. are neglected, as in [7616], because they are multiplied by — and the 

(X 

o! 
higher powers of —. Hence it is evident, that the only term to be retained in [7616c] is 

the second, depending on the first power of W, which gives, 

(dR\ 

a-v) 
3 m/. a3 a'2 

. W'. sin.y.sin.F. 
(a2 —a/:-)ri 

Multiplying W [7616a] by sin.F, and substituting, in the products, the expressions 

sin.F.cos.F = £.sin.2F, sin.2F=|—|.cos.2F [31, 1] Int., then retaining only the terms 

which are independent of F, we get sin.F. IF' = |.cos.y sin.(a—y). Substituting this in 

[7616A], it becomes as in [7617]. Now putting B equal to the sum of all the terms, 
3m'. q3(/S 

similar to ~~-,—, corresponding to the rings and to the inner satellites, we get, for the 
2.(a2+a'2)l 

/dR\ 
complete expression of [7617], a function of the form [7619]. 
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the differential equation in s will become,* 

0 = r —j— s —J~-2_/Usin.^-.CQS.x.sm.'6 ~~2AT .sm. y.cos. y.sm. 
dvz 

Hence we obtain by integrating and neglecting the arbitrary constant terms, 

as may be done in this case,f 

s = Kv. sin.x.cos.x.cos.v—JV'.y.sin.y.cos.y.cos.^—*). 

Through the centre of Saturn, we shall suppose an intermediate plane to 

be drawn, between the orbit of this planet and its equator, so as to pass 

through the line of intersection of these two last planes, or the line of nodes ; 

then we shall put, 

*(3692) Connecting together the parts of which have been computed in 

[7596,7602, 7619], and substituting the abridged symbols [7621], we obtain the following 

complete value of the terms of this form and order ; 

~ 2-R".sin.X.cos.X.sin.v—2IU.sin.y.cos.y.sin.(®—y). 

Substituting this in [7586], we get the differential equation in $ [7622]. 

f (3693) If in the differential equation [6049&] we have m/=aJ, or, in other words, 

if we have any term of the form jK).sin.(o/T£/)j die corresponding term of y [6049/] will 

be represented, as in [871"], by 

K t 

y = ^*cos-(«/-h); 

which can be derived from the term of the differential equation [7622a], by multiplying 

it by and changing s, into 5,-J-lOO0; observing that this last process is equivalent to 

that of changing sin. into cos. Now the equation [7622] is of the same formas [6049/r], 

putting y — s, t—v, af— 1; hence the factor [7622c] becomes %v, so that if 

we multiply the terms of [7622], containing K, K', by %v, changing also sin.® into 

cos.tq and sin.(®—t) into cos.(v—■¥•), we shall get the corresponding terms of s [7623]. 

In this value of s, the symbols X, y, represent respectively the inclinations of tbeprimitive 

orbit of the outer satellite to that of Saturn, or of that of the ring [7588, 7599]. Now as 

these inclinations vary only by quantities which are of the order of the disturbing forces, we 

may, without much error, suppose these inclinations to correspond to the actual orbit, by 

neglecting terms of the order of the square of the disturbing forces. 

Differen¬ 
tial equa¬ 
tions in s. 

[7622] 

[7623] 

[7624] 

[7621a] 

[76216] 

[7622a] 

[76226] 

[7622c] 

[7622d] 

[7622e] 

[7622/] 
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[7625] ù = the angle formed by the intermediate plane and the plane of Saturn’s 

equator and rings ; 

[7626] « == the angle of inclination of the variable orbit of the satellite to the 

intermediate plane; 

[7627] r = the arc of the variable orbit of the satellite, counted according to the 

order of the signs, from the ascending node of the satellite’s orbit upon 

the intermediate plane, to the ascending node of the same orbit upon 

the orbit of Saturn, or upon the sun’s relative orbit about Saturn ; 

[7628] n = the arc of the intermediate plane, counted according to the order of the 

signs, from the ascending node of the variable orbit of the satellite upon 

the intermediate plane, to the ascending node of the equator of Saturn 

upon its orbit.* 

[7628a] 

[76286] 

[76286'] 

[7628c] 

[7628c?] 

[7628e] 

[7628/] 

[7628g-] 

[7628A] 

[7628i] 

[7628/c] 

* (3694) For illustration we have marked these symbols in the annexed figure 98, 

which is similar to fig. 97, page 319, with the addition of the intermediate plane or arc 

KIK', which is drawn, as in [7624], through the node K and the equinoctial point of 

Saturn’s orbit I, to the opposite node K' ; the orbit of the satellite KN being also 

continued to the same node K'. Moreover the arc NjKJV' is drawn through K, 

perpendicular to the arc JVK of the satellite’s orbit, and meeting JVIJVP IHN', in 

JV/f JV', respectively. Then we have, in like manner as in [7601e—g, 7625—7628], 

JVB ~ v, JVH = r, HB = v—v, K'l — n, ///= 200°—n, 

K'JV = r, JVK = 200°—r, K'B=v-f-r, KH=^+v, HK= 200°-*-r, 

HJVI= X, JVHI= JS HK= y, IIIK— 200°-y, HKl=BK'L==zs, IKN = 100°-ftf, 

IUAr = A, HIK — Ô, KIJVj — A—ô, JV1K— 200°—A-\-è. 

this expression, supposing w-j-r to be constant, and s, zs variable, we get ^s = (5îj.sin.(î?-|-r), 

as in [7628']. Again, on account of the smallness of the angle BK'I, we have very nearly 
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This being premised, if we vary « by <5®, and suppose n to be constant, 

we shall obtain, in s, a term equal to 6®.sin.(n-fr). If ® be supposed 

constant, and n vary by <5n, we shall obtain in s a term equal to 

6n.sin.tf.cos.(n-fr) ; therefore we shall have, by making tf, n, vary at the 

same time, 

s= <5®.sin.(y-f r) + <5n.sin.®.cos.(y-]-r). 

If we put this value equal to that in [7623], we shall obtain, 

4®.sin.(r>Tr)+^n,fin,^-C0S-(v~l~r)—Av.sin.X.cos.X.cos.r)—Kv.sin.y.cos.y.cos.(v—t). (1) 

If we continue the approximation only as far as the first power of y, we 

shall have,* 
dzs dTi 

<5® = y. — ; Su = v. ; 
dv dv 

Substituting, in the second member of the equation [7632], cos.(y—r+r) 

for cos.y, and cos.(y—r—-r-j-r) for cos.(y—t), and then developing it 

relative to the sine and cosine of y + r, we find that the comparison of the 

coefficients wfith those of the first member, give the two following 

equations ; f 

KB z=K'L ; hence [76284] becomes BL — HKIsm.KL, nearly. Now if we 

suppose the node K to move towards I, upon the arc KT, hy the quantity <5n, without 

changing the inclination HKI, the arc K'1 = U will increase by the increment <Sn, and 

the corresponding increment or differential of BL [7628Z], will be represented by 

oTL.HKI.cos.K'L, nearly ; and if we change HKI into sin.HKI, or sin.®, on account of 

Its smallness ; putting also KL — K'B = v-\-T, as above; it becomes 5n.sin.®.cos.('r4~rfi 

as in [7630]. Adding together the two terms of Ss [76284, n], w7e get the expression 

[7631]. Putting this equal to the terms of s [7623], which produce the motions 6®, <5n, 

we get the equation [7632]. 

* (3695) As we neglect the excentricities of the orbit [7584], v will be nearly 

proportional to t ; and in considering the secular motions we may, in the usual manner, 

suppose ® to be a function of t or v ; and by developing it, according to the powers of 

v. by means of Maclaurin’s theorem [607a], we get, 

. dtf . , d2® _ , 
ra==^+ + &c- 

tf/ being the value of ®, when v = 0. Neglecting a3, v3, See. and putting tf— 

we get 6®= —.v, as in [7634] ; and in like manner we get <5n [7635]. 

f (3696) We have identically v = (w-f“r)_r ; v-y = (y-}~r)-(iP-|-r) ; substituting 

these in the first members of [76364, c], and then developing, by [24] Int., we get, 

vol. iv. 82 

[7628'] 

[7629] 

[7630] 

[7631] 

[7632] 

[7633] 

[7634] 

[7635] 

[7636] 

[7628Z] 

[7628m] 

[7628ft] 

[7628o] 

[7629a] 

[76296] 

[7629c] 

[7636a] 
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[7637] 

[7637] 

[7638] 

d-ui 

dv 

dU 

dv 

= AT.sin.x.cos.x.sin.r—AT'.sm.y.cos.y.sin.^F-fr) ; 

.sin.tf = AT.sin.x.cos.x.cos.r—K'. sin.y.cos.7.cos.(V-j-r). 

If we put A for the inclination of the equator of Saturn to its orbit, we shall 

have the following trigonometrical formulas ; * 

[7636&] 

[7636c] 

[7636d] 

[7636e] 

cos.u = cos.(u-j-r).cos.r-j-sin.(v-j-r).sin.r ; 

cos.(v—ÿ) = cos.('y-]-r).cos.('F-}-r)-[-sin.('U-f-r)-sin.(ir'-}“r)„ 

Substituting the expressions [7634, 76366, c] in [7632], and then dividing by v, we obtain, 

— .sin.(t)4-rkp — .sin.'5J.cos.(v-br) = [jKsin.X.cos.X.sin.r-jff/.sm.y.cos.y.sin.(^4-r)}.sin.(^-fr) 
av dv 

+ {jfiT.sin.X.cos.X.cos.r—Jfksin.y.cos.y.cos.(s^r)} .cos.(v-f-r). 

As this equation must be satisfied, for all values of v, we must put the terms depending on 

sin.fr-j-r), cos.(t>-{-r), separately equal to nothing ; and by this means we shall obtain 

the two equations [7637, 7637']. 

[7639a] 

[7639&] 

[7639c] 

[7639d] 

[7639e] 

[7639/] 

[7639g-] 

[7639X] 

* (3697) We may demonstrate the formulas [7639—7644] in the following manner, 

using fig. 98, page 324, with the symbols [7628c—/] ; and as [7639—7641] can be easily 

derived from [7642—7644], as we shall hereafter see, we shall, in the first place, 

demonstrate the formulas [7642—7644]. Now in the spherical triangle IRK we have 

sm.IRKism.lK: : sm.HIK : sm.HK [134515] ; and by substituting the symbols 

j-7628c—/], it becomes sin.(200°—7): sin.(200°—n) : : sin.d : sin.(200°—*■—r), or 

sin.7 : sin.n : : sin.ô : sin/p-j-r), which is easily reduced to the form [7642]. Again, in 

referring to the formula [134532], we shall suppose the angular points A, B, C, to 

correspond, in the triangle JYKI, to JV', I, K, respectively, in fig. 98, page 324 ; and 

this formula will become cos.lN'K= cos.lKsm.JY'IK.sin.IKJScos.N'IK^ps.lKN'. 

In the first member of this equation we may change IN'K into HN'K; and then in the 

rectangular spherical triangle HKN', we have, as in [134532], 

cos .HN'K = sin .M'HK.cos.HK. 

Substituting this in the first member of [76397], and then introducing the symbols 

[7628c—/], we get [7639/], which is easily reduced to the form [7643], by changing the 

signs of all the terms, and making some slight reductions, 

sin.y.cos.(200°—■p—r) = cos.(200°—n).sin.d.sin.(100°+ra)—cosAcos.(100°-f-A). 

In like manner, in the triangle IRK we have, as in [76397], 

cos.IHK= cos. IK. sin. RlK.sm.HKl—cos. R1K. cos. HKI) 

substituting the values [762Se—/], it becomes, 

cos. (200°—7) = cos. (200°—n).sinJ.sin.J—cos.d.cos.w. 

Changing the signs and making some slight reductions, we get [7644]. 

The three formulas [7642—7644] represent certain relations between the three angles 
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sin.x.sin.r = sin.n.sin.(k4—0) ; 

sin.x.cos.r = cos.n.sm.(^4—0).cos.'53‘-j-cos<(/4—0).sin.« ; 

cos.x = —cos.n.sin.(A-—0).sin.w-f-cos.(yf—4),cos.« ; 

sin.y.sin.(V-j-V) — sin.n.sin.0 ; 

sin.y.cos.(¥-fr) = cos.n.sin.0.cos.^—cos.0.sin.w ; 

cos .7 = cos.rr.sinJ.sin.ra+cos.â.cos.w. 

Therefore by putting,* * 

JT.sin.(A—ê).cos.(A—0) — K'. sin.0.cos.0, 

which gives the following equation to determine 0, 

we shall obtain,! 

tang.20 = 
K. sin. 2^2 

K'+K.cos.ZA 
[7645/] 

and two of the sides of the triangle H1K, namely, the sides IK= 200°—n, 

HK= 200°—¥—r, and the angles HIK=Ô, HKI = ■», IHK= 200°—y ; 

and the same formulas hold good relative to the triangle JV1K, the points IK remaining 

unaltered, and H changing into JV. By this means the side HK= 200°-—¥—F changes 

into JVK=200°—r [7628/j ; the angle HIK=Ô changes into JVIK=200°— 

[7628/*] ; and the angle IHK=200°—y changes into IjYK = X [7628e] ; or, in other 

words, we must change ¥-f-r into r, 0 into 200°—4Z-j-0, and y into 200°—X. 

Now making these changes in the equations [7642, 7643, 7644], we obtain the equations 

[7639,7640, 7641] respectively; the signs of all the terms of this last equation being 

changed. 

* (3698) The reasons for assuming the equation [7645] for the determination of 0, 

will be seen hereafter in [7707—7711], where we shall find that the expression of s 

[7623 or 7710] is made to vanish by means of the equation [7645 or 7711]. Now 

substituting sin.0.cos.0 = £.sin.20, sin.(«Z?—0).cos.(4?—0) = |-.sin.(242—20), [31] Int., 

in the assumed equation [7645], for the determination of 0, we get, by multiplying by 2, 

K.sin.(2^3—20) —K.sin.20. But from [22] Int. we have, 

sin. (2^2—20) = sin.2Æcos.20—cos.2A.sin.20 ; 

substituting this in the equation [7645c], and then dividing by cos.20, we get, 

K.\sin.2t/2—cos.2Ætang.20] = AT'.tang.20 ; 

whence we easily deduce tang.20 [7646], which may be put under the form, 

tang. 20 
sin.2,4 

— 4- cos.2.4 
K ^ 

* (3699) Multiplying the product of the two equations [7639, 7641] by K, and the 

product of the two equations [7642, 7644] by —K', then taking the sum of these two 

327 
Formulas 
in spherics. 

[7639] 

[7640] 

[7641] 

[7642] 

[7643] 

[7644] 

[7645] 

[7646] 

[7639Î] 

[7639Æ] 

[7639Z] 

[7639?n] 

[7639n] 

[7645a] 

[78456] 

[7645c] 

[76454] 

[7645e] 

[7645/] 

[7647a] 
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[7647] 

[7648] 

[7649] 

[7650] 

[76476] 

[7647c] 

[7647c?] 

[7647e] 

[7647/] 

[7647g] 

[76477c] 

[7647i] 

[7650a] 

[76506] 

[7650c] 

— = —|.{AT.sin.2(^4—0)+Ar'.sm.20}sin.w.sm.2n ; 

~ = {K.cos?(A—0-fJ.co8.--J.coB.- 

— {K. sin.2 (A—0) sin20} .cos.^.cos.2n. 

Now if we put, 

q ■= I.IK+K'—^/KZ+ZKK'.cos.ZA+K'*} ; 

p = 1.{K-\-K' + s/K^ZKK'.cos.ZA+K'*} —q ,* 

we shall have,* 

results, we find that the first member of the sum is equal to the expression of — [7637], 

and its second member becomes as in [7647c?], and by reduction as in [7647e]. In like 

manner, if we multiply the product of the two equations [7640, 7641] by K, and the 

product of the two equations [7643, 7644] by —K', then taking the sum of the products, 

we find that the first member of the sum is equal to the expression of ^-.sin.tf [7637'], 

and its second member becomes as in [7647/ g, A]. 

—- = JLsin.n.sin.(^—0). [—cos.n.sin.(<4[—é/sin.-sr-j-cos.^—0).cos.to| 
0/0 

—jfif'.sin.n.sin .0. [ cos.n.sin.0.sin.'tf-{-cos.0.cos.'ztf \ 

= - S K.sin.2 [A-ô)-\-K'.sm.Q 0) £ .sin.n.cos.n.sin.^q-sin.n.cos.'tf. | A.sin.(.4-0).cos.(.4-0)-A^sin.0.cos.0 |. 

—. sin.‘53' = sin.w.cos.OT.[[-Ki.cos.2(yf2—â)-j-/U.cos.2â]—cos.2n.[JLsin.2(/?—0)-]-i£'.sin.20] | 

-j-cos.II.sin.2^. [ —K. sin.(e/2—0).cos.(«6?—0)-}-Ül'. sin.0.cos.0| 

-|-cos.n.cos.2ro. [ K.sm.(A—ô).cos.(A—0) — üf'.sin.0.cos.0}. 

Now the coefficient of sin.n.cos.-ss [7647e] vanishes, by using the equation [7645] ; 

therefore if we neglect this term, and substitute sin.n.cos.n = §.sin.2n [31] Int. in the 

other term of [7647e], it will become as in [7647]. Again, the terms in [7647^, Ji\ 

separately vanish, by using [7645] ; therefore if we neglect these lines, and divide the 

remaining part of the expression [7647/] by sin.-tf, we shall get [7648]. 

* (3700) Putting for brevity k = \Zk^2KK'.cos.2A-\-K'^, we get, from [7646], 

sin.20 = 
K.smAA 

k 
eos.20 

K'-\-K.COS.2A " 

k 
Æ2 

because the sum of their squares is easily reduced to the form — = 1 ; and the value of 

sin.20, being divided by that of eos.20, gives the expression of tang.20 [7646]. Again, 

from [1] Int. we have the first development of [7650c?, e] ; and from [22] Int. we get the 

second form of [7650e]. Substituting in these the values of sin.2/ cos.20 [76506], we 
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dix 

civ 
—</sin.tf.sin.2n ; 

du 
~ = (p—g.cos.2n).cos.sJ. 

[7651] 

[7659] 

get the same expressions in terms of K, K' [7650t/,/]. Performing the multiplications 

indicated in [7650/*], and putting cos.22«Æ-f-sin.22v5 = 1, we get [7650g], 

sin.2d = £— J.cos.2£ = \. | 1— ^. cos.&/2 | 

sin.2(^2-â) = J—|.cos.(2^—24) — \—^.cos.2^.cos.2d—§.sin.2,/2.sin.24 

. , (K'-\-K.cos.2Jl) , . _ K. sin.2,4 
= I—J.cos.2^. v——-- — | .sin.2A. 

k k 

[7650d] 

[7650e] 

[7650/] 

[7650g] 

Multiplying [7650g] by K, and [7650d] by K'} then taking the sum of the products, 

we get [7650A], Multiplying together the factors of [7650A], we get [7650Z] ; which is 

reduced to the form [7650Æ], by using it2 [7650a], Substituting 2q [7649], it becomes 

as in [7650/] ; 

iLsin.2(^—4)+iT.sin,24 = %.K.51_ £ _ ~ .cos1- ^.cos.2aI 
l k k S 1 t k k S , (rll7, (&+2KK'.coS.2A+K'2) 

= *-{K+K ---- 

.sm? Ô — 2 q. 

Again, we have identically i£. [sin.2(/Z—4)-f-cos,2(,/#—â)|-[-/£/.{sin.2^-f-cos.2^|=jfiL-j-jK'/ • 

subtracting from this the equation [7650/], we obtain [7650n], 

K ,cos.2(^ - S) +K\ cos.2 Ô = K+K' —2 q. 

Now multiplying [7649] by 2, and adding the product to [7650], we get, by a slight 

reduction, p-\-3q = K-{-K' • substituting this value of K-j-K' in the second member of 

[7650m], we get, 

K.c os.2(72—/)-f#'.cos,24 =p~\-q. 

Substituting [7650/] in [7647], we get [7651], Again, substituting [7650p,/] in [7648], 

we obtain [7650r] ; and by using cos.2n = £-|-2*cos.2n, it is reduced to the form 

[7650s], being the same as in [7652] ; 

ft IT 
— = (p-f-g/cos.-ro—2g.cos.'S3'.cos.2n 

—/.cos.TO—g.cos,^.cos.2n. 

We may observe that, if we substitute the value of q [7649] in [7650], we get, by a slight 

reduction, 

V = i-{ K-\-K'-\- 3.V/K^ + 2KK\cos.2A +JE' 2 \, 
which is the form of p given by La Place, in his paper on this subject in the Connaisance 

des terns for 1829, page 247. 

YOL. IV. 83 

[7650ft] 

[76501] 

[7650k] 

[76501] 

[7650w] 

[7650m] 

[7650o] 

[7650/] 

[7650g] 

[7650r] 

[7650s] 

[7650f] 

* 
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[7653] 

[7654] 

[7655] 

[7656] 

[7657] 

Hence we deduce,* 

cfo.COS.-5f <pdn.sin.2rr 

sin.-ra q>— cpcos.2n 

Integrating this, considering p, q as constant, we obtain, 

b 
sin.-tf = 

l/p —g'.cos^n ’ 

b being an arbitrary constant quantity. Again, from [7652] we obtain,f 

, da 
dv — — ; 

V(V—(1' cos.2n) .(_p —62—ç-.cos.Sn) 

and the integral of this equation depends upon the rectification of the conic 

sections. We may put it under a more simple form, by supposing, 

tang.n = I /V_£. tang.n' ; 
K p-\-q 

and then it becomes,Î 

[7653a] 

[7653&] 

[7653 c] 

cfo —a.sin.5i.sm.2n 
*(3701) Dividing the equation [7651] by [7652], we get — = (?jcos 

multiplying this by we obtain [7653] ; which may be put under the form, 

d(sin.5i) j d.(p — çr.cos.2n) 

sin.5f 2* p—g.cos.2n 

Integrating, as in [59] Int. and adding the arbitrary constant quantity log.6, we obtain, 

log.sin.-5f = log.6 |.log.(_p g.cos.^n) = log. Î 

being the same as the logarithm of the expression in [7654]. 

[7656a] 

[76566] 

f (3702) From [7654] we obtain, 

C, ■ o „ (7 V fp~62_ç.cos.2np 
cos.o= {l-sm.3*}>= |1- ]-[p-,.coÆj-r- 

Multiplying this by p—g.cos.Sn, we get, 

(p—g,.cos.2n).cos.5f = ^ (p—g,.cos.2n).(p—&2—g\cos.2n) 

Substituting this in [7652], we easily deduce the value of dv [7656]. 

[7657a] 

[7657&] 

[7657c] 

X (3703) Squaring [7657], and adding 1 to both sides of the equation, we get [7657a], 

vhich is successively reduced by using [347 34"', &c.] Int. ; 

--{-tang.2 it— 
cos.2 n = 1+ 

p—q sin.2 n' p.(cos.2n/+sin.2n/)+g.(cos.2n/-sin.2n/)_p-fg.eos.2n 

p-\-q ’ cos.2n' (p-f g).cos.2n' (p-f-g).cos.2n' 

Multiplying this by in, we get = Now the first member of 

his last expression is equal to the differential of the first member of [7657] ; hence by 

ubstituting the differential of the assumed value in the second member of [7657], we get, 
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dv 
dn' 

62g 
p2—q2 

.cos.2n' 

This equation being integrated, gives the expression of n' in v. 

then have, by § 22, Book II,* 

We shall 

p—q dn' drr.jp-f-g.cosJânq 

(iH~?)-C0S-2n/ 
consequently, dn — dn'. v/2—?2 

p-\-q eos.2n' (iH~?)-C0S-2n/ ' -1 J 7 ’p-j-g.cos.2n' 

From the second and last forms of [7657a] we evidently have cos.2n = (^~bg)-co3‘-n 

multiplying by 2, and substituting 2.cos.2n = l-j-cos.2n, 2.cos.2n' = 1 -j-cos.2n', 

we get, 
i I o "T~(U5,)*c°s*2n/ g-j- p.cos.2n' 
1 -f cos.2n = W. , r y .-J whence cos.2n = -. 

p-j-g.cos.2n' j0-j-g.cos.2n' 

From this value of cos.2n, we easily deduce [7657/]; and by subtracting from it b2, 

we obtain [7657g]. Multiplying the expressions [7657/ g], and extracting the square 

root of the product, we get [76574]. 

p—g.cos^n = 

p—62—g’.cos^n = 

V 2—,,2 

p-j-g.cos.2n' 

{f— 1— 
62p 

r 

1* q 

p2— g3 
.cos.2n 

1 
/-]-<?.cos. 2rf 

iP2—<f) ■ 62p 62g 

p2-g2 ~~ 
.cos.2nT. i/Uv—<7.cos.2n).(n—4s—n.cos.2n)l= „ 

V I'* i J \Jr 1 ' > g,Cos.2n p^-q* p%-q% 

Now dividing the value of dn [7657d] by the expression [7657/t], we obtain the value of 

dv [7656], in the same form as it is given in [7658]. 

*(3704) If we substitute in [606 line 3] the values v = 2n, u — 2n', e — ——, 

it will become, by a slight reduction, as in [7657]. From the formula we have just 

mentioned in [606 line 3], or the equivalent expression [660], we have deduced the value 

of v [665] ; and by making in it the preceding changes [7658a], we get, 

2n = 2n/-j-2X.sin.2n/-j-|.X2.sin.4n',-j-|-.X3.sin.6n/-{-|r.X4.sin.8n'4-&c. • 

X being a function of e, which is given in [662] ; and by substituting in it the preceding 

it becomes, by reduction, X = —? 
or, by using (3 [7660], value of e=-, n ^w.uv,, 

V P+l/jP2 

X——(3. Substituting this value of X in [76584], and then dividing by 2, weget[7659]. 

We may observe that the value of £ [7660], can be put under a more convenient form for 

computation, by putting q=p.sm.B’, whence, 

q sin.B 2.sin-è-B.cos. 
13 = 

jpTv/p2—?2 

as is evident from [6,31] Int. 

1-j-cos.B 2.cos.2 2 B 
= tang .IB, 

[7658] 

[7657d] 

[7657e] 

[7657e'] 

[7657/] 

[7657g-] 

[76574] 

[7658a] 

[76586] 

[7658c] 

[765Sd] 
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U659] il = n'—f3.sin.2n'T|.f39.sin.4n'~—-i./33.sm.6n'_]-&c. ; 

(3 being determined by the equation, 

[7660] (3 = 9 . 
p-\ 

36. To apply these formulas to numbers, we must investigate the values 

of K and K1. That of K [7621] is easily determined; for the attraction 

S 
[7660'] of the sun on Saturn — , is equal to the centrifugal force from the motion of 

[7661] Saturn in its orbit, and this force is equal to the square of the velocity 

[7662] divided by the radius [54/]. Therefore by putting T' for the time of the 

sidéral revolution of Saturn, and * for the semi-circumference, whose 

[7663] radius is unity, we shall have, for the centrifugal force, the expression* 
4*2.1) $ 

[7664] - " ■ ; and by putting it equal to [7660'], we shall obtain, 
1 ~ ^ JJ 

[7665a] 

[76656] 

[7665c] 

[7665d] 

[7665e] 

[7665>/] 

[7665g-] 

[76656,] 

[7665i] 

* (3705) The radius of Saturn’s orbit being D [7589Î], its circumference is 2tfD, 

^7tD 
and the velocity of the planet is [7662] ; whose square, divided by the radius D, 

4w2. D 
gives the centrifugal force of Saturn in its revolution about the sun, equal to ■ , 

as is evident from the rule given in [54/] for estimating this force. Putting this equal to the 

gravity — [7660'], and then dividing by D, we get [7665]. The formula [7667], 

corresponding to Saturn and its satellites, is similar to [7665], changing the sun’s mass S, 

into Saturn’s mass 1 [7598] ; Saturn’s distance from the sun D [7589Î], into the satellite’s 

distance from Saturn a ; and the periodical time of the planet T' [7662], into that of the 

S a3 T2 
satellite T [7666]. Dividing [7665] by [7667], we get — = — ; multiplying this by 

|, we get K [7621], as in [7668]. Lastly, substituting the values of T, T' [7669, 7670], 

we obtain K [7671]. We may observe that we can obtain the centrifugal force of the 

satellite, in its revolution about Saturn, from that of Saturn [76656], by changing the 

elements, as in [7665c, e], so as to correspond to the satellite ; by this means we find that 

the centrifugal force of the satellite is ——, at the distance a from the satellite ; and if 

we suppose the orbit of the satellite to be circular, the centrifugal force will be equal to the 

gravity at the same distance a; so that the gravity of the satellite, at the distance a from 

the planet, will be represented by \ multiplying this by a2, we get the force of 

[7665ft] 
4 C$ 

gravity at the surface of Saturn, equal to y’2-, the radius of the planet being taken for 

unity, as in [7598/]- This expression of the gravity will be of use in the next note. 
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S __ 4-tt2 

jyi * 

If we put T for the time of the revolution of the outer satellite, we shall 

have, in like manner, 

1 _ 4*2 

^ ~ “T2 ' 

Hence we obtain, as in [7665e], 

7T- 3 ^ _ 3 T* 
^ 4 * 4 ’ y'2 * 

Now we have, by observation, 

T = 79day3,3296 ; 

T'= 10759day3,08 ; 

hence we deduce, 

K= 0,0000407739. 

The value of K' [7621] is K' = ——fhB : the mean radius of the 

body of Saturn being taken for unity [7598']. The oblateness of this planet 

P [6044] is unknown, as well as the value of the quantity B, depending 

upon the masses of the rings and upon the masses of the six interior satellites 

[7620] ; it is therefore impossible to determine accurately the value of K'. 

We may however determine approximatively the part of this value which 

depends upon the oblateness of Saturn. For this purpose we shall put t 

for the time of Saturn’s rotation upon its axis ; and we shall have,* 

We have, by observation, 

t = 0days,428 ; a — 59,154 ; 

hence we deduce, 

<p = 0,165970. 

We shall suppose that the oblateness of the earth is to the value of <p, which 

corresponds to it, as the oblateness of Saturn is to the corresponding value 

* (3706) We may deduce, from [7665g], the expression of the centrifugal force of a 

particle on the surface of the spheroid of Saturn, by changing a into 1 [7598'], and T into 
4a-2 

t [7674] ; by this means it becomes . Dividing this by the expression of the gravity 

of the same particle towards Saturn, -----. [7665fr], we get the expression of <p 

[6044', 75876], as in [7675] ; substituting the values [7670, 7676], we obtain [7677]. 

84 
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[7665] 

[7666] 

[7667] 

[7668] 

[7669] 

[7670] 
Value of 

K 

[7673] 

[7672] 

[7673] 

[7674] 

[7675] 

[7676] 

[7677] 

[7678] 

[7675a] 

[7675b] 

[7675c ] 

YOLt IV. 
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[7679] 

[7680] 

[7680'] 
Assumed 
value of 

K' 

[7681] 

of 9.* This principle being found, in [2069], to hold good very nearly for 

Jupiter compared with the earth. Now for the earth we have 9 = 

[1594«]; and if we suppose the oblateness of the earth to be 7^7, in 

conformity wTith experiments on the pendulum [2048'], wre shall have, as 

in [7674c], 

243 T2 

P 2? — Âftj* t\a? * 

Then by noticing only the part of K' [7621], depending upon this quantity, 

we shall find,f 

K’ == K. 
162 T'2 

335 * KctP 
0,4219 .K. 

[7679a] 

[76796] 

[7679c] 

[76794] 

[7679e] 

# (3707) Using 9 == ~ p = ~ [7679], relative to the earth, we have, 
^ (^09 doO 

P-4?=335 4' 389 

243 243 

670x289 670"9 

243 
and if we suppose, as in [2069], that the same ratio p—^9=—-.9, holds good for 

Saturn, we shall have, from [7675], P— ~ X as in [7680]. If we suppose 

the oblateness of the earth to be —, as in [2056s:], instead of r^- [7679], the expression 
oUU OOD 

[7679a, c] will become, 
1 1 1 278 278 ^ _278 T‘2 

p— £9 — “ 2 • 2Ô9 — 000x289 “‘ 6ÔÔ ’9 ~ 600 * M ’ 

which is about a quarter part more than the expression [7680] ; and the value of K' 

[7681] will be increased in the same ratio. 

[7680a] 

[76806] 

[7680c] 

f (3708) Dividing [7680] by a2, we get the first of the following expressions 

[7680a], which, by successive reductions, and the substitution of the second value of K 

[7668], becomes as in [76806] ; 

p — £9 243 T* 243 1 (? T*\ /4 T'*\ __ 243 J_ jf(k 

a-3 ■“ 670 * P,a5 670 * a* V' T*) ’ V / 670 ’ a? * \3* ) 

162 J_ 2^3 

“ 335 *a5 'K' & * 

This last expression is the same as the first of those in [7681], and by the substitution of 

the values of a, t, T [7676, 7670], it becomes 0,4219.A", as in [7681]. This would 

be increased about one fourth part [7679e], by using the corrected ellipticity — [7679d]. 
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We cannot suppose K' to be less than this value, because it is increased |-7681/j 

by the action of the inner satellites and by that of the ring.* 

We have by observation A = 33°,3333 ; hence this value of K gives,f [7682] 

è = 24°,0083 ; A—è = 9°,3250 ; [7683] 

q= 0,03926. AT; p = 1,30412. AT. [7684] 

The observations of Bernard in Marseilles, in 1787, give, 

x = 25°,222 ; [7588] [7685] 

7 = 13°,593. [7599] [7686] 

* (3709) Putting for brevity, for a moment, h — —2.sin.y.cos.y.sin.(v—■'?), we find 

that the part of a.f—J [7602], depending on the ellipticity of Saturn’s mass, is 

-—~ .A; and that depending on the interior satellite [7617], is . h. Dividing 

these by h, we get the corresponding parts of K' [7621, 76216, 7617], namely, 

and ; and as this last term is positive, it follows that the sum of the 
a3 4.(a3-f-a3)2 x 

similar terms, corresponding to the action of all the satellites, or \B [7621], must be 

positive, or of the same sign as 1—~ ; so that K' ^ [7621]. Now the expression 
a- 

of K' = 0,4219.jKT [7681], is computed upon the supposition that JB is nothing; hence 

we have K' )> 0,4219.K, as in [768F] ; observing also that this coefficient 0,4219, will 

be increased about a quarter part, by using the corrected ellipticity ^ [7680c]. 

f(3710) If we put c = 0,4219, we shall have K' — cK [7681] ; substituting this 

in [7646], we get tang.2D = —6 a • The value of l/2 = 33°-J [7682], gives 

COS. 2/? : ,1 
2? 

c -}- cos.2.4 

sin.2e^ = |p/3 ; hence we obtain tang.2é = - 
y/3 

2c-j-l 
and from this we get 

Ô [7683]. Now if we substitute the preceding values K'—cK, cos.2«/i? = in 

[7649, 7650], we shall get, 

q = iK.{ 1 +c—v/l+c+c3} ; p = ±K.{ 1+c+v/l+c+c31 — q ; 

and by using the value of c [7682a], we obtain the expressions of p, q [7684]. As the 

expression of c ought to be increased above a quarter part [7681c, 7682a], we shall make 

a rough estimate of the effect of this correction upon the values of Ô, p, q, supposing 

merely for an example that c is increased to c — 0,6. This gives, 

tang.2é=~ = 0,787 = tang.42°,46 [76826]; or 6 = 21°,23 ; 
2,2 

and y/l-j-c-ffc3 — \/ÿ96 =1,4; therefore we have, from [7682cl], q = 0,05.K, 

jb= 1,45.If, instead of the values [7684]. 

[7681a] 

[76816] 

[7681c] 

[7681/J 

[7681c] 

[7682a] 

[76826] 

[7682c] 

[7682/] 

[7682e] 

[7682/] 

[7682g-] 
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[7687] 

[7688] 

[7689] 

[7690] 

[7687a] 

[7687& ] 

[7687c] 

[7687cZ] 

[7687e] 

[7690a] 

[7691a] 

[76916] 

[7691c] 

[7691d] 

[7691e] 

Hence we deduce,* 

* = 71°,354; 

* = 16°,961; 

n= 37°,789 ; 

consequently, f 

= 0,00000364437. 

We have then very nearly, by the preceding formulas, J 

* (3711) In the triangle JYH1, fig. 98, page 324, we have, by comparing the symbols 

[7628c—f~\ with their numerical values [7682-7686], the three angles NHI=y—13°,593, 

HNI= X = 25°,222, JSflH — 200°—A = 166°,6667; to find, by the common rules 

of spherical trigonometry [134553, 134515], the sides NH — y — 71°,354 [7687], and 

NI— 24°,926. Then in the spherical triangle NIK we have the preceding value of 

NI= 24°,926 ; the angle KN1= X = 25°,222 [7685] ; and the angle, 

KIN= 200°—(A—ô) = 190°,6750, [7683] ; 

to find, by the formula [134539], the side K1 = 200°—n = 162°,211, or n = 37°,789 

[7689]; and then, from [134515], the angle NKI= to = 16°,961 [7688]. 

f (3712) From [7654] we get 52 = sin.2^.(p—^.cos.2n) ; and by substituting the 

values of p, q, w, n [7684, 7688, 7689], it becomes as in [7690]. 

X (3713) If we substitute the value of K [7671] in [7684], we shall see that p is 

much larger than q, or [7690] ; so that the fractions —, — , must be quite small. 

Again, by multiplying together the two radical expressions in the denominator of [7658], 
dn' 

and putting, for brevity, p9—f—IPp = m2, we get dv = ^=======. Developing 

the radical, and multiplying the whole expression by m, we obtain nearly 

mdv=z dn'-j- — .dn/.cos.2n/. Integrating, and adding the constant O, we have 

C4-mv = n'-l- — .sin.2n' ; or, by transposition, n' = C-\-mv——~ . sin.2n'; and by 
4t?1^ 4771-^ 

subtracting j3.sin.2n' from both sides of the equation 

n—s,sin.2n' = C-4-mr— < j3-f- > . sin.2n'. 
4771^ ) 

Moreover (3 [7660] is of the order y ; and if we neglect terms of the order —■, we shall 

get, from [7659], n = n'—j3.sin.2n'; hence the equation [7691 e] becomes, 

n=C+mt>— -sin.2n'. 

If we neglect terms of the order j3, in the value of n' [7691e], we shall get n'= C-\-mv ; 

[7691/*] 
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TT = C +tL++-+-62/ — ^ (3 + 
b2q 

4. (p2-q2-b2p) 
| .sin.2.{C-j-v.[/p2-q3-b2p} ; 

Reducing this expression to numbers, and determining the arbitrary constant 

quantity C, so that n may be equal to 37°,789 in 1787, we obtain,* * 

n = 38°,721+^.944",805—9937",7.sin.2.(38°,721+Z.944",805) ; 

i being the number of Julian years elapsed since 1787. 

These results depend upon the accuracy of the observations above quoted, 

and particularly upon the ratio of K' to K [7681]. This last quantity 

depends upon so many and such different elements, which are so difficult to 

ascertain, that it is almost impossible to determine it a priori. We may find 

it a posteriori, after we have determined exactly, by observation, the annual 

motion of the orbit of the satellite upon Saturn’s orbit. For if we suppose 

and by substituting it in the last term of n [7691/], we obtain, 

n = C+mv— ^ (3 + ~ | • sin.2.(C+w«) ; 

which is reduced to the form [7691], by re-substituting the value of m [76915]. 

* (3714) The revolution of the outer satellite of Saturn is completed in 79days,3296, 

[7669] ; therefore the mean value of the arc v, described in i Julian years, is 
365 2500 

v — i- 79 3296 • 4000000" == 18416830"i ; moreover, by using the values of K, p, 

q, b2 [7671, 7684, 7690], we get fJpZTpZTWp = 0,000051294 ; hence 

v.fp2 — q2—6+ = 944",7.i. Again, the same values of p, q, b2, give 

&2<7 a 
^pz-qz^p) = °>000554 5 also> = sin. 1°,9168 = sin.R; whence, 

(5 = tang.i5 = 0,015055 [7658i], and (3 + =0,015609 ; 

multiplying this by the radius in seconds, it becomes 9937",7 ; substituting these 

numerical values in [7691], we obtain, 

n = C +944",7 i — 9937",7.sin. 2. ( C +944",7i). 

To find C, we must put, as in [7691', 7692'], i—0, and 11= 37°,789; and then 

the equation [7692e] becomes, 

37°,789 = C—9937",7.sin.2C ; or C= 37°,789+9937",7.sin.2C. 

From this last expression we easily perceive that C must be nearly equal to 38°, and 

9937",7 .sin.2 C nearly equal to 9937",7.sin.76° = 9240" ; so that 

C = 37°,789 + 0°,924 = 38°,713 nearly; 

and by repeating the calculation with this new value, it becomes C = 38°,721. Hence 

the expression [7692e] becomes very nearly as in [7692]. 

vol. iv. 85 

[7691] 

[7691'] 

Motion of 
the node. 

[7692] 

[7692'] 

[7693] 

[7691g-] 

[7692a] 

[76926] 

[7692c] 

[7692d] 

[7692e] 

[7692/] 

[7692g-] 

[7692A] 

[7692i] 
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[7693'] 

[7694] 

[7695a] 

[7695&] 

[7695c] 

[7695d] 

[7695e] 

[7695/] 

[7695g-] 

[7695h] 

[7695i] 

[7695k] 

[7695Z ] 
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that the fixed plane, to which we have referred the orbit of the satellite, is 

the orbit of Saturn itself, we shall have* ®f = x, r= 0; and the preceding 

analysis will give, 

JFty 99 

* (3715) If we suppose the 

point K' in fig. 98, page 324, to 

fall in JY, or the point K to be 

200° distant from the point JY, the 

arc IK will coincide with the sun’s 

orbit JYIJY/, and we shall have the 

angle HK'l = angle JB.JYI, or 

w = X [7628e]. Moreover the 

expression of r = 200° — NK 

[7628d] becomes r = 200°-200°=0 

[7695a], as in [7694], corresponding 

to the annexed fig. 99. Substituting 

*=X, r = 0, in [7637,7637'], 

and dividing the last of these 

expressions by sin.X, we get 

[7695,7696] respectively ; which may be put under the following forms ; 

dX K 
^ = — yy • ^ A.sin.y.cos.y.sm.f- j ; 

dri rr . KC sin.y.cos.y > 
: A.COS.X  —T . < K. -;— - .COS.'1*'' > . 

K ( sm.X ) dv K 

Multiplying these equations by dv, integrating and neglecting the variations of the 

coefficients of dv, we get the following values of the variations of X, n, which we shall 

represent by <5X, <$n, respectively ; 

K' 
<5 X = ——. { ■^•sin.y.cos.y.sin.'*' ] .v ; 

r ( rr . K'r sin.y.cos.y 1 7 
on = < K.cos.X— — . \ K. —t-.cos.ÿ > .v, 

C K L sm.X J 3 

Substituting in these expressions the values K, X, y, y, v [7671,7685, 7686,7687,7692a], 

K' 
and retaining the factor —, they become, 

K' 
0\ = —140",03. — .i; 

A 
—ôn = £ —692",76+175",27. Jr |. * ; 

as in [7697, 7699] ; and by using the value of EL 
K 

0,4219 [7681], they become 

<5X= -59",074i, — <5ir= — 618",81.*, as in [7698, 7700]. 

Some objection having been made to the accuracy of the equation [7696], by M. Plana, 

in a paper published in the second volume of the Memoirs of the Astronomical Society of 

London, page 346, etc., another demonstration was given by La Place, in the Connaisance 
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d\ 

dv 
— —JY'.sin.y.cos.^.sin.'p ; 

d n 

dv 
K. cos. a—K'. 

sin.y.cos.7 

sin. A 
COS.-*-. 

[7695] 

[7696] 

des terns for the year 1829, page 248, by means of the formulas [5786A, i] ; which, by 

neglecting terms of the order e2, and dividing by ndt, become, 

dy'  a /dR\ dô' a /dR\ 

ndt sin./ ’ \d Ô'J ’ ndt sin.y ’ \dy'J ‘ 

As it will serve for an example for illustrating the use of these formulas, we shall here give 

the substance of his demonstration. In these formulas, y represents the inclination of the 

satellite’s disturbed orbit to the fixed plane, and Ô' the longitude of the ascending node of 

the same orbit upon the same plane, and counted from a fixed point in that plane, as the 

origin of the longitudes; as is evident from the definitions in [5786c—d\. Now if we 

neglect the secular motions of the equator and orbit of Saturn, taking the sun’s relative orbit 

about Saturn FJY1, fig. 99, page 338, for the fixed plane, and F for the fixed point, 

from which the longitudes are counted, we shall have, according to the notation which is 

used in [7695n], y' — angle UNI, arc FJV = Ô'. But we have supposed, in [7628c], 

that the angle HJYI = A ; hence y = A. Moreover, if we suppose the longitude of 

the ascending node of the equator upon the fixed plane to be represented by FI=(l, we 

shall have FN = FI—JVI— a—JVI. Now in fig. 99 we have supposed that the points 

K', N coincide, therefore Nl = K'l=u [7628c]; and by substituting the values of 

FN, NI [7695q,t\ in [7695s], we get Ô'— a.—n, whose differential is dô' — —du ; 

a being considered as a constant quantity, because the secular equations of the orbit are not 

here taken into consideration [7695p]. Substituting the values ÿ ==\ dô' = —du, 

[7695r, u] in [7695n], we obtain, 

d A 

ndt 

a /dR\ du 

ndt 

a / dR \ 

sin.A ‘ \du ) ’ ndt sin.A ' \d\ ) 

If we neglect the terms of R depending on the action of the interior satellites and rings, 

we may put B = 0 [7619] ; and then we shall have, in [7621], 

K = 
3S.a3 

4D3 5 os 

and the parts of R which are to be noticed are, that in [7587] depending on the sun’s 

action, and that in [7597] depending on the ellipticity of Saturn. After substituting [7596a] 

in [7587], and îeducing, we must neglect all the constant quantities because they produce 

nothing in [7695w] ; we must also neglect the terms containing Ü or its multiples, because 

these periodical quantities are not here noticed ; and if we also neglect the terms of the 

older s, we shall find that the only term of [7596a], which requires notice, is the square 

of the second term of the second member, namely, a2jD2.sin.2C7.cos.2A.sin.2u, which 

can be reduced to the form a2Zl2.cos.2A-[-&c., as is evident by substituting 

sin. £7 2 J-COS.2C7; sin.2z> = 2 — ^.cos.2w ; hence we get from the last term of 

[7695m] 

[7695m] 

[7695o] 

[7695p] 

[7695/ 

[7 695r] 

[7695/ 

[7695* ] 

[7695ft] 

[7695a] 

[7695w>] 

[7695ft] 

[7695/ 

[7695z] 

[7696a] 
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[7697] 

[7698] 

[7696&] 

[7696c] 

[7696d] 

[7696e] 

[7696/] 

[7696g-] 

[7696A] 

[7696t] 

[7696Æ] 

[7696Z] 

[7696m] 

[769671] 

[7696o] 

[7696p] 

[7696g] 

[7696r] 
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K' 
Substituting the preceding values of y, v and \ we find 140",03. —, for 

the annual decrease of x in 1787; which becomes —59",074, by adopting 

R [7587], the following expression, aR 
SS.a3 

"8W 
.cos.2X =— ^A.cos.2x [7695a?], 

a depending upon the sun’s action. Again, by substituting M = 1, B = 1, r 

[7602a], and K' [7695a?] in [7597], and neglecting, as in [7695y], the constant part, 

which produces nothing in [7695w], we get, in aR, the term aR = A'.v2. Substituting 

the value of v2 [7601], and neglecting the terms of the order s, then putting 

sin.2(v—y) =£—£.cos.2.(7?—•t), we get, by retaining as before only the terms which are 

independent of v—t, aR = IIP. sin.2 y = %K'—|2U.cos.2y. Adding this to the other 

term of aR [76966], and neglecting as above the constant term we finally obtain, 

aR = —| J5T.cos.2X—\ iU.cos.2/. 

Substituting [7696g] in the formulas [7695w], we get 

d\ K'.cos.y (d.cos./ 

ndt 

dn 

ndt 

In the spherical triangle JVHI, fig. 99, page 338, we have, by means of the formula 

[134522], the equation [7696Æ] ; which, by using the symbols [7628c—/], becomes as 

in [7696Z] ; ! 

cos NHI = sin. JYIH. sin. HNI.cos N1—cos.NlII.cos.TIN 1 ; 

sin.X 

K. cos.X- 

(d. cos.yN 

~dïT )’ dn 

K'.cos.y 

sin.X 

(d.cos.y\ 

~TT)' 

cos .y = sin.t^.sin.X.cos.n-j-cos.^.cos.X. 

Substituting the value of d.cos.y [7696?] in [76966,*], and putting ndt = dv, we get, 

— = — A'.cos.y.sin.Æsin.n : 
dv 1 

— = K.cos.X——:C0S/ . fsin.^.cos.X.cos.n—cos.Æsin.X]. 
dv sin. X 

Now if we suppose the perpendicular arc JVP to be let fall upon the arc HIP, so as to 

form the two rectangular spherical triangles JYPI, NPH, we shall have in the first 

triangle NPI, sm.NP == sm.JVIP.sm.Nl= sin.Æsin.n [134528] ; and in like manner 

in the second triangle NPH, sm.NP = sm.NH.sm.NHP = sincr.sin.y; hence we 

have sin.^.sin.n = sin.-'F.sin.y $ substituting this in [76967a], it becomes as in [7695]. 

If we now suppose the arc NP to be drawn perpendicular to I1N, so that the angle 

ioO°—X, we shall have, in the rectangular spherical triangle HNP, 

cos.NPI— sin.NHP.cos.NH = sin. y.cos.f [134532] ; and in the oblique spherical 

triangle NPI, we have cos.NPl=sm.NIP.sm.PNI.cos.NI-cos.NIP.cos.PNI [134522] ; 

or in symbols cos.NP I = sin.Æcos.X.cos.n—cos.Æsin.X. Putting these two expressions 

of cos.NPI equal to each other, we obtain sin.Æcos.X.eos.n—cos.«/2.sin.X=sin.y.cos.*- ; 

substituting this in [7696n], it becomes as in [7696]. Hence we see that the formulas 
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the preceding ratio of K' to K. Then we find, for the annual motion of 

the node upon the orbit, 

—692",76+175",27. ~ ; [7G95i] 

which gives —618",81 for this motion in the same hypothesis. The 

observations we now have are not sufficiently accurate to determine, by 

K' 
means of the preceding formula, the ratio of — ; they serve only to show 

that the motion of the node of the orbit, upon the orbit of the planet, is 

really retrograde. 

Kr 
The ratio ~, so far as it depends upon the action of the planet Saturn, 

as we have seen in [7681], is inversely proportional to the fifth power of the 

semi-axis of the orbit of the satellite,* or of its mean distance from Saturn. 

given by La Place, in [7695, 7696], agree with those which are deduced from [5786A, i\ ; 

and it will be found, upon examination, that M. Plana’s calculations lead to the same 

results, after correcting for two small mistakes in his calculation. Now without entering 

into a minute discussion and explanation of the method used by M. Plana, we shall merely 

observe, that he deduces his results from the formulas [13376], with the value of R [7597], 

and that of v or f* [12860], which is similar to [5344]. But in making the reductions in 

page 346, line 7, of his memoir, I have found that he accidentally omits a term, connected 

with the factor 1—f.sin.2w> ; the corrected value being l-|.sin.2«c-i.sin.2w;.cos.(2^-f-2^), 

according to his notation. This first mistake is not particularly noticed, either by La Place 

or M. Poisson, in their remarks on this subject, in the Connaisance des terns for the years 

1829, 1831. The second mistake of M. Plana was pointed out by M. Poisson, in the 

Connaisance des terns for the year 1831, page 38. It arises from M. Plana’s having 

neglected the effect of the reduction of the longitude of the satellite to the plane of the orbit 

of the planet ; and it is rather singular that this second mistake produces a correction in the 

same factor of exactly the same form and magnitude as the first ; so that the true value of 

this factor becomes, 

1—|.sin.aW7— £.sin.2w\cos.(2d-f2*), instead of 1—f.sin.2tt7. 

Finally we may remark, that the calculations of M. Poisson, in the Connaisance des terns 

for 1831, agree with those given by La Place in [7695, 7696], and also with those 

corrected formulas of M. Plana [7696w, &c.]. 

*(3716) We have, in [7631], = and as T, t [7670, 7676] 

ï jK7 1 

are the same for all the satellites, we shall have proportional to —. Now for the 
K 0,5 

outer satellite a = 59,154 [7676], and for the next inferior satellite a = 20,295 [7702] ; 

vol. iv. 86 

[7699] 

[7700] 

[7701] 

[7696s] 

[7696f] 

[7696w] 

[7696r] 

[7696to] 

[7696*] 

[76961/] 

[7701a] 
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[7702] 

[7703] 

[7704] 

[7705] 

[77016] 

[7701c] 

[7701(2] 

[7701e] 

[7705a] 

[77056] 

[7705c] 

[7705(2] 

[7705e] 

Therefore, for the sixth or the outer satellite except one, we must multiply 
A7 /59 154\5 . K' 

the preceding value of — by ( 20* *995 ) > t0 °^ta^n va^ue of 

corresponding to it. Hence we have, 

K 

K 
= 88,754 ; 

which gives, 

6 = 3088V 

Therefore the inclination of the intermediate plane [7625] to the equator 

of Saturn, is insensible to us ; and as the satellite will move very nearly 

upon this plane, if b be nothing or very small,* we see that Saturn’s 

therefore the value of — , corresponding to this inferior satellite, will be found by 
K 
jrt 

multiplying the value — = 0,4219.. [7681], corresponding to the outer satellite, by 

fbTTbÜl!') ’ and by this means it becomes as in [7703]. Substituting this in [7645/], also 

the values of cos.2./3 = |, sm.2A = £.\/3 [76826], we get, 

tang.24 = = 0,009703 = tang.6177"; 

hence 20 = 6177", or Ô = 3OSS'7, which differs a little from the calculation of the 

author, who gives in [7704] 6 = 2933",6, which we have altered to 3088/ ; the mark c 

being placed as usual to denote this alteration. 

* (3717) The angle formed by the fixed plane and the orbit of the satellite, is 

to=H£Z, fig. 97, page 324 [7628e], and we have 6 = v/p-?.cos.2n.sin.^ [7654]; 

hence if 6 = 0, we shall have to=0; and if 6 be small, we shall have to small; 

observing that for the inner satellites q is much smaller than p, as is evident from 

[7649,7650]. For in this case K is very small in comparison with K' [7703, &c.] ; 

therefore we have very nearly y/(K2-\-2KK'.cos.2^3-j-A72) = K'-\-K.cos.2.jI = K-\-^K 

[7701c]; substituting this in [7649,7650], we get q = ^K, p = whence 
jy- ^ ^ 

—- nearly ; and if we use the value of —, for the sixth satellite, given in [7703], 
p K' -**- 

it becomes — = ^77: nearly. This must be still further decreased for the innei satellites, 
p 710 J 

in the ratio mentioned in [7701] nearly. Hence we see that for these satellites if 6 be 

small, * will also be small [7654] ; therefore they must move very nearly upon their 

intermediate planes [7624, 7626], coinciding almost with the plane of the equator. 

If we neglect the forces arising from the action of the satellites and from the oblateness of 

Saturn, the expression of K' [7621, 7620, 7597] will vanish, and we shall get, from [7646], 
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action can retain this satellite in very nearly the same plane ; and much 

more so those satellites which are inferior to it, as well as the rings of Saturn. 

This is conformable to what we have demonstrated in [3689]. 

However, if the mass of the outer satellite be a two hundredth 'part of that 

of Saturn, the fixed plane, upon which the orbit of the next inner or sixth 

satellite moves, will be so much inclined to the plane of the ring that the 

satellite will vary from this last plane by a sensible quantity. To prove this, 

we shall observe that the fixed plane, upon which we suppose the orbit of 

the satellite to move, may be determined by supposing the satellite to move 

in that plane, and to be retained in it, by the mutual destruction of the 

forces which tend to draw it from the plane. To prove this we shall resume 

the expression of s [7623] ; 

s = jYy.sin.x.cos.x.cos.?;—AT'v.sin./.cos.y.cos.^—^). 

The fixed plane, upon which the orbit of the outer satellite moves, being 

inclined to the equator of Saturn by the angle ô [7625], if we suppose the 

orbit of the satellite to coincide with this plane, we shall have,45 

y = d, x — A—ô, -* *• = 0 ; 

[7705'] 

[7706] 

[7706'] 

[7707] 

[7707'] 

[7708] 

[7709] 

JL\- « OllXtivt/X _ ^ 

tang.20 = k~^s~2a ” tang-2^5 or Ô — A; hence it follows that the fixed plane IK, 

fig. 98, page 324, upon which the orbit of the satellite moves, will then be the orbit of 

Saturn; and it will have an annual retrograde motion of —692",’76 [7699], arising from 
K> 

the sun’s disturbing force. As increases, the fixed plane, which is determined by the 

[7705/] 

[7705g-] 

K' 
angle Ô [7646], approaches nearer to the equator ; and when — is very large, these two 

planes nearly coincide. Hence we see that the oblateness of Saturn, upon which K 

[7621] chiefly depends, keeps the orbits of the inner satellites and the rings nearly in the 

plane of the equator. 

[7705A] 

* (3718) In this case the arc NHK, fig. 98, page 324, must coincide with IK, and 

the points N, H, will fall in I; the angle NHI= N HK=-. y, will become equal to t7709al 

N1K=0; hence y — 6, as in the first of the equations [7709]. Moreover HNI—'K [77096] 

will become equal to KIN, —A—ô ; hence X = A—Ô, as in the second of the equations 

[7709]. Lastly, _/VI2 = y [7628c] will vanish, as in the third of the equations [7709]. 

Substituting these values of y, X, y [7709], in the expression of s [7707], it becomes as t7709cl 

in [7710]. Putting this value of s equal to nothing, and dividing by the common factor 

v.cos.v, we get the equation [7711] ; which is the same as that assumed in [7645] for the t77096?] 

determination of Ô. 
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[7710] 

[7711] 

[771 r] 

[7712] 

[7712'] 

[7713] 

[7714] 

therefore by substituting these values of y, x, * in [7707], we have, 

5 = î;.cos.?\{Af.sin.(L4—â).cos.(A—ô)—K'.sin.ô.cos.ê} ; 

s will therefore vanish, and the satellite will remain upon the fixed plane, 

if we have, 

Jf.sinfA—ô).cos.(A—ô) = AT'.sin.fhcos.d ; 

and this is the same as the equation [7645], which we have used in the 

determination of the inclination ô of the fixed plane to the equator. 

We shall now consider the sixth satellite, and shall suppose that a, v, s, 

ô, K, K', correspond to it; and that m1, <f, correspond to the seventh or 

outer satellite. We shall also put d for the inclination of the fixed plane 

of the seventh satellite to the equator ; and we shall suppose the two satellites, 

to move in their fixed planes. It is evident, by what has been said, that the 

action of the seventh satellite introduces, into the expression of s, the 

following term,* 

3 ni.cdd^ 

4.(a2+a/2)§ * 
v. sin. (f—è). cos. (f— ô). cos .v 

[7714a] 

[77146] 

[7714c] 

[7714d] 

[7714e] 

* (3719) In [7680', 7681] we have noticed only the chief terra of K', arising from 

the oblateness of Saturn, neglecting those depending on B [7621] ; and if we compare 

[7617, 7619], we get B = ————j : therefore K' [7621] must be increased by the 
J ° 2.(a2-j-a/2j2 

term 
3 m/.a3a/2 

4.(a2+a'2)i 
and this produces in s [7623 or 7707], the term, 

3 m'.cfia''2 

4.(a2+a'2)! ' 
v. sin.y.cos.y.cos.(tt—t). 

Now we may remark, that in [7603, &c.] the disturbing satellite rrl is supposed to move in 

the plane of the equator, and that y = NHI=N'HK', fig. 98, page 324, represents 

the angular inclination of the arc HK of the orbit of m, to the arc HIS' of the orbit 

of m ; but we have supposed, in [7713], that the orbits of the satellites m, rn, coincide 

with their fixed planes respectively ; and that these planes are inclined to the equator by 

the angles ô', Ô, respectively, passing through the node I. The difference of these angles 

6—Ô', represents the inclination of the orbit of m relative to that of m', so that we shall 

have y = 0—ô' [77145—cZJ. Substituting this in [77145], and putting also as in [7709] 

■"F = 0, it becomes, 

Sm'.a3a'2 

4.(a2_l_a'2)|‘ 
v. sin.(d—ô/).cos.(^—ô').cos.v, 

which is easily reduced to the form [7714]. 

[7714/] 
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3 m'.cfia!2 

hence we shall have,* 

s—v.cos.v. —0).cos.(«/Z—0)—iT.sm.0.cos.0-}- ^ ^â.sin.(^-—0).cos.(06—0) ^ ; [7715] 

and the fixed plane, relative to the sixth satellite, will therefore be 

determined by the equation, 
qwy a?a'2 

0 = K.sm.ÇA—â).cos.(A—0)—jSr\sin.0.cos.0-|- ' ywi .sin.(07—0).cos.(0'-0). [7715'] 
j— Ct J2 

From this we deduce,f 

taii£.20 = 

Ksm.2A + . 2 /2.-5.sin,20 
4.(a^-[-as)2 

T_ 3 m'.a3a'2 . 
K -\-K.COS.2A 4-- - ——. cos.20 

4.(a2-fa'2)| 

We have by observation, as in [7682, 7702, 7670, &c.], 

A = 33°,3333; a = 20,295; a' = 59,154 ; 

T = 15days,9453 ; T = 10759days,08 ; 

and by putting as in [7683, 7703, 7668], 

i = 24°,0083 ; A = 88,754 ; 

T2 „ 
3 _ _ f( • 
Ï* m/9 —“ 5 T'2 

we shall have,t 

[7716] 

[7717] 

[7718] 

[7719] 

* (3720) Connecting together the terms of s [7710, 7714], we obtain the expression 

[7715]. Putting this equal to nothing, and dividing by v.cos.v, we obtain the equation 

[7715'], which is similar to [7711]. Substituting the values [76456, fee.], namely, 

sin.0.cos.0 = J.sin.2d ; sin .(A—0).cos.(./3—-4) = %.s\n.(2A—'20) ; 

sin.(0'—0).cos.(0/—0) = J.sin.(2ô'—20) ; 

in [7715'], and then multiplying by 2, we get, 

0 = K. sin.(2.4—20)—JY.sin.20 -j- 
3 m'.cfia'Z 

4.(a2-|-a/2)| 
.sin. (20'—'20). 

[7715a] 

[77156] 

[7715c] 

f (3721) Developing sin.(2*7—20), sin.(20'—20), as in [76457]; substituting the 

results in [7715c], and arranging separately the terms depending on sin.20, cos.20, we get, 

f T7, , ,rr - 3m'.a3a'2 

IK +£c0S'M+4«^| -C0S-2 
\f v .sin.20 = < K.sm.2A-\- —- ' s.sin.20' £ .cos.20. 

) ( 4.(a34-a/2)2 S 

[7716a] 

[77166] 

Substituting sin.20 = cos.20.tang.20, then rejecting the common factor cos.20, and 

dividing by the coefficient of tang.20, we get [7716]. 

7)i! cfia'% T® 
Î (3722) Multiplying the expression [7719] by 6. —, we get, 

4)2 JL ^ 
[7720a] 

VOL* IV. 87 
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[7720] 

[7720'] 

[7721] 

[772F] 

[7722] 

[7722'] 

[7723] 

[7723'] 

[7720a'] 

[77206] 

[7720c] 

3m'.a3a'ü 

4.(a2+a'2)§ ' 

If we suppose m! — we shall obtain, 

6 = 10°,622. 

13921,21 .m!K. 

This inclination is too great to have escaped the notice of observers, who have 

not discovered any sensible deviation in the motion of the sixth satellite from 

the plane of the ring. We cannot therefore suppose m' to have a greater 

value than [7720'], and there is reason to believe that it is even less. 

This will appear very probable, when we consider that the mass of the 

greatest of Jupiter’s satellites [7162—7165], is not a ten thousandth part 

of that of the planet, and that the outer satellite of Saturn is seen, with 

difficulty, on account of its smallness. 

37. The fixed planes to which we have referred the orbits of the two outer 

satellites of Saturn, are analogous to those to which we have referred the orbits 

of the moon and the satellites of Jupiter in [5352, 6358]. These planes pass 

always through the nodes of the equator and the orbit of Saturn, between 

these two last planes ; the orbits of the satellites move upon them, retaining 

nearly a constant inclination, and their nodes have a retrograde and nearly 

uniform motion. But these planes are not rigorously fixed ; their positions 

vary by the motions of the equator and orbit of Saturn. We shall now 

determine these motions, and their influence upon the motions of the orbits 

of the satellites. We shall use the following symbols : 

3m'.a3a'2 C a3a'2 T'2 ) 

' 4.(a2+a'2)| = i (a2-(-a'2)!" ’ 

Substituting the values [7717] in the coefficient of m'K, in the second member of the 

preceding equation, we find it equal to 13921,21 ; hence this equation becomes as in 

o! 
[7720]. This calculation may be abridged by putting, for a moment, — = tang. C, or 

a! — a.tang. C ; whence —fa ; = ~ = tang.2 C. cos.5 C. Now substituting [7720] 
° (a24-a'2)| sec.5 C ° 

in [7716], and dividing the numerator and denominator of the second member by K, 

putting also sin.2A — cos.QA—^ [76825], we get, 

tang.24 = yf+13921,21„t'.sin.23' 

+1-1-13921,21 .m'.cos.2«' 

> Kf 
Lastly, putting m,1 = [7720'], and using the values of Ô', ~ [7718], we get 2Ô, 

and then Ô, as in [7721]. 
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ôj = the inclination of the equator of Saturn to a fixed plane, which is but 

very little inclined to the orbit of the planet ; 

= the distance of the descending node of the equator of Saturn upon this 

fixed plane, from a fixed axis, drawn from the centre of Saturn in the 

same plane ; the direction of this axis X being more advanced, 

according to the order of the signs, than that node ; 

nt = the angular rotatory motion of the planet Saturn about its axis ; 

A, B, C, are the momenta of inertia of the mass of Saturn, relative to the 

three principal axes. 

Then we shall have, as in [3040, 3041, &c.],* 

dô1 (A+B—2C) 

cb¥t 

dt 

. sin.di = 

%n,C 

(!2C—A—B) 

.P'; 

,P: 
dt ~ 1 2». C 

P and P' being determined by the equations [3016, 3017], 

P = . ^ (Y2—JZ’3).sin.é1.cos.d1 -f- YZ.(cos.2^—sin.2^) 

3 L 
P' . {JYY.sin.^+XZ.cos.^}. 

The symbols used in these equations are, 

L — the mass of the attracting body [2963] ; 

r — the distance of the attracting body from the centre of Saturn ; 

X, Y, Z, represent the three co-ordinates of the attracting body [3004, &c.] ; 

X, Y, being in the fixed plane, and the axis of X, where the origin of 

the angle is placed, is drawn from the centre of Saturn towards the 

descending node of the equator of Saturn. 

[7724] 

[7725] 

[7726] 

[7726q 

[7727] 

[7728] 

[7729] 

[7730] 

[7731] 

[7732] 

[7732'] 

* (3723) The notation which is used in [7724—7726, &c.], is similar to that in 

[3006a—6], corresponding to the earth. The inclination of the equator and orbit of the 

earth Ô [2907g or 167v], being changed into 01 [7724], for the equator and orbit of 

Saturn ; and v [2907e, &c. or 167v], for the earth, being changed into ÿ1 [7725] for 

Saturn. Then we have, in [3038, 3039], 2.&.cos.(i£-[-s) = P ; 2p.sin.(i£-j-s) = P'- 

Substituting these in [3040,3041], after accenting Ô, y, as in [77276, c], we get the 

expressions [7727, 7728]. The same changes being made in the values of P, P' 

[3016,3017], we obtain [7729,7730] ; observing that r/ [2965] is changed into r [7732], 

being the distance from the attracting to the attracted body. Moreover the co-ordinates 

X, Y, Z [3004—3005], correspond to the similar symbols [7732'] ; observing that the 

moveable vernal equinox [3004] corresponds to the descending node of the equator [7732']. 

[7727a] 

[77276] 

[7727c ] 

[7727c?] 

[7727e] 

[7727/] 

[7727g-] 
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We shall also put,* 

[7733] x = the inclination of the orbit of the attracting body L to the fixed plane ; 

[7734] A = the longitude of the ascending node of the orbit of the attracting body 

L, upon the fixed plane, counted from the descending node of Saturn’s 

equator, or axis of X; 

[7735] v — the angular distance of the attracting body L, from its ascending 

node [7734]; 

[7736] X', Y', Z\ are the co-ordinates of the attracting body L, referred to an 

axis X', which is drawn from the centre of Saturn to the ascending 

node of that body [7734], and to two other axes perpendicular to it; 

the axis Y1 being in the fixed plane, and the axis Z' perpendicular to 

the same plane. 

Then we shall have, f 

[7737] X' = r.cos.45 ; 

[7738] Y' = r.cos. x .sin.r ; 

[7739] Z’ — r.sm.T-.sm.r. 

[7733a] 
* (3724) For illustration we may refer to the annexed figure 100, where is 

the fixed plane ; C the centre of Saturn, or the origin of the co-ordinates ; C°f the line 

fflcf.d.00. 
€/f 
/ 

W\\ 

drawn from C towards the descending node 

[77336 ] 0j- Saturn’s equator upon the fixed plane, 

corresponding to the vernal equinox in the 

theory of the earth’s motion ; L the place of 

the attracting satellite. Then the angle 

LQ,JY/='k [7733] ; the angle C Q, — A 

[7733c] [7734]; the angle ^ CL = v [7735] ; C°f 

is the axis of X ; that of Y is perpendicular 

to it in the fixed plane ; that of Z is 

perpendicular to the fixed plane. Cq, is the 

[7733d] axis of X, in the fixed plane ; the axis of Y is in the same plane, and perpendicular to 

CQ, ; the axis of Z' is the same as that of Z. 

[7737a] 

[77376] 

[7737c] 

[7737c?] 

f (3725) From the place of the attracting satellite L, fig. 100, draw LI perpendicular 

to the axis of X', or Cq ; then we have Cl= CL.cos.LCq, , or X' = r.cos.v, as 

in [7737]; also Ll=CL.s\n.LCQ, =r.s\n.v. Now the line LI is inclined to the fixed 

plane by the angle X [7733] ; therefore its projection on the fixed plane, or Y', is 

Y' = Ll.cos.’k = r.cos.X.siivy [7738] ; moreover the distance Z\ of the point L from the 

fixed plane, is Z' — Ll.sm.'k =r.sin.X.sin.t>, as in [7739]. 
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Then we shall have, * 

X = X'.cos.a—Y.sin.A ; [7740] 

Y = X/.sin.A+ Y'.cos.a ; [7741] 

Z=Z'. [7741'] 

Therefore, 

X — r.cos.a.cos.î;—r.cos.x.sin.A.sin.?; ; [7742] 

Y = r.sin.A.cos.'y + ^.cos.x.cos.A.sin.t; ; [7743] 

Z = r.sin.x.sin.'y. [7744] 

If we neglect the periodical terms depending on the angle v, we shall have,f 

# (3726) In figure 101, U is the projection of the place of the attracting satellite L, 

upon the fixed plane; so that Cl=X', IU =Y' ; also CB=X, BL==Y, and 

the angle A Cl—a. Now draw l A parallel to L'B, and ID parallel and equal 

to AB, then we have CB = CA —Dl} 

BL' —Al-\-DL'. But in the rectangular 

triangle CAl, having Cl = X', and the angle 

ACl = a, we get, 

CA = X'. cos.a, Al = X'.sin.A ; 

moreover, in the rectangular triangle L'Dl, we 

have L'l — Y', and the angle DL'1=a‘, 

therefore DU = Y.cos.a, Dl=Y'. sin.A. 

Substituting these expressions in the values of 

CB = X, BL' = Y [77406], we get [7740,7741] ; lastly we have, as in [7733é7], 

Z— Z' [7741/]- If we now substitute the values of X', Y', Z' [7737—7739], in those 

of X, Y, Z [7740—7741'], we shall get [7742—7744]. 

[7740a] 

[77406 ] 

[7740c] 

[7740i] 

[7740e] 

[7740/] 

f (3727) If we retain only the terms which are independent of v, we shall have? 

by [1, 6, 31] Int., 

sin.2v = £, cos.2v=|, sin.'y.cos.v = |.sin.2u = 0. [7745a] 

Substituting the values of X, Y, Z [7742—7744], in the first members of [77456—/], 

and using the expressions [7745a], we get the first forms of their second members, which 

are afterwards reduced ; 

Y2 = J r2. [ sin.2A-f-cos.2X.cos.2A ] = £ r2. [sin.3a-)-( 1-sin.2X).cos.'3a £ 

= |r2.[(sin.2A-j-cos.2A) —sin.2X.cos.2A] = §r2.{1 —sin.2X,cos.2a} ; [77456] 

Z2 = iJrr2. sin.2X ; [7745c] 

XY = £r2.(l—cos.2X).sin.A.cos.A = |r2.sin.2X.sin.A.cos.A ; [7745cfj 

XZ = —\ r2.sin.X.cos.X.sin.A ; [7745e ] 

YZ = ^ r2.sin.X.cos.X.cos.A. [7745/] 

The expressions [7745^—/] are the same as those in [7746, 7747, 7748]. Subtracting 

[7745c] from [77456], and substituting 1—sin.2X = cos.2X, we get [7745]. 
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[7745] 

[7746] 

[7747] 

[7748] 

[7749] 

[7750] 

[7751] 

[7752] 

[7752'] 

[7749a] 

[7751a] 

[77516] 

[7751c] 

[7753a] 

[77536] 

Y2—Z2 = Jr2.{cos.2x—sin.2x.cos.2A} ; 

XY = Jr2. sin.2x.sin.A.cos.A ; 

XZ = —Jrhsin.x.cos.x.sin.A ; 

YZ = |r2.sin.x.cos.x.cos.A. 

Hence we obtain,* 

dôt 

~dt 

(A+B—2C) 

C 

3 

4 n ' 
— . \sin.^.sin^x.sin.A.cos.A—cos.^.sin.x.cos.x.sin.A} ; 
^’«3 I 

d*t . _(2C—A—B) 3 L C sin.Vcos.VCcos^x—sin.2x.cos.2A] > 

dt ’1 0 ' 4n r3 ^_j_[cos.241—sin.2 <h].sin.x.cos. x.cos. a ) 

From these expressions it follows, in the first place, that the satellites, 

whose orbits are situated in the plane of the equator of Saturn, have not any 

dô d^ 
sensible influence upon the values of -, because with those bodies 

we havef x = d1? and a =200°, which make these values vanish. The 

rings may be considered as the aggregate of an infinite number of satellites, 

and being situated in the plane of the equator, they can have no influence on 

its motions. The equator of Saturn cannot therefore be moved, in a sensible 

manner, except by the action of the sun, and by that of the outer satellite. 

Relative to this satellite we have in 1787, by taking the orbit of Saturn at 

that epoch for the fixed plane, Î 

* (3728) Substituting the values [7745—7748] in the expressions of P, P' 

[7729, 7730], and then the results in [7727, 7728], we get [7749, 7750] respectively, 

without any reductions. 

f (3729) If the orbit of the satellite JYHK, fig. 98, page 324, coincide with the 

plane of the equator IHJY', we shall have the angle HJYI= X, nearly equal to J7IJV) 

or 6r [7724] ; so that in this case we have very nearly \ = 01, as in [7751]. Moreover 

the point I of this figure is the ascending node of Saturn’s equator, and the ascending node 

of the satellite’s orbit; therefore we have, from [7734], a = 200°, as in [7751]. Hence 

we have sin.A=0, cos.a = —1, X = $1; and by substituting them in the expiessions 

[7749,7750], they become equal to nothing, as in [7751]. 

J (3730) The expression of X [7753] is the same as in [7685]. The symbol A 

[7638] is nearly the same as 01 [7724] ; hence we have in [7682] the same value of ^ 

as in [7755]. Lastly, we have in [7687c] the arc iVJ=24°,926, whose supplement 

175°,074 represents the longitude of the point JV, or the ascending node of the orbit of 

the attracting satellite, counted from the descending node of the equator of Saturn in its 

orbit, being the same as a [7734]. This agrees nearly with [7754]. 
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Then we have,* 

x = 25°,222 ; 

a =175°,134; 

ê1 = 33°,333, 

= L.m?; 

mt being, in this case, the mean motion of the satellite, and L its mass, 
2 (j_2I_ 

that of Saturn being taken for unity. The value of -—-is unknown ; 
O 

we shall suppose, as in [6914], that it is, to the corresponding value for the 

earth, as the ratio of the centrifugal force to gravity, at the surface of the 

equator of Saturn, is to the similar ratio relative to the earth.f Then we 

shall suppose that we have for the earth, as in [6917, 6918, 69186], 

2C—A—B 0,00519323 
S.(l+e) = 2,566; 

C I-fg.o;748493 

and as wTe have by what precedes, for Saturn, 

cp = 0,16597 ; [7677] 

and for the earth, <p = [7679] ; we shall have for Saturn, 

2C—A—B 

= 0,00582385 ; 

C 
= 0,00582385X289X0,16597 =0,27934. 

Thus we find, for the annual variation *lf the following expression ;î 

F, 

dt 
-* 1 = 6195". L. 

* (3731) The equation [7756], divided by />, gives = and this is similar to 

1 
— = w2 [6110], relative to Jupiter; a being the mean value of r [6021c], corresponding 

to [7732] ; and n [6022f\ corresponds to m [7756']. 

f (3732) We have for the earth, as in [69186], -——-if—— = 0,00582385 ; and in 

[7679] the centrifugal force of the earth cp — ^. Now the centrifugal force of 

the earth is to that of Saturn 0,16597 [7677], as the preceding value 0,00582385, 

relative to the earth, is to the corresponding value relative to Saturn [7760] ; upon the 

principles assumed in [7756"]. 

Î (3733) The time of the revolution of the outer satellite, T=79dayg,3296 [7669], 

365 2500 
gives for its annual motion [7756'], m = —. 400° = 1841°,68. The symbol n 

351 

[7753] 

[7754] 

[7755] 

[7756] 

[77563 

[77563 

[7757] 

[7758] 

[7759] 

[7760] 

[7761] 

[7756a] 

[7757a] 

[77576] 

[7761a] 
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[7769] 

[7763] 

[77616] 

[7761c] 

[7761/] 

[7761e] 

[7761/] 

[776%] 

[7761/t] 

[7763ft] 

[77636] 

[7763c] 

[7763/! 

We have seen, in [7722], that L is less than ; therefore is, at the 

most, 31" ; and there is every reason to believe that it is much less, and 

that it does not exceed two or three centesimal seconds. 

The value of —x, arising from the sun’s action, is very nearly equal to 
CLu 

0",878 ; * * consequently it is insensible. 

[3015] represents, in the present case, the annual angular rotatory motion of 

its axis ; which, by using the value tf=0days,428 [7676], becomes, 

365,950 

71 ~~ 0,428 
400° = 341355°. 

Saturn about 

Substituting these values and that of [7756], in the first member of [7761/], and then 

making successive reductions, using [7760], we get, 

(2 C-A-B) 3 L 

C ' 4 n * r3 

[2C—A~~B). 3 .L _ 208n/ Lm 

C 4 n 

The value of / = 33/333 [7755], gives sin./ = £, cos./=|.v/3 > hence 

sin./.cos./ =Tp/3, cos.2/—sin.2/ = |; substituting these quantities and the last 

expression of [7761/], in [7750], then multiplying the result by 2, we get [7761/']. The 

three terms of this formula are computed as in [776%], using the values of X, a 

[7753, 7754] ; and the final result is as in [7761] ; 

~ =20817". L.{|.\/3.[cos.2 X—sin.2X.cos.9A]+sin.X.cos.X.cos.A] 
CbJr 

= L. {15343"—2296"—6852"] = 6195". L. 

If we put L = in [7761], it becomes —- = 30",97 ; and as we have seen, in [7722], 

(L'i' 
that L<%thr, the expression of must be less than 31", as in [7762]. 

* (3734) If the attracting body be supposed to be the sun, moving in its relative orbit, 

the angle of inclination KJVI= X, fig. 98, page 324, will become X = 0. Substituting 

this in [7750], and then dividing by sin./, we get, 

*Pi &C-A-B) 3 L 

dt C 4n r3 1 

In this case L represents the sun’s mass, and r the distance of Saturn from the sun ; so 

that if we put M!t for the mean motion of Saturn about the sun, we shall have, in hke 

manner as in [6105], ~ = M,z. The value of Mf is easily deduced from the expression, 

365 25 
of T [7670], which gives M! = .4000000" = 135792" ; hence 

— .— jjf'2 — (135792")9. Substituting this, with the values of n, / [7761c, 7755], and [7763e] 



VIII. xvii. § 37.] THEORY OF THE OUTER SATELLITE. 353 

Hence it follows that the motion of the equator of Saturn upon the orbit 

of this planet, is much slower than that of the orbit of the outer or seventh 

satellite ,* * and it is easy to prove, by the formulas of the second and seventh 

books, that the motion of Saturn’s orbit, referred to the equator of this 

planet, is also much less than that of the orbit of the outer satellite.* This 

being supposed, we shall resume the equation [7653], 

dzs. cos.ot qdU. sin.2n 

sin.w jp—g.cos.2n * 

This equation gives, by neglecting the square of q, f 

Qd'r * 

the factor [7757a], in [77636], it becomes —-=0",98, which differs a little from the 
civ 

calculation of the author in [7763], but is, like his result, insensible ; being much less than 

the quantity 6195". L [7761], corresponding to the satellite, as is observed in [7764]. 

* (3735) The motion of the node of any satellite, arising from the sun’s disturbing force, 

is easily deduced from that of the moon § m?.v [48006], by merely taking the symbols to 

correspond to the proposed planet and satellite. In other words, we must suppose, as in 

[5117a], that v represents the mean motion of the satellite, and mv the mean motion of 

the planet, so that m represents the ratio of the mean angular motion of the satellite, in 

comparison with that of the planet. Then the motion of the node of the satellite, arising 

from the sun’s action, will be as above f m2. v. In this case we have m — — , consequently 

|m2 = f. — =K [7668]; hence the motion of the node is represented by 

Kv = 0,0000407739.v [7671]. Substituting, for v, the annual motion of the satellite 

18416800" [7761a], we find that the annual motion of the node becomes 751". This 

quantity is much greater than the annual motion of the node of Saturn’s orbit ~- 
dt 

[4518 line 3], which is about —9s, or —27"; agreeing with what is stated in [7765]. 
d^ dô 

What is here said relative to is also true for —, as is evident from the comparison 

of the formulas [7749, 7750], and the similar ones relative to the other bodies in 

[4518, &c.]. 

f (3736) If we neglect terms of the order q2, we may change the divisor p—^.cos.2n, 

in the second member of [7766], into p; then putting cfo.cos.w == c/.sin.tf, 

<?ri.sin.2n =—|.cLcos.2n, we find that [7766] may be put under the form 

^'Sinir = £• "• d.cos.2n ; and its integral is, 
sm.-cJ p 7 os 

[7764] 

[7765] 

[7766] 

[7763/] 

[7765a] 

[77656] 

[7765c] 

[7765c?] 

[7765c] 

[7765/] 

[7766a] 

[77666] 
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[7767] 

[7768] 

[7769] 

[7770] 

[7766c] 

[7766d] 

[7766e] 

[7769a] 

[7769&] 

[7769c] 

[7769rf] 

[7769e] 

[7770a] 

sin.^ = b. < 14- — .cos.2n—-i./.cos.2n.^. — 
l 1 2p 2J p 

b being an arbitrary constant quantity. Thus, by neglecting the periodical 

quantities depending on the angle 2n, we shall find that the inclination ns 

of the orbit of the outer satellite, upon the intermediate plane between the orbit 

and equator of Saturn, remains always the same,* * notwithstanding the 

variations of this plane. This is conformable to what we have found for the 

moon, in [4803]. Saturn’s equator carries with it, m its motion, the 

intermediate plane and the orbit of the satellite, which preserves always, upon this 

plane, the same mean inclination; loith a retrograde and nearly uniform motion,f 

log.sin.'tf—log.5 == ~ .cos.2ri—^^J.cos.2u.d. ; 

as we may easily perceive by taking its differential ; b being an arbitrary constant quantity. 

If we neglect terms of the order q2, in the second member of this equation, it may be 

reduced to the form [7766rf], as is evident from [58] Int. ; 

log.sin.trt—log.6 = log. ^ 1-j- ~. cos.2n—jL^cos.2n.d. ~ ^ . 

Reducing this equation to natural numbers, we get, 

sin.-ra , , q f* „ , q 
—v— = 14- A-. cos.2n—b. /. cos.2n.rf. — ; 

b ‘2p V P 

and by multiplying by b, we obtain [7767]. 

* (3737) From what is said in [7764—7766], it follows that the angle JYKI, fig. 98, 

page 324, and the point K, vary with much greater rapidity than the angle HINt and 

the point J; or, in other words, the variation of the angle ns is much greater than that of 

A, and the variation of the longitude n, is much greater than that of the equinox I. 

Now as the symbols K, K' [7621] are nearly constant, the values of q, p [7649,7650] 

will vary only in consequence of the slow variations of the angle A ; and as the variations 

of the angle 2rr are much more rapid than those of A, we may consider ^ as nearly 

constant, during a revolution of the angle 2n ; and the mean value of sin.-tf, during this 

time, will be nearly equal to b ; so that the mean value of ns will be nearly constant. 

Thus, notwithstanding the variations which the changes in the value of the angle A 

produce in the value of Ô, and therefore also in the situation of the plane IK, yet the 

angle ns=NKI, or the inclination of the satellite’s orbit to the intermediate plane IK, 

will be very nearly constant ; but liable to small periodical inequalities. 

f (3738) We have seen in [7769a, Ssc.] that the motion of the node K, fig. 98, page 

324, is much more rapid than that of the equinox J; and if we neglect the motion of I, 

we shall find that the motion of K is measured by the variations of IK = 200°—n 
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varying however a little on account of the variations of the respective 

inclinations of the equator and the orbit of Saturn, 
[7770'] 

[7628c], so that d.IK=—du. Substituting this in [7652], we get, 

d.IK . 
— —‘p.cos.ztf-q.cos.-tt.cos.In ; 

and as q is much smaller than p [7649, 7650, 7684], we have very nearly, 

d.IK 
~dv~ — ~P’C0S‘^) 

so that the variation of IK is very nearly proportional to —p.cos.vj. Now as vs [7769] 

is nearly constant, and p [7650] varies only in consequence of the slow variations of A, 

the motion must be very nearly uniform ; and as the sign is negative it must be retrograde, 

as in [7770]. The variations of this motion depend on those of A, the angle of inclination 

of the equator to the orbit of Saturn, as is observed in [7770']. 

[7770b] 

[7770c] 

[7770cfj 

V 
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CHAPTER XV1ÏI. 

ON THE SATELLITES OF URANUS. 

[7771] 

[7772] 

[7773] 

[7774] 

[7775] 

[7776] 

[7777] 

[7778] 

[7779] 

38. With respect to the satellites of Uranus, we have still less 

information than on those of Saturn. Herschel is the only person who has 

particularly observed them ; and it follows, from his observations, that they all 

move in nearly the same plane, which is almost perpendicular to that of the 

orbit of the planet ; it is therefore the only phenomenon which we have to 

explain. 

If we apply to these bodies the formulas of the preceding chapter, we 

shall see that the action of the planet alone is not sufficient to maintain the 

orbit of the outer satellite in the plane of the other orbits. We do not know 

the time of the rotation of Uranus, but it is not probably much less than that 

of Jupiter or Saturn. If we suppose it to be the same as that of Saturn, we 

shall have, as in [7681], 

K' = K. 
162 T'2 

835 " tfKa5 * 

We have, in this case, Tr — 30689days, and according to Herschel, 

a j= 91,008 ; hence we deduce,* 

K' = 0,39824 .K. 

The plane of the equator of Uranus is supposed to be very nearly 

perpendicular to its orbit, and as A denotes the inclination of these planes 

to each other [7638], we shall put A'— *—A; « being the 

semi-circumference, whose radius is unity; so that A' will be a very small 

angle. Then if we put = Mir—6 in the equation [7646], namely, 

* (3739) Using the values [7775] and that of t [7676], we find that the value of K' 

[7774] becomes as in [7776]. 
[7776a] 
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tang.2d = 
K.sm.2A 

K'+K*o$.2A ’ 

we shall get, very nearly, % 

KA' 
or ô'—A' = 

K'A' 

K—K' ’ ~ “ K—K' 

Now A—ô [7628/"], or H—Af, being the inclination of the plane, upon 

which the orbit of the satellite moves, to the orbit of the planet, this 

inclination will be,f 

K'A' 0,39824 
A—ô .A' = 0,6618.A'; 

K—K 0,60176 

therefore it will be very small, if we notice only the action of the sun 

and Uranus. The fixed plane will then coincide very nearly with the orbit 

of the planet, and the outer satellite will finally cease to move in the plane 

of the equator of Uranus, in which the orbits of the other satellites are 

supposed to be situated. But the outer satellite may be retained, in the 

plane of the equator, by the action of the inferior satellites. To prove this, 

we shall observe that, if we put a for the ratio of the radius of the outermost 

satellite but one m', to that of the outermost satellite m, the value of K' 

[7621] will be increased, by the action of the inferior satellite m', by the 

quantity m! being the mass of the inferior satellite, in parts of 

* (3740) Substituting the values [7777, 7779] in [7780], we get, 

/ jRT.sin.fsr—2A') 
tang •(«—8«)=f+£l0,,(,^)- 

Now as Ô', A', are very small, we have very nearly, 

tang.(tf—2ô') =—2d'; sin.(tf—2A') = 2A'm, cos.(tf—2A') — —I. 

Substituting these expressions in [7781a], we get —2^ — 
K.2A' 

k'~k; dividins k by 

we obtain è' [7781] ; and by subtracting A', we get Of-—A' [7781]. 

-2, 

t (3741) Subtracting the value of A' [7777] from that of ô' [7779], gives 

A—Ô — Ô'—A' ; and by using the value of Ô'—A' [7781], we get the first expression in 

[7783]. The second and third forms in [7783], are deduced from the first, by the 

substitution of the value of K' [7776]. 

% (3742) The angle y [7599] represents, in the present case, the inclination of the 

primitive orbit of the outer satellite to the plane of the equator of Uranus ; and if we neglect 

y2 on account of its smallness, we may put cos.y= 1 ; hence the coefficient of —2aa’, 

in the denominator of [7615], becomes, 
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[7780] 

[7781] 

[7782] 

[7783] 

[7784] 

[7785] 

[7786] 

[7781a] 

[77816] 

[7781c] 

[7783a] 

[7785a] 

[77856] 
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[7787] 

[7788] 

that of Uranus, taken for unity ; and 6(31} being determined by the formulas 

of § 49, Book II. According to HerschePs observations, we have very 

nearly a — i ; hence we have nearly,* 

ft? 
31 

12’ 

[7785c] 

[7785c?] 

[7785e] 

[7785/] 

[7785g] 

[77856] 

[7785Î] 

[77856] 

[7785?] 

[7785m] 

[7785m] 

cos.(w—Y).cos.î/-{-sin.(v—Y).sin.i/ = cos.(a—v'—y) [24] Int. 

In the present notation a corresponds to the outer satellite, and a! to the next interior 

satellite, so that a a', which is the reverse of what is supposed in [6304] ; so that this 

Cl 
formula now becomes a= —, as in [7785]. Substituting the values [77856, c] in 

a 

[7615], then dividing the numerator and denominator of the second member by a3, using 

a [7785e], we get the expression [7785/] ; and by developing the denominator, as in 

[1005], it becomes as in [7785g]. 

/dR\ m'.cJLsin.y.sin.?/ 

\ds ) £l—2a.cos.(c—v'—Y)-[-a* 2]§ 

= — m'.a.sin. y. sin.?/. {ÿ6/ 6/. cos.(a-V-Y)-f-&£C. ]. 
2 2 

The only term of this last expression, producing the angle v—y, which is retained in 

[7619], is that depending on 6/ ; observing that the factor sin.v'.cos.(a—v'—y), in this 

term, produces the quantity l.sin.(a—y) ; hence the expression [7785g] contains the 

following term ; 

a. (~r) =—\.m'. a/^Msin./.sin/a—y). 
\ds / 2 

Putting this equal to the assumed value in [7619], we obtain, 

—B .sin.y.cos.y.sin. (v—y) = —f .W. a.6/. $ln.y.sin.(a—y). 
2 

Dividing this equation by —2.sin.y.sin.(a—y), and then putting cos.7 = l [77856], we 

get the value of \B, which represents the increment of K' [7621], arising from the action 

of the inner satellite m! upon the outer satellite m ; namely, 

%B = J.m'.a.6/ = increment of K'. 
2 

This differs from the result given by the author in the original work in [7786], namely, 

increment of K' = We have given the corrected values in [7786, &c.]. 
2 

[7788a] 

* (3743) Substituting the value of 6/ [989] in 6/ [992], we get, 
2 2 

6?> 
2 

3ct ► C 1*1 2 o 
= -. < 1  —.08—&LC. 

(1—a2)2 | 2.4 

If we retain only the first two terms of the series, and put a = | [7787], we get 

&/ = —, as in [7788]; hence the corresponding increment of K' [7785m] becomes 
[77886] 
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31. m' 
therefore the value of K' is increased by the quantity - ■ * -. If we suppose 

î/O 

31.ro' Cj A Tib 

K = ? we shall have K for the increment of K' ; and by adding this 

to the part in [7776], we get 

consequently,* 

K' — 1,39824. AT; 

0,39824 ' 

therefore the inclination of the orbit of the outermost satellite to the equator 

of Uranus, will be very small. 

The duration of the sidéral revolution of this satellite, is 107tlays,6944 ; 

hence we have, for Uranus, f K = 0,000009235987 ; which, by supposing 

31.ro' _ 

96 = ’ 

-gg - J as in [7789] ; observing that in the original work it is given , in consequence 

of the mistake mentioned in [7785n]. This quantity being supposed equal to K, 

as in [7789'], we find, in the subsequent part of the calculation [7792], that this renders the 

inclination of the orbit of the outer satellite to the equator of Saturn very small, and the 

probability of this assumed value is examined in [7796, &c.]. 

*(3744) We have, in [7777], 2A — k—2A' ; whence sin.2^ — sm.2Ar = 2A' 

nearly ; also cos.2^ = —1 nearly. Substituting these values and that of K' [7790] in 

[7780], then dividing the numerator and denominator of the second member by K, we get 
K.QA' g ji> 

tang.2$ = ^_g. — • Now as A' is very small [7778], we can satisfy this equation 

g j^r 

by supposing 26 to be very small, and equal to -gog ■ ; whence we get the value of 6 

[7791], and as this is small, we may infer, as we have done in [7705a, &c.] for Saturn’s 

satellites, that the inclination of the orbit of the outermost satellite to the equator of Uranus, 

is small [7792]. 

rp2 

1 (3745) We have in [7668] — ; substituting T= 107days,6944 [7793], 

T = 30689days [7775], we get K— 0,0000092359.. [7794]; putting this equal to the 

assumed expression of K [7789], we get m! = — X 0,0000092359 = 0,0000286 ; being 

about half the quantity given by the author in the original work [7796], where he puts 

m — 0,0000572035 ; which we have decreased, by correcting for the error mentioned in 

[7789] 

[7789'] 

[7790] 

[7791] 

[7792] 

[7793] 

[7794] 

[7795] 

[7788c] 

[7788d] 

[7791a] 

[77916] 

[7791c ] 

[7795a] 

[77956] 

[7795c] 
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[7796] 

[7797] 

[7798] 

[7799] 

[77990 

[7795c?] 

[7799a] 

[77996] 

[7799c] 

gives, 

m' — 0,0000286c. 

Now this mass of the satellite, and even a greater mass, can be supposed 

probable [7795^] ; therefore the orbit of the outer satellite may be retained 

in the plane of the equator of the planet, by the action of the inferior 

satellites. As to the orbits of the other satellites, the action alone of Uranus 

suffices to maintain them in the plane of the equator of this planet. For the 

ratio of K' to K varies reciprocally as the fifth power of the radius of the 

orbit [7701] ; and it is, for the outermost satellite but one, thirty-two times 

greater than that relative to the outermost satellite ; * * so that we then have, 

K' = 12,74368. AT; 

which gives, 

6 = 
A' 

11,74368’ 

thus ô is very small and insensible. 

[7785n, &c.]. This decrease of the mass serves to confirm the reasoning in [7797, &c.], 

namely, that the mass w! [7796] is not greater than may be supposed probable ; observing 

that it is nearly of the same order relative to the mass of Saturn, as the masses of Jupiter’s 

satellites [7162, &c.] are relative to that of Jupiter. 

* (3746) The ratio of the radii being £ [7787], that of the values of K' [7774] will 

be inversely as (i)5, or directly as 32 to 1, as is shown in [7701,7701a]. Therefore if 

we multiply the expression of K! [7776], corresponding to the outer satellite, by 32, we 

shall get the value of K' [7776], corresponding to the interior satellite, namely, 

A' = 32X0,39824.Ær= 12,74368.A, as in [7799]. Substituting this in tang.2d= ^—— 

[77915], it becomes tang.2fl = j—; whence we easily deduce the value of Ô [7799']. 



NINTH BOOK. 

THEORY OF COMETS. 

The greatness of the excentricities of the orbits of the comets, and of their 

inclinations to the ecliptic, do not permit us to apply, to the perturbâtions 

of these bodies, the formulas which are used for the planets, in the second 

and sixth books. It is impossible, in the present state of analysis, to express 

the perturbations of the comets by analytical formulas, which include, like 

those of the planets, an indefinite number of revolutions ; we can only 

determine them by parts, and by means of mechanical quadratures. The 

method of Chapter VIII. Book II. is peculiarly appropriate to this object, 

because it gives, by simple quadratures, the variations in each element of 

the orbit, supposing it to be a variable ellipsis. Then to obtain, at any 

instant, the situation of the comet, it is only necessary to substitute, in the 

usual formulas of the elliptical motion, the elements augmented by these 

variations. We shall now proceed to develop this method, so that those 

who wish to apply it to the motion of a comet will find no other difficulty 

than what arises from the great labor of the numerical process. 

CHAPTER I. 

GENERAL THEORY OF THE PERTURBATIONS OF COMETS. 

1. We shall suppose, as in [916', &c.], that 

x, y, 2, represent the rectangular co-ordinates of the comet m, referred to 

the sun’s centre as their origin ; 

x\ y\ z', the rectangular co-ordinates of the disturbing planet m', referred 

to the same origin ; 
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[7800] 

[7801] 

[7801'] 
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[7802] 

R 

[7803] 

[7804] 

[7805] 

Funda¬ 
mental 

[7806] 
equations. 

First form. 

[7807] 

[7807'] 

[7808] 

Symbols 

ÔX, dy, 
5z. 

[7809] 

[7802a] 

[78026] 

[7810a] 

[78106] 

[7810c] 

[7810c?] 

[7810e] 

[7810/] 

PERTURBATIONS OF A COMET, [Méc. Cél. 

and we shall have* as in [913, 914, &c.],* 

jy m!. {xx'--]-yy'-\-zz') mf 

r, r', being the radii vector es of m, m'. We shall also suppose the sun’s 

7nass equal to unity, so that f*= 1-j-m [914']. We then have, as in [915], 

ddz p.z f dR\ 

In the case of R — 0, these equations correspond to an elliptical orbitf as we 

have seen in the second book [545—555', &c.] ; and as the value of R is 

very small, wTe may put ôx, Sy, 5z, for the alterations it produces in the 

values of x, y, z, corresponding to the elliptical orbit, neglecting the squares 

and products of those quantities. Then the three equations [7805—'7807] 

can be reduced to the following forms ; 

* (3747) The expression of R [7802] is the same as that in [913, 914], or in [949], 

retaining only the two bodies m, m! ; whose radii vectores are r, /, respectively [914']. 

Moreover wTe have, in [914'], ; and by putting, as in [7803], the mass of the 

sun M—l, it becomes f* =s= 1-f-m., as in [7804]. The equations [915] are the same as 

in [7805—7807]. 

f (3748) If there be no disturbing body we may put m!=0 in [7802] ; then we shall 

ddoc tjj dc 
have R=0, as in [7807']; and the equation [7805] will become 0 = ~ f-f-, 

corresponding to the system [545] and to the elliptical orbit [555']. In the disturbed 

orbit, x changes into a?/-dec, r into r + dr [7808]j and then the equation [7805] 

becomes, 

n dd.[x-\-&r) , (dR\ . 
d& (r+dr)3 V dx ) 5 

so that by subtracting the equation [78106], we get, 

n dd.ôx ( ju»6x ( Ç 1 ^ l (dR\ 
~ (r+dr)3 \ (r_j_Jr)3 r» ) 

Now by development we have (r+dr)-3 = r~3—3r-4.dr, neglecting terms of the order dr2. 

Substituting this, with f*=l +m [7804], in [7810c?], and neglecting the terms containing 

màx, mûr, which are of the order of the square of the disturbing forces, it becomes as in 

[7810]. In like manner, from [7806, 7807], we obtain [7811,7812] respectively ; or they 

may be derived from [7810], by changing successively x into y or z, and the contrary. 
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It is only necessary to jincl values of 5x, 6y, oz, which will satisfy the 

equations [7810—7812]; for by adding these values respectively, to those 

of x, y, z, corresponding to the elliptical motion, containing six arbitrary 

constant quantities [602//], we shall obtain the complete integrals of the three 

primitive differential equations of the comet’s motion [7805—7807]. 

2. We shall consider the value of R in the two extreme limits of the 

cornels distance from the sun. When the ratio ~ of the radius vector of 

'dR\ 
the comet to that of the planet, is a very small fraction, the value of ^ — J 

ivill be very small in comparison with and the ratio of the first of these 

t *3 m .r5 
quantities to the second, will be of the order —-.* In this case, we may 

* (3749) If we suppose, as in [7870a], that f represents the distance of the comet 

from the planet mf, or the distance of the extremities of the two radii r, r' ; and y the 

angle included by these two radii ; we shall have as in [1432a, K\, by changing a, b, c, r, R, 

into a/, y', z', r', r, respectively, 

jf2 = (f——yfi~—ZY — r’2—■Sr/.cos. y -f- r3. 

Now the partial differential of R [7802], relative to x, gives the first expression in [7815c]; 

and by substituting [78156], then developing and reducing, we finally obtain [78154] ; 

/dR\ 
\dx) 

m .x 

r'3 + in. r 

{[x'-xf+W-y) 2+(z'-z)3 ] 2 r'3 
+ 

m'.ix—x') 

+ 
m'.[x—x') 

7-'3 
1 — 

2r 

'cos-/ + rï 
7 “ J — m'.x' 

/3 

| —2?y,COS.y-j-?-2 

vi\(x—x') ( Sr ) 
•[1+7-cos-7+&c-|- 7^3 

The first and third terms in this last expression mutually destroy each other, and the 

remaining terms are evidently of the order and this is to the term ~ [7805], as 

m'.r3 
—- to 1 ; being nearly equal to unity [7804]. This agrees with [7815] ; and as the 

terms of R are so very small, we may neglect them, and then the orbit will become 

elliptical, as in [7815']. 

Funda¬ 
mental 
equations. 

[7810] 

Second 
form. 

[7811] 

[7812] 

[7813] 

[78138 

[7814] 

Comet far 
within the 
planet’s 
orbit. 

[7815] 

[7815a] 

[78156 ] 

[7815c] 

[78154] 

[7815e] 
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[78150 

[7816] 

[78160 

Comet far 
without 
the plan¬ 
et’s orbit. 

[7817] 

[7818] 

[78180 

[7817a] 

[78175] 

[7817c] 

[7817c?] 

[7817e] 

[7818a] 

consider R as being nearly equal to nothing, and the motion of the comet 

as elliptical. 

If ^ be a great number, or, in other words, if the comet be much farther 

off from the sun than the 'planet is, we may develop R in a series, according 
/ 

to the powers of — ; and by neglecting, in this series, the terms of the order 

m'.r' 
, we shall have,* 

/ dR\ 

w = 
m'.(x—x') m'.x' x 
— .;3— + -s- + 3m •(“ +yy ; 

then the differential equation in 6x [7810] becomes,f 

„ dd.ôx , 6x SxJxdxA- ydyA-zôz) , m'.(x—x') , m'.x' . . . , , . x 

dt2 ‘ r3 r5 J-3 1 r'3 1 ^ ‘ ^ 1 ' r5 

The differential equations in sy, 5z [7811, 7812], evidently produce 

similar equations. We shall now suppose, 

* (3750) We have, in [914], the values of r2, r'2 [78175]. Substituting them in 

the development of the first expression of 

/2 = 2.(Xa/+yy'+zzff (*2-f y2-f*2) [78155], 

and then comparing the result with the second expression of /2 [78155], we get [7817c] j 

r2 = æ2-{-y2~\-z2 ; r'2 = x'z-\- y'~-\-z2 ; 

r/.cos.y = xx'Jryy'fzz'. 
g 

Instead of developing the radical £/2—27T/.cos.y-j-r2j 2 [7815c], according to the powers 

of —, we shall now develop it according to the powers of — ; by this means we shall 

find, that the last formula in [7815c?] becomes, by changing the order of the terms, 

(dR\ 

\dx )' 

m'.x' m'.(x—x') 

/3 
C 3d 
} 1-f- — . cos. >= 

m'.(x-x') J m'.x' 3m'.(x-x').rr'.cos.'y 

^3 1 ‘ r5 
-J-&C. 

Substituting, in the last term of this expression, the value of rr'.cos.y [7817c], and 

neglecting the small terms of the second order in /, a/, y', z', it becomes as in [7817]. 

f (3751) The differential of r2 [78175], relative to the characteristic 5, being divided 

by 2r, gives = X^xJr, Substituting this in the third term of [7810], and 

using the value of ^ [7817], we obtain [7818]. If we change reciprocally x into y, 

we shall get a similar equation in y, corresponding to [7811] 5 and by changing reciprocally 

x into z, we get an equation in z corresponding to [7812]. 

[78186] 
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6x — Ax -f- A'x' ; 

SV =Ay + A'y’; 

ôz = Az + A'z' ; 

and by observing that we have very nearly, as in [78106, 7804], 

ddx   x ' ddx' x' 

dtP r* ’ ~dF = /3 ’ 

we shall find, that the differential equation in Sx [7818], will give,* 

* (3752) The object in view, in [7813], is merely to satisfy the equation [7818], and 

the similar ones in y, z. For this purpose the values [7819—7821] are assumed, with 

the arbitrary constant quantities A, A'-, and it is finally shown, in [7824], that the constant 

values of A, A' may be found, which will satisfy the differential equation [7818], and the 

similar ones in y, z. To prove this, we shall first show that the substitution of 

Sx = Ax-\-A'x' [7819] in [7810, or 7818], produces the equation [7823]. For if we 
7i r r 

substitute this value of Sx in the two first terms of [78184 -—A A tiiey become, 
d& r3 J 3 

and by using the values [7822], we find that this expression is reduced to the form 

— pi + beinS die same as die first and second terms of [7823 line 1]. Again, 

by substituting the values [7819—7821] in the first member of [7823c?], we get the second 

member of the same expression ; and by using the value of r2 [78176], it becomes as 

in [7823e] ; 

xSx+ySy+zSz = A\x>+y*+z*)A-A\(xx'-\-yÿ-\-zz') ; 

æ&r-j-ySy-\-zSz = A.7ZJrA'.(xx'-\-yy'-]-zz'). 

Multiplying [7823e] by — we get, for the third term of [7818] — te.(xSx+ySy+zSz) 

, • 3.4. x 3A'.z. [xx'-\-yy'-\-zz') 
the expression-— --~r7 > as m the third and fourth terms of 

[7823 line 1]. Lastly, the three remaining terms of [7818], are the same as those in 

[7823 line 2] ; observing that the first of these terms of [7818], — , is placed the third 

in order in [7823]. Now substituting A = 3m!, = [7824], in [7823 line 1], we 

find that the terms in this line are destroyed respectively by the terms immediately below 

them, in [7823 line 2] ; therefore the equation [7823] is satisfied by these values of A, A'; 

and by using them we obtain, from [7819—7821], the expressions [7825—7827], which 

satisfy the equation [7818 or 7810]. The same results will be obtained if we use the 

equation [7811], changing reciprocally the ordinates x, x', into y, y'\ or if we use the 

equation [7812], changing reciprocally x, x', into z, z\ Hence it appears that the values 

of Sx, Sy, Sz [7825—7827], satisfy the system of equations [7810—7812], according to 
the requirements in [7823a]. 

365 

[7819] 

[7820] 

[7821] 

[7822] 

[7823a] 

[78236] 

[7823c] 

[7823c'] 

[78234] 

[7823e] 

[7823/] 

[7823g-] 

[7823A] 

[78234] 

[7823Æ] 
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[7823] 

[7824] 

[7825] 

[7826] 

[7827] 

[7828] 

[7829] 

[7830] 

[7831] 

A'.x' A'.x' SA.x 3A'.x.{xx'-\-yy'-\-zz') ^ 
J r3 ~/2 r3 ^5 1 

m'.x' , m'.a/ ( m!. x ] 3rd. x.(xx'-]~ yy'-\- zz') 0 
^3 r ~^3 1 ^3 i ^ 

We may satisfy this equation by putting, 

A — ±m', A' — rn 
which give, 

= i^-2/ + m’-y' ; 
50 = -i-m'.z -f m'.z'. 

Therefore these equations satisfy the differential equation in 6x [7810] ; and 

it is evident that they also satisfy the differential equations in 6y and <52, 

[7811,7812]. 

The preceding result is a very simple corollary to the theorem which we 

have given in [451", &c.]. For it follows, from this theorem, that ivhen the 

comet is at a great distance from the sun, it may be considered as being 

attracted towards the common centre of gravity of the sun and planet by a 

mass equal to the sum of these three bodies ; therefore it will describe, very 

nearly, an ellipsis about that point ; and the attractive force which causes it 

to be described, will be î * supposing that the radius vector of 

this last ellipsis is r-f-<5r, and the corresponding rectangular co-ordinates 

xf-àx, yfày, z-j-ôz. We may suppose this ellipsis to be entirely 

similar to that whose co-ordinates are x, y, 2 ; and to be described in the 

same time. For this purpose, it is only necessary for the attractive forces in 

* (3753) The comet is supposed to be at a great distance from the centre of gravity of 

[7829a] tke gun an(j p]anet;. so that it will be acted upon in nearly the same manner as if the mass 

1-j-ml: of the sun and planet, were placed in the common centre of gravity of these two 

[7829&] bodies. Now this mass \-\-rd acts upon the mass m of the comet, placed at the distance 

r-\-br7 with a force which is represented by the sum of these masses \-\-m-\-m!, divided by 

[7829c] (r-f-<b*)2, as in [7829] ; that is, by the force ; supposing, as in [7829 or 7834'], 

[7829d] that is the radius vector of the comet, referred to the centre of gravity of the sun and 

planet. If we neglect the planet’s mass rd, and put r for the radius vector referred to 

the sun’s centre, the force becomes , as in [7832]. 
[7829c] 
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the corresponding points to be as r-\-Sr to r,* which gives, 

14-m-l-m' 14-m 
7-, "‘ v8 : : r+5r : (r+Sr)* r2 

r. 

Hence we deduce, 

<5 r = [7831/] 

consequently the co-ordinates of this last ellipsis are,f 

(1 (1 
These co-ordinates are referred to the common centre of gravity of the sun 

and planet. To reduce them to the sun’s centre, we must add the 

co-ordinates of this centre of gravity, referred to the sun’s centre. Now 

these last co-ordinates are evidently represented by mix', m'y', m!z' ; 

therefore the co-ordinates of the comet, referred to the sun’s centre, will be, 

( 1 +4m').x-\-m'x' ; ( 1 +4m').yf-m!y' ; ( 1 -f 4m').z-\-m'z' ; 

[7831'] 

[7832] 

[7833] 

[7834] 

[7834'] 

[7835] 

[7836] 

* (3754) If two bodies revolve about an attracting point in similar ellipses, and in 

similar situations, with the same periodical time of revolution, and corresponding radii 

vectores r-\-Sr and r, it is evident that their tangential velocities in their orbits will be 

as the radii r-J-Ær and r ; and the deflections from the tangents, in the direction of the 

attracting force, and in a given time dt, will be in the same ratio r-\-Sr to r; because 

the orbits are supposed to be similar in form and position. Now these deflections are 

evidently proportional to the attractive forces ; therefore these forces must be to each other 

as r-j-4r to r, as in [7831'] ; and if we take, for the forces, the values given in [7829c, e], 

we shall obtain the analogy in [7832]. From this we easily deduce the equation, 

(r+5r)3 r3.(l-j-m'), nearly. 

Extracting the cube root of this last expression, we get, very nearly, = ; 

whence Sr = ^m!,r, as in [7833]. 

[7831a] 

[78315] 

[7831c ] 

[7831d] 

[7831e] 

[7831/] 

f (3755) From the similarity of the forms and positions of the orbits [7831c], it follows 

that the co-ordinates cc, y, z, must have the same relation to the co-ordinates æ-J-Sx, 

y-\-Sy, 2-j-5z, respectively, as the radii r to or 1 to l-f~±-m' [7833] ; hence we 

easily obtain the expressions of æ-|-<5a?, yf-Sy, z-\-Sz [7834]. To these w7e must add the 

parts mV, m'y', mV [7835], respectively corresponding to X, Y, Z [126, 127] ; observing 

that X = 
j,.mx 

[126], becomes in this case 
m!.x' 

1-fW ’ 
or mV nearly ; because the value of 

x relative to the sun’s centre is 0, and the sun’s mass is 1 [7804]. In like manner we get 

Y—m!y', Z=m'z', from [127]. These parts being added respectively to those in 

[7834], we obtain the co-ordinates y-\-Sy, z-\-Sz [7836], referred to the sun’s 

centre. 

[7834a] 

[78346] 

[7834c] 

[7834d] 
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which agree with those in [7825—7827] ; and as these co-ordinates contain 

six arbitrary quantities [7813'], they satisfy completely the differential 

[78367] equations of the comet’s motion, when we suppose 

following function R, ; * 

R to be equal to the 

[7837] Rf = — ~ — mf. (xx1+yy'+zz'). - 

This being premised we shall suppose, 

-$■ 

[7838] R' — R -f- — -f m'.(xx1 -f- yy'+zz).( 

[7839] Sx — fm'.x-fm'x'-fSXx ; 

[7840] =im'.y + m'y'-f sy,; 

[7841] sz = fm'.z-fm'z'-fSZi ; 

and the differential equations in Sx, Sy, sz [7810—7812] will give,f 

[7837a] 

[7837a7] 

[78376] 

[7837c] 

[7837d] 

[7837e] 

[7837/] 

/ dv \ x x 
* (3756) From r=v/*®+3^ff*2 [73176], we obtain 

substituting this in the partial differential of the assumed value of R [7837] ; which, for the 

salee of distinctness, we shall denote by Rt, though it is not so accented by the author ; 

we get, 

G&r) = Ts-~~ pi) + Sm!.(xx'-\~yf-fzz). 

being the same as the value of J, which is used in [7817, 7818]; producing the 

parts of the co-ordinates of the comet’s orbit contained in [7825—7827], or those in [7836]. 

The expression of Rt [7837] does not contain the whole of the function R [7802], on 

account of the terms which are neglected in [7816'] ; and if we suppose that these small 

and neglected terms of R are equal to R', we shall have, 

R = R/+R', or R' = R—Rr 

Substituting R/ [7837] in this value of R', we get [7838]. If we now suppose that the 

quantity R' has the effect to augment the values of Sx, Sy, Sz, by the terms 

Sx,, Sy,, Sz,, respectively, their complete values will be as in [7839—7841]. 

f (3757) Substituting R=Rt-\-R> [7837e] in [7810], we get, 

n dd.Sx . Sx Sx.Sr /dR\ . /dR 

[7842a] 0 == ~d& + / 

If we substitute the values of Sx, Sy, Sz [7839—17841], also <5r—}—x [7818a, 7845] for Sr, 

we shall find that the parts which are independent of Sx1} Sylf Sz,, are destroyed by the 

[78426] terms arising from » as ]S evident from the calculations in [7818—7827] ; therefore 

these terms may be neglected ; and the remaining quantities, depending on Sx,, Sy,, Sz,, 
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In these equations Srl is what Sr [7818a] becomes, when we change 

Sx, Sy, sz, into sxx, Sy1, szr. These equations differ from those in 

[7810—>7812] only by the change of R into R'. They may he used with 

advantage in the calculation of the perturbations of the comet, in the superior 

part of its orbit; because R' is then very small [7816', 7837df 

3. We shall now consider the variations of the elements of the orbit. We 

shall take for the fixed plane the primitive orbit of the comet, which permits us 

to neglect the square of z, being of the order of the square of the disturbing 

force. If we suppose, as in [1022, 1010'], 

h = e.sin.sr ; l — e.cos.s* * ; 

e — the ratio of the excentricity of the orbit to the semi-major axis ; 

to = the longitude of the perihelion, counted from the axis of x ; 

we shall have, as in [1176, &c.],* 

Funda¬ 
mental 

[7842] 
equations. 

Third 
form. 

[7843] 

[7844] 

[7845] 

Variations 
of the 
elements 
of the 
comet’s 
orbit. 

[7846] 

[7846'] 

[7847] 

[7848] 

[7848'] 

[7849] 

[7850] 

Sj\, R', will produce the equation [7842]. In like manner we may deduce [7843, 7844] 

from [7811, 7812] ; or they may be more easily derived from [7842], by changing 

reciprocally x into y, or x into z. 

* (3758) Neglecting the square of the disturbing forces, as in [1253'], we shall have, 

from [1254], (xe.sin/xe.cos.tf =/; substituting the values [7847], we get 

fdi—f, ^l=f‘, whose differentials are pdh — df, ^dl—df; and since df, df [78496] 

[1257], or dh, dl, are of the order of the disturbing forces R, we may, by neglecting the 

square of these forces, put fA=l [7804]; and then the differential equations [78495] [7849c] 

become dh — df, dl—df Substituting now the values of df, df [1176], and 

neglecting the terms containing z or dz, multiplied by the partial differentials of R, f7849c6 

because they are of the order of the square of the disturbing masses, they become as in [7849e] 

[7849, 7850]. 
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[7851] 

[7852] 

[7852'] 

[7853] 

[7854] 

[7855] 

Elliptical 
motion. 

[7856] 

[7857] 

[7851a] 

[78516] 

[7851c] 

[7851rf] 

[7851e] 

[7851/] 

[7854a] 

[78546] 

[7854c] 

These two equations give the values of de, da ; for we have,* 

de = dh.sin.'fi~j- dl.cos.-a ; 

edvs = dh.cos.ix—tZZ.sin.ro ; 

and if] for greater simplicity, we take the line of apsides for the axis of x, 

we shall obtain, 

de — dl\ ecZro — dh. 

The equations of the elliptical motion give, as in [605', 606, &c.],f 

fndt-j- s —vs — u—e.sin.u ; 

r = a.( 1—e.cos.^); 

tang.|.(?>-ro) = Yzre * tang.Ju ; 

v/f* 
02 

Supposing the symbols to be represented by, 

* (3759) The differentials of [7847] give, 

dh = cZe.sin.'ro-j-etZro.cos.ro $ dl = tZe.cos.ro—etZro.sin.ro. 

Multiplying this value of dh by sin.ro, and that of dl by cos.ro, then taking the sura of 

the products, we get, by a slight reduction, the value of de [7851]. Again, multiplying 

dh, dl [7851a], by cos.ro, —sin.#, respectively, and taking the sum of the products, 

we get the expression of etZro [7852], Now in [1188'] the longitude of the perihelion is 

zi, and the longitude of the disturbed body m is » ; both being counted from the same axis of 

x, as in [500", he. 7846] ; so that if we suppose this axis to coincide with the perihelion, 

as in [7852'], we shall have ro = 0; then the expressions [7851,7852] become as in 

[7853]; and [7847] changes into h — 0, l=e. Lastly, the integrals of [7853] give 

<5e=<5Z, eàrt=-àh; which are used in [7978]. 

f (3760) The equations [7854—7857] are the same as in [605', 606], changing v into 

v—vSj and nt into fndtfs—ro, to conform to the present notation ; as is evident by 

comparing the notation in [602'", &c.] with that in [7858, 7859] ; observing that the 

substitution of the value of n [605'] in [601], multiplied by n, gives ndt=du.(l-e.cos.u), 

whose integral, considering n as variable, is as in [7854] ; s—vs being added to complete 

the integral, being equivalent to nT in the equation [602], where n is considered as 

constant. Comparing the results of the present notation with those in [606, &c.], we 

perceive the correctness of the definitions [7859, &tc.]. 
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da dn ds de du dy dô 

du ’ du ’ du 5 du ’ dw 5 c£m ’ du 

fndt-\-i — the mean longitude of the comet ; 

fndt+s-u = the mean anomaly of the comet, counted from the 

perihelion = V [7903'] ; 

v—to = the true anomaly of the comet, counted from the perihelion ; 

u — the excentric anomaly of the comet, counted from the perihelion ; 

x, y, are the co-ordinates of the comet x ; the axis of x being the line 

drawn from the focus to the perihelion ; 

then we shall have,* 

x — r.cos.(v—to) ; y — r.sin.(?;—to). 

Hence the equations [7855, 7856] give,f 

x — n.(cos.M—e), or 

y = eP'Sin.u, or 

We shall suppose that, 

x = the inclination of the orbit of the planet 'tin!, to that of the comet ; 

y = the longitude of the ascending node of the orbit of the planet m! upon 

the comet’s orbit, counted from the perihelion ; 

v' — the angle which the radius vector r' of the disturbing planet makes 

with the line of nodes ; 

then we have,f 

æ 
cos.w= e-j— ; 

CL 

sm.w = V 
«.(1—e2)2* 

* (3761) The radius vector r forms the angle v—« with the axis of x, as is evident 

from [7859, 7860'] ; hence we easily deduce the values of x, y [7861]. 

f (3762) The equations [7855, 7856] are equivalent to those of the elliptical motion 

in [603, 604, 605] ; from which we have deduced the values of cos.v, sin.v [735] ; and 

if we change v into v—to, to conform to the present notation [7854a], we shall have, from 

[735], by multiplying by r, 

r.cos.(fl—w) — a.cos.u—ae ; r.sin.^—to) == a.\/l—eS.sin.w ; 

substituting these expressions in [7S61], we get [7862, 7862']. 

% (3763) The expressions of xf y', d [7866—7868], are found like those in 

[7742—7744], and they may be derived from these last formulas by changing 

v, r, X, Y, Z\ A, into v'} r', a/, y', zf, y, respectively; X, X', Yf, Z'P being 

unchanged. 

[7858] 

[7858'] 

[7859] 

[7860] 

[7860'] 

[7861] 

[7862] 

[7862'J 

[7863] 

[7864] 

[7865] 

[7861a] 

[7862a] 

[78625] 

[7866a] 



372 PERTURBATIONS OF A COMET. [Méc. Cél. 

[7866] 

[7867] 

[7868] 

[7869] 

[7870] 

[7871] 

Variations 
of the 
elements. 

de 

[7872] 

[7873] 

[7874] 

[7875] 

[7870a] 

[7872a] 

[78726] 

[7872c] 

[7872c?] 

x' — r'.cos. cos.?/—r'.cos.x.sin.y.sin.?/ ; 

y' = r'.sin^.cos.^-j-r'.cos.x.cos.y.sin.i?' ; 

z' = r'.sin.x.sin.?/. 

The value of R [7802] gives, 

(a/—x) 'dK 

. dx . 

, C x' 

P 

putting,* jf—\/(a/—x)2 +Q/—yY-\-{z'—z)2. In like manner we have, 

1 — 1 = ”*'• 

fdR\ , C if (y'—y) 
\dy J f 

}- 

This being premised, vve find that the value of dl [7850] gives,f 

de — —ml.a. \/i— e2.du.c<$s.u.{xy'-—yx']. | 

—1 — e2.du.( 1—e.cos.u). | ~ — ~'p 

in like manner, the value of dh [7849] gives, 

ech = —ml .adu.sin.u.(xy'—yx').^~- — 

—e2.du.(l—e.cps.u). ^ ~ — j • 

We have as in [1177], in the variable ellipsis, observing that f* = 1 very 

nearly [7804], 

d. — = 2di? ; 
a 

the differential characteristic d refers only to the co-ordinates of m [916']. 

*(3764) It is evident, from [949', 7801, 7801'], that f—\/{x'—xf y)2-\-{z'—zf 

expresses the distance of the comet m from the disturbing planet m!. 

f (3765) Multiplying [7869] by —y, and [7871] by x, then taking the sum of the 

products, we get, by neglecting the terms which destroy each other, 

The differentials of x, y [7862,7862], give dx=—adu.sin.u; dy=a.\Zi—é^.du.cos.u; 

substituting all these values, we get, 

xdy—ydx = a2.\/i — e%.du.{(cos.u—e).cos.w-j-sin-3,Ml = «s*v/1— e2.du. {1—e.cos.w]. 

Substituting [7872a, 6, c, 7871] in dl=de [7850, 7853], gives [7872]; and in like 

manner, by substituting [7872a, b, c 7869] in dh = ediz [7849,7853], we get [7873]. 
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da dn de de dis dy dè 

du7 du 7 du ' du 7 du 7 du 7 du * 

If we neglect the square of z, we shall have,* 

dR = m'. $ ^dx+y'd^ __ > . 
t 7*'3 y3 { 1 

= m!. j (p5 — (~fydx+(f — Üj^iydy | ; 
consequently, 

dR = —m'.adu.sin.u. \ — — 
( r3 

-æ) 

-fm'.a.fi—e^.du.cos.u. f ~ — 
( r3 

Hence we deduce, as in [78766], 

da = 2m' .aPdu.sin.u. \ — — x^ 
l rd 

P S 
y' (y'—y) 

P 

p 
—2m'.a3.pi—e2.du.cos.u. | ~ (y'—y) 

P !■ 
Then we have, as in [1181], by putting p = 1 [7874]. 

dn — 3cm.dR ; 

consequently,! 

fndt — Nt-\-3f(ndt.fadR) ; 

N being a constant quantity. Therefore we shall have, hy the preceding 

formulas, the variations of the excentricity and of the perihelion of the orbit ; 

also those of the greater axis, and of the mean motion of the comet. 

[7876] 

[7876'] 

[7877] 

[7878] 

[7879] 

[7880] 

[7881] 

* (3766) The differential of R [7802] relative to the characteristic d, neglecting z2 

zdz, as in [7846'], gives the expression [7876] ; whence we get [7876], by merely 

changing the arrangement of the terms. Substituting in [7876] the values of dx, dy 

[78726], we obtain [7877]. Developing the first member of [7875] it becomes ^8/66] 

—a~2da = 2.dR; multiplying this by —a2, and substituting the value of dR [7877] 

we get the expression of da [7878]. 

f (3767) The integral of [7879] is n —JYf-3fan.dR ; the constant quantity N 

being added to complete the integral. Multiplying this by dt, and again integrating, we 

get fndt — JVt -{-3fdt.fan.dR. Now a, n differ from their mean values by quantities of 

the order of the disturbing forces, and R is of the same order ; so that by neglecting 

quantities of the order of the square of these forces, we may bring n from under the sign 

of integration, and put the preceding expression [78806] under the form [7880]. The 

differential of this expression being divided by dt, gives n = JY-\-3nfa.dR ; and by 

neglecting terms of the order of the square of the disturbing force, it may be put under the 

form n = JY.{ l-j-3/a.dR}, which is used in [7901]. 
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[7880a] 

[78806] 

[7880c] 

[788Od] 

[7880<T] 

[7880e] 
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[7882] 

[7883] 

[7883/] 

[7883a] 

[78836] 

[7884a] 

[78846] 

[7884c] 

[78844] 

[7884e] 

To obtain the variation of the epoch s, we shall observe that, if the ellipsis 

be invariable, the equation [7854] will give, by taking its differential, 

ndt — du.( 1—e.cos .u). 

This equation holds good in the variable ellipsis [1167", &c.] ; therefore 

we have,* 

ds—dns = dufl—e.cos.u)—de.sin.u ; 

supposing u to vary in this last equation only by reason of the variations of 

the elements e and ns [7885], whilst in the former case [7882] it varies 

only with the variation of the time t. The equation [7856] gives, by 

supposing s, m, to be the only variable quantities,! 

* (3768) It appears from [7856] that u is a function of v, e, zs; and in the invariable 

ellipsis v, t, are considered as the variable quantities ; but in the variable ellipsis we must 

also consider e, ns, as variable; so that u will vary with e, ns, as in [7883']. Now taking 

the differential of [7854], considering all as variable, and then subtracting from the result 

the expression [7882], we get [7883], in which du varies only with e, ns, as in 

[7883', 7885]. 

! (3769) The equation [7884] is the double of the differential of [7856], considering 

u, e, ns, as variable. Adding 1 to the square of [7856], and substituting 

l-|-tang.2|.(t>—ns) = 1-f-tang 2f w = 

2e 

[34"' Int.], 
cos.2 i u 

we get, 

cos.H.(v—ns) cos.2£u 1—e‘tant3' &U‘ 

Substituting this in [7884], then multiplying by cos.2§ u, and reducing by means of the 

expressions [34', 31, 1] Int., namely, 

cos.2|w.tang.|tt = cos4M.sin.^t = J.sin.M ; (cos.!M.tang.fw)2 = (sin.iw)2=f .(1-eos.w) ; 

we obtain, 

, ( , e.fl—cos.m) } /lA-e i de.sin.w 
—dm. < 14- ;  > = du A / f-Ti 4- :——. 

( ‘ 1—e 5 1 —e ‘ (1—c).v/l—e2 

^ ^_c.cos.w 
The first member of this equation is easily reduced to the form —dns. < •—■——— > ; 

C. A 16 j 

substituting this, and then multiplying by we obtain the value of du [7885]. 

Finally, substituting this expression of du in [7883], we get, 

dnS.( 1 — e.cos .it)2 4e.sin.w.(l — e.cos.tt) 
ds—dns = — VT 1—e2 

■de.sm.u ; 

which is easily reduced to the form [7886] ; and as dns is known from [7873], we shall 

get ds from [7886]. 

[7884/] 



375 IX.i.§3.] FORMULAS FOR COMPUTING ~ 
du 

dn d s de dvs dy dô 

du 5 du ’ du ’ du ’ 5 c?w " 

dtâ 

COS.2^.(v-— 33 ) 

du 

cos ?\u 
+ 

S^e.tang.jM 

(1—e).v/ï=P * 
[7884] 

Substituting for cos.2J.(v—its value, given by the same equation, we 

shall have, 
dzs.{\—e.cos.w) 

V/l—62 

de.sin.w 

1—e2 ' * 

Hence we deduce, 

ds—c/ct = 
du.(l— e.cos.w)5 

V/Ï^ë2 

de.sin.w.(2—e2—e.cos.w) __ 

1^? ’ 

this equation determines ds—d®, consequently also the value of ds. 

If ive integrate, quadratures, the differentials of e, vt, a, n, s, 

[7872, 7873, 7878, 7879, 7886], we s/iaZZ have, for any time whatever, all 

the elements of the coineds motion in its orbit ; whence we may obtain the 

position of the comet in its orbit by means of the equations [7854—7857]. 

It will then only remain to determine the situation of the plane of this orbit, 

relative to the ecliptic. For this purpose we shall resume the equations [1173] ; 

[7885] 

ds 

[7886] 

[7886"] 

[7886"] 

dc = dt. ! 
C /JR\ 

[7887] 

dc' = dt. < 
: /jr\ / dR\ ) 

I Z\dx ) 1 !; 
[7888] 

dc” — dt. ! 1 <¥) [7889] 

If we put, 

cp= the inclination of the comet’s orbit to the plane of x, y [1173'] ; 

6 = the longitude of the ascending node of the comet’s orbit upon the plane 

of a?, y [1173'] ; 

we shall have, as in [1174, 1175], by using i*= 1 [7874], 

tang.? = y'ff* ; 

A d' 
tang. 6 = j ; 

a.( 1—e9) = c2-bc,2+c'/2. 

When we take, for the fixed plane of xy, the primitive orbit of the comet, 

c and c", as well as z, will be of the order of the disturbing forces; 

therefore by neglecting the square of these forces, and substituting for R its 

[7890] 

[78900 

9 

[7891] 

Ô 

[78911 

[7892] 

[7893] 
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[7894] 

[7895] 

[7896] 
Values of 

c, d, d'- 

[7897] 

[7897] 

value, we shall have* 
dd 

dt 

dd[ 
dt 

c = {/a.( 1—ee). 

Now we have, as in [7882, 7857,7874], 

ndt — du.( 1—e.cos.u) ; 

2 1 
» = 3 ; 

= —m'.a.{cos.u— e}.z'/-^— ~ J ; 

— —m.a.y1—e2.sm.w.2.( ~r3—; 

£T 

therefore by substitution we get,f 

[7894a] 

[78946] 

[7894c] 

[7894c?] 

[7894e] 

[7894/’] 

[7894g] 

* (3770) The functions (~^j, (~), are of the order »i' [7802]; hence 

dd, dd' [7888, 7889] are of the order m! ; and their integrals d, d', must also be of the 

order ni, as is evident from the equation [7891] ; and taking into view that, as the primitive 

orbit of the comet is assumed for the plane of xy, the angle <p [7890 or 7891] must be of 

the order id, as well as the ordinate z. Hence it is evident that if we neglect terms of the 

order m'2, the equations [7888, 7889] will become, 

dd 

dt 

Now from [7802] we have 

dd' (dR\ 

dt ““ y\dzj- 

— W’^3 ^, using / [7870] ; and by neglecting 

the term m'z, which is of the second order, it becomes 

substituting this in [7894c], we get, 

then substituting the values of x, y [7862, 7862/] in [7894/], we get [7894, 7895]. 

Lastly, as c'2, c,/2, are of the order of the square of the disturbing force [7894a], they may 

be neglected in [7892] ; and then taking its square root, we get c [7896]. 

[7897a] 

[78976] 

[7897c] 

g 

f (3771) From the equation [7897''] we get n—a 2 ; substituting this in [7897], and 
u 

then multiplying by a2, we obtain 

dt adu.il—e.cos.tt) 
we obtain — =-7==-• 

c yl — & 

dt = a?.dn.(l—e.cos.w) ; dividing this by c [7896], 

Multiplying successively the equations [7894, 7895] by 

this last expression of —, we get the equations [7898,7899] respectively. Integrating 

these equations, we obtain the values of d, d' ; and by substitution in [7891, 7891/], we 

get the inclination <p, and the longitude of the node Ô. 
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dd m'.cd.du _ . , 
— = —-^===.(1—e.cos.a;.(cos.w— 

dd’ 
— = — m'.a?.du.( 1—e.cos.u).siu.u.z'. 

Integrating these two equations, we can determine, for any instant of time 

whatever, the inclination of the orbit to the fixed plane, and the position 

of its nodes. 

4. The most important point in the theory of the perturbations of the 

motion of a comet, is the difference in the times of two successive returns to the 

perihelion. We shall now show how this can be determined, by taking for 

an example the comet of 1682, which wTas at its perihelion in 1769, and 

putting, 

T = the interval between the times of passing the perihelion in 1682 

and 1759. 

Then we may determine N by putting, 

NT = 2* — the circumference of a circle whose radius is unity [7903a] ; 

and we have, as in [7880e], 

n — N.{ 1 -\-3a.fdR}. 

If ice commence the integral fdR at the time of passing the perihelion in 

1682, which ice shall take for the epoch or origin of the time t, we may 

suppose, 

n = N- {1 + ^ I + Sa.fJ dR} ; [*?£IS S n] 
<5q being an arbitrary constant quantity * Now we have, as in [7858'], 

V=f0tndt + s —zs ; 

V being the corneds mean anomaly. Hence we obtain, 

V = Nt. (1 -p s (f -p 3a ff (Ndtfio &R) -p s—vs -p 5 s — <5 zs \ 

ôs, 6 vs, being the variations of s and vs, from the time of passing the perihelion 

in 1682; s, vs, correspond to that epoch when s—vs = 0 ; since by hypothesis 

[7898] 

[7898'] 

[7899] 

Return 
to the 
perihelion. 

[7899'] 

Symbols 

T, N. 

[7900] 

[7900'] 

[7901] 

[7901'] 
First 
epoch of 
t, 1682. 

[7902] 

[7902'] 

[7903] 

[7903'] 

[7904] 

[7905] 

[7906] 

* (3772) By means of this constant quantity &q [7902], we are enabled to satisfy the 

assumed equation NT— 2# [7900], as will be seen in [7908, &c.]. Substituting the U9°-3a] 

value of n [7902] in ^[7903], it becomes as in [7904] ; the terms 5s—Szs being added [79035] 

on account of the variation of s—zs, since the commencement of the epoch. If we 

suppose that when t—T, n becomes equal to N', as in [7910], the expression [7902] [7903c] 

will become, 

N = N.\1 fàqfSaff AR \ ; [7903d] 

which is used in [7917/]. 

VOL. IV. 95 
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[7907] 

[7908] 

[7909] 

[7909'] 

JY' 

[7910] 

[7910'] 

ax 

Second 
epoch of 
t, 1759. 

[7911] 

[7912] 

[7912'] 

[7904a] 

[79046] 

[7904c] 

[7911a] 

[79116] 

[7913a] 

we then have V=0 [7901', 7903']. Moreover we have supposed, in 

[7900, 7900'], that t being equal to T, V=2«*, and NT=2h; therefore 

we shall have,* 

0 = NT.tq + SafffNdtffdR) + 6s — ; 

the variations 6s, 6w, as well as the double integral, being taken between 

the limits t = 0, and t = T. This equation gives the value of the constant 

quantity Sq; therefore we shall have, at any time whatever, the value of n, 

[7902]. This value will give that of the semi-major axis of the orbit, by 

means of the equation n2 = -i [7897']. 
Ct 

We shall now put, 

N'= the value of n, at the time of passing the perihelion in 1759; 

ax = the semi-major axis of the comet’s orbit, at the time of the perihelion 

in 1759 ; 

Then taking the time of gassing the perihelion in 1759 for the epoch or origin 

of the time t, we shall havef 

V = N't + St—STX+Sa^N'dtfdR) ; 

6 s, 6sj, as well as the integrals, being supposed to commence at the time 

of passing the perihelion in 1759. The values of e, s, will be 

determined by the observations of the comet, made at the same epoch ; for 

ax being known by what precedes, Î the perihelion distance in 1759 will 

give the corresponding value of e. We shall now put, 

* (3773) We have supposed in [7900'], that when t=T we shall have NT—2*; 

and at that time the mean anomaly becomes N=2it [7900, 7903'] ; hence V—NT 

[7900']. Substituting this and t—T in [7904], it becomes, 

NT=NTfl+Sq)+3af0T.{JYdtf0TdR)-\-e—to. 

Rejecting NT, which occurs in both members of the equation, and putting s—0, as 

in [7906], it becomes as in [7908] ; and from this we deduce the value of Sq, which is to 

be used in [7902] in finding n ; and then a is obtained from the equation [7909]. 

f (3774) The equation [7911] is similar to [7904] ; changing N into JV', a into alt 

and supposing the integrals to commence at the time of the perihelion in 1759, using also 

for this epoch s—0, as in [7906]. In this case the constant Sq is to be neglected, 

because there is no assumed equation like that in [7900'] which we must satisfy. 

I (3775) The value of ax is found for the time T, or 1759, by the method pointed 

out in [7909' or 7904c, &c.]. 
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T' = the unknown interval between the time of passing the perihelion in 

1759, and the next time of passing it ; and at this last time we shall have, 

V = 2if. Substituting these in [7911], we get, 

2« = N'T'+ 5 b — a* + 3ai.ff(N'dt.ff' dR). 

the values of 8s, 8a, as well as the integrals, are taken from t — 0 to 

t = T'. This equation will determine T'. 

We may avoid the double signs of integration, which occur in these 

expressions, by observing that,* 

SaJÇN'dt.fdR) = 3N'tfa1dR—3al.fN't.dR ; 

therefore by markings with a horizontal line placed above these quantities, 

whose limits are taken from the perihelion in 1682 to that in 1759, and by a 

double line those which extend from the perihelion in 1759 to the following 

perihelion, we shall find that the preceding expression of n will give, as 

in [7917/], 

N'T = 2rt—ôs -f- 8& -p 3a.ffNt.dR. 

This equation will determine N', and therefore ax. Then we shall have,f 

* (8776) Integrating fdt.fdR by parts, as in [1716a], we get fdt.fdM=t.fdR-ft.dR, 

as is easily proved by taking the differential of both members, and reducing. Multiplying 

this by 3fiq.IV7, it becomes as in [7917], observing that N', a, [7910,7910'] are constant, 

therefore they may be placed under the sign f. Substituting this in [7915] it becomes, by 

supposing t=0 in the perihelion of 1759, and t=T' in the next perihelion [7913], 

and using the notation in [7917', &c.], 

2# = iV'T'-j- 8s— fa -j-3JV' T'.ffafR—Saff'N't.dR. 

Again, if we multiply [7917a] by 3aN, we obtain 3affdt.fdR=3Nt.fa.dR—3afJYt.dRj 

substituting this and s—zi—0 [7904c] in the second member of [79046], also JVT=2tf 

[7900'] in its first member, we get, when t= T, 

2* = NT. {l+5q+3a.ffdRl—3a.ffNt.dR+Te — fa. 
Multiplying [7903c?] by T, and substituting the resulting product in the second member of 

the preceding equation, we get 2#— N'T— 3a.ff Nt.dRfôs—fa ; whence, by 

transposition, we deduce the value of iV'T[7919]. From [7919] we deduce the value 

of N', and then the value of ax from the equation jV'2 = —3, similar to [7909']. 
ax 

f (3777) From [7917c] we get, 

N'T'~2rt—Is-f- fa—3N'T'.ffa1.dR + 3a Jf N't.dll ; 

subtracting from this the value of N'T [7919], we get [7920] ; the lines being placed 

above the quantities, according to the notation adopted in [7917', &c.]. We may observe 

[7913] 

[7914] 

[7915] 

[7916] 

[7917] 

[7917'] 

[7918] 

[7919] 

[7917a] 

[79176] 

[7917c] 

[7917c?] 

[7917e] 

[7917f] 

[7917g'] 

[7920a] 
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Anomalis- 
tical rev¬ 
olution. 

[7920] 

[7921] 

[7922] 
Principle 

of 
generating 
functions. 

[7923] 

Generating 
function v. 

[7924] 

[7924'] 

[7925] 

[7925'] 

[7926] 

[79206] 

[7926a] 

N'.(T'—T) = às-às — à'x + te — SN'T'.fT'a.AR 

—SaJfmÂR + SafffWtAR ; 

and this equation will determine the difference T'— T, of the two anomalistical 

revolutions of the comet. 

5. The whole difficulty of the problem is now reduced to that of 

determining numerically the changes in the elements of the orbit. We have 

already observed that we can only find them by means of mechanical 

quadratures, and for this purpose we have several methods furnished by 

analysis. We shall here explain the process which appears to be the most 

convenient and simple. For this purpose we shall give, in a few words, 

the principle of the theory of generating functions. 

We shall suppose that u is a function of t, and that by developing it 

according to the powers of t, we shall have, as in [607a], 

u = ym + y{1)-t + y(2,.£3 + y{3).t3 + &c. ; 

then u is the generating function of the different coefficients y{0), y[X\ y(3), &c. 

It is evident that y(i) being the coefficient of t* in the development of u, it 

is also the coefficient independent of t, in the development of 

we have, 

Now 

(i) 

the coefficient independent of t, in u. y-j—1J, is evidently y(l)—y or 

A.y{0) ; the characteristic A being that of finite integrals.* * It is also 

that the limits of the integrals 0, T, and 0, Tf, are not inserted in the original work in 

connection with the sign f; and by introducing them here, it becomes unnecessary to place 

these lines above the integrals, because their values are sufficiently designated by these 

limits ; but being in the original work we have retained them. 

* (3778) The expression of u [7924] being substituted in the first member of [7926a'], 

neglecting the negative powers of t, produces the second member of that equation, which 

is easily reduced to the form [79266], by using the characteristic A of finite differences ; 
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evident, by considering u. 0-as a new generating function, and then 

developing it ; neglecting the negative powers of t ; we shall have, as 

in [79266], 

U. —1^ = A.?/(0)-j-A.?/(1). t -j-Af -j- A.y&K f -}- &c. 

Hence it follows, that the coefficient independent of t, in the development 

•1^, or '—1^ , is A.yW-—A.y^\ or A9.?/(0), 

[7926c/]. Following the same method of reasoning, we see that the 

/I \3 
coefficient independent of /, in the development of u.i-j— 1 ) , is A3.y(0), 

[7926/”], and so on for other cases. Hence it appears that the equation 

[7925'] will give, bj passing from the generating functions to the 

°f «•(}-!)•(7 

[7926'J 

[7927] 

[7928] 

[7928/1 

J-1) = (yCI)—yco))+(2/C2) —3/u^) ^+(2/c3>—yC9)) 

u. -1^ = A.?/(01-j-A.y(1).C-f-A.î/(2).C2-}-&;c. 

Multiplying this last equation by -1^, we get [7926c] ; and by a similar process it 

is reduced to the form [7926d], neglecting the negative powers of t ; 

u. -1^ = (A.ya)—A.y(0-))-[-(A.y(2)—A.y(1)).£-|-(A.?/3)—A.y^)ta~j-8zc. 

'll. -1^ = A2.?/0)-j-A2.y(1b t-\-Aa.y®\ i2-j-&c. 

Now multiplying [7926/] by ^y-~1^, reducing, and neglecting the negative powers of 

t, we get, in like manner, 

[7926a'] 

[79265] 

[7926c] 

[7926tf] 

u. y —1J = (A2.y^—A2.yW)-f-(A2.y^—A2.yi>)^+(A2.y^—A2.y2)).t2-f&:c. 

u. ^y-1 ^ = A3.y(05-}-A3.ya). t -j-A3.y(2).i!2 -}-&£c. 

Proceeding in the same way we finally obtain, 

—1^ == A^y(0)q-Av.y(-1)/-{-Ar.?/(2).Z2-}-&;c. 

[7926e] 

[7926/] 

1798%] 

This agrees with the results in [7926—7928]. Before closing this note we may observe, 

that the principles of this calculation of generating functions were first given by La Place in 

the Mémoires de V Académie Royale des Sciences, for the year 1797. 

YOL. IV. 96 

[7926£] 
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[7929] 
General 
formula. 

[7929a] 

Convenient 
integral 
formulas. 

[7929Z>] 

[7929c] 

[7929cZ] 

[7929 e] 

[7929/] 

[7929g] 

[7929A] 

[7929i] 

[7929k] 

[79291] 

[7929Z'] 

\7929m] 

[7929n\ 

coefficients,* 

2/(i) = y(0) -}- i.A.yW -|- 
i.[i—1) Aa ..(oi i z'-(^ 

2 ' 'y 1.2.3 
A3.î/(0)-l-&C. 

* (3779) Substituting the results [7924', 7926b,d,f,g] in the second member of 

[7925'J, we find that the term independent of t becomes like the second member of [7929], 

U 
which represents, as in the first member of [7925'], the term of —, which is independent 

of t ; and this in [7924] is represented by y{i) ; hence we get [7929]. 

We can arrange the formula [7929] according to the powers of i, which tends to simplify 

the results when the intervals are small, as we shall see in [7929wg &c.]. For this 

purpose we shall put, for brevity, 

AL — A.f-bA2.f+bA3.yf'0)—J;.A4.i/(0)+&c. ; 

«4 = £.A2.y<°>—|.A3./» + H.A\yW— &c. ; 

Jl3 = ^A3./»—4A4.yo) + he. ; 

^4 = sL.A4.î/^+ &C. 

And by substituting these expressions in [7929], arranged according to the powers of i, 

we shall get, 

/> = 2 + A3.i3 -f 4- &c. 

Multiplying this by di, and integrating, we obtain, 

fy{i\di = /0)i4-^1.i24-i.^.2i34-^.^3i44-i-^4^5+^c. 4-constant. 

Taking the constant quantity, so that the expression may vanish when i = — J, and 

then putting i — 4~|, we get by successive reductions, and re-substituting Ai} he. 

[7929c, d, &c.], 

= +^4+&c. ; 

=2/(0)4-tV. {|. A».^—J. a3.^4-||.a4^(0)—&c.} av>+&c. 

This may be reduced to a more simple form, by introducing the finite differences of the 

term which precedes y(0) in the order of the series of terms, 

_y(-2), y(-1), y(0), yU), y(2\ y(3).y®, &£c. 

For by the usual principle of finite differences, we have y(0) = y(~l)-\-A.y(~l\ he. If we 

substitute the finite differences of this expression in [7929Z;], we shall obtain, by successive 

reductions., 

/A f. di = y(0^4-2V- i A2.y(-1>4-A3.yC-i) | | A3.yc“1)4“A4.y(“1)} +Mv’A4y~1)+&c- 

= y(0)+/ï-A2-y(_3)- 54k-A4-yc_1)+&c- 

If we increase the limits of the integral by unity, making them -f4> -ff, ^ effect 

be to increase the indices of y in the second member by unity ; hence we obtain [7929o], 

and by a similar process we get [7929/, q, he.] ; 
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Although this expression of y(i) has been found upon the supposition that i 

is a positive integral number, yet it may be extended to any value of i. Then 

ff/\di = yV + &. AV0) 

f* y®'di — ym + À-A 2.y(1) 
2 

flV^'di = y(3)A2.î/(91 

5flo-A4.2/(0M-^c. ; 

fH<t-AV2)+&c. ; 

A+i 
./ i-i y®.di= y{i) +2-V-A2.2/(£_1)— 

The sum of all the integrals [7929??—r] gives, 

fpfy^.di = y(0)-j~3/(1)-{~y(9)4“2/(3).-j-?/® 
+À* { (-1)+A9.î/(0)+A2.7/(1>+AS.?/©)_4-A2.y(i-1)} 

-^•{A4-y<-I,+A4.ÿ,0,+A4.ÿa,+A’.ÿ®.. ,+A4.ÿ“-«}. 

If the interval of time, which is taken for unity, is so small that the fourth differences, and 

those of a higher order, can he neglected, the preceding expression becomes, 

= ym+ya)+y^-\-y{3) 

4-214.fA2.y(_1)-}-A2.î/(0)-{—A2.^(1). .. -\-ù?.ya~l)\. 

Now the finite difference of y{0) [7929/'] is A.y(0) = A.y{~l) A?.y{~l) ; whence 

A2.?/(-1)=Ajf0)—A.y{~l) ; and in like manner, by merely increasing the indices on y, 

we have, 

A2.y(0) = A.y(1)—A.y{0) ; A2.y(1) = A.y&)—A.ya), Szc. ; A2.y(i 1} = A.y(i)—A.y{i~l). 

Adding these expressions together, and neglecting the terms which mutually destroy each 

other, we obtain, 

A2.î/(-1)-{-A2.?/(0)-}-A2.?/(1). .. . -J- A2.t/k-1) = A.y®—A.?/(-1). 

Substituting this in [7929^], we finally get, 

f^.yM .di ===■ yw-\-ym-fy^-\-y&),.-j-y® 

+ 2flA-yü)—Aff-v} 
= the sum of all the calculated quantities y(0), y^ .... y® 

-j- tjj. | first difference following' the last term—first difference preceding the first term. ^ „ 

We may observe that, in calculating the differences of the series of terms 

y{0), y{l\ 2/<S) • • • • y{i\ the first term is A.y{0), and the last A.?/(i-1) ; and by means of the 

other differences [7941, &c.'J, we can estimate from A.y{0) the value of A.?/(-1) ; also from 

A.t/(i_1), the value of A.y® ; which are required in the formula [7929#]. We may finally 

remark that the ordinates y(0), ym, t/(2) .... y{i\ which occur in the formula [7929w or x], 

correspond to the middle of each of the successive intervals of time, which is taken for unity ; 

thus y{0) corresponds to the middle time between i=—§ and i—i; ?/(1) to the middle 
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[7930] 

[7929o] 

[7929^] 

[79292] 

[7929r] 

[79295] 

[7929s'] 

[7929*] 

[7929m] 

[7929v] 
Useful 
formula 
for inte- 

[7929m] 
grating by 
quadra¬ 
tures. 

[7929#] 

[7929y] 

[7929z] 
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[7930'] 

[7931] 

[7932] 

[7933] 
General 
integral. 

[7930a] 

[7930&] 

[7930c] 

[7930d] 

[7930e] 

[7933a] 

[7933b] 

[7933c] 

[7933c?] 

[7933e] 

[7933/] 

[7933g-] 

[7933h] 

PERTURBATIONS OF A COMET. [Méc. Cél. 

y{i) is the ordinate of a parabolic curve whose absciss is i; this curve being 

supposed to pass through the extremities of the equidistant ordinates y{0), y(l\ 

«/(2), &c. ; the interval which separates them being taken for unity. Whatever 

be the nature of the curve which is taken into consideration, we know that 

each of its very small arcs may be taken for a parabolic arc, whose ordinate 

y{i) is expressed by a series of successive powers of the absciss, counted 

from the origin of the arc. The coefficients of these powers must be 

determined, so that the curve may pass through the extremities of the 

adjacent ordinates y{0), y(1), &c. ; and then we shall evidently have the 

preceding expression of y{i) [7929]. Multiplying it by di, and integrating 

from i = 0 to i=1, we obtain,% 

fo'yV.di^yW+h^y™—TV-A2.2/(0>+âV* *A3-yl0)--T^«A4.î/(0^+Tt^.A5.i/W--^|fxr.A6.î/(^-f&c. 

time between i — \ and i — §; y(2) to the middle time between i = § and i — §; 

and so on to y&, corresponding to the middle time between i — | and i Tl? that is to 

say, to i. In finding the variations of any one of the elements by the method of 

quadratures, it is usual to take for the epoch of the time t. the time of the commencement 

of the integral, when i = —J [7929m] ; so that we shall have generally t = i-j-| ; and 

by using the values of i [7929.Z, Sic.], we find that y{0) corresponds to the middle interval 

between t = 0 and t — 1, that is to say, to t—\ ; ym corresponds to the middle 

interval between t = 1 and t — 2, or t — f ; y(2) corresponds to the middle interval 

between t—2 and £=3, or tf = § ; and so on to y®, which corresponds to the middle 

interval between t=i and t=i-\-1, or to t — i-fi, which is used hereafter in finding 

the variation of the epoch s [8014/]. 

* (3780) Multiplying [7929] by di, and then integrating, we get, 

ffi\di=f°\fdifAf0\fdUfi.A^f0\fdUdi~l)fb^f0)fdi.i.(i—l)fi-2)fhc. 

If we suppose the integrals to commence when i — 0, and then put i— 1, we shall get, 

fdi = i = 1 ; fdi.i =£72=| ; fdi.i.(i-l)=^i*-hi* = -i-, 

fdi.i.(i—l).(i—2) = i.i4—i3-{-i^ = l; 

fdi.ifi—-!)•(*—2).(i—3) = x.i5—§.i4-\~\^.i3—3i*— — U l 
fdi.i.(i—l).(i—2).(i—3).(i—4) = i,i6—2i5f-fl.i4—-%°-i3-f-12/2 — f ; 

fdi.i.(i-l).(i-2).(i-3).(i-4).(i-5)=i.i7-fi6-i-17i5-^.i4+H^i3-60ia=—^f,^c. 

Substituting these in [7933a] we get [7933], which represents the area of the parabolic 

curve included between y(0) and y(l) ; and by changing y(0) into y{1), we get [7934], 

representing the space included between the co-ordinates y[1) and yi2) ; and so on for 

others, to the term y(n). Adding all these quantities together, we get the whole expression 

of the area fy^.di, included between the co-ordinates y[0), y^n), as in [7935]. 
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This ivill be the area of the curve included between yw and y{1). In like 

manner, the area included between the co-ordinates y{1\ y^\ will be, 

fY^di = y{})Jr h-A-ya)—tV-a2-2/(1) + &c* 
and so on for others. Therefore if we represent, bj f0ny{i)>di, the whole 

area included between the ordinates y(0), y{n\ we shall have, as in [7933/i], 

f0ny{i).di — y{0)Jry(1)Jry^)Jr • ••••••• -f2/(w-1) 1 

+ A.yW-j-A.yW .... -f-A. 2 

—tV- {a2*2/(0,+a2*2/(1)+a2*^(2) * • • +A2*y(?l~1)j 3 

-f■J1î.{A3.î/(0)-j-A3.y,)-j-A3.^(^ . . . -j-A3.?/^-1^ 4 

+ &c. 5 

Now we have,* 

a*2/(0)+a-2/(1) • • • • +A,2/(”_1) — (2/(1)—2/(0))+(3/(2)—2/(1))-b • • • +(J/(W)—y{n~l)) ; or, 
A.y^-^A.yW .... -f-A.yO-1) = y[n)—y(0). 

In like manner we have, 

A2.ÿ°>-|-A9.?/(1).-{-.A2.^"—9 = A.y(n)—A ,y^\ 

and so on ; therefore, 

f*y{i)-di = i-2/(0)+2/(,)d-^(2). ...... 1 
- TÏ -{A. 2/(w) A. i/(0)} 2 

+ A .{A9.yw>—A9.y°J} 3 

— AV '\A*-y{n)—A3.y0)j 4 

+ Tio •{AWn)-A4-y(0)l 5 

—AV0;} 6 
+ &c. 7 

The values A.yW, £*,y(n\ &c., depend on A+1), 2/(w+3),f &c. ; and it is 

[7934] 

[7935] 

[7936] 

[7936'] 

[7937] 

[7938] 

* (3781) The second member of [7936] is easily deduced from the first, by substituting 

A.y0 = y{l)—y(0), A.yU) = y(2)—y(i\ A.y(2) = yt3)—y(2), &c. Neglecting the terms which 

mutually destroy each other, it becomes simply y(n)—yl0), as in [7936']. Substituting this [79336] 

in [7935 lines 1, 2], and making a slight reduction, we get [7938 line 1], The differential 

of [7936'], relative to the characteristic A, gives [7937] ; substituting this in [7935 line 3], 

we get [7938 line 2]. The differential of [7937] relative to A, being substituted in 

[7935 line 4], gives [7938 line 3] ; and in like manner we obtain the other lines of [7938]. U938c] 

f (3782) This is evident from the system of equations [755], changing the characteristic 

of finite differences <5 into A, and putting f3 = y(n), p' = y(n+i)} p" — yfr+Z)} &c., in 

order to conform to the present notation. We may incidentally observe that the formula 

[7929] can be easily deduced from that in [756]. 

vol. iv. 97 
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[7938'] 

[7939] 

[7939y] 

[7940] 

[7941] 

[7940a] 

[7941à] 

[7941&] 

[7942a] 

supposed that we have computed only the values t/(0), ym . .. y(n). To avoid 

this difficulty, we shall observe that the coefficient of V\ in the development 

of the function w. (-[—] , is [7926»'] ; now we have,* 

) = ». j(l -t)’-+r.(l_0'+1+ .(l_0"+2+ &c. |. 

The coefficient of tn, in the development of u.( 1—t)q, is generally! 

A*.y(n-q\ Therefore the equation [7939'] gives, by passing from the 

generating functions to the coefficients, 

Ar.yw = Ar.y{n-r)Jrr.Ar+Ky(',l~r-1)-^ . Ar+2.yM_?'"2-f&c. 

Putting successively r— 1, r = 2, r — 3, &c., we obtain the values of 

A.y{n\ a~.y(n), &c., which depend only upon the co-ordinates y(1l), y(:n~l\ &c. 

Substituting them in the expression of f^y{l).cli [7938], we get,! 

* (3783) We have identically —1^ = (I—t). 11— (1—t) j "A Involving this to 

the power r, then multiplying by u, and developing by the binomial theorem, we get 

successively [7939, 7939]. 

f (3784) If we multiply [7926g] by f, then change r into q, we shall get, as 

in [7940], 

u.( 1—t)q = Aq.y<-0).iq + Aq.yV\tq+1 + A q.y^\t^-jr_+ A q.yin~q). tn -f- &c. 

Now putting successively q — r, §' = ?•-}-1, q — r-\-2, &c. in [7941a], we shall get, 

from the general term Aq.y{n~q).tn, the coefficients of tn in u.(l—t)r, u.( 1—t)r+1? 

u.(l—he. ; and by substituting them in the second member of [7939], we shall get 

the second member of [7941] ; its first member being the corresponding terra of [7926g-]. 

f (3785) Putting successively r— 1, r = 2, r—3, he. in [7941], and substituting 

the resulting values in [7938], we get, 

f0ny^di = £.y<°)+^-f y<2>-f-.+y^~1)+by(-n) 

_ ^ . [ A.y^_1)-f-A2-y(w_2)-f- A3.î/(n-3)-J- A4.y(w_4)-f A5.y[n~5)-\-hc.—A. 9/(0)| 

. -fA2.y^-2irf2A3.y(?i-35+3A4.y(”-4)+4A5.y(n-5)-f&c.—A3.y°)] 

— .{.+ A3.2/^-3^3A4.^-4>+6A5.t/^-5>+&:C.—A®yo,J 
_j_ .-f- A4.y(n_4)-f-4A5.7/('”_5)-]-^'C.—A4.y(0)l 

_ 8 6 3_ i .4- A5.y[n~5)-:\-he.—A5.y{0)l 

-j- he. 

Reducing this expression, it becomes as in [7942]. 
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ffy{i).di = . . . . . . 

— tV • ! a ffn~l)— &.y(0) j 

— A 4aV”_2)+aV°)} 
— tVV 
— ttô .!AV-4>+A4.y°M 

—6iiiTj-{A5-y“_6)—A5-y0)] 

— &c. 

(«) 

6. To apply the formula [7942] to the variations of the elements of the 

orbit of the comet, we shall take, for the absciss, the excentric anomaly of the 

comet, which we have denoted by u [7860] ; and we shall represent, by Qdu, 

the differential variation of one of the elements of the orbit ; then taking 

u from degree to degree, we must determine the corresponding values of 

Q. If we denote them by Q(0), Qa).Q(n\ the formula [7942] will 

give the value of fQdu, or the variation of the element of the orbit, 

corresponding to the supposed variation in the arc of the excentric anomaly. 

It will most frequently happen that the first finite difference will be the only 

term necessary to be noticed in this formula ; but near those parts where the 

planet is at its minimum of distance from the disturbing planet, which renders 

the values of — and of course those of Q very large f we must notice the 

other differences. It will then be useful to decrease the interval between the 

equidistant co-ordinates, by taking the excentric anomaly for every half degree. 

7. We have seen, in [7836], that the most sensible part of the perturbations 

of a comet may be expressed analytically when the comet is at a considerable 

distance from the disturbing planet, or in the superior part of its orbit ; which 

gives an accurate and simple method of computing these perturbations. We 

shall develop, by this means, the corresponding variations of the elements 

of the orbit. 

We shall resume the expression of dh [7849], 

* (3786) The symbol / represents the distance of the comet from the disturbing 

planet m' [7870a] ; and when this is small, the term ~ becomes great, and it will 

therefore produce, in the expressions of de, edzs, d R, da, dn, ds — d-ss, 

[7872, 7873, 7877, 7878, 7879, 7883], some terms of the form qdu, in which Q is 

quite large. 

Integral 
formula. 

[7942] 

[7943] 

[7944] 

[7945] 

[79450 

[7946] 

[7947] 

Variations 
of the 
elements 

depending 
on Rt. 

[7947] 

[7947a] 

[79475] 



388 PERTURBATIONS OF A COMET, [Méc. Cél. 

[7948] 

[7949] 

[7950] 

[7951] 

[7952] 

[7953] 

[7952a] 

[79526] 

[7952c] 

[7953a] 

[7954a] 

dh = dx. 

Putting for R its value [7838], namely, 

R = R'—y -m'.(xx’+yy’+zzyQs - f) ; 

we find, as in [7837t6], that R' is small in comparison with the other 

part of R, or Rt [7837], when the radius vector of the comet r is much 

greater than that of the disturbing planet ; and in this case the perturbations 

of the comet depending upon R/, or the greatest part of R, are represented, 

as in [7825—7827], in the following manner; 

Sx — m'.(±x-\-x') ; Sy — m'.(±y+yr) ; sz = m'.tfz+z'). 

This being premised, we have, by neglecting the square of z in the equation 

[1171 line 3],* 

0 k+y-\ 7 
dx2 

~df 
+ 

xdx.dy 

dt* ' 

Taking the variation of this equation, relative to the characteristic 5, 

we get,f 

_ 7 , Cl dx2 ) C Sr . 
0 = 6h+sy. j ~ — -jp \ + 

Qdx.dSx ) , xdx.dSy xdy.dSx dxdy.Sx 

dt2 " S"1 + ~dt2^^ dt2 

If we substitute the preceding values of sx, Sy, we obtain,Î 

* (3787) We have in [78496], f' = ^h, or by [7874], f'=h nearly. Substituting 

this in the fifth of the equations [1171], and neglecting terms of the order z2, 

— , — m'z, &c., as in [7846], it becomes as in [7952]. In like manner, by 
dt ’d&’ 

substituting f=l [78496,7874] in the fourth of the equations [1171], and neglecting 

similar quantities, we get, 

which will be of use hereafter. 

f (3788) The variation of [7952] being taken relative to the characteristic S, gives, 

without any reduction, the expression [7953], dt being constant. 

f (3789) The first expression of Sr [79546] is the same as that in [7818a] ; and by 

substituting the approximate values of Sx, Sy, Sz [7951], it becomes as in the second 

form of [79546], which can be reduced to the form [7954c], by using r2 [78176], and 

neglecting -.zz1, as in [79526]. Moreover the differentials of Sx, Sy [7951], give 

dSx, dSy [7954d] ; 
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sh = m'. < ii. — — 
> J dt'2 

dx2 xdxdy ) 

d*3 
| — my. ^ { 

dx2 

~dfi 

, , , Qm'y.dxdx' 
-{-my. -——— + -—-- 

dt* 

m'. xdxdy' m'.xdydx' m'.x'.dxdy 

~~ d? dt? “ dt* * 

This value of ôh, being augmented by an arbitrary constant quantity, 

expresses the alteration of h arising from the part of R, which is represented 

by Rt in [7837] ; it must therefore result from the integration of the 

preceding expression of dh [7948], by substituting for R the function Rr 

[7837], namely, 

R, = ~j — m,.(xx'+yy'+zz').(d — {{j ; 

which may be confirmed a posteriori by calculation [7958d], by observing 

,i , i m'x ddx m'x' . ddx' „ 
that we may here suppose — = — m’. — , — == —m. — , &c. [7822], 

If we substitute, in this value of sh [7954], h-\— instead of 

Sr= ™ . ^.(æ2+y2+«2)+(W+ÿy'+2:«/)| 

VYl' 

= 7- {W+ixx'+yy')] =4rn'r + — .{xx'+yy') ; 

dSx = ml. 1 {dx-\-dx'] ; dSy — m'.{{dy-\-dy'j. 

Substituting the values of Sx, Sy, Sr, dSx, dSy [7951, 7954c, d], in [7953], and 

transposing the terras so as to get the value of Sh, we obtain, without any reduction, 

Sh = — i m'y. | — ■ 

m!.xdx.({dy-\-dy') 

dx~ 

7t2 
m'y'. < — 

d& }+Mb+^ + 
2dx.({dx-\-dx') 

~~d& 

dP 
m'.xdy.(ydx -\- dx') 

~d& 
in’, dxdyd ?x-\~x' ) 

d& 

This expression consists of fifteen terms, and if we compare it with [7954] we shall find 

that the third to the tenth terms of [7954] inclusively correspond respectively to the terms 

3, 4, 6, 7, 9, 11, 13, 15 of [7954c], The first and fifth terras of [7954e] destroy each 

dx^ dx^ dx^ 
other. The second and eighth are {m'y. — + §:m'y. —- = m'y. , as in the first of 

atz atA at* 

[7954], The three remaining terras of [7954e], namely, the tenth, twelfth and fourteenth, 

• xdx.dv 
being added together, give —in'. —-, as in the second and only remaining terms of 

[7954] ; therefore the value of Sh [7954] is equal to that in [7954c], 
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[7954] 

[7955] 

[7956] 

[7956'] 

[79546] 

[7954c ] 

[7954d] 

[7954e] 

[7954/] 

[7954g-] 

VOL, IV. 
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[7957] 

Part of 

Sh 
[7958] 
depending 
on 

[7959] 

[7960] 

Part of 

SI 
[7961] 
depending 
on 

dx2 
x. —rd [7952], we shall get. * 

dt2 

ôh — m'.fh + — 
, (xy'—x'y) . dx' (xdy— ydx) 

mx. — m. 
dt * dt 

, dx (xdyf—y'dx-\-x'dy—ydx') 
-771 . . — — 

dt dt 

Hence it follows, that to obtain the variation of h, from a given point of the 

orbit to another point, so far as it depends on R/ [7956], or on the part 

°f R which is independent of R', it is only necessary to subtract the value 

of the second member of the preceding equation [7958], in the first point, from 

its value in the second point. 

If we change, in the equation [7958], h into l, x into y, x' into y', and 

the contrary, wre shall obtain the variation of l arising from Rp or from 

the part of R which is independent of R' ; hence we get,f 

y , f -, , x\ , , (xy'—yx') , , dy' (xdy — ydx) 
ô l = m!. U + — j+m y. — r3 ■ -- -f ml 

dt dt 

-j-m. 
, dy (xdy'—y'dx -j- x'dy—ydx') 

dt dt 

[7958a] 

[79586] 

[7958c] 

[7958i] 

* (3790) Substituting in [7954] the value of y. — — x. [7957], also 

2_ 
r 

__ , neglecting as in [7846], it becomes, 

x2 ~\~y2 Æc2 f f (xx'-pyy') 
Sh-=m'.{h + ^—m'y'. ^ 

m'.xdxdy' 

r3 dP 

m'.xdydx' m'.x'.dxdy 

| + rdy. + 
%m'.ydxdx' 

It2~ 

dP dP dP 

which, by a different arrangement of the terms, becomes as in [7958]. This value of <5h 

is deduced from the general expression of Sh [7953], by substituting the values of Sx, Sy, 

Sz [7951], which were computed upon the supposition that R' — 0, or R=R/ [7837e] ; 

it must therefore necessarily follow, that if we substitute R — R/ in [7849], we shall, by 

integration, get the same value of Sh as in [7958], as is observed in [7956']. This is so 

evident that we have not thought it to be necessary to repeat the calculations, by the 

method pointed out in [7956', &c.]. 

f (3791) If we change x, x', y, y', into y, y', x, x', respectively, we shall find that 

[7961a] tlm expression of dh [7849] changes into that of dd [7850], and A [7952] into /[7952c] ; 

also Sx into Sy. and Sy into Sx [7951]. Hence it is evident that if we make the same 

changes in the expression of Sh [7958], we shall get the value of SI, as in [7961] ; the 

[79616] arrangement of the terms being varied a little so as to make the factors appear in the same 

forms as in [7958]. 
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Subtracting the value of the second member of this equation in a given point 

of the orbit, from its value in another point, ive shall have in that interval the 

variation of l depending on Rf [7956], or on the part of R [7949], which 

is independent of R'. The variations of h and l give those of e and w, 

observing that we have,* 

eSe — hSh f Isl ; e<2Siz = lsh—hsl. 
We have, in [1171 line 5],f 

J_ _ (dx2 -f dif) # 

a r dt2 1 

which gives, 

Sa 2Sr 2dx.d5xf2dy.d8y 

ad r2 dt* 

Substituting the values of Sr, dsx, dsy, which are given in [7954c, J], 

we obtain, 

Sa 
2 a 

■ - + 2m’. (A±»1) + |.m'. (JxjjpQ + 
r r* 1 3 dt2 dt2 

• • • • -4-" dy^ 
If we substitute in this equation for -- its value 

dt2 r 

1 

a 
[7964]; 

and multiply by ad, we get, 

2m'. ad 
Sa = \.m!a +2m’.a\ W+3Û + 2m’.a\ <ld£+f). 

dt2 

Hence we may find 5n, by means of the equation rd — ~ [7897], which 

gives, as in [6662], 

* (3792) The variations of the expressions of h, l [7847], relative to the characteristic 

S, give, in like manner as in [7851,7852], 

Se — ÆA.sin.st -|- SI.cos.■a ; eSzt — Sh.cos.zt—dZ.sin.'ra'. 

Multiplying these by e, and substituting the values of e.sin.tf, e.cos.tf [7847], we 

get [7963]. 

| (3793) Putting fi. = 1 [7874] in the last of the equations [1171], and neglecting 

dz2, as in [79526], we get the expression [7964]. Its variation relative to the 

characteristic S, gives [7965], by changing its signs ; and we may observe that terms of 

the order m'2 are neglected in this expression of —. Substituting in [7965] the 

differentials of the values of Sx, Sy [7954c?], also <Jr = y.mV-f- y. (xxfyy') [7954c], we 

get [7966]. Multiplying this by ad, and substituting f.m'a2. __sm'a 
dfi r 

[7966'], we get, by a slight reduction, the expression [7967]. 
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[7968] 

[7963a] 
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[7969] 

Part of 

on 
[7970] 
depending 
on 

Rr 

[7971] 

[7972] 

Sn 
[7973] 

[7973'] 

[7974] 

S'n 
[7975] 

[7976] 

[7972a] 

[79726] 

[7972c] 

[7972d] 

[7976a] 

[79766] 

[7976c] 

ôn 3 Sa 

n a ’ 

substituting [7967] in [7969], and multiplying by n, we get, 

3m'.an , , „ , y y') „ . ( dxdx' 4- dydi/) 
ôn  -h m n—3m .an.  -~L1 —3m'.an. --~r . 

r rà dt2 

Subtracting the values of <5a, ôn [7967,7970], at a given point of the orbit, 

from their values at another point, we shall obtain the variations of a and n 

in that interval, arising from Rt, or the part of R which is independent 

of R'. 

To obtain the variation of the mean anomaly, depending upon the part of 

R, which we have represented by R/ [7837], we shall observe that this 

variation is equal to* fSn.dtfSe—<5«. We shall put ôn jor the whole value 

of ôn, at the point of the orbit where ive begin to consider separately this part 

of R ; that is, the value of ôn which results from the preceding 

perturbations. We shall have, by supposing t to commence at this point, 

f5n.dt~\~Ss—s™ == ôn.t T~f 6 n.dtfôs—; [79 /2c6] 

ô'n being the variation of n, counted from the point mentioned in [7973'], 

and depending upon Rt [7837], or upon the part of R which is independent 

of R'. We have, as in [7976c], 

- , pC , 7, dziX 1—e.cos.u)2 e?e.sin.w.(2—e2—e.cos.u)) 
fôn.dtfôs—s™ =J n'n.dt-— - 

Integrating by parts the second member of this equation, we obtain,f 

* (3794) The mean anomaly is expressed by V—fndtf s—ra [7858']. Its variation 

relative to the characteristic <5, is SV—fSn.dt+Se—Szs. The variations being supposed 

to commence at the time t=0, when Sn is equal to ôn [7973] ; and the general value 

of Sn is Sn = In -f- [7973, 7975] ; substituting this in fSn.dt, we get, 

fôn.dt = ôn.t-ffS'n.dt ; hence the value of SV [79726] becomes as in [7974]; the 

integrals being supposed to commence at the time when Sn is equal to Sn. 

f (3795) We shall put for brevity, 

. . (1 — e.cos.up , . sin.w.[2—e2— e.cos.w} 

K“) = L^Kri; *(“) = —4^-* 
and by substituting these symbols in [7886], we get, 

de—drt = —d-ti. cp[u)—de.-vu. 

Adding S'n.dt to both members of this equation, then integrating and putting fde=Se, 

fdvs^Svi, fde == Se, we get [7976]. Now if we integrate [79766] by parts, as in 

[1716a], we obtain, 



IX. i. § 7.] FAR FROM THE SUN, DEPENDING ON Rr 393 

fo'n.dt-\-Ss—Szs — constant 
fe.(l— e.cos.w)2 

” V/l—e2 

(5e.sin.it.(2— e2 —e.cosht) 

1—e2 
1 

. /*C à'n du.sin.uJl-e.cos.u) , 
+J 1 — e.cos.u) + 2efa.-=-' + 

tfot.sin.w.(l-e.cos.it) <Je.c?it.(l-e.cos.«) (e-J-2.cos.it) 

1—e2 
2 

ndt being, as in [7882], equal to dw.(l-e.cos.w). We have, as in [7851c,/], 

h— 0; ôh = eôa; l = e; ôl = ôe. 

We shall put m’nq for the value of the preceding expression of 6n, at the 

new origin we have assigned to the time t [7973] ; we shall then have for 

the value of ô'n [7975], the following expression, 

6'n = 6n —m'nq ; 

and by substituting the preceding values of <5h, 6Ï, we shall find,* 

[7977] 

[7978] 

[7979] 

[7980] 

[7980q 

Ss—S-ti = constant—fe.<p(w)—8e.^[u)-\-J'Szs..du-\-fde.• du ; 

considering op(u), Ÿ(u), as functions of u only, without noticing the variableness of e, 

because it introduces only terras of the order m'2, which are neglected ; moreover from 

[7882] we have fdn.dt—J — .ndt —.du.(l—e.cos.u) } adding this to [7976^ 

we get, 

fô'n.dt-\-ôs—Stf = constant—<kr.ç(rc)—£e.f(w) 1 

-f- ~~ • du.{\—e,cos.it)-[-fee . du-\-5e. y~) 2 

The first line of this expression is the same as the first line of [7977] ; and the integral in 

the second line of [7976/] is the same as that in [7977 line 2] ; observing that, in finding 

the differential of the expression ÿ(u) [7976a], we get, by successive reductions, 

d. £sin.it.(2-e2-e.cos.it)£ = t?it.£ cos.it.(2-e2-e.cos.w)-[- e.sin.2it ^ = du.^ cos.it.(2-e2-e.cos.w)-J- e.(l-cos2w)| 

= du. |2.cos.u-J-e.(l—2.cos.2 it)—e2.cos.it £ = t?it.(l—e.cos.it) .(e-J-2.cos.it). 

[7976c?] 

[7976e] 

[7976/] 

[7976g-] 

[79766] 

[7976t] 

*(3796) Substituting Szs~—, Se — ôï [7978], in the terms in the first line of the 

second member of [7977], we get the terms of the second member of [7981 line 1], Again 

if we substitute the expression of S'n = —m!nq-\-dn [7980], in the first term of 

[7977 line 2], we obtain the expression [79815] ; and by using the value of ndt [7882], 

in the first term of its second member, it is reduced to the form [7981c] ; 

J.du.(I—e.cos.w) = —fm!q.du.{\—e.cos.w)-J-^*-^- ,du.(l—e.cos.w) 

= —m'nq.t-• dw.(l—e.cos.w). 

If we now suppose the integral expression in [7977 line 2] to be represented by 

—m'nq.t-\-V„ we shall find, by the substitution of [7981c] in [7977 line 2], 

jr Pi, /, . C 6ti , -, 2.sin.M (e-J-2.cos.it) ) 

v‘ =J du<1- e-cos-“)-1 n +eSa■ 7!=p + -1 ; 
99 

[7981a] 

[79816] 

[7981c] 

VOL. IV. 

[7981c?] 
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Variation 
of the 
mean 
anomaly 

[7981] 
depending 
on R,. 

[7981e] 

[7981/] 

[798lg] 

[79817i] 

[798li] 

[798U] 

[79812] 

[7981m] 

[7981ti] 

[7981o] 

[7981p] 

[7981q] 

[7981r] 

J'ô'n.dt-^-Ss—<5sf = constant— 

—m!nq.t -f- 

Sh.( 1—e.cos.w)2 

e.y/I^e2 

m'.(xy'—x'y) 

— e2 

i5Z.sin.w.(2—e2—e.cos.w) 

1—e2 
1 

2 

and the author observes in [7980'] that if we use the values of Sh, SI, Sn [7958,7961,7970], 

this integral expression will become of the form in the last term of [7981 line 2], making 

jj. m'.(xy'—x'y) 

' a2.y/ 

expressions of Vt, are identical ; or by using the values efe — Sh, Se = SI [7978], we 

must prove that the first member of the following equation [7981g-] can be reduced to the 

same form as its second member, by substituting the values of Sh, SI, Sn [7958,7961, 7970] ; 

; and it now remains to be proved that the differentials of these two 

, ,, % ^ Sn , ,,7 2.sin.u , ,7 (e-(-2.cos.M) > m' ( > 
du.{\—e.cos.w). j — + Sh. ■^r-= +SI *ixdV Vdx +1/ dx~x dVl- 

The two first terms of Sh, SI, Sn, depending on the unaccented letters x, y, being 

substituted in the first member of [7981g-], mutually destroy each other. For if we retain 

only these two terms, and use also the values h= 0, l=e [7978], we shall have from 

[7970, 7958, 7961], by neglecting for brevity the factor ml, which is common to all 

the terms, 

Sn 

n 

and if we substitute the values of r, x, y [7855, 7862, 7862'], they will become, 

Sn 3 (—2 — e.cos.u) _ 

n 1— e.cos.w 1—e.cos.M 5 

« a==e+ c°s-— 
1—e.cos.u 7 1—e.cos.M 1—e.cos.M 

Substituting these in the first member of [7981g-], we get, without any reduction, 

du. | (—2—e.cos.w)-|-2.sin.!2u -}-cos.w.(e-{-2.cos.w) j ; 

and by putting 2.sin.2w+2.cos.2w == 2, we find that the terms mutually destroy each 

other ; so that we shall now have to notice only those terms of Sn, Sh, SI, which contain 

the accented letters x', dx', y', dy', which we shall successively compute, taking them in 

the same order. 

First. Noticing only the terms which contain explicitly the finite quantity x', neglecting 

for a moment, for brevity, the factor nix!, common to all these terms, and which will be 

re-substituted in [7981z], we shall get, from [7970, 7958, 7960], the following expressions^ 

Sn 3ax xy dx dy ,7 y2 , %2 

a=5>-*-*5 
Now we have, in [7862, 7862'], the following values of x, y, whose differentials are as 

in [7981r] ; _ _ 

æ=a.jcos.w—e| ; y = a.\/i—e2.sin.w ; 

dx = —adu.sm.u ; dy = adw.^/l—e2.cos.w ; 
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If we subtract the value of the second member of this equation, at the new 

origin of t [7973'], from its value at another point of the orbit, we shall 

T 
and if we substitute I—e.cos.M = — [7855], in the expression of ndt [7882], we shall 

a 

. an‘dL — . Substituting this value of du in [7981r], and 

a* 
— . sin.M ; 

dy 
dt 

.cos .u. 

get, by using [7897'], du = 

dividing by dt, we obtain, 

dx 

dt 

Substituting the values [7981^, in [798 lp], we get, by a very slight reduction, the first 

expressions in [7981m, v, w\. The second forms are deduced from the first, respectively, 

T 
by substituting in the terms between the braces, in [7981 v, w\, the value of — [7981s] ; 

ôn 3a2 , n 
— = ——. (e—cos.m) ; 
nr3 

§h = 0'2'^1~e2'hin'^. ^ (cos.m—e)-f- ■— .cos.m | » fcjj.sm.M . [g.cos.M-e-e.cos.2m] 

a2.(l—e2) 

Y 3 
^ —sin.2M-j- .cos.2m I — . [—sin.2M-j-cos.2M—e.cos.3Mj. 

Substituting the expressions [7981m, v, w\ in the first member of [7981g], it becomes as in 

[7981æ] ; putting sin.sM == 1—cos.2m, and arranging according to the powers of cos.m, we 

T 
get the first form of [7981?/] ; and by successive reductions, using the value of — [7981s], 

and that of dy [7981?']? we finally obtain the last expression in [7981?/] ; 

dw.(l—e.cos.u). ^.[3fe-cos.u)-f-2.sin.2M.(2.cos.M-e-e.cos.2M)-{-(e-j-2.cos.M).(--sin.2M-]-cos.2M-e.cos.3M)| 

= du.(l—e.cos.a). —. £-cos.M.(l-2e.cos.M-{-e2 cos.2m)| = -c?M.(l-e.cos.m)3. — .cos.m 

dy r \3 a2 

a 
. — .COS.M: 

pa 

^ COS M_ 

a a?.\/1—e2 ’ 

Connecting this last expression with the factor m'x', which was neglected in [7981o], we 

finally get *— a2 • m'x'> f°r ^ie term m ^ie ^rst member of [7981g], depending on 

od ; being the same as that which is given by the author, as in the second member 

of [7981g]. 

Second. We shall now compute the terms depending on dx'. If we retain only these 

terms, and neglect for brevity the factor m'dx', which is common to all of them, taking 

care to re-substitute it at the end of the calculation, in [7982g], we shall get from 

[7970, 7958, 7960], 

6n_ 3a.dx. jxdy—ydx) ydx ydy 

n dt* ’ dt* ‘ dt* 5 Ù dt* ‘ 
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[7981?/] 

[7981z] 

[7982a] 

[79825] 
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[7981"] 

[7982c] 

[7982c'] 

[7982d] 

[7982 e] 

[7982/] 

[7982g] 

[79827e] 

[7982Î] 

[7982Æ] 

[7982Z] 

[7982m] 

have the variation of the mean anomaly daring that interval, arising from 

Rt [7837], or from the part of R which is independent of R'. 

Now from the values of x, y, dx, dy [7981g1, r, i], we obtain by successive reductions, 

using [7981s], 

xdy—ydx — a?.du.\/i — e2- [cos.w.(cos.m—e) sin.2w| 

= a?.du.\/l — e2- £ 1—e.cos.u] — ar.du.\/\—e2 ; 

substituting this, and dfi — ar^.du? [7981s'], together with the values of dx, dy [7981r], 

we get, from [79825], 

èn 

n 

3a.sin.« 

r^.du 
6h 

a a/ l — t2 ( t "9 "7 
= — — < •— + sm*u C r r^.du ( a 1 ) 

a.(1 — e2).sin.w.cos.u 

r2.du 

Substituting these last expressions in the first member of [7981g-], it becomes as in [7982e]. 

This is successively reduced to the form [7982f] by putting, in the factor between the 

T 
braces, sin.2w-[-cos.2w= 1, and 1—e.cos.u =— [7981s]; using also y[7981g]; 

cr.sin.w C n (r . . 2 \ , , _ Or, \ a.sin.w f r) 
(1-e.cos.w).—.|3-2.^— -f-sm. ^-cos.M.(e-p2.cos.MJ^=[l-e.cos.«).———. jl-e.cos.tt-2.—^ 

= (1-e.cos.u). 
a.sm.tt r 

a 

r a.sm.tt r 

a 

sm.M y 
[7981 g]. 

r3 ' 5 “ S et * r2 ’ a a a2.\/1—e2 ’ 

Multiplying this last expression by the factor m'dx', which was neglected in [7982a], we 

m'y •dx! „ „ , „ in 1 1 . 
get —■ 2 , -----, for the part of the first member of [7981g-] depending on dx ; being 

the same as that given by the author in the second member of [7981g-]. 

Third. We shall now take into consideration the terms which contain y' explicitly. 

Noticing only these terms, and omitting, as above, the common factor m'y', which is 

re-substituted in [7982p], we shall get from [7970, 7958,7961], 

ôn 

n 

3 ay xd 
= — ~', bh = — -r + 

,•3 * 1*3 1 

Ær2 

di2 
ôl=—_— — 

1*3 dt dt 3 

dx d'il 
substituting the values of x, y, —, — [7981 q, t], they become by successive reductions, 

using — [7981s], 
a 

fc=_3AA^.si„ 
n rà 

èh — ü- .^-(cos.M-e)2-]- ~ . sin.2w| = ~ . j ~(cos.w-e)2']-(l-e.cos.M).(l--cos.2M) ( 

— —.{l—2.cos.2w-pe.cos.w+e.cos.3w—e2j - 

î7 a2.\/ï-e2.sin.'a C, \ , r ? a2.i/i-e2«sin.M 9 , 
U = —it——-j (cos.w-e) -f- —.cos.w > — —1——-. [2.cos.w-e-e.cos.2M]. 

Substituting the values [7982&, l, m\ in the first member of [7981g-], it becomes as in 

[7982w] ; and the terms between the braces may be reduced to 

•—l-j-2e.cos.w—e2.cos.2w = —(1 —e.cos.w)2 ; 
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To obtain the variations of the inclination of the orbit and of the node, 

depending upon the same part of R, we must observe that we have, in 

[1171 line 1], 

, xdz—zdx „ ydz—zdy 

c= * ; c= it • 

hence we get [7982o], using the value of — [7981s], and that of dx [7981r] ; 

du.(l—e.cos.w). . 5 —3-(l—e2)+2.(l—!a.cos.^+e.cos.M+e.cos.’n-e2) 

7 'v-1 e2 l-\-(e-]-2.cos.u).(2.cos.u—e—e.cos.2w) 

a^.sm.w a3.sin.w 
= du.(i—e.cos.M). ^3 y'Y f p • {—(1—e.cos.M)2] =—£?m.(1—e.cos.M)3. ^-~== 

1 r ( T V a2-sin,'u 
ea 

adu.sin.u 

a2.y 1 —ea ^.v/fZTea * 

Connecting this last expression with the common factor m'y' [7982A], we get 

as in the third term of the second member of [7981g]. 

Fourth. The terms of [7970, 7958, 7961] depending on dy', give, by neglecting in like 

manner as above, the common factor m'dy', and re-substituting it in [79S2v], 

<5 n 3 a.dy 7 xdx xj {xdy-ydx) xdy 

dP dt2 ‘ 

Substituting the values [7981 ÿ, r, 7982c, c'], they become as in [7982r, s], by using 

^ [7981s] in [7982s] ; 

Sn 

n 

SI 

_ Sa.\/i — e2.cos.u . 
r^.du ’’ 

Sh 
a.sin.M.[cos.M—e\ 

r^.du 

= “'KLu*- [ 7 + cos.M.(cos.K—e) | = aVy^ e2.jl—2e.cos.M4-cos.a«j. 

Hence the first member of [798 Ig], depending on these terms, becomes as in [7982t] ; 

and by putting sin.2M = l—cos.2iq we get the first expression [7982m]; then by 

x successive reductions, using x, r [7981g', s], we get the last form of [7982m] ; 

du.(I—e.cos.M). 
a ■3.( 1 — e2) .cos.m -J- 2.sin.2M.(cos.M — e) 

r2.du-\/1 — e2 * l -j-(e+2-cos,M).(i—2e.cos.M-f-cos.2u) 

= (l-e.cos.M).^5^=. j(l-c.cos.tt).(cos.M-c)j =(l-e.C0S.M)2. = ^VT==^‘ 

Connecting this last expression with the factor m'dy' [7982er], it becomes —m'x‘dyr~ 
2 a2.p/1—-e2’ 

as in the second member of [7981g]. From what has been said it appears that the second 

member of [7981g] is equivalent to the first member of the same equation. Hence it 

follows that the equation [7981] is equivalent to that in [7977]. 

100 

[7981w] 

[7982] 

[7982m] 

[7982o] 

[7982p] 

[7982?] 

[7982g'] 

[7982r] 

[7982s] 

[7982f ] 

[7982m] 

[7982^3 

[7982w] 

VOL. IV. 
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[7983] 

[7984] 

[7985] 

[7986] 

[7987] 

[7988] 

[7989] 

[7990] 
Variations 
of the 
inclination 
and node 
depending 
on R!. 

[7983a] 

[7986a] 

[79866] 

[7986c] 

[7988a] 

[79886] 

[7990a] 
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Hence we get. * 

6 d = 
x. $Sz-\-Sx.dz—z.dSx—Sz.dx 

dt 

y. dSz-fSy.dz— z.dSy—Sz.dy 

" Jt 

If we substitute the values of sx, By, Bz, given in [7825—7827], we 

shall have,f 

Sc ■ - 2 mV' mc-fm. 
, (xdz'fx'dz—zdx'-—z'dx) 

dt 

Be" —, fm'd'fm'. 

dz 

, {ydz fy'dz—zdy'—z dy ) 

dt 

We shall now observe that z, —, d and c", either vanish, or are of the 
dt 

order of the disturbing forces [7893] ; therefore, by neglecting the square of 

these forces, we shall have,J 

Be' — m!. 
, (,xdz'—z'dx) . 

dt 

SC"= 
dt 

From these equations we may deduce, by means of the formulas [7891, 7891'],^ 

* (3797) The differentials of the equations [7982], taken relative to the characteristic 

ô, give the expressions [7983, 7984]. 

f (3798) Substituting the values [7825, 7827] in the numerator of [7983], and 

reducing by means of the value of d [7982], it becomes, 

y in .(xdz-fxdz —zdx—zdx)-\-ml. (xdz'-j-x'dz—zdx'—z'dx) 

— § m'. (xdz—zdx)-\-m'.(xdz'-\-ot/ dz—zdx'—z'dx) 

= | m' x dtfm. (xdz'f x'dz—zdx—d dx) ; 

substituting this in [7983] we get [7986]. In like manner we get from [7984], by using 

[7826, 7827], the value of Bd' [7987] ; or it is more easily derived from [7986] by 

changing x into y and y into x ; for by this means Sc [7983] changes into Sc" [7984], 

and 6c' [7986] into Sc" [7987]. 

% (3799) The quantities 2, ^ [7846'], are of the order to'; therefore d, c" [7982] 

are of the same order ; and by neglecting terms of the order to'2, we may reject 

m'd, m'c", m'.x'dz, m'.zdx, m'.y'dz, ?n'.zdy', from [7986, 7987] ; by this means they 

will become as in [7989, 7990] respectively. 

<§> (3800) The values of Sc', Sc" [7989,7990], being substituted for d, c", respectively, 

in [7891,7891'], give the corresponding values of <p, Ô ; referred to the plane of the orbit 

at the time of the commencement of the integral. 
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the variations of the inclinations of the orbit and the node, arising from Rt, 

in the part of the orbit novo under consideration. 

8. We can obtain the variations of the elements of the orbit, relative to 

the part R' of R, by the formulas in [7872—7920], by changing R 

into R' [7838], in the expressions of dh, dl, d. ^, dc', dc", 

[7849, 7850, 7875, 7888, 7889], and integrating them by means of 

quadratures. In the upper portion of the orbit, R' being very small, the 

values of these integrals will also be very small ; but in this portion, where 

it is so advantageous to divide R into two parts, we may determine without 

quadratures, by means of converging series, the variations of the elements of 

the orbit corresponding to R1. For this purpose we shall resume the 

expression of R’ [7838] ; and by developing it in a series, we shall have,* 

R' = 
m .r /2 

2r3 

Now wTe have,f 

fm 
(rx'+yy'^-zz'—|ra)2 ^ (xx'-f yy -f-zz'—jr'z)3 ^ 

* (3801) If we put for brevity for a moment, w =rr'.cos.y-%r'2 = xx'fyy'fzz'-^r'2 

[7817c], we shall have, from [78155], 

f2 = (V—x)2-\-(y'—yffif—z)2 = r2—2 w. 

Substituting this in the second term of R [7802], we obtain [7993c] ; and by development 

by the binomial theorem, it becomes as in [7993d]. If we substitute in the second term of 
K) 

this development — , the second expression of iu [7993a], we shall get, by making a 
?'2 

slight reduction, the expression of R [7993e] ; 

R = 
m'Jxx'-Vyu'A-zz') , „ _ N 
—  1/^-——‘ —m'.(r2—2 w) 

m'.ixx'+yy'+zz') 

—s. 

r'3 

w! 0 , w i tife i = i 0 ") 

-7-11+^+»-h+*-? + &04 
m' . . . . . , ( 1 3 \ , mVs m! ( w% . ■) 

_qs._4.|._+&c. j 

Substituting this last expression of R in the value of R' [7838], we easily obtain, 

R' = 
,,.r/a m.r 

2r3 

m 

r 

■ ( 

and by re-substituting the second value of w [7993a], it becomes as in [7993]. 

[7990] 

[7991] 

[7992] 

[7993] 

[7993a] 

[79936] 

[7993c] 

[7993d] 

[7993c] 

[7993/] 

f (3802) If we put, as in [7851c], rt—0, the expression of x, y [7861] will become 

as in [7994] ; we may also put s’=0, by neglecting the square of z, as in [7846]. The [7995a] 
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[7994] 

[7995] 

[7996] 

[7997] 

[7998] 

[7999] 

[79956] 

[7995c] 

[7998a] 

[79986] 

[7998c] 

[7998^] 

[7998e] 

[7998/] 

[7998g-] 

x = r.cos.v ; y — r.sin.v ; z = 0 ; 

r_ «•(!—e2) . 

l-J-e-cos.fy—to) ’ 

we have also x', y', z', in functions of sines and cosines of v' and its 

multiples. We must substitute R' for R, in the differential expressions of 

the elements of the orbit, and then develop them, using the following values 

of r* *dv, r'^dv', which are easily deduced from [1057], by putting 

f*=l [7874]; 

i*dv = dt.\/a. (1—e2) ; 

r'^dv' = dt.[/a'.(l—e'2) ; 

and by this means we shall find that the part of each of these differential 

expressions, corresponding to R', will be expressed by a series of terms of 

the form,* 

H.dv'.cos.(iv + i'v' + A) ? 

i, i1, being integral numbers, positive or negative ; and H, A, constant 

quantities. Integrating the term [7998] by parts, we obtain, as in [7998g],, 

value of r [7995] is the same as that in [378 or 603], These values are to be substituted 

a'.( 1—e'2) 
in [7993] ; also the values of x', y', s' [7866—7868], and r' = ^ » which 

is similar to that in [7995], 

* (3803) If we substitute R' [7993] for Rt in [7849], we shall get for dh an 

expression of the form dh — dx.cp(x, y, z, r, x', y', s', r')-\-dy.^{x,y, z,r, x\ y', z', r ) ; 

cp, -i-, being symbols of functions. Now if we substitute in the values of x, y [7994], the 

expression of r [7995], we shall obtain by development x, y, in functions of the sines and 

cosines of the angle v and its multiples ; so that dx, dy, will be represented by dv, 

multiplied by similar functions. In like manner x', y\ z', /, may be expressed by means 

of the sines and cosines of the angle v' and its multiples. Using these values we find that 

the expression of dh [7998a] becomes of the form dh = cfo.function(r, v') ; or, by using 

the value of dv [8001], c?A = d/.function(i/*, F), corresponding to the form assumed in 

[7998], which is of the usual form given in [957, &tc.], i, i', being integral numbers, 

positive or negative, as in [957/ or 1011']- Similar forms may be given to the other 

quantities dl, d. — , dc, dc" [7991]. The reason for using dv' instead of dv, will be 

seen in [8003, &c.], where we shall find that this enables us to obtain the chief part of the 

integral, under a finite form, in [8005] ; the other part [8002] being much smaller, is 

integrated by approximation, as in [8009]. Now integrating [7998] by parts, it becomes 

as in [8000], as is easily proved by taking the differential of the last expression. 
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H.fdvr .cos.(iv-{-i'v'-\-A) = constant-f- — .sin.a)—H. —.fdv.cos.(iv -f- i'v'-f a). 

If in this last term we substitute the following value of dv * 

dv — 

we shall get, 

— H. ~ .fdv. cos. (ivfi V-j|gv) = 

d^.dv fa.[\—e2) 

T® * fa'.{I— e'2) ’ 

-H. 
i fa.[ 1 — e2) Pr'^.dv' /V ” fll) 

—X— .COS.(M)-f fV-f-A). 
V fa.(I— e'2) 

This term is much less than the integral, 

H.foh/, cos. (iv-\- i V+a) , [7998] 

when — is a small fraction ; it is also diminished considerably by the 

factor e l • for a.(\—e) is the perihelion distance of the comet 
f a'.[1—e'2) V 7 1 

and this distance is much less than the values of a', corresponding 

to the three superior planets. The integral expression [7998] is therefore 

very nearly represented by, 

H 
H.fdv\c$s.(iv-\-i V-fw) = constant -f- — . sin.(«î?-j-iV-}-A). 

% 

To obtain a more correct value of this integral, we must add to its first value 

the integral expression [8002]. Substituting in [8002], for —, its value,f 

cf2. ( 1—e'2J. 11T e.cos.(v -— vs) ]2 ./s 

/>.2 a2. (1—e2)f [ l-f-e'.cos.(î/—vs')] /\)2! 

[8000] 

[8001] 

f [8002] 

[8003] 

[8004] 

[8005] 

[8006] 

[8007] 

[8008] 

* (3804) Dividing the expression [7996] by that in [7997], and then multiplying the 

r'Z.dv' . . [8001a] 
quotient by —we get [8001] ; substituting this in the last term of [8000], it becomes 

[80016] 

as in [8002]. This is very small, because — is supposed to be quite small. Moreover 

the factor ~f.\/ pf, is small, since e! is small, and e nearly [8001c] 
fa'.{ l—e'2) fa'.(l-e') V 

equal to 1 ; so that this factor becomes nearly equal to . f% • which is very [8001<f| 
fr' 

small, because the perihelion distance of the comet n.(l—e), is supposed to be much less 

than the mean distance d of the disturbing planet from the sun. Hence it is evident that 

if we neglect the integral [8002] we shall obtain the expression [8005] for an approximate * 

value of the integral of the function [7998]. 

f (3805) Dividing / [7995c] by r [7995], and squaring the quotient, we get [8008]. [8008a] 

101 VOL* IV. 
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[8009] 

[8010] 

[80100 

[8009a] 

[80096] 

[8009c] 

[8009d] 

we can, on account of the smallness of edevelop the integral expression 

[8002] in a series of terms of the form, 

ff' .fdv' .sin. (sv sV-j-A) ; 

and we may integrate each of these terms by the method we have just 

explained. Thus we shall have, in a very converging manner, the value of 

H.fdv' .sin fiv -{-i'v1 ; [7998] 

therefore we shall have, hy analytical formulas, the values of the elements in 

the superior part of the orbit. 

9. We can, by the preceding formulas, calculate the perturbations which 

the comet of 1759 suffers in its successive revolutions, and predict its next 

appearance.* To do this, we must proceed in the following manner. We 

* (3806) This was published by the author in 1805 ; and the calculations which he 

has proposed were afterwards made by several persons ; particularly by Damoiseau, 

Burckhardt, Rosenberger, Pontécoulant and Lubbock. The work of Damoiseau is given 

in detail, in the Memorie della reale Accademia delle Scienze di Torino, Tomo xxiv, 

1820; the co-ordinates of the comet, and the perturbations relative to Jupiter, being made 

for every degree of the value of u, as in [7945]. In calculating the action of Saturn, the 

intervals in the value of u are 2° ; in those of Uranus 6°. The method used by him 

is similar to that in § 3, 9, of this book. In the Connaissance des terns for 1832, page 

25, &c., he gives an abstract of this method, with an additional calculation of the action of 

the earth upon the comet in the year 1759, when it passed quite near to the earth, so as 

to affect the mean motion and the time of its revolution. Any person engaged in 

calculations of this kind will do well to look over these memoirs, to see the manner in 

which he has arranged the numerical process, which may serve as a model for such 

computations. Similar calculations have also been made by Pontécoulant, who gained the 

prize proposed by /’ Académie des Sciences of Paris, on this subject, in the year 1829. 

The results of his labors are given, in a very abridged form, in the Connaissance des terns 

for 1833, page 104, &c. ; and afterwards, in the volume for the year 1837, page 102. In 

this last calculation he has altered the mass of Jupiter, to conform to the late observations 

of Professor Airy and others [6787è, &c.], and has also computed the action of the earth 

upon the comet, before passing the perihelion in 1759. Rosenberger has likewise calculated 

the elements of this orbit at the time of its former appearances, and has given the results of 

his calculations in vol. 8, 9, of Schumacher’s Astronomische Nachrichten. Lubbock has 

also made some calculations on its elements, in the Memoirs of the Astronomical Society 

of London, vol. 4, &c. These are the most important works upon this comet ; but the 

restricted limits of the present commentary prevent us from inserting a minute account of 

them ; and we shall merely give the final results, or the elements of the orbit of the comet 

at the time of the perihelion in 1835, according to the calculations of Pontécoulant, 
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must begin with a new and very careful discussion of the observations of the 

comet, at the times of its appearance in 1682 and 1759; and must then 

determine the elements of the orbit at these two epochs, supposing it to 

Damoiseau and Lubbock. The comparison of these results will show the degree of 

correctness which has been obtained in the computation of the elements of this orbit. 

Pontécoulant. Damoiseau. 

Passage of the perihelion in 1835, mean time at Paris, November 12day,6 November 4day,32 

Place of the perihelion in the orbit,. 304^ 31® 43s 304^ 27® 24s 

Longitude of the ascending node,. 55 30 00 55 09 07 

Inclination of the orbit,. 17 44 24 17 41 05 

Ratio of the excentricity to the semi-major axis, . . 0,9675212 0,9673055 

Semi-major axis,.. 17,99755 17,9852 

Lubbock. 

Oct’r 30day,1993 

304<Z 23® 39s 

55 03 59 

17 42 50 

0,967348 
17,98355 

Since writing the preceding part of this note, the comet has again appeared ; and, at the 

time of printing this page, is visible in the heavens, not far distant from the place 

corresponding to the elements of Mr. Pontécoulant ; but the time of its appearance has not 

yet been sufficiently long to enable astronomers to estimate correctly its present path, so as 

to compare it with the preceding elements. 

The method of calculating the variations of the elements of the orbit of the disturbed 

body, and then using these corrected elements in finding its place at any given time, has 

become very important, within a few years, on account of its great use in computing the 

places of the very small planets Ceres, Juno, Pallas, Yesta, and the comets of Encke and 

Biela ; the inclinations and excentricities of these orbits being so great that the development 

in a series, according to the powers and products of these quantities, which is used with the 

other planets, and the tabular forms of the corrections of their mean places, cannot be 

successfully applied to these small bodies. The methods of making such calculations may 

be seen in the works mentioned in the former part of this chapter ; also in the treatise of 

Bessel, on the comet of 1807 ; in that of Hansen, on the theory of Jupiter and Saturn ; or 

in that of Airy, in the Nautical Almanac for 1837, he. Instead of computing the variations 

of the elements by means of integral formulas fQclu [79457], for every degree of the 

excentric anomaly u, as La Place has directed in this chapter, it has been found convenient 

to compute these integrals for equal intervals of time; as, for example, 10, 20 or 30 days, 

he. Thus, in the abovementioned work of Bessel, he uses the interval of 30 days, which 

is taken as the unit of time. In this case the formulas for the computation of da, de, he. 

require different developments from those which have been given in this chapter ; and on 

account of the importance of the subject we have here given these formulas, with the 

necessary explanations. 

To avoid references to other parts of the work for a definition of the symbols, we shall 

here observe that, 

[8011] 

Elements 
ofHalley’s 
comet. 

[8009e] 

[8009e'] 

Methods 
of 

computing 
the 

variations 
of the 
elements 
of the 
orbit of 
a comet 
or planet. 

[8009/] 

[8009g-] 

[8009/i] 

[8009i ] 
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[801F] 
move in an ellipsis, whose greater axis corresponds to the duration of the 

revolution from 1682 to 1759. Then using the elements of 1682, we may 

Symbols. 

[8009Æ] 

[8009Z] 

[8009m] 

[8009n] 

[8009o] 

[8009$ 

[8009?] 

[8009r] 

[8009s] 

[8009f] 

[8009u] 

£8009u] 

[8009^] 

[8009r] 

[8009y] 

[8009z] 

[8010a] 

[80106] 

x, y, z, represent the rectangular co-ordinates of the disturbed body to ; the axis of x 

being the line drawn in the invariable ecliptic from the sun towards the fixed first 

point of Aries ; the axis of y is perpendicular to that of x, and is drawn in the 

invariable ecliptic towards the first point of Cancer. The axis of z is drawn 

through the sun, perpendicular to the ecliptic, and towards the north pole of 

the ecliptic ; 

a/, y', z' ; x", y", z!', he. represent respectively the rectangular co-ordinates of the disturbing 

bodies m', m"; &c. corresponding to the same fixed axes ; 

r /, r", &c. are the radii vectores of the bodies to, m', m", he. respectively ; 

he. the distances of the planets m', m", to'", he. respectively from to ; 

v = the true longitude of the disturbed body to, which is supposed to be measured 

from the first point of Aries, along the fixed ecliptic to the node, by the quantity 

Ô, and then along the orbit of the planet to by the quantity v—ô;, 

a = the mean distance of the body to from the sun ; 

e — the excentricity of the orbit of the body to, in terms of a as the unit ; 

zs = the longitude of the perihelion of the body to, counted from the fixed first point 

of Aries, along the fixed ecliptic to the node, by the quantity Ô, and then along 

the orbit of the planet by the quantity ztf—Ô ; 

Ô — the longitude of the node of the body to, on the fixed ecliptic ; 

y = the inclination of the orbit of the body to, to the fixed ecliptic ; 

n = the mean sidéral motion of the body to, in a unit of time ; 

s == the longitude of the epoch, counted upon the fixed ecliptic ; hence, 

fndt-J-s corresponds, in the variable ellipsis, to what is called the mean longitude in the 

invariable ellipsis. This longitude is supposed to be measured on the ecliptic 

from the first point of Aries to the node, and then upon the plane of the orbit. 

Now if we have computed, for any time, the values of the variable elements a, e, zs, Ô, y, 

n, s, we can find, by them, the place of the body to, supposing the mean longitude in the 

variable ellipsis to be fndt-fe ; and using the variable or computed values of n, s, without 

altering the time t. 

The formulas for computing the variations of the elements have already been given in 

[5751, 5786, 5787, 57736, 578SA, i, 7879], supposing the mass to of the disturbed planet 

to be so very small, in comparison with that of the sun M= 1, that it may be neglected; 

and then p = = 1 -\-m [530iv], may be put equal to unity ; as can always be done 

in computing the place of either of the newly discovered planets, or of the periodical 

comets. In other words, w7e may more accurately express the masses of the disturbing 

bodies to', to", he. in parts of the sum of the masses M-fm, taken as unity. For 

convenience of reference we shall here give the formulas we have just mentioned, together 
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da dn ds de dtf dy dâ 

dt 3 dt ’ dt 5 dt 3 dt ’ dt 1 dt 

determine, by the preceding method, the alterations in the elements and in 

the mean anomaly, in the three first quadrants of the excentric anomaly, or 

with the expressions of the abridged symbols A7 B, C, A', B\ C \ which will be used 

in the course of this note. 

11 — m'. - ^ 1 
P3 v/ £ 7 [7803] 

p, == na2 — 1 ; whence \/a = a3n ; [7857, 8010a] 

/= ; [7870] /' = /{ ; &c. 

da = —2cP.AR ; [5786] 

dn = Z an All ; [7879] 

^ = _ .{1-vÆT?S -(g) ; [5787] 

de = andtyi-jz. (dR\j - . djR . [-575!] 

«** = — 77^ •sin-(*“«)• ?2+e.cos.(c-tf) ]. (~) + . cos.(iws).(^) ; 

[57735] 

<*r = vCT^-(f)’ t578®] 

dâ —7rarr-©» ^ 
m'.(a:—a:') 

"7^ 

m'-iy-tf) 
p 

J 

m'.(z—z') 

P 

A, = cos.â.sin. (c—â)-j-sin.â.cos.y.cos.(v—d) i 

B/ = sin.â.sin.(t)—â)—cos.â.cos.y.cos.(c—â) 5 Ct = —sm.y.cos.(ü--â) ; 

«$' = rifæ + Rÿ -h Cz j 

B' = Æ|coâ.â.pn.(î>—^-j-sin.â.cos.y.cos.^—ôf 

-\-B. [ sin. ô. sin. (v—ô) •—cos. â .cos .y .cos. (c—â | 

— C. sin. y.cos.(c—ê) 

= AA, -f- BB, -f- 00, 

= A. .sin.(î)—^7- .sin.(t?—â—%)—C.cos.(tJ—â).sin.y ; 
COS/T* cos*p£ 

C = — ^.sin.ô.sin.y-j-R»cos.â.sin.y— C.cos.y ; 

tang.Y = tang.â.cos.y ; 

tang.% = cotang.â.cos.y. 

VOL. IV. 

[8011"] 

Symbols 
and 
formulas. 

[8010c] 

[8010c/] 

[8010e] 

[8010/] 

[8010g-] 

[80104] 

[801Oi] 

[80104] 

[8010/] 

[8010m] 

[8010n] 

[8OIO0] 

[80%] 

[8010p'] 

[8010g] 

[8010r] 

[8010/] 

£8010^ J 

[8010/] 

[8010m] 

[8010c] 

102 
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[8011"'] 

[8010u>] 

x, y>*• 

[8010x] 

[8010y] 

[8010z] 

dx, dy, 
dz. 

[8011a] 

[80116] 

[8011c] 

[8011c?] 

[8011e] 

djH 
[8011/] 

[8011g-] 

[8011A] 

[801 li ] 

[801U] 

[8011?] 

[8011m] 

from u — 0° to w = 300°. In the last quadrant it is preferable to count 

backwards, from the epoch of 1759 to the commencement of that quadrant, 

The values of x, y, s, which are to be used in the preceding formulas, may easily be 

deduced from those of a/, y', z' [7866—7868], by changing the elements X, y, v', / 

[7S63—7865] of the planet m', into the corresponding quantities y, Ô, v—Ô, r, 

[8009f, s, o, m] relative to the planet m ; hence we have, 

x — r.[ cos.â.cos.(v—ô)—sin.â.cos. y.sin.(v—ô)} ; 

y = r. | sin.ô.cos.(®— ô)-(-cos.â.cos.y.sin.(î;—ô) j ; 

z — r.sin.y.sin.(/y—ô). 

Taking the differentials of these expressions in the invariable ellipsis, where 6, y, are 

constant, we get, by substituting the values of the coefficients of dr, deduced from 

[8010a?, y,z], 

X 
dx — dr.-\-rdv.\—cos.0.sin.(ü—-Ô)—sin A cos .y. cos. (ir—0) \ $ 

dy ■= dr.~ -j- rdv.{—sin.0.sin.(v—â)-j-cos.â.cos.y.cos.(ü—â)} ; 

% 

dz = dr. — -j- rdv.sin.y.cos. (v—d). 

These differentials being of the first order, are also satisfied in the variable ellipsis 

[1167//]. In like manner the general differential of R [8010c], relative to the co-ordinates 

of the body m, which is usually denoted by the characteristic d, is as in [8011/], and 

being of the first order of differentials, holds good in the variable ellipsis [1167"]. 

Substituting in [8011/] the values [8010n, o,_p], it becomes as in [801 lg] ; and by using 

the values of dx, dy, dz [8011a, b, c], it becomes as in [8011/«] ; the symbols A', B' 

[8010(7, r], being introduced for abridgment ; 

d R d,J-dX + {dS) 
= Adx-^Bdyf- Cdz 

— A'. — —B'.rdv. 

•dy + (■ 
dz J 

). dz 

From [7996] we get dv [80117a], by using = [8010c?]. Taking the differential 

of log.r [7995], we get the first expression [8011?]; and by substituting the value of 

l-fe.cos.(®—ts) [7995], and dv [80117a], it becomes as in the second form [8011?]. 

Substituting the values [8011&, ?], containing dt, in [8011A], we get [8011m]; 

dv 

dr 

dt.\/a.{ 1 —e2) _ cFn.dt.s/l — e2 . 

ecft;,sin.(t>—w) anedt.sm.(v—vs) * 

1+e .cos.(u—vs) r.\/[ 1—e2) 

djR== ypLj. . A’it- r 
y 1—e2 r 

— B' _ 
. e2 — >dt. 

r 
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which is the same thing as to fix the origin of the angle u at the perihelion 

of 1759, and to count backwards towards 1682, making u negative, and 

Substituting this value of dit in [8010/, g], we finally obtain, 

7 2a3ne sin.fu—w) . . --— B' . 
da — — -7%— - •  --. A di-4- 2a4 n. t/l — e2. —. dt ; 

yl — e2 r 1 v r 

dn — y- ■..-- . Adt— 3a3M2.t/1 — e2. — . dt. 

From the general differential of R, relative to the co-ordinates of the body to [801 Ig], 

we can easily deduce its partial differentials relative to Ô, y, a, e, w, which occur in the 

formulas [8Q10A—to], by noticing, in the second member of [801 lg], the parts of dx, dy, 

ds, depending on the quantity which is considered as variable. Thus if f be the proposed 

variable quantity, the expression [801 lg] will give, 

(w)=■*•(!)+B(t)+c'(|) • 
Taking the partial differentials of x, y, z [8010a?, y, s’], relative to y, we obtain, 

— r.sin.ô.sin.y.sin/v-ô) ; — -r.cosAsin.y.sin./-^) ; ^—:^=r.cos.y.sin.(îJ-â); 

substituting these in [8011/], and using the abridged symbol Cf [8010^], we get, 

-) = — C'r.sm.(v—d) j 
V K J ü 

hence the expression of dô [8010to] becomes, 

7, andt x 
ad = -j=-~- . ■ . C r.sin.(a—6). 

y 1—es.sin.y ' J 

If we take the partial differential of R, relative to v, we get, in like manner as in [801 lÿ], 

The partial differentials of the expressions [8010a?, y, z], relative to v, become, by using 

the abridged symbols Ap Bp C, [SOlOp'], 

0=-^ (£)=-c'r- 
Substituting these in [8011m], and using the abridged value of B' [8010/], we obtain, 

(™) = -(M,+BB,+ CC,).r = -B'r. 

If we use the expressions [8011«>, to], we find that de [8010m] becomes as in [8011a?], 

and by reduction as in [801 Ip] ; 

fdR' 
\ dy, 

de; 
andt.\/1—e2 irt, a.( 1—e2) ( ane sm.(u~«) n, 0 ,- B . 

.B r---] ~7~=s' — -; .Adt—a\.y/l — e2* — •at [ 
e ( y 1—e2 r Y r ) 

o /-7 ®ni.(u nf, . an-sV 1—e2 B s n /■% 2\ oi /. 
=—- aPn.y l —e2.--.Adt-\-—— . —.fa .(1—e )—r|.dt. 

T ô V 

Substituting in dvs [8010/r], the values ~—B'r [801 lw], and (^^j—A!. — , 

[8011 A], we get, 

[8011/y//] 

da 

[801In] 

dn 

[801lo] 

[80 Up] 

[801lp] 

[8011r] 

[8011s] 

dô 

[8011*] 

[8011«] 

[8011m] 

[8011 to] 

[801U] 

de 

[801ly] 
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[8012] 

dus 

[8011*] 

[8012a] 

[80126] 

[8012c] 

[8012c'] 

[8012c?] 

[8012c] 

[8012/3 

[8012g-] 

[8012A] 

[8012?] 

using the elements of the orbit and epoch which were observed in 1759. 

In the first and last quadrants of the ellipsis, the comet is nearest to the 

dus 
_cPndt.fI^ëà cos.fo— us) andt 

• ^ . r.sin. (v—sj)42-f-e.cos.(t?—us) 1 ,B'. 

Putting this expression of dus equal to that in [5783], namely, dus—- 

and then dividing by — ~ eZ } we obtain, 

(^)=:—C0S’^—) ■'A'—j^'Sm.iv—us). j 2+e.cos.(i>—us) \.B'. 

The partial differential of B, relative to a, is easily deduced from [8011A], which gives 

— ~ because a depends on r only $ but from [7995] we have, 

(*)= 
\daj 

11— 

l-(-e.cos.(u—us) a 

'dR\ 

dR\ A' r A' 

. da J r ’ a a 

Substituting this value and that of [8012a], we find that the formula [8010A] 

becomes as in [8012c'], or by reduction as in [8012c?] ; 

ds=-A-11-y---,A-j~ .sin.(v-w).[2-J-e.cos.(v-us)].B £ 

-\-2andt.A' 

+2md(U 

-j- C~- • —l^.r.sin.(v—us).[2-f-e.cos.(w—us) j.B'. 

We may deduce the expression of from that of (~f~) [8011s]. For if we divide 

the value of dy [8010/] by that of dô [8010m], and multiply the result by — (ffy) 5 we 

shall get, 

/dR\ __ _dy /dR\ 

\dô) dô * \dy)' 

Now without altering the values of a, e, v—us, r, x, y, z, we can suppose the plane of 

the orbit of the body m to revolve on the radius vector r, as an axis, so as to change Ô 

into ô-\-dô, and y into yf-dy; observing that the planes of the two successive 

differential triangles, described by the radius vector in the two equal and successive elements 

of time dt, intersect each other in the line r, or radius vector corresponding to the middle 

of these two times. Then the ratio of dô to dy can be found, by putting the differentials 

of any of the co-ordinates x, y, z [8010a?, y, 2] equal to nothing, considering é, y, v—ô, 

as the only variable quantifies. If we put for brevity v— ô = v, we can determine dv 

by putting, as in [8012A], — ï/. (sin .y. sin. v) = 0 [8OIO2], which gives 
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da dn ds de da dy dô 

dt 5 dt ’ dt} dt ’ dt 5 dt 3 dt 

disturbing planets, particularly Jupiter the most considerable of all of them. 

It is farthest off in the second and third quadrants. Therefore it is important 

c/7.cos.y.sin.v-j-e?v.sin.y.cos.v= 0 ; whence dv = —c/y.cotang. y.tang. v. This is to 

be substituted in the differential of — = cosAcos.v-sin.â.cos.y.sin.v [8010æ]5 and the 

result put equal to nothing [8012A] ; hence we have, without reduction, 

0 = —e/é.(sinAcos.v-f cos.<bcos.y.sm.v)-f-tZv.(—cos.Ô.sin.v—sinAcos.y.cos.v) 

-f-£/y.sin.é.sin.y.sin.v. 

Substituting the value of dv [8012&], we find that the term depending on dy becomes, 

t/y.cotang.y.tang.v. \ cosAsin.v4-sin4.cos.y.cos.v-4sin.3. —-.cos.v } ; 
t ' 1 cos.7 ) 

or by reduction, 

sin.^.cos.v 
Jy.cotang.y.tang.vXcos.ô.sin.v -j- 

cos.7 
) , tangw , .... 
>= ay. —-.JcosAcos.y.sin.v+smAcos.v?. 
) sm.7 1 1 s 

Substituting this in [8012m], and then dividing by the factor sinAcos.v-j-cos.d.cos.y.sin.v, 

which occurs in both terms, we get, 

sin.7 n 7. , 7 tang.v 
0 —-^—dô-j-dy. - 

~-y sin. 

dy 
or — 

dô tang.v 

Substituting this in [8012e], we finally obtain, by re-substituting v = v—ô [8012Î], and 

using [8011s], 

'T"r' - sin.y fdR \ 
. 

\dô J tang.(u — $) \dy / 

hence the expression of dy [8010/] becomes, 

andt 

(dR\ . . 
( — ) = L r.sin.y.cos.(v—Ô) ; 

dv = • C'r.cos.(v—ô). 

We can put the mean longitude in the variable ellipsis fndt-^e [8009y], under a form 

which is more convenient for the present purpose, by substituting s — s^ftdn; whence 

we have fndt-\-s =f(ndt-\-tdn')-\-s/= nt-\-s/ ; and this last expression is of the same 

form as in the fixed ellipsis, changing the constant elements n, s, of the invariable ellipsis, 

into the variable elements n, s/} corresponding respectively to the time t, for which these 

elements have been computed. Taking the differential of the expression of s=s/f-ftdn 

[8012?], and transposing tdn, we get ds/=^= ds—tdn ; and by substituting the value of 

dn [8OII0], we obtain the value of dsy [S012v], relative to the variable ellipsis, to be used 

with the variable value of n, in forming nt-\-sp or the mean longitude in the variable 

ellipsis ; hence we have, 

ds, — ds 
3a2rfie 

• sin.(T—a), ~ .A'dt-\-3a3n2.\/l — ez. y .B'dt. 

There is yet another correction to be made in the expression of ds/, da, arising from 

the peculiar manner in which the angles v, a, are counted ; the part Ô of these angles 

you iv, 103 

[8012'] 

[8012&] 

[8012/] 

[8012m] 

[8012n] 

[8012o] 

[8012p] 

[8012/] 

dy 

[8012/'] 

[8012?] 

[8012r] 

[8012s] 

[8012/] 

[8012w] 

[8012r] 

[8012tfl] 
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[8012"] 

[8012w'] 

[8012a:] 

[80127/] 

[8012z] 

[8013a] 

[8013&] 

[8013c] 

Differen¬ 
tials of the 
elements. 

[8013d] 

[8013e] 

[8013/] 

[8013g-] 

[8013ft] 

[8013t] 

[8013ft] 

PERTURBATIONS OF A COMET. [Méc. Céî. 

to obtain as accurately as possible, in the first and last quadrants, the position 

being measured on the fixed plane, and the remaining parts v—Ô, zs—Ô, upon the 

plane of the variable orbit [8009o, r]. To estimate this correction we shall take the 

differential of v== â-J-v [8012i], and by substituting successively the values of dv, dy, dô, 

[8012ft:,/, 801 U], 1—cos.y = 2.sin.2£y, sin.y — 2.sin.| y.cos.^y [1, 31] Int., we get, 

dv =dô-\-dv — dô — dy. C-^ .tang.y — dô—dô.cos.y = 2d'Æ.sin.2Ay 
sm.y ° 

andt 
. 2.sin.2|y.CV.sin.(u—Ô) 

\/l—e^.sm.y 

andt . , 
= • tang.Jy. C r.sm. (v—Ô). 

Hence it appears that the correction [8012#] must be added to the angles dv, dzs, and 

as this does not affect the true anomaly v—zs, because in noticing this term only we have 

dv—dzs= 0, it will not affect the mean anomaly; consequently we may apply the 

correction to the epoch s/} instead of applying it to v. We must therefore add together 

the quantities [8012v,z], to obtain the complete expression of ds/ ; and must also add the 

expressions [80LI#, 80122:], to get the complete value of dz> ; so that we shall finally have 

the values of ds, dzs, contained in the following table [8013/*, h], where wTe have collected, 

for convenience of reference, the complete differentials of the elements ; and to preserve 

the symmetry in the notation, we have omitted the mark placed below the symbol dst 

[S012r, &c.], and have given its complete value in [8013/'], without the accent. The 

formulas in this table, taking them in succession as they occur, correspond respectively to 

those in [8011n,o], [8012d,v,z], [8011/, [8011 z, 8012s], [8012/], [801 If] ; 

2a3ne sin.(v—zs) , . . - B' 
da= — - .— -. A dt-)-2a4n.\/1— e2.—.dt ; 

y l—e2 r v r 

3a2n2e sin.(u—'vs) - B' 
dn = -- A dt—3a3n.\/i — e^. — .dt; 

[/l— e2 r y r 

( a2n.(l—e2) / 1 cos.(u—to) , ^ 3a2n2e 

*= 
!.(»—tot , 3a2n2e . , N t ) 

• Vv/r^—) • —7— +2an~ * sm*(”-w)- 7 \ ■ ■M 

+ ^ 7 • (yyzirfi—]1)*r-sin*(w—w)-[2+e-cos.(v—zs)]+3aH* .y’i^â. y ^ ,B\ dt 

an 
-j/=== .tangly.r.sin.(a—ô).C'dt; 

de-. 

s/l — e* 

■ a^n.y'i 

+ 

Sin/-Hl ,Mt+ f»Vi=g, 5 ? tB.dt. 
. r.sm.(v—zs). £ 2-}-e*cos.(u—zs) ]. B'dt 

an 

an 

e./l —e2 

2 . tang. Jy.r.sin.(v—ô).C'dt ; 
V/1--* 

dy— r7f===% *r.cos.(v—ô),C'dtm, 

dô : 

/I — e2 
an 

/l —e2.sm.y 
,r.sin.(v—Ô). C'dt. 
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da dn ds de dix dy dô 

dt ’ dt ’ dt ’ dt 5 dt ’ dt ’ c?7 

and distance of the comet from those planets whose attractions may produce 

an alteration of several degrees in their elongations from the comet. To 

The expressions [8013c?—Jc] are to be integrated by the method of quadratures, which is 

particularly explained in [7929ft—7930e]. The limits of these integrals are from 7 = 0 

to 7 = 7. Now if we suppose that the elements a, n, s, e, zs, y, Ô, correspond to the 

time 7= 0, and the same symbols accented correspond to the time 7=7, we shall 

obtain the value of any one of the elements a', n!, s', hc. ; as, for example, a' by a 

formula similar to a' = a -\-fjaft; at being used for brevity to represent the coefficient 

of dt in the second member of da [8013c?]. 

In finding the integrals of the second members of [8013c?—7r], as in [8013ft, &c.], we 

ought in strictness to use the variable elements a, e, he. ; but as the quantities da, dn, 

ds, he. are of the same order as the disturbing forces, we can suppose the elements a, e, he. 

to be constant, by neglecting terms of the order of the square of the disturbing forces, and 

can then use the values of these elements corresponding to 7 = 0. After having calculated 

the variations of the elements, at the end of any time t—T, if there should be found any 

essential change in their values, we can use, for the intervals which follow the epoch T, 

the elements corresponding to that epoch, instead of the original elements corresponding 

to 7 = 0. 

We shall, as in [4079], taJce the sun’s mean distance from the earth for the unit of linear 

measure, and shall suppose the excentricity e of any body to be expressed in parts of the 

mean distance of that body from the sun. The circular arcs n, dn, ds, dix, dy, dô, are 

expressed, in the preceding formulas [8013c?—o], in terms of the radius, as the unit of 

measure ; but for practical purposes it is more convenient to denote them by seconds. We 

shall therefore suppose that the arcs [80137] are expressed in seconds, in the formulas 

[8013c?—h] ; and to render the formulas homogeneous we shall change n into ft.sin.l", 

when necessary, as is usual in such cases ; n being the number of seconds in the planet’s 

mean sidéral motion, during one of the intervals which is taken for unity. 

It will be found convenient to use the symbol e =sin.<p [5985 line 1], in the numerical 

operations ; and from this we easily deduce the following expressions, which occur in 

[8013 d—Tc] ; 

i/r e = sin.p ; 

1 

ifl—e’2 = cos.9 ; 

\/l — e 

(1—e2) 

1—cos.® 

cos.p cos.p 

= tang.p.tang.-lp ; 

COS.Sp 

[/l— e2_ 

2.sin.2^9 
cos.p 

tang.9 ; 
-e2 

cotang.p ; 

(2.sin.i 9. cos.è <p ). sin. è 9 sin.p .sin4 9 

cos.p.cos.|9 cos.p.cos.Jp 

.v/i- 
.tang.p.tang.-^p = cos.p.tang.Jp. 

• e2 / sin.9 

We shall now represent the coefficients of dt, in the expressions of da, dn, ds, de, dix, 

dy, dô [8013c?—7r], by o'a, b'n, ô's, ô'e, 8'zs, dy, S'd, respectively ; and by substituting 

[8012"'] 

[80137] 

[8013m] 

[8013n] 

[8013o] 

[8013/?] 

[8013(7] 

[8013r] 

[8013s] 

[80137] 

[8013m] 

[8013m] 

[8013zm] 

[8013®] 

[801 Sy] 

[8013®] 
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[8012iv] 

[8014a] 

Table of 
formulas. 

[80146] 

[8014c] 

[8014d] 

[8014e] 

[8014/] 

[8014g-] 

[8014/i] 

[8014»] 

[8014/j 

[80142 ] 

[8014m] 

[8014»] 

[8014o] 

[8014p] 

obtain a greater degree of accuracy, we may again calculate the alterations 

of the elements and of the mean anomaly from 1682, using the greater axis 

in these formulas the symbols [8013u>,a?, y], also t—i-{-£ [7930e], they become as in 

[8014»—p] respectively. Finally, to obtain at one view all the formulas which are used 

in these calculations, we have inserted, in [8014&—h], the values of A, B, C, 

A', B', C', -î-, x [8010»'—t] ; the symbols being the same as in [8009&, &c.], and the 

terms which are between the braces are considered as constant in the numerical 

computations of the formulas [8014»—-p]. 

■*=»'• {r4+^ 1 4+(/4 +&c- ; 

c=»'• j i^ j +»"• i 4+1z-ff i+&c- ; 

tang.T- = tang J.cos.y ; tang.% = cotang.â.cos.y ; 

A' = Ax-\-By-\- Cz ; 

B' — A. .sin.(u—d+*)4-B. —- .sin.(»—ô~x)~C.cos.(v—ô).sm.y ; 
COS.^ COS.% 

C =—Æsin.é.sin.y4-®*cos^-s*n-y— C.cos.y ; 

8a — —\ 2a3.tang.(p.n. sin.l"} . A'-{-[2a11. cos.cp. n. sin.l"}. — ; 

8n — [ So^.tang.cp.n^sin.l" £ .S-——-- -A'—£3ft3.cos.<p.?»2.sra.l"}. — ; 

r 

B' 

6's= < (a2.cos.<p.tang.|<p.?i). 
COS.(d-'5j) 

-j-(2an)-(3a2.tang.<p.n2.sin.l//).(»-|-J). 
sin.(-y-w) \ 

.A> 

%ct 
tang.Jfp 

| ; \ cos.<p 

-f-(3a3.cos.(p.n2.sin.\"). 

. an.tana-.èr . , A\ 
+-—-. r.sm.(v—6).C' ; 

1 cos.tp v ' 

,, f 2 ■ 1ff, Sia.(®-w) a, 
be ——[(r.cos.p.w.sin.r -.«a 

.n^.7\sin.(®-,5j)-|-(a*tang*(t)-tang.^(p.»).7'.sin.(®“TO).cos.(*—w) 

[i+k) 
>.B' 

4 s o2 
COS.3?) . B' f • !//) 75/ 
--.?».sin.l > .-[a.cotang.tp.n.sm.l \.B r, 
sin. cp y r • ° } 

<5/i= Sa^.cot.cpM}.0^^—— .A!+ \ — an— | .r.sin.(v—zs).B' 
< ‘ 5 r (. sin.<p.cos.<p ) 

4 \ —— \ *r,s\n.(v—ro).cos.(®—zs).B' 1 ^n,ta ° ~.Z l .r.sin.(®—-6).C' ; 
C cos.p ) \ / \ / 1 [ cos.tp ) 

8y = $ \ .r.cos.fa—ô). C ; 
( \ cos.tp 5 v J 

8ô = £ —\ .r.sin.fw—ô).C'. 
(. cos.tp.sm.y ) 
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da dn ds de dix dy dâ 

dt 5 dt 5 dt ’ dt 5 dt ’ dt ’ dt ' 

corresponding to that epoch, which will be known by means of the preceding 

approximation. We may then, at 25 degrees of excentric anomaly, use the 

The values of da, dn, ds, de, otx, dy, dô, represent respectively the increments of 

a, n, s, e, tx, y, Ô, in one of the intervals of time which is talcen for unity, using, in 

their computation, the values of r, v, x, y, z, he., which correspond to the middle of the 

proposed interval, according to the directions in [7929z] ; so that for the first interval vve 

must put t = \ ; for the second interval we must put f=§; and generally for the interval 

*+l> we must put t =if-1. As the variations which are to be computed are very small, 

it will not be necessary to find the values of r, v, x, y, z, he. to any great degree of 

accuracy ; the angles v, v', he. may be taken to the nearest minute, and the distances to 

four or five places of decimals ; and we may remark that the epochs being supposed to 

commence at noon, at the meridians of Greenwich, Berlin, &c., most of these quantities can 

be found by inspection in the Ephemeris, computed for these meridians ; and this is one of 

the important advantages of this method of computing the variations of the elements. The 

increment da is expressed in parts of the mean distance of the earth from the sun, taken 

as unity. The increment de is expressed in parts of the mean distance of the planet from 

the sun, taken as unity. The other quantities, dn, ds, S'zs, dy, dô, are expressed in 

seconds. When we have calculated any one of these increments, as da, for any number 

of successive intervals, the whole variation of a through the whole of these intervals, 

which we shall represent by Sa, can be found by means of the formula [7929<r], 

which gives, 

Sa = sum of all the calculated quantities S'a 

yA|^rst difference following the last term—first difference preceding the first term j. 

We have supposed, in computing this formula, that the interval or unit of time is so small 

that the fourth differences of S'a can be neglected [7929/]. The selection of an 

appropriate value of this unit or interval can easily be made, in any particular case, by 

estimation, from the results of an actual calculation. Thus if we take, in the first instance, 

32 days for the unit of time, we may compute the variations of any one of the elements; 

as, for example, S'a for *=16days, *=48days, *=80days, he. ; then if we find that 

the fourth differences are too important to be neglected, we may compute the values of S'a for 

the intermediate times, / = 24days, * = 40days, &c., also for *=8days; by this means 

the unit of the interval is reduced to 16 days. In the same way the intervals may 

be reduced to 8 days, if the fourth differences, with the interval of 16 days, are too great 

to be neglected. The length of these intervals must depend very much upon the positions 

of the large disturbing planets, particularly Jupiter; and when this planet approaches near 

to the body whose orbit is required, the intervals must be taken shorter than in other parts 

of the orbit. Now as it is convenient to retain the same interval throughout the whole 

calculation, we can use the smallest of these selected intervals as the unit of time ; and 

104 

[8012v] 

[8014g] 

[8014?' ] 

[80145] 

[8014*] 

Integrat¬ 
ing by 
quadra¬ 
tures. 

[8014m] 

[8014?;] 

[8014m;] 
Methods 
of com¬ 
puting the 
variations 
of the 
elements 
for any 
interval. 

[8014a:] 

[8014?/] 

VOT.. IV. 
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[8012vi] 

[8014z] 

[8015a] 

[80156] 

[8015c] 

[8015d] 

[8015e] 

[8015/] 

[8015g-] 

[80156.] 

[8015t ] 

elements of the new ellipsis corresponding to that anomaly, and by means of 

it compute the alterations it suffers from 25° to 50° of anomaly. We must 

when the disturbing planet is at a great distance from the body, we may calculate the value 

of à'a for every second or third interval, and then compute the intermediate values by the 

usual rules of interpolation. 

As an example we may take the elements of the orbit of Vesta [4079i] for the epoch 

1831, July 23days, 0/l, mean time at Berlin. These give, at the time of that epoch, 

a = 2,361484 ; e = 0,0885601 ; s = 84* 47m 03s ; 

zs — 249^ llm 37s; 0=103d 20m 28s; y = ld 07m 57s. 

If we suppose the unit of time to be 8 days, the sidéral motion of the body during that 

interval will be represented by w = 8 X 977s,7 554 [4079Î line 7]. We shall now suppose 

that it is required to find the variations of these elements, in the 48 days immediately 

following the epoch ; or, in other words, in six of the intervals which are taken for unity. 

In this case, the times of the commencement of the successive intervals are July 23, 31 ; 

August 8, 16, 24; September 1, 9 ; corresponding respectively to t=0, t — 1, t = % 

t= 3, t = 4, t—5, t = 6. The times of the middle of these intervals are July 27 ; 

August 4, 12, 20, 28 ; September 5 ; corresponding, in the formula [7929a/J, to the values 

i—0, i = 1, i— 2, i — 3, i — 4, i = 5, and to the co-ordinates y(0), ya\ y^\ 

ym, yA\ y{5\ respectively ; then the formula [7929w~\ becomes, 

S% y{i)-di=yw+y(1)+y™+y®+ya)+y{5)+ià-{a./5)—A.y(-J>} • 

By means of this formula we can compute the whole variation of any one of the elements 

[8015a], as, for example, that of a, which is represented by ôa, during the proposed 

period of 48 days, from July 23 to September 9. For if we suppose that the values of o'a 

in the successive intervals are represented by ô'a{0), <5/a(1), <5V2), S'a{3\ <5'at4), ô'aC5), we 

may substitute them in [8015e], instead of yC0), y(1), Szc. ; and then that formula will 

become, 

= AM-»}. 

We here see that the first differences of <fa(0), 6'a{1\ &c., give explicitly the following 

series of quantities ; 

A/V0), Aj/a"\ AMcP~\ A.Ô V3), A.6'a(i\ 

This series does not expressly include A.ô'a*5'*, which occur in [8015^]; but 

they may be obtained, by taking the second or a higher order of differences of the series of 

terms [8015/i], and then continuing the series one term further, at its commencement and 

termination, by the usual methods of differences, as in [7938', &c.]. If we change 

successively the element a into n, s, e, zs, y, Ô, in the formula [8015g], we shall get 

the whole variations of these elements, which we shall represent by Sn, c>s, Se, <kr, ôy, ôâ, 



IX.i.*9.] FORMULAS FOR COMPUTING 7 ’ T* ’ lïï ’ TF y J dt dt dt dt dt dt dt 415 

rectify the ellipsis again at this epoch, and calculate in the ellipsis, thus [8012™] 

rectified, the perturbations from 50° to 100°. In like manner we must 

respectively; hence the corrected elements at the end of the interval of i = 43 days, 

namely a’, v!, s', he., will become, 

a  Cl —j Ô&) Tl - 71 “|""C71] S • S —|— Ss, B ■ —■ B *■]■” be ; 

OT = TO-f-S'as, y' — y -\-by, êf = ô -j-âé. 

Having computed, in this manner, the corrected elements corresponding to the time t, 

if we wish to find the planet’s place at that time, we must calculate it as in [8009y], in the 

same manner as if the body were moving in an undistwbed elliptical oi'bit, whose elements 

are a!, n!, s', e', to', /, Ô', with the mean longitude n'tf-s' ; this last quantity being the same 

as if at the beginning of the time, its mean longitude had been s', and its mean sidéral 

motion, from the beginning of the time, had been n', in every interval. Finally we may 

remark that, as these elements a', n', he. vary slowly, we may use them in computing 

very nearly the place of the body m, for a limited period of time t', before and after the 

time t ; taking care however that the time t' be not so large as to produce any essential 

change in the values ol these elements. This is conformable to what we have already 

observed in [4079g—A]. 

In the preceding calculations the longitudes v, -to, are referred to the fixed ecliptic and 

to the fixed equinox. To reduce them to the variable equinox we must, as usual, increase 

them by the precession of the equinoxes since the epoch. The correction for the decrease 

in the obliquity of the ecliptic E, 

requires a small calculation, because v 

the part Ô is counted on the ecliptic, 

and the remainder, v—Ô or to—Ô, d?\y 

upon the orbit of the planet, 

[8009o, ?]. The method of making 

this reduction is easily obtained by 

referring to the annexed figure, 

where EJVC is the fixed ecliptic, 

EDV the variable ecliptic, DNP 

the comet’s orbit, _EQ the equator. Then in the present notation we have EJY—Ô, 

angle PNC —y, angle NEQ = E. If we take the arc NP= arc NC~ 90°, and 

continue the arc PC to V, drawing also DF perpendicular to EJY, we shall have, by 

neglecting infinitely small quantities of the second order, arc PC = y, arc CV==dy. 

Now the longitude of any point L of the orbit, when the fixed ecliptic is used, is 

represented by the sum of the arcs EN-\-JYL ; but in the variable ecliptic it is represented 

by EDf-BL, or EFf-DL, neglecting infinitely small quantities of the second order. 

Subtracting the first of these expressions from the last, we get the increment of the longitude 

dv or dus, arising from the variation of the obliquity of the ecliptic, namely, 

[8015*] 

[8015/] 

[8015m] 

[8015n] 

[8015o] 

My.IOZ 

T? 

J7 ycvrirililée 

[8015p] 

[8015?] 

eoltyW 

[8015r] 

[8015s] 

[8015/] 
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[8013] 

[8015m] 

[8015 j] 

[8015w] 

[8015a;] 

[8015F] 

[8015a/] 

[30152] 

rectify the fundamental ellipsis from 100° to 200°, and we must determine 

the perturbations as far as 300° of excentric anomaly. Then using the 

elements and epoch of 1759, and rectifying the ellipsis at —25°, —50°, 

—70°, and —100°, we shall obtain the alterations in the last quadrant of 

the excentric anomaly. Thus We shall obtain with much accuracy, by a 

second approximation, the perturbations of the comet from 1582 to 1759. 

We must make the same calculation from 1759 to the time of its next 

passage through the perihelion ; but as the time of this passage is unknown, 

when we shall have computed as far as 300°, we must rectify the ellipsis 

for each 25° to 400°. These calculations being carefully made, must give, 

within a few days, the time when the comet will next pass its perihelion. 

The only point, on which there remains any degree of doubt, is that relative 

to the mass of the planet Uranus; and the observations of this passage will 

be one of the best methods to ascertain it. 

* = <fe = (DL—JVZ.)—( F.N—F.F) = DN—FS = IW.sec.y—i'VV= FN. 

In the differential triangles FED, FND, we have, 

FD = angle FED X sm.ED = angle FEDX sin J ; 

FN— FD X cotang./ = angle FED X sin.d X cotang.y ; 

Substituting this in [8015m], we get, by using [42'] Int., 
^ _COS*1^) 

dv = d^= angle FID X sin F X cotang.y X-T_ 
0 0 cos.y 

f ^_COS.'V^ 

= angle FED X sin./) X v—7—— = angle FED X sin.â X tangly ; 
0 sin.y 

so that the increment of the longitude of the planet, or the increment of the longitude of 

the perihelion, depending on the diminution of the obliquity FED, is represented in the 

following manner ; 

Increment of longitude = the diminution of the obliquity X sin./! X tang. Jy. 

Again, in the differential triangle CEV, we have EC= EN-{-90d— /)-j-9CF, and 

CV — angle CEFXsin.EC = CEVXcos.ô — diminution of the obliquity Xcos.^, 

which represents the increment of the inclination y. 
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CHAPTER II. 

ON THE PERTURBATIONS OP THE MOTION OP A COMET WHEN IT APPROACHES VERY NEAR TO 

A PLANET. 

10. We shall noiv consider the case in which a comet approaches very 

near to a disturbing planet. If the planet be Jupiter, its attraction upon 

the comet may exceed that of the sun, and this action can entirely change the 

elements of its orbit. This singular case, which appears to have taken place 

with the first comet of the year 1770, deserves particular attention. 

We have, by the preceding chapter, the six following equations ;* 

0 = 

0 = 

0 = 

0 = 

0 = 

0 = 

ddx 

dt2 

ddy 

~dfi 

ddz 

dt2 

ddx' 

dt2 

TÜF + 0+m)-^+ pr 

. , . x , mx , m!.(x—x') 
+ (1+m)-pr + 7T + -7-H; 

i zi i \ y I mV , m'.(y—?/) 
+ o+m). ^ + -g+ /V- ; 

, \ z , mV m'.(z—z') 
+ O+m)- 3 4- -pj- + —V— ; 

/s 

, ^ . /N x' , wtæ m.(a? — x') 
+ (!+)«')• P5+ 75-y-2; 

my My—y'). 
/3 » 

dl" ' 0+m)-rf3 + ,3 y 3 

[8013'] 

[8014] 

[8015] 

Funda¬ 
mental 
differen- 

[8016] 
tial equa¬ 
tions. 

[8017] 

[8018] 

[8019] 

* (3807) Substituting the values (~^i (~^j [7869, 7871, 7894d], and 

f^ = l+TO [7804] in the differential equations of the comet’s motion [7805—7807], they 

become as in [8014—8016] ; and by changing m, r, x, y, z, into m', r', x', y\ z', 

respectively, and the contrary, we obtain the corresponding differential equations of the 

planet’s motion, as in [8017—8019]. 

VOL. iv. 105 

[8014a] 

[80146] 
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Symbols 

*1» Vil 
zl’ 

[8020] 

Funda¬ 
mental 
equations. 

[8021] 
Second 
form. 

[8022] 

[8023] 

[8024] 

[8025] 

[8026] 

[8021a] 

[80215] 

[8027a] 

[80275] 

[8027c] 

[8027d] 

If we suppose, 

x—x' = x1 ; y—y' = ; z—z' = zx ; 

we shall obtain, from [8014—8019], the three following equations ;* 

In these equations, aq, y1} zly are the co-ordinates of the comet, referred to 

the centre of gravity of the planet, and f is the distance of these bodies from 

each other. If we suppose f [7870] to be so small that exceeds 

considerably the terms depending upon the sun’s action, we may, at least in 

a first approximation, neglect these last terms, and then the three preceding 

equations will give the elliptical motion of m about m'.f The difference 

j (3808) Subtracting the equation [8017] from [8014], we get, 

dd.(x-x') (wi+flQ. x_ __ f , 

dp ' f a b /3 ,.3 r'3 ■ 0 = 

and by substituting x — x,Jrocl [8020], it becomes, 

ddx, . x'-\-x1 
p3 ’ 

which is easily reduced to the form [8021], by merely altering the arrangement of the 

terms. In like manner, by subtracting [8018] from [8015], we get [8022] ; and by 

subtracting [8019] from [8016], we get [8023] ; using the values of ylf zx [8020]. 

f (3809) When r' differs from r, by a very small quantity of the order aq, the factor 
1 ^ X^ Xj, 

will become of the order — multiplied by a term of the order -f or so that 
,.'3 }-o T X 

/.^ _ [8021], may be considered as of the order a?,. ^ ; and when ~ is 

ro-fm' 
extremely small, in comparison with 

1 

<£ 

p 

equation [8021] will become 0 
ddxx 

~dtP 
■ X,. 

we may neglect the former terms, and the 

(m -f- m') 

ddy 
[8022, 8023] become 0 = —- -j- yx 

P 
In like manner the equations 

These 
ddzx , (m-4- vn') 

Q = -±+zf ^ 
dfi 1 J1' p ’ d& 1 ~1' / 3 

equations are similar to those in [78106,7805—7807], putting r—f also 

22 = 0, so as to correspond to an elliptical orbit, as is observed in [7807']. The 



IX. ii. ^ 10.] APPROACHING VERY NEAR TO A PLANET. 419 

of the sun’s action upon the comet and planet is a force which disturbs that 

m 
motion. This disturbing force is to the action — , of the planet upon the 

comet, of the order P 
f q m .r3 

p 

Whenever this last quantity is small, we may, 

without any sensible error, suppose the relative motion of the comet about 

the planet to be elliptical. On the contrary, when this quantity is very 

111! 1 • 

great we may neglect in comparison with —, and consider the motion 
«/ ^ 

of the comet about the sun as elliptical. It is only between these two 

situations that there can be any degree of uncertainty ; but on account of 

the rapidity of the comet’s motion, the interval of time which separates these 

positions is so small, that we may, without any sensible error, suppose that 

the comet’s motion is either elliptical about the planet, or elliptical about the 

sun. Now to ascertain, with some degree of precision, this limit of the 

distance of the comet from the planet ; so that, when the comet is at a less 

distance than this limit, we may consider its motion to be elliptical about the 

planet, and when at a greater distance from the planet to be elliptical about 

the sun ; we shall suppose that the comet is situated between the planet 

and the sun ; then the sun’s action upon the comet will be —, and that of 

the planet upon the comet 
m 

Hence it is evident that when the 
(/—r)2 

comet is beyond the limit of the sphere of activity of the planet, the quantity 

— must greatly exceed 
in 

(r—°"\3 
The difference of the action of the sun 

11 2 (V r) 
upon the planet and comet, is — — — , or very nearly -—- ; * within 

quantities we have neglected are of the order aq. — [80276], and those retained are of 

(m-f-m') ml 
~ • ; m being small in comparison with m . Dividing the the order xv 

f3 
or x, 

p 1 Til! /*3 
first of these forces xr. ■— , by the second x . — , we get, as in [8028], for the 

j 3 m.r3 ,.3 

ratio of the disturbing force of the sun, to the absolute force of the planet upon the comet. 

*(3810) The quantity ——— [8033], is easily reduced to the form, 

/2_r2 [r'—r) (r/+r) 

1*1* 

[8027] 

[8028] 

[8029] 

[8030] 

[8031] 

[8032] 

[8033] 

[8027e] 

[8027/] 

pH pH 
[8033a] 
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[8033y] 

[8034] 

[8035] 

[8035'] 

[8036] 

[80336] 

[8033c] 

D’Alem¬ 
bert’s 
method. 

[8033d] 

[8035a] 

[80356] 

[8036a] 

the limit of the sphere of activity of the planet upon the comet, this last 

quantity must be very small in comparison with (J m . We may satisfy 

these two conditions by supposing 
m 

(r—r)2 ’ 

to be a mean proportional between 

(/ r) . 

(/—r)2 

^ and 2. - f1 ; which gives, for the radius r'—r of the sphere of activity 

of the planet, 
5 _ 

/—r = r.p/^m'2. 

The error will be so much the less as the planet’s mass is decreased.* * The 

radius of this sphere of activity may in fact be increased without any sensible 

error. For if we resume the equation [8021 ],f 

ddx, , (m-\-m!).x, , x x' 

°= *r+—fr- + H 
r 

cc oc 
we shall see that the term — — ^ adds to the value of x1 only the double 

and when r' is nearly equal to r, or —nearly equal to 2, it becomes -fgr or —^— 5 

TYl! 

as in [8033]. The conditions required in [8032,8033'] are, that — ]>■ » afld 

v\ • 
]> -i—-—. Both these conditions are satisfied by supposing, as in [8034], that 

(/—?*)2 ^ r3 

— : —-: : —-- : ——-—J ; because if the first of these terms is much greater than 
r2 (r—r)2 (r—r)2 r3 

the second, the third will be much greater than the fourth. From this proportion we get 

(V—r)5 = r5.|m'2 ; whence we easily deduce [8035]. We may remark, that this method 

of determining the perturbations of the motions of a comet, when approaching very near to 

a planet, was first proposed by D'Alembert, in his Opuscules, Tome vi, page 304. 

tytp_ 
* (3S13 ) The disturbing force of the sun ——— [8033], being divided by the absolute 

force of the planet '^rr ry [8032], gives - ^m/r3'~ f°r die rat^° dus disturbing force to 

the planet’s action5 but from [8035] we have 2.(/■—r)d= 2r3.TO/5.(|)s===f-rJ.m/5 nearly: 

hence the preceding ratio becomes f-m'5, which is decreased by decreasing the mass in', 

as in [8035']. 

yy r. I . yf yy 

-j- (3812) The term of [8021] having the divisor r3, is ‘-1-—- = 

substituting this in [8021], it becomes as in [8036]. 

[8020] ; 
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f dJ cc'\ a 
integral* ffdt.(— — — j. Now this double integral is very small, when it 

X x 
is limited to a small value of t ; for the function — — — is very small, x' 

and r' differing but very little from x and r respectively. Therefore we 

may, in the calculation of the perturbations of a comet which approaches very 

near to a planet, suppose the planet to have a sphere of activity, in ivhich the 

relative motion of the comet is affected only by the planeds attraction ; and 

that beyond this point the absolute motion of the comet about the sun is 

performed in exactly the same manner as if the sun alone acted upon it. 

11. We shall now develop this hypothesis, and determine the new elements 

of the corneds orbit at the time it passes from the sphere of the planeds 

attraction. For this purpose we shall commence with the investigation of 

the relative orbit of the comet about the planet, while within the sphere of 

that attraction. We have, in [572], the six following equations ;f 

xrdy—yl.dx1 _ , aq .dz — zvdx, ' « 

if
 

i 
W

 

Ssi c 

dt ’ 1 dt i 
1 dt ’ 

7, m'Vi , (dxffdzf) 

1_ / + . dfl ~ 

x1.dx1.dy1 z,.dz,.dyx 

dd dd 

j nix, ( (dyf+dzf) 

I_ / + » ~ 

y1.dy1.dx1 

dd 

z1.dz1.dx1 

~ dd ’ 

ni 2m! (dxffdydfdzf) 

a, f dt2 

* (3813) If we put for brevity —^ ^ = T, ~ — ~ = T, the equation [8036] 

cl tlx 
may be reduced to the form 0 = —-1 -f- T—T' ; T' being much smaller than T, and 

both being considered as functions of the very small portion of time t, and of constant 

quantities. Multiplying the preceding equation by dd, we may put it under the following 

integral form, neglecting the constant quantities introduced by these integrations; 

xi = —ffT.ddfffT.dd ; so that the part of aq depending on T, is proportional to 

the very small quantity f/T'.dd, being the same as that in [8037] ; remarking, however, 

that the introduction of the small disturbing quantity T', into the equation [80376], 

affects also the terms composing the value of T, by terms of the same small order, and 

by this means produces other similar variations in the value of aq. 

f (3814) We have, in [78496], f — pih, f — [xl ; and in the present notation 

p, = mfrn [5301V], or simply p, = m'‘} because the mass of the comet is small in 

106 

[8037] 

[8038] 

[8038q 

Formulas 
when the 
comet is 
within the 
sphere of 
activity of 
the planet. 

[8039] 

[8040] 

[8041] 

[8042] 

[8043] 

[8037a] 

[80376] 

[8037c] 

[8037c/] 

[8037e] 

[8040a] 

VOL* IV. 
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[80430 

[8044] 

[8045] 

[8040] 

[8047] 

[8048] 

[8049] 

[8050] 

[8051] 

[8052] 

[8053] 

[80400 

[8040c] 

[8040c?] 

[8049a] 

[8051a] 

[8054a] 

O5 Cîi c”? Ki hi «15 being arbitrary constant quantities. 

ô = the longitude of the ascending node of the relative orbit of the 

comet, counted from the axis of x, [585'"] ; 

<p = the inclination of the relative orbit of the comet upon the plane of 

*^i5 ]ji [5851V]. 

Then we shall have, as in [591], 

c " l /r ,2_U r 
tangJ = —, ; tang.? = v 1 »- ; 

C-y Cj 

c19 c/, cf, being given, by means of the equations [8040], in functions of 

cJCC (Jl/ 
the values of aq, yu zn -- , -y, —-, at the time of the entrance of the 

comet into the sphere of activity of the planet ; and as these values are 

supposed to be known, we shall have also the values of ô and ?, at that time. 

If we put 1 for the longitude of the projection of the perihelion [593'], 

wre shall have, as in [594', &c.],* * 
/ K 

tang.I = y . 

The semi-major axis ax is given by means of [8043]. Then we have, as 

in [714, &c.].f 
m'f3 f 2 

mW( 1-0 = 2m'f- ; 

which gives the excentricity ev Thus we shall have all the elements of the 

relative orbit. 

We shall now refer the co-ordinates aq and yL to the line of nodes. If 

we suppose xx, yf zf to be these new co-ordinates, we shall have,f 

comparison with that of the planet ; so that we may put f — rrih, f=m'l; or, for 

brevity, f— hlt f — K* Substituting these values in the equations [572 lines 1, 3, 2, 5], 

we get those in [8040,8041, 8042, S043] respectively. The accents being placed below 

x, y, z, c, c', c", a, e, in order to conform to the present notation ; also changing r into 

f, and making some slight reductions. In the same manner the equations [591] change 

into [8046]. 

* (3815) Substituting the values f = /q, f—h [8040c], in [594''], we get [8049]. 

n r2dr2 • » 
f (3816) We have, in [714], f*a.(l—e2) = 2yr—--gp. Substituting 

r=f [8040a, d], and placing the accents below a, e, as in [8040c], we get [8051]. 

X (3817) The expressions of aq', yi [8054, 8055], are found in the same manner as 

those of x', f [586]. Now multiplying [8054] by cos.ô, and [8055] by sin.é, then 
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— iPi.cosJ+^.sinJ ; 

yl — —^.sinJ+î/i.cosJ ; 

z[ = zL. 

We shall now refer the co-ordinates x/, yl, to the plane of the relative 

orbit ; putting x", y", for these new co-ordinates ; and we shall have,* 
ry* t ry* ^ c 
tv £ *—— iL p *j 

yt = yl'-cos.y ; 

Zi = yl'-sin.?. 

Lastly, we shall refer the co-ordinates x ", y" to the major axis, and 

shall put to for the longitude of the perihelion counted from the line of nodes. 
We shall have, by putting xf, yf, for these new co-ordinates ; the axis 

of xf being the line drawn from the centre of the planet to its perihelion ; f 

xf — W^cos.-zrf-ji-y/'.sin.TO ; 

yl" = —a;1/,.sin.'sj-f-y1/'.cos.ro. 

These different equations give, l 

[8054] 

[8055] 

[8056] 

[8057] 

[8058] 

[8059] 

[8060] 

[8060'] 

[8061] 

[8062] 

[8063] 

taking the sum of the products, we get xx [80545]. In like manner, by multiplying [8054] 

by sin.â, and [8055] by cos.0, then taking the sum of the products, we get y, [8054c] • 

these values of oc1, yl, will be of use hereafter ; 

x1 = a?/*cos^—y/.sin.é ; yt = æ/.sinJq-y/.cosJ. [80546] 

* (3818) Here the axis of a?/' or x{ is not changed ; but the ordinate yd is taken in 

the relative orbit, perpendicular to the line of nodes, and is then projected upon the plane [8059a] 

of a?/, yl, into the ordinate y/ =j yf'.cos.tp, as in [8059] ; and the distance zx of its 

extremity, from the plane of a?/, yf, is evidently represented by z1 = y/'.sin.tp, as [80596] 

in [8060]. 

t (3819) The transformation, here treated of, consists in changing the rectangular 

axes xf yd, into the rectangular axes xf, yd', in the same plane ; so that the angle [806«aj 

formed by the axes a?/', or by the axes y/', y/", may be represented by to. In 

this case the reduction is made in the same manner as in [8054,8055], by changing Ô into [80626 ] 

and adding two accents to the symbols xlt yl3 x/, yf, whence we obtain [8062,8063]. 

Î (3820) Multiplying [8062,8063] by cos.<p, and substituting the values [8058,8059], 

we get, 

xd'.cos.cp= W>cos>w-cos-9T2/i/'sin.'5J ; 

yd' * COS.9 — —W-sL.TOJ.cos.fp-j-y/.cos.TO. 

Substituting the values of a?/, y/ [8054, 8055], in [8065a, 5], we get [8064, 8065] 

respectively. 

[8065a] 

[80656 ] 
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[8064] 

[8065] 

[8066] 

[8067] 

Co-ordi¬ 
nates. 

[8068] 

[8069] 

[8070] 

[8067a] 

[80676] 

[8067c] 

[8067^] 

[8067e] 

[8067/] 

[8071a] 

[8071b] 

PERTURBATIONS OF A COMET, [Méc. Cél. 

x/".cos,<p = xx.\—sm.w.sin.â-j-cos.'zrf.cos.ô.cos.ç)} 

-\-yx. { sin.ro.cos/-j-cos.ro.sin/.cos.<?} ; 

y(", cos.tp = xx.{— cos.ro.sin/—sin.ro.cos/.cos.fp] 

-\-yx. [ cos.ro.cos/—sin.ro.sin/.cos.tp j. 

Therefore we shall have the values of x"', yx", corresponding to the time 

of the entrance of the comet into the sphere of the planet’s activity. We 

shall also have, by taking the differentials of these equations, the values of 

fir flu 
, -xL_, relative to that point. 

dt ’ dt r 

The preceding equations give,* 

xx = xx".\ cos.ro.cos/—sin.ro.sin/.cos.p} \ 

-\-yx'.{—sin.-5J.cos/—cos.ro.sin/.cos.tp} ; ! 
yx — xx'.{ cos.ro.sin/-j-sin.ro.cos/.cos.<p} / (S) 

-\-yl"*{—sin.ro.sin/-j-eos.ro.cos/.cos.p} 5 1 

zx = rr1//'.sin.ro.sin.(?-j-y1//'.cos.ro.sin.(p. / 

If we denote by xx, yx, xx \ &c. the values of xx, yx, xx", &c. at the 

time of the entrance of the comet into the sphere of activity of the planet, 

and by the same letters, with two lines at the top, their values when quitting 

it, we shall evidently have,f 

* (3821) Multiplying [8062] by cos.ro, and [8063] by —sin.ro, then adding the 

products, we get, by making some small reductions, the value of x" [80675], or that of 

xl [8058]. In like manner, by multiplying [8062] by sin.ro, and [8063] by cos.ro, then 

adding the products, we get the value of y" [8067c] ; multiplying this by cos.tp, and 

substituting the result in [8059], we get yl [8067(2] ; 

x" = æ/Acos.ro—y/Asin.ro = a?/ ; [8058] 

yl' = (c/hsin.ro-j-y/'hcos.ro ; 

y l — WAsin.ro.cos.p-j-y/hcos.ro.cos.p. 

Multiplying the value of x[ [80675] by cos/, and that of y[ [8067(2] by —sin/, then 

taking the sum of the products, we get the value of ac1 [80545], as in [8067]. In like 

manner, multiplying æf [80675] by sin/, and y' [8067(2] by cos/, then taking the 

sum of the products, we get yx [80545], as in [8068]. Finally multiplying [8067c] by 

sin.<p, and substituting the product in zx [8060], we get [8069]. 

f (3822) We shall suppose, in the annexed figure 103, that C is the centre of gravity 
5 

of the planet; BAA' a circle described about the centre C, with the radius r.y/j^s 

[8035], and representing the limit of the sphere of activity of the planet. Within this 

limit the comet is supposed, as in [8038], to move in an undisturbed orbit ABPAB', about 
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7*/'' - 7» 11 • n> 111__ n, HI . 
xi — > Vi --!/i » 

rfg*_cfo/' . d^77 ïy? 
dt dt ’ dt dt 

By means of these equations, we can find, in the first place, the values of 

the planet ; and if P be the least distance of the comet from the planet, we shall have 

the line drawn through CP for the axis of x"' [8061] ; and the line CY, which is 

perpendicular to it, for the axis of y"'. The comet enters the sphere of activity at A, 
and quits it at A . For both these points the value of x"' is CE j which is represented 

by x"' for the point A, and for the point A' \ hence we have x"' = x"', as in 

[8071]. Moreover for the first of these points we have AE=—y/7 j and for the second 

point A'E=JJ"; and as AE = A'E, we get 7^—y/77, as in [8071]. We shall 

now7 suppose that the comet, upon entering the sphere of 

activity, can describe the arc AB in the time dt ; and upon 

quitting the sphere of activity can describe the equal arc ,A'B', 
in the same time dt. Then the co-ordinates of the point B 

are CF= x"'-\- dx"' ; BF =—•yl"-\mdy"‘ \ and those of 

the point B' are CF' — x —dx”' ; B'F' — y/" -j- dy/". 
Subtracting respectively from these four expressions the values 

given in [8071c?, &c.], namely CE — x"', AE——yF, 

CE=.x1///, A'E = y/", we get the increments of these co-ordinates respectively ; and 

if we draw the lines BH, A'H', parallel to CP, we shall evidently have, for these 

increments, the following expressions ; 

EF=HB = dT/7; AH= dy/7' ; EF' = A'H' = —^ ; H'B' 

But by construction we evidently have the triangles ABB, A'H'B', similar and equal; 

hence we have HB = A'B', AH = H'B' ; or in symbols [80711], dF/77 = —dF/77; 

dy/" — dy/"; dividing these by dt, we get the equations [8072]. Now if we have 

œi> du zn and their differentials, at the time the comet enters into the sphere of activity 

of the planet, we may thence obtain F/", J/7', and their differentials, by means of 

[8064, 8065]; and then FJ7', J/7', and their differentials, from [8071, 8072]. 

Substituting these last expiessions in the formulas [8067-—8069], and in their differentials, 

we obtain x.L, yx, zi; and their differentials, at the time the comet quits the sphere of 

activity of the planet [8074]. Thence we obtain the elements of the elliptical motion 

about the sun, after quitting the sphere of activity of the planet, as in [8074, &c.]. 

107 

[8071] 

[8072] 

[8071c] 

[80714] 

[8071e] 

[8071/] 

[8071g-] 

[8071?t] 

[80717] 

[807U] 

[8071?] 

[8071m] 

[807In] 

[8071o] 

[8071;;] 

VOL. IV. 
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[8073] 

[8074] 

[80740 

[8075] 

[8076] 

rr III .. m 

•u > y is 
dx. 

[8077] 

du . i , dx1 dy1 dzt 
—r-—■ j -p~9 in terms of the values ot xl9 y19 z19 —, —, —, 
dt dt ai dt dt 

at the time of entrance of the comet into the sphere of activity of the 

planet ; and we may thence deduce, by means of the equations [8067-8069], 

dx dy dtz 
and of their differentials, the values of xl9 yL9 z19 ~— , upon 

quitting that sphere, in functions of their values at the time of the entrance 

f , dxr dif dz 
into it. Adding to these values those ot x, y, z, —, —, —, 

corresponding to the time when the comet quits the sphere of activity, we 

shall have the corresponding values of x, y, z, — , ~, — [8020, &c.] ; 

consequently, by means of the formulas [572—597'], we can obtain the new 

elements of the comet’s orbit. To obtain the values of x'9 y', z\ and their 

differentials, upon quitting the sphere of activity, we must find the time 

required to traverse that sphere, which may be easily done by the formulas 

of the elliptical motion, explained in the third chapter of the second 

book [606, &c.]. 

12. When the variations ôx, sy9 6z, are very small, as is the case relative 

to the motion of the comet of 1770, disturbed by the earth, it will be much 

more simple to calculate the alterations of the elements of the orbit, by the 

formulas of the preceding chapter. We shall consider the most important of 

these variations, namely, that of the corneds mean motion. We have, by 

what has been said,* 
(x'dx+y'dy+z'dz) n , î{x'-x).dxg-{y'—y).dy + {z' — z).dz} 

dn—3an.dR=3m .an.  --- — 3m'.an. 1^- • 

* (3828) Substituting in dn [7879] the value of R [7802], we get [8077], using f 

[8077a] [7870]. If we retain only the term containing f3, and substitute the differentials of 

[8078], namely dx=&dt, dy=pdt, dz = ydt, we shall get, 

{{x'- affa-j- [tf—y). (3+ (z— 4/1 
[80776] dn — — 3 m'.andt. 

f3 

Now by using the values [8078, 8079, 7870], and the abridged symbols [8081—8085], 

we obtain successively, 

[8077c] (P—uffci-Hü/'—2/)'f3"Hz/—z)‘7 = —A).a.-\-(B'—B).p-\-{C'-—Wy]+ha/_Wa+(£Hff £+(y ~7)’7^ 

[8077d] =E+i®; 
[8077e ] P = (x’-xf + {y'-yfp^'-zf = {W—A) + (a—a ).t} 2+ \[B —B) + (|3 '—p).t ] 2+ {( C'-Cp {y'-y).t J2 

[8077/0 == —h 2JVY -j— Lfi. 
Substituting [8077d,/] in dn [80775], we get [8080] ; and by integrating, [8086]. 



IX. ii. $ 12.] APPROACHING VERY NEAR TO A PLANET. 427 

In the interval of time during which the earth’s action is sensible, we may 

consider the motions of the planet and comet as being rectilinear. Therefore 

if we put, 

x — ; y =B + fit; z = C -f- yt ; 

x' = ; y' = Bljr [3't ; z' =C,Jr-yt ; 

we shall have, by noticing only the terms divided by /3, which is the only 

one that can become sensible on account of the smallness of f 
, Sm'.an.(F-\- Ht).dt 

U = ~ XM+2M+Lt*)$ ’ 

the following symbols being used in this equation ; 

F = C).y ; 

H= (a!—a).a+((3'—£).£+(/—y).y ; 
M = (A1—Af+{B'—Bf+(C'— cy ; 

N= (A'—AX*.'-a.)+(B'—BXP—P)+(C'— C)-(y‘—r) ; 
L = (a'_af+(,3'—(3)2+(/_;yf. 

Hence we shall have, by integrating [8080], 

Sn = —3m'. an./- 
e/ (, 

dt.(F-\-Ht) 

The integral must be taken during the whole time in which the action of 

the planet upon the comet is sensible. Before and after this time the 

distance M-j- 2ATt -f-Lt2, of the comet from the planet, is considerable ; 

and then the elements of the preceding integral become insensible, so that 

it may be taken from t — —co to t = oo , which gives,* 

[8078] 

[8079] 

[8080] 

[8081] 

[8082] 

[8083] 

[8084] 

[8085] 

[8086] 

[8087] 

[80878 

* (3824) We may easily prove the correctness of the following integral [80885], by 

taking the differential of its second member ; then reducing all the terms to the common 

denominator (LM—Nz).(M-\-2Nt-\-Lfi)l ; since by this means the coefficient of t3, in 

the numerator, will vanish ; and the other terms of the numerator will become 

(LM—N2).(F-\-Ht).dt. 

Â 

dt.{F+Ht) 
(M+2M+Z42)i 

(FN—HM)—( FJV- FL), t 

(LM—JY2). {M^jYl+Lpf “Tconstant 

[8088a] 

[8088&] 

Multiplying [80885] by —3m'.an, we get the expression of Sn [8086] ; and if we 

FJY—HJVj 

: lm—jst* 
substitute v/(M + 2M+ £(*)=/ [8077/]; also for brevity P = [8088c] 

^ HJV—FL . „ 
we shall get, 

Sn = 3m'.an. —* y Q* ~j -f* constant. j . [8088a] 

The symbol f represents the distance of the comet from the planet [8025], which is [8088tTl 
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[8088] 

[8089] 

[8090] 

[8091] 

[8092] 

If we put f for the 

shall have * 

6m'.an.\HN—FL\ 

in = (Mî—N^wl '- 

shortest distance of the planet from the comet, we 

f\L = LM—N3 ; 

therefore, 

tin 

we may here observe that \/L 

6 m'. an,(UN— FL) 

jNL.fL ’ 

represents the relative velocity of the comet.f 

[8088e] 

[8088/] 

[8088g-] 

[8088/] 

[8088i] 

[8088&] 

always positive, while t varies from —co to -j-co ; and at each of these limits the 

P. 
quantity — — vanishes from the integral [8088/] ; so that it becomes, 

tin = 3m!.an. | + constant | . 

Now when f is very large, the terms depending on M, Nt [8077/], become very small 

in comparison with Lfi ; so that we shall have approximatively f — f LP, or 

f=^t.\fL [8077/]; the upper sign being used when t is negative; the hiver sign 

when t is positive [8088c/] ; so ;hat when t — —oo, we shall have f infinite, and 

--— . Substituting this in tin [80S8e], and taking the constant quantity so as to 
f VL j 

make the integral vanish at this limit t — — co, we shall have constant = Q. — ; 

whence tin ~ 3m! .an. Q. -j—— | [8Q88e]. At the other limit z! = -{-cd, wTe have 

/= t.fL [8088/], or -7 = —^; substituting this in tin [8088Î], we finally obtain 

1 
tin = 6m'.an.Q. —— ; which is the same as in [8088], using O [8088c]. 

* (3825) The least value of / is found by putting the differential of /2 [8077/] 

jY 
[8090a] equal to nothing, which gives 0 = 2JYdt-\-2Lt.dt ; whence t — — —. Substituting this 

in /2 [8077/], and then multiplying by L, we get [8090]. Lastly, by substituting this 

value of LM—JV2 in the denominator of [8088], we get [8091]. 

f (3826) The velocity of the comet, reduced to a direction parallel to the axis of x, 
ddc dad 

[8092a] is — = a [8078]; that of the planet is —~=af [8079]; their difference, a'—a, is the 
dt cit 

[8092& ] relative velocity of the bodies reduced to the same direction. In like manner the relative 

velocity, in a direction parallel to the axis of y, is /—£ ; and in a direction parallel to 

[8092c ] ^0 axjs 0f Z) ]s /—y. The whole relative velocity is equal to the square root of the 

[8092d] sum of the squares of these three expressions [39'], or y7(&'—ap-]-(/—,3)2 -f- (/—y)2j which 

is represented by \/L in [8085]. 
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13. We shall apply these methods to the motion of the first comet of 1770, 

which was disturbed by the action of the earth and Jupiter. Astronomers 

had made many abortive attempts to reduce its observed motion to the laws 

of the parabolic theory. At length Lexell discovered that it described an 

ellipsis, in which the duration of the revolution was only 5§ years ; and he 

found that this orbit satisfied all the observations of the comet. So 

remarkable a result could not be admitted but after the most incontestible 

proof; and to obtain it, the subject was proposed, as a prize question, by the 

National Institute, in order to determine the theory of the comet by a new 

discussion of the observations, and an examination of the positions of the 

stars'with which it had been compared. This has been done by Burckhardt 

with the greatest care, in his paper which gained the prize ; and his 

researches have produced nearly the same result as those of Lexell ; so that 

we cannot now have any doubt relative to this point. A comet whose 

revolution is so short, ought frequently to re-appear ; but it was not seen 

before 1770, and has never been seen since. To explain this phenomenon 

Lexell remarked, that in 1767 and 1779 this comet approached very near to 

Jupiter, whose great attraction could change the perihelion distance of the 

comet so as to render it visible in 1770, instead of being invisible as it was 

before, and afterwards render it invisible in 1779. But before we can 

admit of this explanation we must prove that the same elements of the orbit, 

which satisfy the first condition, will also agree equally well with the second ; 

or, at least, that it is only necessary to make some very slight alterations, 

and such as can be comprised within the limits of those which the attraction 

of the planets may have produced, during the interval between 1767 and 

1779. Burckhardt, at my request, has willingly undertaken to apply the 

preceding formulas to the computation of Jupiter’s action upon the comet of 

1767 ; he supposed the elements of its orbit, at the moment of quitting the 

sphere of activity of Jupiter, to be as follows. [Mem. Acad. 1806, page 20]. 

E emarka- 
able comet 
ox 1770. 

[8093] 

[8094] 

[8095] 

Time of passing the perihelion 1770, August 14day,0348 ; the day 

being supposed to begin at midnight. 

Place of the ascending node upon the ecliptic in 1770, . . 146°,5327 ; 

Inclination of the orbit, .... 1°,7377 ; 

Place of the perihelion in 1770,. 395°,8525 ; 

Ratio of the excentricity to the semi-major axis, .... 0,785604 ; 

Duration of the sidéral revolution, . .. 2050days,095. 

108 

1 

2 
3 

4 

5 

6 

[8096] 

Elements 
of the 
orbit of 
the comet, 
after quit¬ 
ting the 
sphere of 
activity of 
Jupiter in 
1767. 

VOL. IV. 
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[8096'] 

[8097] 

[8097'] 

[8098] 

He then fixed upon the 9th of May, 1767, at mid-day, for the time when 

the comet quitted the sphere of Jupiter’s attraction. Using these data, then 

taking for the axis of x the radius vector of Jupiter at that epoch ; the 

sun’s mean distance from the earth for the unity of distance, and one day for 

the element of the lime dt ; he has found, for the moment of the comet’s 

quitting that sphere of activity [8096'], the following numerical values;* 

a?1= 0,086953; yL = —0,2144740 ; ^ = —0,0271989; 1 

dxx — —0,001286 ; dyL= 0,0036553; dzx = —0,00004212. 2 

These results give the following elements of the relative orbit of the comet 

about Jupiter, f 

[8098a] 

[80986] 

[8098c] 

[8098c?] 

[8098e] 

[8099a] 

[80996 ] 

[8099c] 

[8099c?] 

[8099e] 

[8099/] 

[8099g-] 

[80996.] 

[8099?] 

[80997c] 

* (3827) Having the elements of the comet [8096], and also those of the planet 

Jupiter, we may, from them, compute the longitudes, latitudes and distances of those bodies 

from the sun, on the 9th of May, 1767. We may then reduce these quantities to 

rectangular co-ordinates x, y, z, for the comet, and x', y’, z!, for the planet ; and by this 

means these quantities will be obtained at that epoch. Then computing the values of these 

co-ordinates on the 10th of May, 1767, namely, x-\-dx, y-\-dy, z-]-dz; x'-\-dx', y'~\-dy, 

z'-\-dz', we get the values of these quantities ; and by subtracting from them the 

corresponding values found for May 9th, 1767, we obtain the values of dx, dy, dz, 

dx', dy', dz'. With these values, and the equations [8020], we get xt=x— x' ; 

y, — y— y'; z1—z— z'; dxt—dx—dx' ; dy1 — dy—dy' ; dz, = dz—dz'; as 

in [8098]. 

f (3828) Substituting the expressions [8020] in the value of f2 [7870], we get 

/a == a?18+y12-J-2r1®, and its differential gives fdf =x1dx1-{-y1dy1-!rz1dzl. Substituting 

the numerical expressions [8098], we get /3 and fdf. Using these, and dt [8097', 5987(s>], 

we obtain, from [8040—8043], the values clt c/, c", hlt /,, — ; and as m! is known, 

we have also the value of eq, which is negative, and corresponds to a hyperbolic orbit 

about Jupiter. Then from [8046] we get d = 313°,6573, 9= 77°,7185; and from 

[8049] we obtain 1= 248°,6321; from [8051] we get m'.cq.(l—e2) ; and as m!, eq, 

are known, we may thence deduce the value of e1. Having thus obtained all the elements 

of the relative orbit [8099 lines 1—5], we can then compute the time when the comet 

entered the sphere of activity of Jupiter in 1767, or was at the distance r.f è»i'2 [8035] 

from that planet, as in [8099 line 6] ; also the values of xf, y '", at that time, and 

their variations dxf, dyf, for one day. Thence we deduce xx, yl, z1, and their 

differentials, by means of the formulas [8067—8069], as in [8100]. From the tables of 

Jupiter’s motion we obtain, at the same time, the values of a/, y, z, dx', dy', dz' ; and 

then we get, from [8020], the values of x, y, z, and their differentials, as in [8101] ; also 

r = \/&fÿHT2. From r, x, y, z, dx, dy, dz, we deduce the corresponding elements of 
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Ascending node upon Jupiter’s orbit,.313°,6573 ; 1 

Inclination,. 77°,7185; 2 

Semi-major axis,. —0,0220462; 3 

Ratio ( f the excentricity to the semi-major axis,. 1,86220 ; 4 

Place of the perijove,. 248°,6321 ; 5 

Entrance into the sphere of Jupiter’s attraction 1767, Jan. I8day,358. 6 

Hence he deduced the values of x,, yn 2,, x, y, z, and their differentials, 

at the time of entering into the sphere of Jupiter’s attraction, namely ; 

= —0,106206 ; yx = 0,101175; z± = —0,181074 ; 1 

dxx = —0,00169912 ; dyL = 0,00122295 ; dzx = —0,00326065 ; 2 

which give, at the time of entering into the sphere of Jupiter’s attraction, 

x= 5,263124; y = —0,696215; 2 = —0,181074; 1 

dx = —0,002949 ; dy = —0,008356 ; dz = —0,00326065. 2 

With these values he has determined the ellipsis, which the comet described 

before its entrance into that sphere of attraction, in 1767, and he has found 

its semi-major axis equal to 13,293; and the ratio of the excentricity to the 

semi-major axis equal to 0,61772; consequently the perihelion distance was 

5,0826. At this distance the comet would be invisible, and it would in fact 

disappear at a much shorter distance. 

To obtain the effect of Jupiter’s action upon the comet in 1779, 

Burckhardt supposed the elements of its orbit, at the time of its entrance 

into the sphere of attraction, to be as follows ; 

Time of passing the perihelion in 1770, August 14day,0261 ; 1 

Place of the ascending node upon the ecliptic in 1770, 146°,5722; 2 

Inclination to the ecliptic,  .1°,7503; 3 

Place of the perihelion in 1770,. 395°,8367 ; 4 

Ratio of the excentricity to the semi-major axis, .... 0,785474 ; 5 

Duration of the sidéral revolution, . 2042days,682. 6 

These elements differ but very little from the preceding [8096] ; the 

difference being within the limits of the variations arising from the attraction 

of the planets ; since the action of the earth alone is sufficient to produce a 

Hyperbolic 
elements 
of the 
orbit about 
Jupiter in 
1767. 

[8099] 

[8100] 

[8101] 

Comet 
invisible 
before 
1767. 

[8102] 

[8103] 

[8103'] 

Elements 
of the 
comet 
before en¬ 
tering the 
sphere of 
activity of 
Jupiter in 
1779. 

[8104] 

the orbit of the comet about the sun, by means of the formulas [572, 591, 594, &c.]. The 

last of the equations [572], gives the mean distance a [8102]. With this, and the 

formulas [595, 596, 596'], we get the excentricity e [8102]. 
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[8105] 
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1779. 

[8106] 

[8107] 

Comet 
invisible 
after the 
year 1779. 

[8108] 

[8109] 

[8110] 

[8105a] 

considerable part of them. The time of the comet’s entrance into the 

sphere of activity of Jupiter, is supposed to be the 20th of June, 1779, at 

mid-day; and by taking, for the axis of x, the radius vector of Jupiter at 

that epoch, he found that,* 

xx = 0,066007 ; yx = 0,227497 ; zx = —0,0095839 ; 1 

dxx — —0,001319 ; <yx = —0,00375765 ; dzL = 0,00004690. 2 

These values give the following elements of the relative orbit of the comet 

about Jupiter ; 

Ascending node upon the orbit of Jupiter,.76°,9126; 1 

Inclination, . 30°,6056 ; 2 

Semi-major axis,.—0,0205086 ; 3 

Ratio of the excentricity to the semi-major axis, . . . 1,26586; 4 

Place of the perijove, .36°,3407 ; 5 

Time of quitting Jupiter’s sphere of activity 1779, October 5day,9320. 6 

Hence the following values of x, y, z, and their differentials, at the time 

of passing out from the sphere of Jupiter’s activity, are obtained ; 

x = 5,617747 ; y = 0,729731 ; 2 = 0,1072202 ; 1 

dx = 0,00266133 ; dy = 0,00692084 ; dz = 0,00177469. 2 

From these values the ellipsis which the comet described about the sun, at 

the time of quitting the sphere of Jupiter’s activity, can be determined ; and 

the semi-major axis is found equal to 6,388, also the ratio of the excentricity 

to the semi-major axis 0,47797, which gives the perihelion distance equal 

to 3,3346. With such a 'perihelion distance the comet will always be 

invisible. Therefore ive see that Jupiter’s attraction could render this 

planet visible in 1770, instead of being invisible as it was before, and then 

render it invisible again after 1779; and ive may conceive of an infinite 

number of other variations in the elements, in which the action of the 

planets may produce similar results. It appears to me, therefore, that we 

must attribute to the attraction of Jupiter the remarkable phenomenon we 

have here undertaken to explain. 

Of all the known comets this one approached neare t to t'e earth; it 

must therefore have experienced a sensible action from it. We shall now 

* (3829) The values [8105—8108] are obtained from the elements [8104], in the 

same way as [8098, 8099, 8101, 8102] are deduced from [8096] ; b) the process which is 

explained in the two preceding notes. 
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determine, by the formulas of the preceding article, the alterations which 

this action has produced in the duration of its sidéral revolution. We shall 

use the last elements we have given of this comet, and shall take July 

2day,0567, for the epoch or origin of the time t\ this being about the time 

of its nearest approach to the earth. Lastly, we shall take one day for 

the unit of time ; and the earth’s radius vector, at the origin of the time t, 

for the axis of x ; we shall then have,* 

A' = 0; B' = 0; C"= 0; 1 

A = 0,004890 ; B = 0,0031249 ; C = 0,0146097 ; 2 

a'= 0,000150; f3' = 0,0169135; ?' = 0; 3 

a = 0,012153; (3 = 0,0186114 ; y =—0,006110. 4 

These values give, 

F = —0,000028325 ; H = —0,000214805 ; L = 0,000184287 ; 1 

M= 0,000247121; N = —0,000025265. 2 

Hence we deduce, as in [8118/J, 

- = 104,791.m'.m 
n 

The semi-major axis of the earth’s orbit a', being taken for unity, we have 
(X TL ^ (V^ /1 
- = «.; moreover, ~ = — = a3 [6143]; or a = ^; hence [8115] 

becomes, 

- = 104,791.m'.^î. 
n ni 

[8111] 

[8112] 

[8113] 

[8114] 

[8115] 

[8116] 

[8116'] 

[8117] 

* (3830) Taking the plane of the earth’s orbit for that of x\ y', we shall have 

z' — 0 ; and then the last of the equations [8079] gives C' = 0, y' = 0, as in [8113]. 

Taking the earth’s centre, at the epoch of the time t [8111], for the origin of the 

co-ordinates, we shall get A' — O, j3' = 0 [8079], as in [8113]. Then the formulas 

[8078, 8079] become, 

x = A-\-^t ; y = R-f^, z = C+7t\ x' = oJt, y’ = p!t, z'= 0. 

From the three first of these equations it appears that A, B, C, represent the values of 

x, y, z, respectively, corresponding to the epoch, or t = 0. Moreover, from the equations 

[8118c], we find that a, /3, 7, a', /b', represent the values of dz fa dy_ 
dt dt dt * dt ’ dt ’ 

the same epoch ; so that they may be computed from the tables, as in [8113,8098c, d]. From 

these we obtain F, H, he. [811.4], by means of the formulas [8081—8085], and then — 

from [8091, 8090]. 

[8118a] 

[81186] 

[8118c] 

[8118/] 

[8118c] 

[8118/] 
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[8118] 

[8119] 

[8120] 

[8121] 

[8122] 

If we put T for the time of the revolution of the comet, and sT for the 

corresponding variation of Sn, we shall have,* 

nT = 400° = O + sn).{T+sT) ; 

hence we deduce, 

Sn _ ST 

n ~ ~T * 

Putting the sidéral year equal to T", we shall have, 

n _ Tf 

n' ~ T~ ’ 

[8123] 

therefore we have, as in [8119/], 

»T = —104,791 .m’. / Y. T. 

[8124] 

[8124'] 

[8125] 
Diminu¬ 
tion of the 
comet’s 
revolution 

Supposing, as in [4061], 

m = 329630 ’ 

and putting T = 2042days,682 [8104], we obtain, 

ST = —2days,046 ; 

luhich is the diminution of the duration of the comet’s revolution hy means 

of the earth’s attraction. 

* (3831) The mean motion of the comet m, in the time T, is represented by nT; 

moreover as T is the time of the sidéral revolution of the comet, we shall have, as in 

[8119a] [7273'], nT = 400°. If the action of the planet changes n into n-\-Sn, and T into 

TfST, we shall have, in like manner, (n-\-Sn).(T-{-ST) — 400°. Hence we obtain, as 

[8119&] in [8119], nT— (n-\-Sn).(T-\-ST) = nT-\-n.ST-{-T.Sn-\-Sn.ST-, and if we neglect the 

term Sn.ST on account of its smallness, rejecting also the term nT, which occurs in both 

members, we get 0 = n.STf-T.Sn; which is easily reduced to the form [8120], by 

[8119c] hiding ky Again, we obtain, as in [8119a], the motion of the earth in a sidéral 

[8119d] year [8121], i{T'— 400°; hence nT—n'T' [8119a] ; which may be reduced to the 

[8119e] form [8122], or ’hi = {^}J i substituting this in [8117], we get, 

[8119/] ^ = 104,791 [8120]; 

multiplying this last expression by —7, we obtain [8123]. Now substituting in [8123] 

[8119g*] the values of m!, T [8124, 8124'], also T' = one sidéral year=365days,256384 [4068], 

we get ST [8125]. 
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CHAPTER III. 

ON THE MASSES OF THE COMETS, AND THEIR ACTION UPON THE PLANETS. 

34. The comets suffer great perturbations from the action of the planets ; 

they must therefore re-act upon the planets, so as to trouble their motions ; 

and we can determine, by the formulas of the two preceding chapters, the 

variations in the elements of the orbits of the planets, arising from the action 

of the comets. Fortunately this action is insensible, and the mutual 

attractions of the planets upon each other is sufficient to account for all the 

known inequalities in the motions of the planets and their satellites. In 

fact the observations on the motions of the planets are represented with so 

great a degree of accuracy, by merely taking into consideration their action 

upon each other, that we cannot refuse our assent to the supposition, that 

the masses of the comets are excessively small. Of all the known comets, 

that which appears to have passed the nearest to the earth is the first comet 

of 1770. We have seen, in the preceding chapter, that the earth’s action 

decreased the time of the sidéral revolution of the comet 2days,046 [8125] ; 

now we have, as in [1208],* 

on1 = 
m.\/a 

m!.\/ a' 
}.ôn; 

* (3832) The equation [8127] is the same as [1208], changing g into 5n, and 

into in order to conform to the present notation ; dividing this by n', we get [8128] ; 

and by substituting the value of — [8117], it becomes ~ = —104,791.m. —. — : 
w n' 5 y/a' n’\ 

but from [8116'], we have : 
S/a' r<j substituting this in the preceding equation, it 

becomes as in [8129']. Now we find, in like manner as in [8120], ; 
Tl 

substituting this in [8129'], and then multiplying by —T', we get [8130]. Finally, 

[8126] 
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[81276] 
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[8128] 

[8129] 

[8129'] 

[8130] 

[8130'J 

[8131] 

[8132] 

consequently, 

Sn' 

n 

m.\/ a n Sn 
/ / / • * 7 * 

m .y a n n 

Substituting for \y/ ' —, [8116], and for ^ its value [8117], we 

obtain, 

= _104,791. m; 
n 

hence we deduce, 

ôT1 = 10^791.mT'. 

If we suppose the mass of the comet m to be equal to the earth’s mass 

[8124], we shall find, for the increment of the sidéral year <5T\ 

sT' = 0day, 11612. 

We are certain, from all the observations that have been made, particularly 

from the numerous comparisons of Maskelyne’s observations, which were 

used by Delambre in constructing his solar tables, that the comet of 1770 

has not altered the sidéral year 2",8 ; thus we are sure that the mass of this 

comet is not -j-gVo part of that of the earth.* 

[8127rf] 

[8127e] 

[8127/] 

[8127g-] 

[8127h] 

[8127*] 

[8127ft] 

putting [8130', 8124], T = 365^,256384 [8119g-], we find that it 

becomes as in [8131]. 

We may also remark, that the expression of Sn' [8127], may be computed by finding 

Sn' from a formula similar to [8091]; that is, by changing m, n, a, x, y, z, A. B, C, 

a, 0, y, into m', n', a', x\ y', at, A', B', C', a', p', /, respectively, and the contrary. 

This does not change the value of f [8089, 7870], or of M, JY, L [8083—8085]; 

but F, H, Sn [8081, 8082, 8091], become respectively, 

F' = [A—A').a/-f (B—B').p'-\-( C— C').ÿ — —F—N ; [8081, 8084] 

H' = (a — a').a' + ( p — p7).|s'+(y — /)./ = —H—L ; [8082, 8085] 

. , 6m.a'n'.(H' JY— F'L) 

Now from [8127/g-], we have H'JV-F'JL — [~H~L).N-{-(F-\-J\ ).L— —[HJY-IL) ; 

substituting this in [8127/i], and then dividing it by the expression of Sn [8091], we 

— = — -n'a — ; which is easily reduced to the form [8127], by means of [8116^. 
Sn "" 

get 
m.an 

* (3833) If we suppose the mass m to be represented by instead oi 

m = m' [8130'], the expression [8130], instead of being of the form [8131], will become 

<5T' = 0day,ll612.p/; or, by using the centesimal division of the day, ST' = 11612"./. 
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It follows, from the calculations of the preceding chapter, that this comet 

passed directly through the space where Jupiter and his satellites were then 

situated ; and yet it does not appear that the comet produced the slightest 

alteration in the motions of these bodies. 

It not only happens that the comets do not trouble the motions oj the 

planets and satellites, by their attractions ; but if, in the immensity of past 

ages, some of the comets have encountered them, which is very probable, it 

does not seem that the shock can have had much influence on the motions of 

the planets and satellites. It is difficult not to admit that the orbits of the 

planets and satellites were nearly circular at their origin, and that the 

smallness of their ellipticity, as well as their common direction from west to 

east, depend upon the primitive state of the planetary system. The action 

of the comets, and their impact upon those bodies, have not varied these 

phenomena ; yet if one of them, with a mass equal to that of the moon, 

should encounter the moon, or a satellite of Jupiter, there is not the least 

doubt that it would render the orbit of the satellite very excentric. 

Astronomy also presents to us two other phenomena, which seem to date 

their origin from that of the planetary system, and which would have been 

altered by a very small shock. We here allude to the equality in the rotatory 

motions of the moon, and the librations of the three inner satellites of 

Jupiter. It is evident, from the formulas explained in the fifth book and in 

the preceding book, that the shock of a comet, whose mass was only TôVô 

part of that of the moon, would be sufficient to give a very sensible value to 

the actual libration of the moon, and to that of the satellites. We may 

therefore rest assured relative to the influence of the comets, and astronomers 

have no reason to fear that their action can impair the accuracy of 

astronomical tables. 

[8133] 

[8133'] 

The fall 
of a comet 
upon a 
planet 
would not 
sensibly 
affect the 
motion of 
the planet. 

[8134] 

[8135] 

[8136] 

2 8 1 ' 

Putting this equal to 2",8 [8132], we get = —; consequently m=^; 

hence it follows that, if the sidéral year is not altered 2",8 by the comet’s attraction, its 

tuf 
mass must be less than ; agreeing nearly with the remark in [8132]. 

[81326 ] 

[8132c] 

VOL. IV. 110 
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[8137] 

[8137a] 

[81376] 

[8137c] 

[8137dj 

ON SEVERAL SUBJECTS RELATIVE TO THE SYSTEM OF THE WORLD. 

In the preface to this work We have stated, that we should examine 

several questions relative to the system of the world, and we shall devote 

this book to that object. To complete our plan, there will then remain 

nothing more than to give an historical account of the discoveries which 

have elevated the science of Physical Astronomy to the rank it now holds. 

CHAPTER 1. 

ON ASTRONOMICAL REFRACTIONS. 

1. The motion of light, in the mediums through which it passes, 

particularly in the atmosphere,* is one of the most important objects of 

* (3834) The author here adopts, as the basis of his calculations, the Newtonian 

hypothesis of the emission of light ; and it would seem, at first view, that this computation 

of the refraction of the heavenly bodies depends wholly on that manner of considering the 

subject ; but upon examination we very easily perceive, that this hypothesis is introduced 

in §1,2, chiefly for the purpose of demonstrating, by means of it, the usual laws of 

reflexion and refraction of light [8205, 8188]. Now we can assume these laws as being 

the results of observation, and can found on them alone the theory of refraction of the 

heavenly bodies. By this means we can obtain, as in [8262c—t], the fundamental 

differential equation of refraction [8262], without bringing into view either Newton’s theory 

of emission, or the wave theory of Huygens ; neglecting, however, some very small 

quantities, which are within the limits of the observations, and such as are usually neglected 

by La Place. We have here introduced this subject, because many important observations 

and discoveries have been made relative to the properties of light, since the publication of 

this volume, particularly that of the 'polarization, by Malus ; the principle of interferences, 



X. i. <§>!.] WAVE THEORY OF LIGHT. 439 

astronomy ; whether we consider it in relation to the theory, or to its effect 

upon every astronomical observation. We view the heavenly bodies through 

by Young; and a multitude of valuable results, by Fresnel, Brewster, Biot, Arago, &c. 

The tendency of these observations has manifestly been to render doubtful the theory of 

Newton, and to bring forward, with much approbation, the undulatory or wave theory, as 

the true system of nature. In this theory of Huygens, it is supposed that all space is filled 

with a subtle elastic medium, or ether, which pervades all bodies, occupying the intervals 

between their particles. By the agitation of the luminous body, the particles of the ether 

are supposed to be put in motion, and thus waves are formed in it, similar to those which 

are produced in the air, water, &tc., when disturbed. These vibrations of the ether produce, 

on the eye, the sensation of light ; in a manner analogous to that of the production of sound, 

in the ear, by the vibrations of the air. This analogy may be considered as a circumstance 

in favor of the wave theory of light, since we find, in the economy of nature, that these 

vibrations are frequently used in air, water, &c. in communicating motion with great 

rapidity, and with but very little actual displacing of the particles ; as, for example, in the 

case of the motion of air, which produces sound, moving at the rate of nearly 800 miles in 

an hour ; or in that of the motion of the wave of the ocean, producing the tide, which is 

not much less rapid ; since Dr. Whewell has lately shown, that the cotidal line, or wave of 

the sea, corresponding to the time of high water, passes, in succession, through the whole 

extent of the Atlantic ocean, from the Cape of Good Hope to the shores of North America, 

a distance exceeding 6000 miles, in about 10 hours; being at the rate of above 600 miles 

in an hour ; and this rapid velocity is attended with so little displacement in the particles of 

the fluid, that the motion of the wave is hardly perceived by those who are borne on it. 

In bodies having a great refractive power, the ether is supposed to exist in a state of less 

elasticity than in those bodies where the refractive power is less ; and upon this principle 

it must follow that the motions are propagated with the least velocities in the most 

refrangible bodies, which is directly contrary to the results of the Newtonian theory, 

[8189], where the velocity of the ray is supposed to increase in passing from a vacuum 

into a refracting medium. Some experiments made on this point seem to be in favor of the 

wave theory. Upon the principles here mentioned, it follows that the velocity of light 

continues the same, in the same body, and under similar circumstances ; that it decreases in 

passing into a body of a greater refrangible power, but increases in entering a less 

refrangible body. The direction of the ray, as in the case of the motion of air producing 

sound, is in a line perpendicular to the surface of the wave ; and wdien the motion is 

propagated in an uniform ether, the wave is bounded by spherical surfaces, and the direction 

of the ray is from the centre of these spherical waves ; so that in this theory the rays of 

light move in a right line, in a uniform medium. When the medium through which the 

vibrations are communicated is not uniformly elastic, the wave will make unequal progress 

in different directions, according to the law of the elasticity. In this case the figure of the 
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Wave 
theory of 
light of 
Huygens. 

[8137/] 

[8137g-] 

[8137/t] 

[8137i] 

[8137&] 

[8137/ ] 

[8137m] 
The ray 
has the 

[8137n] 
least ve¬ 
locity in 
the most 
refrangible 
body. 

[8137o] 

[8137p] 

[8137g] 

[8137r] 

[8137s] 

[8137/] 

[8137m] 



440 REFRACTION OF LIGHT. [Méc. Cél. 

[8137"] 

[8137v] 

[8137«>] 
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[81372/] 

[8137z] 

[8138a] 

[81386] 

[8138c] 

[8138/] 

[8138e] 

[8138/] 

a transparent medium, which, by inflecting their rays, changes their apparent 

positions, and makes them appear in different places from those which they 

curve will not be spherical, and a double refraction may be produced, as in the case of 

Iceland crystal. 

The limits of the present note will not allow us to enter into a full explanation of the 

wave theory, though we may possibly do it hereafter, in an appendix ; but as the doctrine 

of the reflexion and refraction of light is investigated, in this chapter, by means of the 

Newtonian theory, it seems proper that we should show that the same can be done by 

means of the wave theory. We shall therefore insert, in this place, the demonstrations of 

the laws of reflexion and refraction, in the elementary manner in which it was first 

explained by Huygens, without attempting to enter into a minute examination of the 

corpuscular action of the particles of the ether, in producing these motions, according to the 

methods of Poisson, Cauchy, Lamé, &lc. 

Fiq.lOlh 

It is supposed that every vibrating 

portion of the ether, however it may have 

acquired its motion, whether by reflexion 

or refraction, can be regarded as a centre 

of vibration, from which a system of 

secondary leaves emanates in all directions, 

according to the laws of the propagation 

of ivaves in the medium. Upon this 

principle we shall now demonstrate the 

law of the reflexion of light, or the 

equality of the angles of incidence and 

reflexion. We shall suppose CB to be 

the plane of reflexion ; S the luminous 

objects, from which proceed successively 

the concentric spherical waves C'C, 

H'H, B'B, he. To simplify the 

demonstration we shall only consider a section of these waves, by a plane passing through 

S, perpendicular to the reflecting plane, and forming the plane of the annexed figure ; the 

circular arc B'B being continued below the plane or line CB, in the part BE'e'F'. 

Draw the line SC S' perpendicular to the line CB, and make CS' = CS ; through any 

point whatever H of the line CB, draw the line SHE' = SF' = SB ; continue the 

line S’H to E, making HE= HE', or S'E=SE'. Then the point E, above the 

reflecting plane, is situated, relative to the points B and S, in an exactly similar position to 

that of the point E', below the same plane, relative to the points B and S' ; and from 

this construction it will follow, that if a circular arc BF be described about the centre S', 

it will pass through the point E, in like manner as the similarly situated arc BF' passes 
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really occupy. It is therefore important to determine the law of this 

inflexion, so as to obtain the real situations of these bodies. 
[8137"'] 

through E', making the angles SHC, S'HC, BHE, BHE', equal to each other. 

Moreover the circle EIE'K, described about H as a centre, with the radius HE, will 

touch the circular arcs BE'F', BEE, in the points E', E, respectively. These results 

hold good, whatever be the situation of the point H upon the line CB. Thus if the 

point H fall in C, the lines SH, S'H, will coincide with SCS'; so that if a circle be 

described about the centre C, with the radius CF, it will touch the arcs BE, BF' in 

the points F, F', respectively. Moreover, if the point h be taken infinitely near to h, 

the point E' will change into the infinitely near point e', of the arc BE'F' ; and the 

point E will change into the infinitely near point e of the arc BEF; and it will be 

evident that the arc E'e' is common to the circles BE'F', EIE'K; therefore E'e' is 

perpendicular to E'H or E'S; in like manner EH, or ES', is perpendicular to Ee. 

Now if the direct motion of the waves C'C, H'H, &c. were not interrupted by the 

plane CB, the particles of the wave would arrive at the points F', E', B, at the same 

moment of time; but when the particle C of the wave C'C, arrives at the point C, it 

is reflected back with the same velocity [81375-], and a secondary ivave emanates from C 

as a centre. This secondary wave arrives at the situation F, at the same moment of time 

in which the direct wave would arrive at F', if its motion had not been intercepted ; 

moreover the direction of the motion of this secondary wave, at the point F, is in the line 

S'F, as if it proceeded from S'. In like manner, when the direct wave has arrived into 

the situation H'H\ the particle at H is reflected ; and a secondary wave, with the same 

velocity, is formed about H as a centre; and as HE=HE', the point E of this 

secondary wave will arrive at E, at the same time that the direct wave would be at E', 

if it were not interrupted. Moreover the motion of this secondary wave, at the point E, 

is perpendicular to the wave Ee [8138Z], or in the direction S'E, as if it proceeded from 

S' ; and the same is true wherever the point H of the plane CB, or the corresponding 

point E' of the arc BE'F', may be situated. Hence the effect of the reflected waves 

will be to make the object S appear at S', when viewed by an observer at E; and then 

we shall have, as in [8138g-], the angle SHC— the angle BHE; consequently the angle 

of incidence is equal to the angle of reflexion ; which is the well known law of the reflexion 

of light, and is the same as is deduced from the Newtonian theory in [8205, &c.]. 

The demonstration of the law of refraction is made in a somewhat similar manner, using 

the figure 105, page 442, which resembles figure 104, page 440, and is marked with the 

same letters; CB being the plane of refraction; $ the luminous object ; C'C, H'H, 

B'BE'e'F', successive portions of the spherical waves emanating from S. Then when 

the point H of the wave H'H, meets the surface of CB, of a medium of greater 

refractive power, the velocity of the wave is decreased [8137ft], in a ratio which we shall 

represent by 

VOL. IV. 

[8138g] 

[8138/i] 

[8138i] 

[8138/r] 

[8138Z] 

[8138m] 

[8138rc] 

[8138o] 

[8138p] 

[8338g] 

[8138r] 

[8138s] 

[8138/ ] 

[8138ft] 
Refraction 
of light, in 
the wave 
theory. 

[8138-r] 
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[8137*] 

[8138io] 

[813810'] 

[8138a;] 

[81382/] 

[8138z] 

[8139a] 

[81396 ] 

[8139c] 

[8139rf] 

[8139e] 

[8139/] 

DIFFERENTIAL EQUATION OF THE MOTION OF LIGHT. 

We shall consider the trajectory described by a ray of light which passes 

through the atmosphere, supposing all its strata to be spherical, and varying 

m 

n 

velocity of the refracted ray 

velocity of the incident ray 

n being greater than m ; so that while the wave would pass over the distance HE', with 

its original velocity, it will describe only the diminished distance — X HE', which we 

shall make equal to HE, and then we 

n 

m 
shall have HE— — X HE'; lastly we JB’ig. ±05 

n 

shall suppose that a circle is described 

about H as a centre, with this radius 

HE. In like manner, if we take a point 

h, in the line CB, infinitely near to H, 

we may suppose another circle to be 

drawn about A as a centre, with a radius 

he= — X he'. Then the infinitely small 
n 

arc Ee, which is a common tangent to 

these two small circles, will represent the 

situation of the point of the refracted 

wave, corresponding to E'e1. In this 

case the luminous body will be seen, in 

the direction EHS', by the eye at E ; 

and in the direction ehS', by the eye at e ; so that the position of the luminous body will 

be changed, by the refraction, from S to S', We may, in the same way, find the other 

parts of the refracted wave BEeF. From this construction we can easily deduce the law 

of the refraction of light. For if we let fall from h, upon E'HS, the perpendicular hi, 

and then upon EHS' the perpendicular hR, we shall have, by using the values of he , 

HE [81382, æ], 
Til 

HI = he'—HE' ; HR = he—HE = -.he' 
n 

—. HE'. 
n 

Multiplying the first of these equations by —, we find that the second member of the 

product becomes equal to the second member of the expression of HR [8139/J ; hence 

tu HI HR 
we have -xHT= HR. Dividing this by Hh, we obtain — X ~ = -ppr ; and by 

referring to the rectangular differential triangles Hlh, HRh, we finally obtain 
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in density according to a function of their height. If we suppose the ray 

to return, from the eye of the observer, towards the heavenly body, it will 

evidently describe the same curve as that which it traced in coming from the 

body to the observer. 

We shall put, 

— X s\n.HhI= sm.HhR. Now Uhl is evidently equal to the angle of incidence of the 

direct ray SH, upon the plane of refraction B C ", and HhR is equal to the angle of 

refraction ; hence we finally obtain, 

—- X sine of angle of incidence = sine of angle of refraction ; 

being the same as that which is deduced from the Newtonian theory, in [8188, &c.]. 

Law of 
refraction. 

[813%] 

Before closing this article we shall observe, that the method of demonstration of the laws 

of reflexion and refraction, depending on the principle of the least action, which is given in 

Vol. I, page 40, note (19a), is not applicable to the wave theory ; because the wave theory 

depends on the oscillations of many particles of matter, instead of being limited, as in the 

principle of the least action [49', &c.] to the motion of one material part. However, we 

shall have, in both theories, by referring to figure 105, supposing n to to express 

the ratio of the sine of incidence to refraction, and the points S, E, to be given, 

m X SR -f- n X RE — a minimum ; 

as has been shown in the note (19a). Now if we represent the velocity of the incident 

ray by n, that of the refracted ray, in the wave theory, will be m, as is evident from 

[8138w]. Substituting these values in [8139Æ], after dividing it by the constant quantity 

mn, we get, 

[8139/t] 

[8139i] 

[8139&] 

[813 9Z] 

incident ray SR refracted ray RE 

velocity of incident ray velocity of the refracted ray a [8139m] 

The first member of this last equation evidently expresses the sum of the times of describing 

the lines SR, RE, or the whole time of describing the space included between the two [8l39n] 

given points S, E. Hence it appears that this time is a minimum, in the wave theory ; and 

this circumstance is mentioned by Huygens, in Vol. II, page 34, of his works. 
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Symbols. 

[8138] r = the radius drawn from the earth’s centre to any part of that trajectory ; 

[81387] a — the vertical line drawn from the observer at the surface, towards the 

centre of the earth, supposing it to be spherical ; 

[8139] v = the angle which the radius r makes with the vertical line a drawn from 

the observer towards the centre of the earth, supposing it to be 

spherical ; 

[8139'] <p = the force which attracts the ray of light from its rectilinear course. 

This force evidently draws the ray towards the centre of the stratum, 

or towards the centre of the earth ; since there is no reason why it 

should deviate on the one side rather than on the other. We shall 

consider this force as a function of r ; 

[8140] 6 = the angle which the tangent to the curve, at any point, makes with the 

vertical line a drawn through the place of the observer ; or, in other 

words, 6 represents the apparent zenith distance of the extremity of 

that tangent, supposing it to be continued infinitely towards the heavens ; 

[8140'] © = the value of ê, or the apparent zenith distance, at the place of the 

observer ; 

[8140//] v' = the angle formed by the radius r and the tangent of the curve. 

Then we get, from the equation [376],* 

* (3835) In the annexed figure 106, C is 

[8141a] t^e centre 0f the earth ; ODD' its surface ; O 

the place of the observer; OAA'G the path of 

the ray of light, coming from the body at G; 

AE the tangent at the point A ; A A' a small arc 

of this trajectory ; A'F is the perpendicular, let 

fall upon CDAF. Then, according to the 

above notation, we have CA—r\ AF=dr; 

[81416] 0CAz==v. ACA'—dv\ A'F= rdv; HEA—Ô-, 

EAC=v'. If we suppose the constant 

quantity —§2, to be connected with the integral 

[8141c] 2fq>dr [375,376], the last of these formulas will 

be as in [8141], which is easily reduced to the 

form [8141']. Again, by [369'] we have 

[8141d] xdy—ydx—cdt; comparing this with the second 

of the equations [372], we obtain [8143]. 
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cdr 

r'V f/2/’2—6'2 — 2r2.yZjdr 

r2. 

(f being a constant quantity, which is added to the integral 2fa?dr. 

Moreover, if we put the element of the time equal to dt, we shall have, as 

in [369', 372], 

r2dv — cdt. 

Differen¬ 
tial equa- 

[8141] 
tions of 
the motion 

[81410 
of a ray of 
light. 

[8142] 

18143] 

Then we have,* 

v + d — 6 ; 

. rdv 
tang.v = — 

c 

[/ <fr2—c2— 2 f2.f$dr 

[8144] 

[8145] 

[8146] 

hence we easily deduce,f 

—. cpdr 

dô = -—7====== . (2) 
(qZ—2/cpdr). f — - — %fydr 

[8146'] 

Ceneral 
value of 
the refrac¬ 
tion 

dô. 

[8147] 

* (3836) In the triangle ACE, we evidently have, 

angle A CE-{-angle EA C = angle HEA ; 

and by using the symbols [81416], it becomes as in [8144]. In the differential triangle 

Af F Tclv 
FA A', we have tang ,FAA' = -j^ = , as in [8145]; and by substituting the value 

of dv [8141 or 8141'], it becomes as in [8146 or 8146']. 

[8145a] 

[81456] 

f (3837) Putting for brevity iv = q2r2—c2—2r**fydr, we get dv——| [8141], 

tang.v'=civ~~ [8146]. The differential of this last expression is dv'.(cos.v')~z—-%cw~îdw; 

and since (cos.f/)"2 — lTtang.V = l-j-c2w?_1 [34'"] Int., we have, 

7 f  —h.cw~%dio   —hediv 

Adding this to the expression of dv [8146a], we get the value of dv-\-dd — dô [8144] ; 

hence we have, by successive reductions, and the substitution of 

(/à JL. tu)\ 

dw —%(frdr—Ardr.Jcpdr—2<pr2dr = -.2 dr—2 <p r2dr [8146a], 

[8146a] 

[81466] 

[8146c] 

[81468] 

[81464] 

VOL* IV. 112 
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[8148] 

[8149] 

[8146e] 

[8146/] 

[8146g- ] 

[8I46&] 

[8148a] 

[8148&] 

[8148c] 

[8148d] 

[8148e] 

[8148/] 

[8148g] 

The angle ô at the origin of the curve is the complement of the apparent 

altitude of the body. At the other extremity it denotes the complement of 

its true altitude. Strictly speaking, the complement of this last altitude is 

the angle formed by the vertical line passing through the observer, and by 

a line drawn from the body to the observer. But on account of the limited 

height of the atmosphere and the smallness of the astronomical refraction, 

this right line may be supposed to coincide with the tangent drawn to the 

curve, described by the ray of light, at the point where it enters into the 

atmosphere ; the difference is insensible, even for the moon.* Hence it 

<u=cA 
rw2 

i cdw cdr 

w*.{&-\-w) [c~-\-w).w- 

' (c2-f-?o) div'{ cdr C (c2T*c) (c2-\-w) 
-j-pr5 

cr2. cp dr 

This last expression of dù is easily reduced to the form [8147], by re-substituting w 

[8146a]. Now from the definitions of Ô, © [8140, 8140'], it is evident that Ô — © 

represents the refraction R of the ray in proceeding from O to A ; so that we have 

R = ô—©, whose differential gives dR = dô‘ therefore dô represents the differential of 

the refraction. 

* (3838) If we suppose the point Af, in figure 106, page 444, to be the limit of the 

atmosphere, and EAG to be a right line tangent to the point A ; the true zenith 

distance of the body G, when observed at the point O, is equal to the angle 

HOG = HEG—EGO — Ô—EGO. To estimate the value of the small angle EGO, 

we shall observe that it is to the angle EAO, nearly in the ratio of the line OA to OG ; so 

that we shall have nearly EGO=EAOX ^ = EAOx Now whatever be 

the nature of the curve OA, provided its curvature is regular, the angle EAO will be of 

the same order as the refraction R of the body ; and by putting it equal to R, and also 

observing that -— is of the order of the parallax P of the body, we shall have EGO 

of the order PxR X ; and as each term of this expression is small, the angle EG O 

must be very small. Thus for the moon, which has the greatest parallax, we have P ^ 

of the radius nearly at its maximum ; and the greatest, or horizontal refraction, is nearly 
. OA 

60' [8281] ; hence the greatest value of EGO is of the order 1 X ^ ? anc* in general 

this angle is much less. Now the height of the atmosphere is not more than part of 

the radius ; therefore the fraction ——, when OA is vertical, is ; and when OA is 

horizontal, it is nearly p/Zil, or hence we see in general that EGO is insensible, 

and that we may put ELOG=0, as in [8149]. 
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follows that the integral of the expression of dô, taken from the origin of 

the curve to its other extremity, is the refraction of the body. But to obtain 

this integral, we must determine the values of the constant quantities c and 

q, and the function 9. 

The constant quantity c is easily determined by observing that, if we use 

the radius a [8138'], and commence the integral fpdr at the origin of the 

curve, putting © for the value of 6 at that point ; or, in other words, for 

the apparent distance of the body from the zenith at that point ; we shall 

have, by what precedes,'34 

tang.© = 

whence we deduce, 

c 
— = o.sin.e. 
a l 

2. The value of q depends upon the integral f9dr, consequently upon 

the nature of 9. To determine this function, we shall consider a ray of 

light which penetrates into a transparent body, terminated by plane surfaces. 

The particle, before its entrance, is drawn perpendicularly towards the plane 

surface, by which it enters the body. For, the action of bodies upon light 

being sensible only at very small distances, the parts of the body, which are 

at a sensible distance from the particle of light, will not have any sensible 

action upon it ; and we may, in the calculation of the action of the body, 

consider it as a solid of infinite dimensions, terminated by a plane surface, 

indefinite in every direction. In this hypothesis, it is evident that the action 

of the body upon the particle of light, is perpendicular to its surface.f 

* (3839) At the point O of the curve CA, we have fq>dr = 0, r=a, v' = q 

[8152, &c.]. Substituting these in [8146'], we get the expression [8154] ; whose square 

being multiplied by $2— gives ç3.tang.2© = ^.(1+tang.9©) = ~ ; then 

multiplying by cos.2©, extracting the square root, and putting cos.e.tang.© =3 sin.©, it 

becomes as in [8155]. 

f (3840) For the purpose of illustration, we have inserted the figure 107, page 448, 

where ID'DCJL represents the path of the ray, which enters the body ABBE, at the 

447 

[8150] 

[8151] 

[8152] 

[8153] 

Value of 

© 
at the sur¬ 
face of the 
earth. 

[8154] 

[8155] 

[8156] 

[8157] 

[8157'] 

[8157"] 

[8154a] 

[8154&] 

[8158a] 
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[8157///] 
We shall first consider the particle before it enters the body, using the 

following symbols ; 

[81586] 

[8158c] 

[8158c?] 

[8158c] 

[8158/] 

[8158g-] 

[81586,] 

[8158*] 

[81586] 

[8158?] 

[8158m] 

[8158»] 

[8158o] 

point C of its surface ; this surface being considered as a plane, passing through the line 

AE, perpendicular to the plane of the figure. The lines MJY, mn, RQ, BD, Dd, are 

parallel to the surface AE ; and the lines FU, DTK, D'd, perpendicular to AE. 

Then taking C for the origin of the co-ordinates, and D for the situation of the particle 

of light at any time, we shall have, according to the above notation, CT=x, TD—s'. 

Moreover if we put DO=s, OP=ds, we 

shall have MNnm for the section of the 

stratum treated of in [8158], which acts upon 

the particle of light at D, with a force 

p.ds.n(s) [8161], in the direction DT. The 

whole action of the body upon the particle 

will be obtained, by taking the integral of the 

expression p.c?s.n(s), from s = DT to 

s=DKj taking for K any point which is 

so distant from D as to be without the sphere 

of the sensible action upon the particle at D ; 

and it is evident that we may suppose DK to be infinite, because the action of the points 

situated beyond K are supposed to be insensible on the particle at D ; therefore the whole 

action of the body, upon the particle at D, will be represented by fi?°p.ds.Tï{s) in the 

direction DT; and if we suppose the density p to be constant, this force will become 

p.fj°ds.TJ(s) =p.ni(s') [8161']. 

Now if we put 2 = 0, and y—s', in the equations of the motion of a particle [38], 

they will become, 

ddx dds' „ 

~dtf J d& ^? 

P, Q [34vi], being the forces acting upon the particle in the directions parallel to the 

rectangular co-ordinates x, s', respectively, and tending to increase the co-ordinates [3T11]. 

In the present case, the only force acting upon the particle is that in [81586], which is 

represented by p.ni(s/), in the direction of the ordinate DT, and tending to decrease it; 

this force will therefore be negative, and we shall have Q = —p. 11,(5), and P = 0. 

Substituting these in the equations [8158&], we get [8164, 8165]. From these equations 

we easily deduce [8167], by the process of integration explained in [8166]. The integral 

of [8164] gives — = constant ; therefore the velocity of the ray, in a direction parallel 
dt 

to the surface, remains constant, and is unaltered by the action of the refractive surface. 

The same result is found in [8177i], after entering the surface of the body. [8158p] 
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s = the distance of the particle of light from an infinitely thin stratum 

of the body, which is drawn parallel to its surface ; 

s' = the value of s corresponding to the external surface ; or the 

distance of the particle of light from the external surface ; 

P = the density of the stratum, whose thickness is ds ; 

p.c?s.n(s) = the action which the stratum, whose thickness is ds, exerts upon 

the particle ; and to have the whole action of the body we must 

integrate this expression from s = to s ~ co, [8158/] ; 

nfs') = f?ds.u(s) ; consequently nfs) =fp c?s.n(s), as in [8242]; 

K = folds'.ni(V) ; or K — ffds'.nfs’), w7hen s' is of any sensible 

magnitude ; 

n = the velocity of the ray of light when at a sensible distance from 

the attracting body, and before entering it ; 

n = the expression of the variable velocity of the ray of light, after 

it is acted upon by the attracted body. 

Now if we put x and s' for the rectangular co-ordinates of the particle 

of light ; x being parallel to the surface of the body, and in the plane 

formed by the vertical line at that surface, and the direction of the luminous 

ray; we shall have, as in [81587b, m], 

ddx 

dt2 

dds 

dt2 

= 0; 

= — p. n^); 

dt being the element of the time, supposing it to be constant. Therefore 

we shall have, by multiplying the first of these equations by 2dx, the 

second by 2ds', and integrating their sum, 

dx24-ds's 
= constant— 2f0s'P.ds'.u1(s') = (velocity of the ray)2. 

dfi 

To determine the constant quantity, we shall use the abridged symbols 

K, n [8162, 8162'] ; observing that when the particle of light is at a sensible 

distance from the attracting body, we shall evidently have fds'.Ilfs') = K, 

because the action of the body upon light is sensible only at very small 

distances ; hence we get,* 

* (3841) To avoid the consideration of negative signs, in the limits of the integrals, we 

shall adopt the method proposed in [8137v] ; and instead of considering the path of the 

particle, in its motion from I [fig. 107, page 448] towards the origin of the co-ordinates 

VOL. IV. 113 

[8158] 

[8159] 

[8160] 

[8161] 

[81610 

[8162] 

[81620 

[81620 

[8163] 

Equations 
before the 
ray enters 
tiie first 
surface. 

[8164] 

[8165] 

[8166] 

[8167] 

[8168] 

[8169] 

[8170] 

[8164a] 
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Velocity 
before 

[8171] 
entering 
the body. 

[8172] 

[8173] 

Velocity 
at the sur¬ 
face of the 
body. 

[8174] 

[8175] 

[81646] 

[8164c] 

[8164rf] 

[8164e] 

[8164/] 

[8164g-] 

[81646] 

[8164Î ] 

[81646] 

[8164Z ] 

consequently, 

Hence we deduce, 

dx^-f ds'^ 

T?,2 = constant—2K p ; 

constant = n2-\-2Kp. 

df 
= rd-\-2K?—2p.ffds'.Ti1(s'') — (velocity of the light)2 

so that when the light enters into the body, where s' = 0 and the integral 

commences, we shall have, for the square of the velocity of the ray, the 

expression rdf2Kp. 

To obtain the value of the square of the velocity, when the light has 

penetrated into the body, by the quantity s', we shall observe that s' being 

the distance of the particle from the surface of the body, it is attracted 

towards that surface by a stratum of the thickness s' ; but this attraction is 

C, at the surface of the body, we shall consider it in a backward course, from C towards I. 

Then we have CT=x, TD = s', Dd=dx, D'd= ds ; hence DD' — fdx2-\-ds'2- 

Dividing this by the time dt, we get the general expression of the velocity of the particle 

of light, which we shall represent, as in [8162"], by the Roman letter n, when at the 

point D, or after it has entered within the sphere of activity of the attracting body ; the 

symbol n being its value before it is acted upon by the body [S162']. Hence we have 

generally n = = V/f/x~2 + df ; substituting this in [8167], we get, 
dt dt 

dxig-ds'2 

1m 
= constant—%ff.ds.Tlf) 

— constant—%ff p.ds' .Tlf)-\-%fg p.ds' .Tlf) ; 

the last of these expressions being easily derived from that which precedes it, by merely 

changing the limits of the integrals. If we suppose p to be constant, the expression 

[8164/] becomes successively, by using K [8162], 

n2 = = constant—2p ff ds'.TJf)f- 2p./sf ds'.Tlf) 

= constant—%Kpf2p.ff ds'.Tlf ). 

When the distance s' is so great that the particle is without the sphere of activity of the 

attracting body, the integral part of the expression [81646] vanishes, and n changes into 

n ; then the expression [81646] becomes as in [8171] ; hence we easily derive the value 

of the constant quantity, as in [8172]. Substituting this in [8164e], we get, as in [8173], 

n» = = na+2X>—2/0’'p.d/. n,(5'). 

At the point C of the surface of the body, where /=0, the integral part of the second 

member of [816461] vanishes, and this expression of the square of the velocity becomes 

n2-j- 2-fiTp, as in [8174]. 
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destroyed by that of an inferior stratum of the same thickness ; so that the 

particle moves in the same manner as if it were acted upon only by the 

strata which are situated below these ; it is therefore affected in the same 

manner as when it is without the body, at the distance s' from its surface ; 

therefore the attraction, which the body exerts upon it, is equal to p.n^s'), 

[8158A]. But in this case the attraction tends to increase s' ; therefore, by 

putting x and s' for the co-ordinates of the particle, we shall have,* 

ddx .. 

^=0; 

dds' 

Iff 
p. n^s'). 

hence we deduce, 

doc1 -j- ds 2 

" dff ' 
constant-f-2 p .ff ds'.ufs'). 

The constant quantity is evidently the square of the velocity of the particle, 

* (8842) In computing the path of the particle CGE, fig. 107, page 448, after it has 

entered the body at C, we shall put CF=x, FG — s, for the rectangular co-ordinates 

of any point G of this part of the path. If we continue the vertical ordinate FG to H, 

making FG — GH, and draw the plane RH(^ parallel to the surface AE, it is evident 

that the attraction of the different parts of AEQR upon G will mutually destroy each 

other; and the particle will be acted upon only by the part RQDB, which falls below 

the plane RQ‘, so that the particle of light will be affected in exactly the same manner as 

if it were at the distance GH= s, without the surface, and acted upon by the whole body. 

Then the force acting upon the partie\e, perpendicular to the surface, will be, as in [8158A], 

p.njf), and nothing parallel to the surface, p being constant [8158A]. These forces give 

the expressions [8177, 8178], which are similar to [8164, 8165], the sign of n^s) being 

taken positive in [8178], because this force tends to increase FG or s'. Now multiplying 

[8177, 8178] by 2cloc, 2ds, respectively, and integrating the sum of these products, we 

get [8179]; substituting the value of the constant quantity [8180], it becomes, 

dxzfds'z 
= n^-\-2Kp -j-2p./0s'c?/.ni(5/). 

When the particle has penetrated into the body a sensible distance, s', we shall have 

ds'.nf) =K [8162] ; substituting this in [8177g], it becomes, 

dx^fds'Z 

dV 
n9 -[- 4/f p, 

as in [8182]. Finally we may remark, as in [8158o], that the integral of the equation 

doc 
[8177] gives the value of — = constant ; so that the velocity, parallel to the surface, is 

Cil 

[8175'] 

[8176] 
After en¬ 
tering the 
first sur¬ 
face at an 
insensible 
distance. 

[8177] 

[8178] 

[8179] 

[8177a] 

[81776] 

[8177c] 

[8177c?] 

[8177e] 

[8177/] 

[8177g-] 

[8177/t] 

[8177-1 ] 

constant. 
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[8180] 

[818]] 
After en¬ 
tering the 
first sur¬ 
face at a 
sensible 
distance. 

[8182] 

[8183] 

[8184] 

[8185] 

[8186] 

[8184a] 

[81846] 

[8184c] 

[8184c?] 

[8184e] 

[8184/] 

[8184g-] 

at the point where it enters into the body, and we have just seen [8174] that 

this square is equal to 7iiJr2Kp. To determine the value of /he integral 

fds'.ujs1), when the particle has penetrated sensibly within the body, we 

may observe that this is very nearly equal to that value taken from s' = 0 

to s'= co, therefore it is equal to K [8162]; hence we have, when the 

particle has sensibly penetrated into the body, 

dxs -j- ds2 

dt‘2 ' 
= n2 + 4Zp. [8177/i] 

We shall put & for the angle of incidence, which the ray of light makes 

with the perpendicular to the surface, before its entrance into the body, and 

when at a sensible distance from it ; and we shall have,4 

dx 

ndt ’ 

* 

sin.a = 

also ô' for the angle of refraction, which the ray of light makes with the 

perpendicular to the surface, when it has sensibly penetrated into the body ; 

and we shall have, as in [8184c?], 

sin.d' = 
dx 

[/ dx^-\~ds~ 

* (3843) In the differential triangle DD'd, fig. 107, page 448, we have 

sin.DD'd = ; and by substituting Dd—dx, DD' = ndt [8164&, d], it becomes 

dx • 
sin.DD'd= —. Now before the particle enters the sphere of activity of the body, we 

have n = ?i [8164c, d], and DD'd = ô [8183]; then the equation [8184a] becomes 

dx 
sin.d 

ndt 
as in [8184]. After the ray has penetrated into the surface of the body, n 

changes into s/n^-\-4Ap [8182], and DD'd changes into Ô' [8185] ; then [8184a] 

dx • • 
becomes sin.^= 1 which is easily reduced to the form [8186]. Now the 

differential expression [8164 or 8177] is the same in all parts of the path, namely 

— = 0 ; and its integral is constant, or = constant; so that this quantity is 
dfô ctt 'licit 

of the same value in [8186] as in [8184]. Finally, dividing [8186] by [8184], and then 

multiplying the result by sin.0, we get [8187] ; and from this we obtain the following 

proportion, 

sin.é : sin.ô' : : \/n^-ÇÂKp :n : : the velocity after refraction : the velocity before refraction, 

as in [8188]. 
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(J(JQ m 

The values of — are the same in both cases [8184e], since we have 
Ct L 

ddcc 
always —— = 0; therefore we shall have, as in [818ff,gf 

sin/ 
sin.d 

4 K 
1 -j-—. p 

or. 

sine of the angle of incidence Ô 

sine of the angle of refraction tf 
[8191'] 1 

that is, the sine of incidence is to the sine of refraction in a constant ratio, 

and this ratio [in the Newtonian theory of light] is that of the velocity of 

light after having sensibly penetrated into the body, to its velocity before that 

time, and when at a sensible distance from the body. 

The quantity 4JTp [in the Newtonian theory] is the increment of the 

square of the velocity of light, when it has experienced the whole action of the 

transparent body. This quantity is not the same in different diaphanous 

bodies ; and it is not in the ratio of their densities. Possibly the function of 

the distance, which expresses the action upon light, may differ for every 

different body ; or it may be the same, varying only in the different bodies 

by the product of the density multiplied by a constant coefficient, depending 

on the nature of the bodies. In both these suppositions, the whole action of 

the body upon light will be the same ; and since, in the calculation, we 

require only the whole result of the action, we may use the second hypothesis 

as the most simple. The constant coefficient just mentioned, will represent 

the respective intensity of the action of the bodies upon light, or their 

AK 
refrangible power. This coefficient is proportional to — ,* so that we may 

Tï 

represent the refrangible power of the body by that quantity. If we put i for 

the ratio of the sine of incidence to the sine of refraction, we shall have, by 

what has been said,* 

*(3844) We have, as in [8191', 8187'], i — 'f/ If — .p. Squaring this equation 

and reducing, we obtain [8192]. If we put for brevity, 

n* 

the equation [8187] may be put under the form, 

sin.4 = fi -j-fcp.sm/ = i. sin.44 

VOL. IV. 114 

[81864 

Ratio of 
the sine of 
incidence 
to the sine 
of refrac¬ 
tion. 

[8187] 

[81874 

[8188] 

[8189] 
Increment 
of the 
square 
of the 
velocity. 

[8190] 

[8191] 

Ratio i. 
[81914 

[8192a] 

[81925] 

[8192c] 
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[8192] 

Refrangi¬ 
ble power 

AK 

n2 

[8193] 

[8193'] 

[8194] 

When ap¬ 
proaching 
towards 
the second 
surface. 

[8195] 

[8196] 

[8195a] 

[81956] 

[8195c] 

[8195c?] 

[8195c] 

~ = -—- = the refrangible power ; 
nr p 

therefore we shall have, by this formula, the ratios of the refrangible powers 

of different substances. 

As the rays of different colors have different refrangibility, it follows that 

their velocities are not the same, or that the intensity of the action of a body 

upon each of them is different. The difference of velocity alone will not 

account for all the phenomena of the refrangibility of the rays ; for in that 

case the difference of the refractions of the extreme rays, or, in other words, 

the dispersion of light, would be the same for all the bodies which refract 

equally the mean rays, which is contrary to observation. 

We shall now consider the particle of light while moving within the body, 

and just at the point of quitting it, at a plane surface, which is inclined by 

the angle s to the surface at which the particle entered into the body. We 

shall put s' for the distance of this particle from the second surface, and x 

for its absciss parallel to that surface ; and we shall then have,* 

ddx „ 

*r = 0; 
dds' 

Iff 
p. nq (s ). 

* (3845) We shall suppose, in the annexed 

figure 108, that ACE is the first surface, and 

BED the second surface of the body; ICED 

the path of the particle of light; B'VD' parallel 

to ACE; CCr perpendicular to AE‘, VS 

perpendicular to B ED' ; EE' perpendicular 

to BED. Then we shall have, 

angle D ED ' — S EE' = s, [8194] ; 

angle SEC= ô' ; angle E'EC = â'-f- s. 

Now when the particle is approaching towards the 

point E, and is at any point P, its rectangular co-ordinates are EP' = x, and PP =s ; 

this last being perpendicular to EP', or parallel to EE' ; and it is very evident that the 

particle will then be acted upon, by the body, in like manner as in [8176] ; and we shall 

get, for the differential equations of its motions, the expressions [8195, 8196], which are 

similar to those in [8177, 8178], using the same method as in [8164a]. Multiplying 

[8196] by 2dsf, and integrating the product, we get [8197], corresponding to any 

point within the sphere of activity of the surface BED. 
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Hence we deduce, 

d/2 

df 
constant -j- 2p.i/o'Js'.n1(s') ; 

the integral being taken from s' = 0. When s' has a sensible value, this 

integral is equal to 2ATp [8169], and we shall have,* 

dx 

dt 

ds' 

dt 

— n. 1H—2 • P-sin-(ô +0 n4 

= n. \/1 -f p. COS.f+e) ; 
* 7% 

therefore, 

which gives, 

ds'* 
If 

constant = îî2.^1 + • p^ .cos.2(V-{-s) —2ATp ; 

= ?t2.^l -f- ~ . p^ .cos.2(ô'-j-s)—2Afp-f 2plf0s'ds,.'ni(s'). 

ds' f 2 
This value of will vanish, before the ray arrives at the second surface, 

whenever ^1 + ~ . . cos.2(<f-J-s) islessthanf — .p. In this case it is 

* (3846) When the particle is within the body, at P, at a sensible distance from the 

/* 4~K 

surface BVD, its velocity in its path is fnVfÏKp, or n.\/ 1-f — .p [8182]. This 

is resolved in the directions parallel to the co-ordinates x, s', or P'V, PP', by 

multiplying it by sin.VPP', cos.VPP', respectively; and as we have the 

angle VPP' —the angle V'VC — ô'-f-s [81956], they become as in the second members 

of [8199, 8200], respectively. The first members of these expressions being the well 

known values of the velocities in the directions of the co-ordinates. Substituting the values 

[8200, 8162] in [8197], we get, by transposition, the value of the constant quantity 

[8201] ; and by introducing it into the general expression of — [8197], when within the 
dfô 

sphere of activity of the second surface BVD, it becomes as in [8202]. This represents 
. c ds'% 

the value ol — , in the space included between the second surface BVD, and the 

point within the body where the particle is first sensibly affected by the attraction here 

treated of. 

ds' 
f (3847) When — = 0, the expression [8202] gives, by dividing by rf, and 

transposing the two last terms, using also for brevity h = ~ [81926], 
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[8197] 

[8198] 

[8199] 

[8200] 

[8201] 

When ap¬ 
proaching 

[8202] 
towards 
the second 
surface. 

[8203] 

[8199a] 

[81996 ] 

[8199c] 

[8199d] 

[8 L99e] 

[8203a] 
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[8203'] 

[8204] 

[82036] 

[8203c] 

[8203d] 

'[8204a] 

[82046] 

[8204c] 

[8204d] 

[8204e] 

[8204/] 

[8204g] 

REFRACTION OF LIGHT. [Méc. Cél. 

Hcc • 
evident that the value of —- will remain always the same, and the particle 

CtZ 

will begin to recede from the surface, describing a curved branch, precisely 

similar to that which it passed over in approaching towards the surface ; * * 

ds' 
the vertex of the whole curve being at the point where — vanishes. The 

action of a body upon light being sensible only at very small distances, the 

part of the trajectory, which is sensibly curved, may be considered as a point, 

(l-j-/c.p).cos.2(ô'-j-s) = |fr.p— — .ffds'.Ufs') ; 

and as the integral ff ds' .Ilfs') commences when s' = 0, the second member of [82035] 

must be less than when s' exceeds zero, as in [8203]. Dividing [82036] by 

1-j-kp, and substituting the result in sin.2 (d'—j—s) = 1—cos.2^'-]-5)? we get, 

■ 3 f/j t n 1 + p , 2p 
sin. (d + e) = —TTT" + o/i i 7 "_s Jfds'.llfsj ; 

1 ^ Je p 
hence it is evident that this limit of sin.2(ô'-j-s) generally exceeds - , because 

the integral ffds'.Ilfs') is either zero or positive, while s' varies from 0 to s'; 

this agrees with [8208]. 

* (3848) The force acting on the particle being in the direction PP', fig. 108, page 

454, perpendicular to the surface BB, the velocity in the direction P'V, parallel to that 

ds' 
surface, will always remain the same ; and — [8202] being a function of s', its value in 

the second branch of the curve, in receding from the surface BB, must be the same as in 

the first branch in its approach towards BB, for equal values of s'. Therefore the two 

branches must be similar ; and the vertex of the curve is at the point where the motion is 

ds' 
parallel to the surface BB, which evidently corresponds to — =0, as in [8204]. 

The path of the ray in this case resembles the figure of a hyperbolic curve, the point of 

reflexion being in its principal vertex. The incident and reflected ray may then be 

considered as the asymptotes of the curve, since its curvature is confined to the insensible 

part of the path, which falls within the sphere of activity of the second surface. Similar 

remarks may be made relative to the form of the path of a refracted ray, which may, for the 

same reasons, be considered as of a hyperbolic nature. It is also evident, in this case, that 

the action of the body on the ray must be excessively great, in comparison with the force 

of gravity upon the surface of the earth, to produce such an essential change in the motion 

of a particle, in the small part of a second of time, during which the ray is within the sphere 

of activity of the surface. 
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and the two branches of the curve as two right lines, meeting in that point, 

[8204d, &c.] ; so that the ray will appear to be reflected from the second 

surface, at an angle of reflexion which is equal to the angle of incidence* 

The limit where this reflexion takes place, is when the sine of the angle of 

incidence é'-j- s, upon the second surface, is represented by the following 

expression [8207a, &c.] ; 

= sin.(T -{-z). 

The reflexion always takes place when the sine of the angle of incidence 

exceeds this limit [8204c] ; but ivhen it is less, the ray is transmitted ; and 

It is evident that after the ray has passed the second surface, and is at a 

sensible distance from it, we shall have,f 

dsf 
(3849) If the velocity of the ray — vanish, at the moment the ray arrives at the 

(XL 

second surface, where s'=0, we shall have 

[8203c] will become sin.2(^-j-£) = j 

fo'ds'. Ilf') = 0 ; and then the expression 

whence we get the value of sin.(d'-}-s). 

[8207] ; and when this sine exceeds that value, the ray will be reflected at the second 

surface. 

f (3850) The expression [8209] may be computed in the same manner as in finding 

[8202] ; or we may derive [8209] from [8202], by the following considerations. While 

the particle is approaching towards the second surface BD, fig. 108, page 454, the 

ordinate PP' = s', and the integral fo’ds1.Ilfs'), decrease in value; so that when the 

particle arrives at the surface at V, they will both vanish together. During this time 

the expression of the square of the velocity —- continually decreases with f ds'.Tlf'), 
(XL* 

until this integral vanishes at the point V. At this point the particle passes without the 

second surface BVD, and the integral p.ff ds'.ufs') changes its sign, and becomes 

—P-fo’ds'.Ilfs') ; observing that the force p.TI^s') is equal to p-nx(—s') [8176, &c.] ; 

and that its direction always continues to be parallel to TP', towards the inner part of the 

body. Making this change of the sign in [8202], it becomes as in [8209], which will 

ds'% 
therefore represent the value of the continually decreasing quantity — , when the particle 

has passed the surface BD, and is without the body ; considering s' as positive, in the 

integral expression [8209]. When the particle is at a sensible distance without the body, 

we shall have To ds'.ufs') = K [8162] ; and then [8209] will become as in [8211]. 
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[8205] 

Angle of 
reflexion 
equal to 
the angle 
of inci¬ 
dence. 

[8206] 

Lmit 
where the 
reflexion 
takes 
place. 

[8207] 

[82C8] 
Motion 
just after 
passing 
the second 
surface. 

[8207a] 

[82075] 

[8209a] 

[82095] 

[8209c] 

[8209c/] 

[S209e] 

[8209/] 

[8209g- ] 

VOL. IV. 
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[8209] 

[8210] 
Motion 
when at a 
sensible 

[8211] 
distance 
without 
the second 
surface. 

[8212] 

[8213] 

Limits of 
the angle 
of reflex¬ 
ion. 

[8214] 

[8212a] 

[82126] 

[8212c] 

[8212(2] 

ds'S + c0s.Xt’+s)-2Kt—2?.ffds'.n1 (s') ; 
dt2 

the integral being taken from s' = 0. At a sensible distance s', we have 

ffdsf.n, (s') = K, as in [8162] ; and then we have, 

ds \ ^1 + ~ . cos.s(a' + s)— 4fiTp ; 
dt2 

n 

ds'2 

~dfl 
will therefore vanish, whenever we have, * 

sin.(d'-f- s) > 
1 

1 r AK 
1 + ^-p 

In this case the particle will appear to be reflected from the surface, making 

the angle of reflexion equal to the angle of incidence. Therefore, from 

sin.(â'-j-s) = 
1 

! AK 
1 + T£" • P nA 

[8212], to sin.^'-j-s) = 

i jl 2K X ~ 1 - r • p 
1 «2 ‘ 

r, 4iT 
1+^*p 

[8207], 

the particle will appear to be reflected from the second surface, after it has 

passed through the diaphanous body ; and from sin.(ô'-f-s) = 

1,2? Ait 
1 + «2 * P 

4A , 
1 H-17 • p 1 «2 r 

[8207], to sin.(â'4-s) = 1, the particle will appear to be reflected from 

the second surface, without ever arriving at that surface. When sin.^'+e) 

* (3851) The greatest limit of the value of fds'.nf), is K [8162] ; substituting 

this in the second member of [8209], it becomes w2.^l-f“ — • .cos.2(d-{- s')—4-fifp ; 

hence it is evident that if n2. ~. cos.2(â'+ s) < 4Ap, the second member of 

ds'2 
[8209] will become negative for certain values of s' ; and with these values will 

become negative, so that its square root, which represents the velocity of the particle, 

resolved in a direction perpendicular to the second surface, will be impossible. Substituting 

cos.2($/_f"£) = 1— sin.2(â'-j-s) in the preceding expression [8212a], we get, 

ra2-j-4Ap—n2.^l-f-^ .p^.sin.2(â'-j-s)<( 4JKp, or w2.^l+“ . p^).sin.2(ô'+s) >n2. 

Dividing this by w2/l + ~ . pV and extracting the square root, it becomes as in [8212]. 
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is less than 
1 

l + ^-! 

- [8212], the particle will be transmitted through 

the body ivithout reflexion* Then we shall have, at a sensible distance from 

the body, 

S = »2-(i+4#-p)-^'+0 [8199]; 

ds'2 

dt2 
= + .cos.2(V-}-s)—4ATp [8211] ; 

which gives the square of the velocity of light equal to n2 [8215c],; 

consequently it is the same as it was before the particle entered into the 

body. Putting 6" equal to the angle which the direction of the ray makes 

with the perpendicular to the second surface, after it has quitted the body, and 

is at a sensible distance from it, we shall have, as in [8186], 

dx 
sin/' 

t/dx* + ds'* ’ 

therefore, 

Jin/' = \k////1 -j- p .sin.(d'-j-s). 

* (3852) Putting cos.2(â'-|-s) = 1—sin.2(d'-{-s) in [8211], we get, by using for brevity 

k = ~ [81926], 

— =w2—w2.(l+6;p).sin.2(â'-f£), 

which always has a real value when sin.(â'-j-s) </ Yflc \ ^ ’ S° ^ ra^ ^ien 

dx . ds'z 
be transmitted. The velocity —- [8199] being squared, gives [8216] j and that of —— 

dt dt~ 

[8211], is the same as in [8217]. The sum of the two expressions [8216, 8217] gives, 

by making a slight reduction, and using k [81926], 

=n».(l+Jp)-4JEp = n» ; 

and as the first member of this expression, ———•, represents the square of the velocity 
dt* 

[8164d, c], after quitting the body, this velocity will be represented by n ; being the same 

as in [8162'], before entering the body. Hence f dx^g-ds'^ = ndt ; substituting this and 

dx 
— [8216], in [8219], which is similar to the first formula in [8186], it becomes as 

in [8220]. 

[8215] 

After 
passing 
through 
the first 
body a 
sensible 
quantity. 

[8216] 

[8217] 

[8218] 

[8219] 

[8220] 

[8215a] 

[82156] 

[8215c] 

[8215d] 

[8215e] 
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[8221] 

Before 
entering 
t lie second 
body. 

[8222] 

[8222'] 

[8223] 

[8223'] 

[8224] 

[8222a] 

[82226] 

[8222c] 

[8225a] 

[82256] 

[8225c] 

[82254] 

If we suppose that the second surface is contiguous to the surface of a second 

opake or diaphanous body, whose action upon light, at the distance s', is 

represented by p'.-^s'), p' being its density, we shall have, while the ray 

remains within the first body,* 

dds' 
— = p.n,0)—p-MO ; 

which gives, by putting K' =fCDds,.^1 (s'), 
dsz / AK \ 
— = . pJ.cos.2(â'-f-s)—2iTp+2jry+2p./os ds'.Ai^s')—2f ds'.^iis'). 

In this case the ray will appear to be reflected from the common surface of 

the two bodies, without penetrating into the second body, whenever the sine 

of incidence, or sin.(ô' -f- s), is equal to or greater than the following 
quantity ; f 

# (3853) The force tends to decrease the force p. n^s') [8196], and must 

therefore be subtracted from it, giving for the result the quantity p.n^/)—p'.'F^s), as in 

the second member of the equation [8222], which is similar to [8196, &c.]. Multiplying 

[8222] by 2ds', and integrating, we get, 

ds'% 
= constant-j-2 pf ds'.Tlf')—2 /.f^ds'^d8')’ 

When the particle is within the first body, and at a sensible distance from its surface, 

ds' 
— will be as in [8200]; and the preceding expression, by using A" [8162], and K' 

[8222'], will become, 

n2.^l -f- — . p^. cos.2(d'-}-£) = constant-j-2Ap-—2K'/. 

Finding the value of the constant quantity [8222c], and substituting it in [82226], we get 

[8223]. 

f (3854) At the surface which separates the two bodies we have fds'.TJf') — 0, 

fo'ds'.^f') —0 ; and if the particle of light just touches that surface, without passing 

ds' 
through it, we shall have = 0 ; then [8223] becomes, 

Cto 

0 = n2.^l 4- . p^.cos.2($'-}-s)—2K p f2K'p i 

and by substituting cos.2(6'-j-s) = 1—sin.2(6'-f-s), we get, 

w2.(l -j- . />^.sin.2(6'-f-s) = w2-}-2ifp -\-2K' p ; 

whence we easily deduce the value of sin.(A-|—s) [8225]. 

dsf 
If the velocity be supposed to vanish before the particle attain the surface which 

Civ 
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, , 2K , 2K' 
1 + — P + — • P n* n* 

4 K 
1 +~-P 

[Limit of sin.(Z) -j- s')] • 

n* 

If the particle passes from the first body into the second, it is evident, 

from [8225A, &c.], that at the distance s' from the surface, we shall have, 

ds'2 a A 4K 

dt2 
IV 1 4- 

ir 
. p ).cos.2(0'+£)—2Ke+2K'e'—2p.fds'.n1(s')+2e'.fds'.^l(s'). 

separates the two bodies, the integrals [8225a] will not vanish, and we may assume for the 

value of sin.2(4/-|-s) the following expression, which is similar in form to that in [8225], 

with the addition of a term depending on x ; 

sin .2([d/-|—s) = 

1 + M.p + 2f/+?ï 
n2 r ” rfi P “ ?i2 

1 + 
4 K 

7iJ 

or cos.2(ô'-f-s) 

2 K 

iV 

2 K' 
P ?T'- ■P- 

2x 

n~ 

1 + Ti" ■ P 
dsf 

Substituting this value of cos.2(d'-fs) in [8223], putting — = 0, and neglecting the 
do 

terms which mutually destroy each other, then dividing by 2, and transposing —x, we get, 

x = p.ffds'.Ilfs') — p'.ffds'.v^s'). 

Substituting this value of x in the expression of sin.2(/-f-s) [8225e], we find that 

whenever x is negative, the expression of sin.^+e) will be less than that in [8225], 

instead of being always greater or equal to it, as is asserted in [8224]. If the particle of 

light pass into the second body, the value ds becomes negative, and for equal values of s' 

we have, as in [8209/J, nx(—s') = ufs') ; so that the integrals f^’ds'.U^s'), 

fo ds .^(s ), change their signs without altering their numerical values, as in [8209/] ; by 

this means the expression [8223] becomes as in [8226]. At a sensible distance from the 

surface, within the second body, we have f^'ds'.U^s') = K [8162], /•'ds'.v^s) = K', 

[8222'] ; substituting these in [8226], it becomes as in [8227] ; and by putting 

cos.2(d'-j-s) = 1—sin.2(â'-j-s), it changes [8227] into, 

dsf 

~dP ~*{l + 7-• p).sin.V+0. 

dx% 
The value of — remains always the same as in [8199 or 8216] ; and by adding it to the 

ro'-ji dxZ-fds'Z „/ 4K' A 
expression [8^16], we get —-— n .^1 -j- — . p J —w2-j-4ATy, which represents 

the square of the whole velocity of the ray of light, after it has penetrated a sensible 

distance within the second body, being the same as if the ray had passed directly into the 

second body, without passing through the first, as is evident from [8182], changing p into 

p, and K into K, so as to make it correspond to the second body. The same holds good 

whatever be the number of intervening bodies, as is observed by the author in [8235]. 
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tance from 
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[822 5e] 
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[8225g-] 

[8225ft] 

[8225i] 

[8225ft] 

[8225Z] 

[8225m] 
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Sensibly 
within the 
second 
body. 

[8227] 

[8228] 

[8228'j 

[8229] 

[8230] 

Refractive 
power of 
opake 
bodies. 

[8230'] 

[8231] 

[8232] 

Refraction 
of light in 

[8232'] 
passing 
through 
several 
mediums. 

[8228a] 

[82286] 

At a sensible distance within the surface of the second body, we shall have, 

as in [8225i], 

= n2-( 1 + p).cos.!0'+0-45Tp +4£y. 

The particle will therefore he reflected whenever sm.(â'-j-s) is equal to or 

h_i_4Z/ 'M \ I + • p ( 
greater than* <—_1-[ ; which requires Kfl to he less than Kp. 

î+^f.p \ 
{ nr * 

When sin.p'-j- s) is included between that limit and the quantity 

,2 K , 2 K' 
1 _}_ p_f_ 

ir n~ 

1 + ^-p 

[8225], the ray will still he reflected after 

penetrating the second body. When sin. (£'-}-s) exceeds this last limit, the 

ray ivill yet he reflected, but without penetrating the second body. If this 

last body naturally absorbs the light, the ray can be reflected only in the 

second manner ; and then the observation of the limit in which it ceases to be 

reflected, will determine the value of Kf, consequently that of the refractive 

power of the second body. Thus we may, by experiment, determine the 

refractive poiuer even of opake bodies. 

When a ray of light passes through several mediums, terminated by parallel 

plane surfaces, it is evident, from the preceding anlysis, 

First. That the square of the velocity, perpendicular to the surface in the 

first medium, is increased by the quantity Q depending upon the action 

of this medium upon light. 

Second. That after passing from the first medium, and penetrating to a 

sensible distance into the second, the square of this velocity is increased by 

the difference Qw—Q betiveen the action of the second and the first 

medium ; and so on for others. 

Hence it follows that for a number of mediums, terminated by parallel 

*(3855) Putting ^-=0 in [8225&], we get the value of sin.(ô'-f-s) [8228]. For 

this to represent a real angle, it must be equal to, or less than unity, which requires that the 

numerator should be equal to, or less than the denominator, or K'p Kp, as in [8228']. 

The limit mentioned in [8229] is the same as in [8225], which may be a little modified by 

the term x, as in [8225e]. 
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surfaces, and represented by i-fl, the increment of this square is Q{i) ; 

therefore it is the same as if the light penetrate instantly into the last 

medium ; * and as the square of the horizontal velocity, or that which is in 

* (3856) Before the ray of light enters into the first body, the square of its velocity 

dx~ -|-c/s'3 
is represented by 

dP 
= n2 [8162', 8164rf]. The direction of the ray forms the 

angle Ô [8183], with the perpendicular to the surface ; hence it is evident that its velocity, 

dx 
parallel to the surface, is ■— = n.sm.ô ; and its velocity perpendicular to the surface 

ds' 
is 

dt 

changed into 

dt 

7i.cos.A The sum of the squares of these expressions, 

tfe2-fcfe'2 

dtfi+ds'z 

cP 
?i2, is 

dt2 
= ?i2-[-4.Kp [8182], after entering the first surface of the first body. 

dx 
Now as -- is constant [8158o, Qllli, &c.], it is evident that the quantity 42Tp, which we 

(11 

ds® 
shall represent by ^ = 4ATp, expresses the increment of —, arising from the action of 

the first surface upon the ray, while passing completely through it, till it gets at a sensible 

distance from its surface. Moreover it is plain that if the first body were taken away, and 

the second placed in its stead, the quantities K, p [8162, 8160], will change into 

K', p' [8222', 8221], respectively; and the same formula [8182] will give 

^ ~dftS ~ n3~l~4-^Y j so that the increment of — in passing directly into the second 

body, without passing through the first, will be 4K'o, which we shall represent by 

4jBT'p'=^a). On the other hand, if the ray pass through the first body, and then enter 

ds'% 
into the second a sensible distance, the increment of — will be had, by subtracting the 

ds'2 
value of — = w2.cos.2â [8233c], before entering the first body, from the expression 

(lb 

[8227], after entering the second body a sensible distance, putting s' — 0, because all the 

surfaces are parallel [8230']. Hence the increment of velocity, acquired in passing through 

the first body, and then entering into the second body a sensible distance, will be 

expressed by, 

n2.^l -j- — . p^.cos.2/)'—4-Ap —[—4AT'P'—n2.cos.2é = increment of <~-. 

Substituting cos.26' = l—sin.2é' in the first member of this equation, and rejecting the 

terms which destroy each other, it becomes, by a different arrangement of the terms, 

w2.(l— cos.24)— n*.(lf ~ . P^sin.24'-f4XY ; 

and by substituting the value of sin.ô' [8187], it changes into, 

?i2.(l—cos.21)) —w2.sin.26 -j- 4XY, 
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[8233] 

[8233a] 

[82336] 

[8233c] 

[8233c/] 

[8233e] 

[8233f] 

[8233g-] 

[82337c] 

[8233/] 

[82337c] 

[8233/] 

[8233m] 

[8233?c] 
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[8234] 

[8235] 

the direction of the parallel surfaces, remains always the same, we see that, 

in these different :mediums, the velocity of light is the same as if it enter 

immediately into each of them ; and its direction is parallel to what it would 

he in this last case. 

In general, whatever be the number of mediums through which the light 

passes to enter a body, and whatever be the inclinations of the surfaces to each 

other, the velocity of the light, in this last body, will always be the same as 

if it pass directly into it from the first medium [8225m]. 

[8233o] 

[8233p] 

[8233g] 

[8233r] 

[8233*1 

[82332] 

[8233m] 

[8233»] 

[8233m] 

[8233z] 

[8233y] 

[8233z] 

or simply 4K'd, by rejecting the terms which mutually destroy each other; being the 

same as is found in [8233A], when the ray enters directly into the second body, without 

passing through the first body. Similar results will be obtained with several successive 

planes, which is conformable to the statement of the author in [8232—8235]. Hence it 

follows, that if the refrangible power —— be constant, as is the case with strata of air of 
n2 

different densities [8264m], the refraction of the ray, after passing through several 

successive parallel plane strata of different densities, will be the same as if the incident 

ray pass directly into the last stratum, without going through the intermediate ones. 

Now we have seen, in [8187, &c.], that if a ray of light, with an angle of incidence Ô, pass 

into a stratum of the density p, with the angle of refraction d, we shall have, by using the 

abridged symbol k=~ [81926], sin.d = [8187]. If the density of the 

stratum be P', and the angle of refraction 6/} with the same angle of incidence 6, the 

sin.e 
preceding expression will change into sin.fl, = Dividing this by the expression 

of sin.O', we get, by a slight reduction, sin.^= ; which expresses the 

relation of d, 0/ : supposing d to be the angle of incidence of a ray moving in a medium 

of the density p, and refracted into the angle 0/, upon passing into a similar medium of 

the density p'. If we now suppose the density d to differ from p by an infinitely small 

quantity, we shall have p' = P-j-£?Pj and ô/ = d~\~dô'; or, 

sinJ/==sin.ô/4-^/*cos.â' = (l-|-^/.cotang.é').sin.â/, [60] Int. 

Substituting these values in [8233m], and dividing by sin.ô', we get, 

ikd p 
l-\-dô '.cotang. Ô' 

\/ 1-f-^P 
= 1 

f 4-j- k p -\-kd p * 1+&P 

Multiplying this last expression by tang.2)', we get, 

hhd p 

or. r£4'.cotang.$/ = — - 
5 hdp 

1+^P 

dô' = 
l-f-Æp 

tang. 

which gives the refraction dà'} in passing from a stratum of the density p, with an 

angle of incidence Ô ', into another similar stratum of the density p -}- dp ; this refraction 

being proportional to the variation of density c?p, as in [8264m]. 
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3. We shall now represent by p, the density of a stratum of the 

atmosphere whose radius is r. In the calculation of the action of this 

stratum upon the light, we may consider it as a plane, on account of the 

small extent of this action in comparison with the radius of the earth. 

The density of an inferior stratum at the distance s, is, * 

dp s2 
P — $• ~r + - 

dr — 1.2 

d2p 
. — — &c. = density at the distance (r—s). 

The action of this last stratum upon a particle placed at the distance r from 

the earth’s centre, is, 

dp t S2 drp 

d? 
n (s) • ■s. — -j- 

dr 1.2 
^ — &c. | = ac action of the lower stratum. 

The action of a superior stratum at the distance s from the same particle, is, 

C elf s^ p ^ 
n(5)- j p + s. — + p-~2 ’ tP — ^C* s ~ act*on ^le uPPer stratum. 

The difference of these two forces [8238, 8239], is, 

d3p 
—2n(s). jr + dh P + &c‘ p 

We must multiply this difference by ds, and integrate it from .5=0 to 

s — oo , to obtain the whole force with which the atmosphere attracts the 

luminous body towards the earth’s centre [8237d], or the value of <p 

[8139'] f. Now we have, as in [8161'], 

ni0) =ffds.u(s) ; 

whole action of the two strata. 

* (3857) It is assumed, in the hypothesis in [8137v], that the density p is a function 

of r; and when r changes into r—s, the density p becomes as in [8237], as is evident 

from Taylor’s theorem [617], Multiplying this by n(s), as in [8161], we obtain the 

action of this lower stratum, drawing downwards, as in [8238] ; and by changing in it —s 

into s, and putting, as in [8209c/], n(—s)=n(s), we obtain the action of the upper 

stratum [8239] drawing upwards; subtracting this from the former [8238], we get the 

whole action [8240], towards the centre of the earth, of the two strata, situated at the 

distance s from the particle of light, the one above, the other below. From this we obtain 

the whole atmospherical action by the process of integration mentioned in [8241]. 

t (3858) Multiplying [8240] by ds, and integrating from s — 0 to s = 00, we 

have the following expression of the attractive force <p [8139', 8241] ; 

2‘ ~dr -fo^sds.Tlf) — f. .fPs3ds.U(s)—T^. -1 ffs5ds.U{s)—hc. ; <P = 

and we shall see, in [8246—8251], that all the terms may be neglected except the first, 

on account of their smallness. 

[8236] 

[8237] 

[8238] 

[8239] 

[8240] 

[8241] 

[8242] 

[8237a] 

[82376] 

[8237c] 

[8237d] 

[8241a] 

[82416] 
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[8243] 

[8244] 

[8245] 

[6246] 

[8247] 

[8248] 

[8249] 

[8245a] 

[82455] 

[8246a] 

[82465] 

[8246c] 

[824 6d] 

[8246e] 

the integral being taken from 5 = 5 to s = co . Therefore by taking the 

integral from 5 = 0 to 5 = 5, we shall have,* 

f0*ds.n (s') = constant—1^(5). 

Hence we easily deduce, 

f0ssds.n.(s) = —5.1b(5)-\-/q ds.u^s). 

The function 5.11^5) vanishes when f 5 = 0; it also vanishes when 5 is 

infinite ; for the function 14(5) is then infinitely small, and infinitely less 

than —, since the action of bodies on light is insensible at very small 
S 

distances. Therefore we have, by taking the integral from 5 = 0 to 5= co, 

/0°° 5^5.11(5) =/q ds.n^s) = K\ 

K being in this case the same as in [8162]. The terms ±.f0zos2ds.ii(s'), 

T^_.y^°s5d5.n(5), &c., may be neglected in comparison with f0œsds.n(s), by 

reason of the small extent of the action of the bodies upon light. For an 

example, we shall suppose that this action is represented by n (5) = Q.c~is; 

*(3859) We shall put C—/0æds.n(s), C being a constant quantity. Subtracting 

from it the expression [8242], we get C—nx($) =f0sds.U(s) ; the limits of this last 

integral being 0 and 5, as in [8244]. The differential of this being multiplied by 5, 

changing the order of the terms, gives sds.TL(s) =—s.d.U^s). Integrating this last 

expression, it becomes as in [8245], as is easily proved by taking its differential, and 

neglecting the terms which mutually destroy each other. 

f (3860) It is supposed that 11,(5) does not become infinite when s = 0. This 

condition can be satisfied in various manners, as, for example, by the form of 

n(s)=Q.e-J'% assumed in [8249], Q being constant. Multiplying this by ds, and 

integrating, we get f°ds.Tl(s) = j- — c“is, as is evident by taking the differential of 

its second member. This vanishes when 5 = 0, or and when 5 = oo it 

becomes /0°° ds.n(s) = ; subtracting the first of these integrals from the second, we 

obtain ds.Tl(s) = ^ .c~is ; comparing this with [8161']} we obtain nx(s) = • c 
q 

-—u 

TT „ / \ Q s Q s 
Hence s.n.m =—.■—=—. ——:— : 

xw % Cl X l-[-15 -j- §l2S2-}-&C. 
as is evident by developing cxs, in 

£ 

a series, by [55] Int. Now when 5 = 0, we evidently have =0j and 

when s = 00 , the denominator is infinitely greater than the numerator, and in this case it 

also becomes 0, as in [8246]. Therefore if we take the limits of the integrals in [8245], 

from 5 = 0 to 5=00, we may neglect the term —s.n1(5), and it will become as in 

[8247], /0“ds.ni(5) ; this last expression is equal to A-[8162]. 
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Q being a constant quantity, c the number whose hyperbolic logarithm is 

1, and i a very great number, which renders c~is insensible at a very 

small distance. The integrals fpsds.c~is, \.ffs^dsx~u, &c., become 

—, i, &c. ; * hence we see that ±.f0cos3ds.n(s), Yi"ô-fo°s5^s'U(s)f are 

insensible in comparison with fpsds.nÇs) ; and it is evident that the same 

takes place for every other function, which renders the action upon the light 

insensible at very small distances. Whence it follows that,f 

? = —2 K. y . 
dr 

Hence we have, as in [82526], 

fl (fdr = %K. {(p)— p} ; 

(p) being the density of the stratum of the atmosphere whose radius is a. 

[8250] 

[8251] 

[8252] 

[8253] 

[8254] 

* (3861) We easily find, by taking the differential, that, 

—. f‘sndsX is 
n J u — At . — -j- -T-. f0ssn 1ds.c is. 

m cts 1 i J 0 
[8250a] 

r.7& 

Now we find, by developing in like manner as in the last note [8246d], that — vanishes 
cxs 

when 5 = 0, or when 5 = co ; hence we have, between these limits, 

—. // sndsx~is = ~ds.c~is. 
n J 0 % J 0 

[82506] 

1 c~xs 
0, we have f* ds.c~is — --_ , 

% i 
In the case of n — 0, we have p ds.c~ts = --'L—, as appears by putting 

Q=l, in [S2466] ; and when s = co, it becomes simply fp ds.c-13 = 4- . Now putting [8250c] 

n== 1 in [82506], and using the expression [8250c], we obtain, 

fr sds.c~is = j dsx~is = ~ ; 

putting also n = 3, n = 2, in [82506], we get, by dividing by 2, 

bfd s3dsx~is ~ ~ s*dsx~lS = ~ .fpsds. c~is = ~ . 

Again, the values n = 5, n — 4, give, in [82506], by dividing by 24, 

_l_ r05 <£rh c 
120 vo ù 

[8250c?] 

[8250e] 

c*—IS 1j.f0ss*dsx is = ^.fs3dsx-is = &c. 
24i 

[8250/] 

This agrees with [8250, &;c.]. 

t (3862) Substituting in the first term of <p [8241a] the value of the integral K [8247], 

and neglecting the other terms as in [82416], we get the expression of <p [8252]. 

Multiplying it by dr, and integrating, we obtain fpdr = —2Kfd? = 2K.{constant—p]. 

If we take the constant so that the integral may vanish when r = a, and p = ( p), as in 

[8152], it becomes as in [8253]. 

[8252a] 

[82526] 
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[8255] 

[8256] 

[8257] 

[8258] 

[8259] 

[8260] 

[8261] 

[8256a] 

[8257a] 

[82576] 

[8257c] 

[8262a] 

[82626] 

[8262c] 

[8262d] 

When r is infinite, p is nothing, and the equation [8141'] gives, 

cdr 
= 

* 

V/ 4Z(p) * 
We have r*dv = cdt [8143], and when r is infinite we also havef 

dr = ndt ; hence we obtain, 

n 

V dAT(p) 
= i; 

consequently, 

4X 
q = n.\ / 1-f- —.(p). 

Substituting this value of q in [8155], we get, 

c , / 4JST . 
_=».]/ 1+ — .(p).sni.e; 

hence the expression of dô [8147] becomes, Î 

# (3863) Multiplying [814F] by r2, then putting — = 0, p = 0 [8255], 

f^cpdr — 2jfiT(p) [8253], corresponding to r=co, it becomes as in [8256]. 

f (3864) When r is infinite, the line CA = r, fig. 106, page 444, becomes parallel 

to the extreme tangent EAG, so that dr will represent the space passed over by the 

particle of light in the time dt, and as the velocity is n [8162'], this space must be 

represented by ndt, as in [8257]. Substituting this and r^dv — cdt [8257], in [8256], 

and then dividing by cdt, we get [8258] ; whence we deduce the value of q [8259] ; 

and by substituting it in [8155], we get [8261]. 

J (3865) Subtracting 2'fydr [8253] from q2 [8259], we get, 

<?2— %/cpdr = n2. ^1 + ~ . P). 

Multiplying [8261] by — we obtain ~ — n. \^/\-\- ~ . ( p). ~ .sin.© ; lastly we 

have, in [8252], <pdr — —2K.dp. Substituting these in [8147], it becomes as in [8262] ; 

the numerator and denominator being divided by w3j and this is the fundamental equation 

for finding the refraction of the heavenly bodies. 

The expression of the refraction dô [8262], although it is investigated upon the principles 

of the Newtonian theory of emission, may be considered as founded upon observation alone, 

without any necessary connection with that theory, or with the theory of undulation. For 

we shall show, in [8262*;], that this formula can be derived from that in [8187 or 8192c] ; 

and that this last formula is nothing more than the analytical expression of the ivell known 
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results of observation, namely ; first, that the ratio of the sine of the angle of incidence 

to the sine of the angle of refraction, in passing from one homogeneous medium into 

another of a different but given density, is constant ; second, that the refractive forces 

of parallel strata of air, of different densities, are very nearly proportional to the 

densities [8264mJ. 

We shall therefore proceed to the investigation of the differential of the refraction 

dô [8262], by means of the formula sin.t! =\/i-}-&/>.sin.(f [8192c], considering it as a 

result of observation [8262e]. For this purpose we shall suppose the ray to return, as in 

[8137v], from the eye of the observer towards the heavenly body, in the direction OAA', 

fig. 106, page 444; and that at the point A it quits a stratum, whose density is p, to 

enter into a second stratum IAFK, whose density is p-f-Fp. The angle of incidence at 

the point A, which is situated in the surface IA, separating the first from the second 

stratum, is represented by v' [8140"] ; and this angle is increased, upon entering into the 

second stratum, by the increment of the refraction dô [8146A] ; so that the angle of 

refraction becomes FAA' = v' f-dô. The differential of v-\-v' — ô [8144] gives 

dv' = dô—dv. Multiplying this by cotang.v', and putting, in the last term of the second 

dv 
member of the product, cotang.F= — [8145], we get, 

FF.cotang.F = Fé.cotang.F— — . 

We have deduced the equation [8233y] from the assumed formula [8262g, See.], and if we 

change the angle of incidence Ô' [8233y] into v', and the refraction dô' into dô, to 

conform to the present notation, it becomes, 

dô — 
hkdp 

I+Tp .tang.v 

and by substituting it in [8262/], we get, 

dv'. cotang.F = 
hkdp 

l+&/> 

dr 

Integrating this expression by [59] Int., and adding the constant quantity log.C, we obtain, 

log.sin.F = log. C—log./iq-^ — log. r ; or, sin.F = -7== 5 
* •y l -j-fcp 

The value of G is easily found, by observing that at the point O, fig. 106, page 444, 

on the earth’s surface, we have r=a, p=(p), F —© [8138—8140"]; substituting 

these values in the second of the equations [8262o], we get, by a slight reduction, 

U = v/1+^(/,)-a,s^n-e > hence the expression of sin.F [8262o], becomes as in [8262r] ; 

whence we easily deduce the value of tang.F [8262s] ; 

118 

Funda¬ 
mental 
differen¬ 
tial equa- 

[8262] 
tion of the 
refraction 
of light. 

[S262e] 

[8262/] 

[8262g] 

[8262A] 

[8262{] 

[8262Æ] 

[8262Z] 

[8262m] 

[8262n] 

[8262o] 

[826%»] 

[8262?] 

VOL. IV. 
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[8263] 
In this equation it is supposed that the refractive forces of the strata of the 

atmosphere are proportional to the densities of its strata, which follows from 

[8262r] 

[8262s] tang.F = 

sin 

sin.tr 

v/l-f-^(p)-a-sin.e . 
• v — ->. , • - -y 

I'1 —k p 

V/Ï+ jfe (/:).«. sin.© 

,_ « . 

/!+&(/>). — .sin.0 

V/F -sin.2 v' 

[8262<] 

Substituting this last value of tang.F in the expression of dô [8262m], we obtain, 

— IHp.v/i-ffc (/)• — . sin.© 
dô = 

(l+Arp).]/ l-|-&p—{l-j-Z:(p)}. —.sin.2© 

4jST 
and by replacing the expression of ~k — — [81926], it becomes as in [8262]. 

This may be reduced to a more simple form by putting, 

[8262u] 

[8262i;] 

U“ ll+kf l 
or u“ 

l-\-kp 

for its differential, considering u, p, as the variable quantities, is 

-hkdP 

i+kpS ’ 
du = 

(i+M 

and by substituting this in [8262f], after dividing its numerator and denominator under the 

radical by \ZIfTP, we get, without any reduction, the formula [8262a>] ; and from this 

we easily deduce the formula [8262a?], 

[8262m;] 

[8262x] 

dô — 
du. —.sin.© 

r 

1— —- . u2.sin.2© rp 2 

fl.sra.0 .du 

[/ r2—a2.u2.sin.2© 

which is similar to the form proposed by La Grange, and used by Plana and others. With 

a slight modification we may deduce from it the formula of Kramp. This formula becomes 

a 

r 
integrable, with circular arcs, by putting ' — = u 2m, as La Grange observed, and as we 

[8262y] shall see in [8372—8376]. If we suppose — = A u~™ -J- (1—A).\rim~\ A being a 

[8262z] 

[8262z/] 

constant quantity, w?e can obtain the integral of [8262m;] by means of elliptical functions, 

as Plana has shown in a memoir, given in vol. 27 of the JWemorie delta reale Accademia 

dette Scienze di Torino. 
a 

r The same value of u [8262m] being substituted in [8262r], gives sin.P = ~ .u.sin.e ; 
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the experiments of Hauksbee. However it is possible that this may not be 

rigorously exact, and it will be useful to make a greater number of 
[8263'] 

hence, 

tang.F 
sm.u 

a 
— .u.sm.e 
r 

sf1— sin.2?/ 
1- 

a'- 

.u2.sin.2© 

substituting this in dv = — . tang.F [8145], we get, 

a. dr 

dv = 
7*2 

u.sin.© 

n* 
1-T- . ir\sm« © 

adr. u.sin.0 

r.\/r2—a2. u2.sin.2 © 

Dividing [8262/] by [8263d], and multiplying the result by dv, we get, 

ta du r 
dô = — . — . dv. 

dr u 

These formulas will be of use hereafter. 

[8263a] 

[82636] 

[8263c] 

[8263d] 

[8263e] 

Before closing this note we may observe, that the equation [8233m], upon which the 

preceding demonstration is founded, cannot, in the utmost strictness, he considered as a 

direct result of observation, unless we neglect terms depending upon the square and 

higher powers of k p ; because the terms depending on these powers have not in fact 

been ascertained by experiment. For the results of different sets of observations differ from i-oq^o 

each other part in [8264/], and ^ part in [S264Î]. Now \k? is less than ^ 

0,0003 [8277], and its square is less than 0,0003.|/kp, or less than part of %kp; [82636] 

and as 3/3-3 is much less than -3/3- or it follows that the terms depending on the 

square or higher powers of £fcp, are much less than the errors of observation. Hence it 

follows that instead of the fundamental equation sin/ = ^. sin.F [8233m], we may 

assume many other forms, in which the terms depending on the first power of p, p', are 

. . /I -j- 36 p 
sin/ = [ 1 , he.; and yet the same ; as, for example, sin/= /1ÜAA _ 

Vi-H k /) ‘ V.1+46/ 
satisfy fully the degree of accuracy which has been obtained in these observations of the 

refraction. We may moreover remark that terms of the order (J7?;p)2 are omitted by 

La Place in several parts of this chapter, as, for example, in [8287, 8368, &c.] ; and 

particularly in [8494], where the corrections for the barometer and thermometer are 

supposed to be proportional to a = f^L = Jfc(p).{1 _ %)+&c.| [8277']; now this 

quantity is not accurately proportional to the density (p), unless we reject the quantities of 

the order k~, hz, he.; and quantities of exactly the same kind are such as have been 

neglected in the preceding demonstration. 

[8263i] 

[82636] 

[8263Z] 

[8263m] 

[8263m] 
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[8264] 

[8264a] 

[82646] 

[8264c] 

[8264c?] 
Results of 
observa¬ 
tions on 
the refrac¬ 
tion, by 
Biot and 
Arago ; 

[8264e] 

[8264/] 

[8264g-] 

by Delam- 
bre. 

[8264ft] 

[8264t] 

[8264ft] 

[8264?] 

[8264m] 

[8264n] 
Refraction 
in any gas 
is strictly 
propor¬ 
tional to 
the densi¬ 

ty- 

[8264o] 

experiments upon this point.* But, whatever be the result, we may always 

use the preceding equation, supposing that p represents the refractive force 

* (3866) Since the publication of this volume, a very important and accurate set of 

experiments has been instituted, by Biot and Arago, to determine the refractive power 

of atmospherical air and of several of the gases, for different temperatures and densities, by 

direct observations of the changes which take place in passing at a very oblique angle, 

through a receiver containing the air or gas, of any proposed density, upon which the 

experiment is to be made. The results of these experiments have been published by them 

in the Mémoires de VInstitut, 1806, tome vii. page 315, he. ; where they have given the 

e2K 
value of —. (p), corresponding to each set of observations, reduced to the temperature of 

melting ice, and to the height of the barometer 0metie,76 [8274]. The extreme results 

of nine sets of observations, made on different days, each set containing from ten to thirty 

observations, are, 

^.(p) =0,000293904, and (P) = 0,000296777 ; 

the difference between these extreme values is 0,000002873, being nearly part of 

the whole refraction. By neglecting two somewhat doubtful sets, they obtain, for the mean 

of the remaining seven sets, 
Q F 

— . (P) = 0,0002945856 = p(P) [81926]. 

The value of the same quantity, determined by Delambre from the mean of more than 

2jBT 
500 observations of the altitudes of circumpolar stars, is —. (p) = 0,0002940470, as in 

[8277] ; and from this we can deduce the expression of a [8277', 8285, 8505]. 

Moreover the difference between the results of the astronomical observations of Delambre, 

[8264A], and the direct observations of Biot and Arago [8264g], is 0,0000005386, being 

about -g^F part of the whole value. 

In page 322 of the same volume, is given a table of the results of the observations of 

Biot and Arago, on the refraction of air of different densities, as indicated by the 

heights of the barometer in the receiver. These heights in nine sets of observations, each 

set being formed of from ten to twenty single observations, were respectively 50, 210, 

1200, 2425, 2830, 4055, 5260, 6130, 8007, ten thousandth parts of a metre ; and 

for every one of these heights they observed the refraction of air to he proportional to 

the density ; the greatest refraction in these observations being 5m 58?, and the greatest 

variation from the calculation of the refraction, supposing it to be in proportion to the 

density, being only 2s,l. They have also obtained similar results with several of the 

gases, as oxygen, hydrogen, carbonic acid, &c., as in page 320 of the same volume ; and 

they finally conclude, from all their observations, that in varying the density from the 

most perfect vacuum, which they could obtain, to that which corresponds to the common 

pressure of the atmosphere, the refraction produced by any particular gas is always 



X. i. <§>4.] HYPOTHESIS OF A UNIFORM DENSITY. 473 

of the stratum of the atmosphere, whose radius is r. We shall hereafter 

suppose this force to be proportional to the density of the stratum, which 

cannot vary but very little from the truth. 

INTEGRATION OF THE DIFFERENTIAL EQUATION OF THE MOTION OF LIGHT. 

4. To integrate the equation [8262] we must determine the expression 

of p in a function of r ; that is to say, the law of the decrease of the density 

of the strata, corresponding to the elevation above the level of the sea. The 

two limits of this law are ; first, a constant density ; second, a density 

decreasing in geometrical progression, while the altitude increases in 

arithmetical progression ; and we shall see, in [8283, 8299, &c.], that this 

last limit supposes a uniform temperature throughout the whole atmosphere. 

We shall therefore consider the refraction in these two extreme cases. 

The hypothesis of a constant density amounts to the same thing as to suppose 

P to vary only when infinitely near the external surface of the atmosphere. 

We shall suppose at the external surface, r = afl, putting, 

4K 

a2 

(a~W)2 
, sin.2© 

and then the equation [8262] becomes. 

dè = — 

* 

dt 

1-f f 2 ’ 

rigorously proportional to the density, without requiring the least modification whatever; 

observing, however, that different gases of the same density have different refractive 

powers. 

* (3867) The hypothesis of a uniform density is equivalent to that proposed by 

Cassini, who supposes the surface of the earth and the summit of the atmosphere to be 

concentric spherical surfaces, and that the whole refraction takes place at the upper surface, 

or upon the entering of the ray into the atmosphere. In this case the density changes from 

0 to (p), while the ray passes through an insensible space near the summit of the 

atmosphere, and during this small moment of time r may be considered as constant, and 

equal to a-fZ; then if, for brevity, we put ^ I -f- . (p) | .sin.2© = A2, 

also 
4K 

n4 
k [81926], the expression [8262] will become dô=- 

ikdp.Xl 

(L+fcp).\/i -y-hp-A* *’ 

[8264'] 

[8265] 

Cassini’s 
or first 
hypothesis 
of a uni¬ 
form den¬ 
sity of the 
air. 

[8265'] 

[8266] 

[8267] 

[8264p] 

[8267a] 

[8267fc] 

VOL. IV. 119 
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[8268] 

[8269] 

[8267c] 

[8267d] 

[8267e] 

[8267/] 

[8267g] 

[8267A] 

[8267Ï] 

[8267Æ] 

[8267Z] 

[8267m] 

[8267»] 

which gives by integration, 

66 — ang. tang.T—ang. tang.T' ; 

consequently, 

tang.M = 
T—T' 

1+TT'; 

and 1 [8266]. This last equation gives l-[-^p = ^22.(l-f-tt), and its 

differential, divided by —2, is —§Mp =—JP.tdt. The same equation also gives 

y/l-j-ykp —^2 z=Ai. Substituting these in dô [82676], it becomes, 

7l JPtdt d t 

.03.(14-tt).t l-J-tt* 

as in [8267]. Its integral is 0 = constant—ang.tang.t [51] Tnt. ; and if we take the 

limits from t—T to t = T', as in [8271], it becomes as in [8268]. If we put 

T = tang.a, T'=tang.6, we get tang.(a—h) 
T—T' 

1+TT' 
[30] Int. ; substituting this in the 

tangent of the expression [8268], it becomes as in [8269]. The value of T2 [8272], is 

deduced from t2 [8266], by putting p= (p) ; and the value of T'2 [8272'], is deduced 

from the same value of t2, by putting P =0, as is observed in [8271]. 

The expression of ôô [8269] may be reduced to terras of ©, a, l [8277', 8275], in 

the following manner. Putting for brevity, 
l («+1 f l-j-2X-j-X2 _ 

X = 7T ’ e a2.sin.2© sin.2© ’ 

_=1—2a [8286a], we find that the values of T2, T'2, and using also 

[8272, 8272'], become, 

T2 = e—l ; T'2—e.(l—2a)—1 = (e—1)—2ae = T2—2ae. 

Extracting the square root of the last expression of T'2, we get, 

a2e2 

2T3 
&c. 

Hence we obtain, by successive reductions, and observing that l-j-T2 = e [8267i], 

1 -}- TT' — 1-j-T2—ae —&lc. = e—ae—he. = e.(l—a—he.). 

Substituting these values in [8269], and writing ôô for its tangent, we obtain, by neglecting 

terms of the order a3, 
„ a C , . , ae 7 

S6= T'l1+“'+2r5r 
As this expression of <50 is of the order a, we may neglect terms of the order X2, in 

finding the value of T; and then substituting e [8267g], in T2 [8267Î], we obtain, by 

successive reductions, 
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observing that <54 denotes the refraction, or the quantity which is to be added 

to ©, to obtain the zenith distance of the body cleared from refraction, 

[8150]. We must also observe that the integral is taken from p = (p) to 

P= 0. T is the value of t, at the origin of the curve, where p = (p)» and 

T' is its value at the other end, or at the summit of the atmosphere, where 

P = 0 ; hence we have, 

rp2 _ (g-f~ QS _-j . 
ar .sin.2© 

JV2 _ (a T If_| 

{1 + ^-(p) |-«2-sin.20 

To deduce from these formulas the horizontal refraction, we must put 

K 
sin.© = 1, and ascertain the values of l and —-.(p). At the level of the 

nr 

sea and at the temperature of melting ice, the height of the barometer being 

[8270] 

[8271] 

[8272] 

[82720 

[8273] 

[8274] 

T2_ 
1+2X 

sin.2 Q 

, 1—sin.2 © , 2X . 2X 
-1 = —r- -4-—— = COtang.2© --r—7—- 

sin.2 © 1 sin.2 © ° sin.2 © 

o ( , . 2X ) 
= cotang.^e. [ 1 + ^ p 

= cotang.e.[l + ^}; ~ — tang.©. \ 1-j 
T ( cos.2 © ) 

[8267o] 

[8267p] 

[8267(7] 

This expression of — is to be substituted in [8267n] ; and as the term of [8267n], 

depending on e, is of the order a2, we may, in finding the value of this term, neglect X 

in e [8267g], and put simply e = -^2 q , also ~=tang.2© [8267ç] ; whence 

e 

T2 

tang.2 © 1 
= - — ; by this means the expression [8267n] becomes, 

sin.2 © 

<54 = a.tang.©. ^ 1 • 

= a.tang.©. ^ 1 -j- s- 

cos.2© 

a. ( 1 -j-2.cos.2 ©)— x 

cos.2 © 

[8267r] 

[8267s] 

[8267t] 

Re-substituting the value of X [8267g], it becomes of exactly the same form as the 

expression [8474], which La Place has deduced from his assumed formula for the density 

of the atmosphere [8412] ; so that this important and accurate formula, for computing the 

refraction for altitudes exceeding ten degrees, can be deduced from the simple process of 

Cassini, as well as from the more complicated hypothesis of La Place, as has been 

remarked by Mr. Ivory. 

[8267m] 

[8267v] 
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[8274'] 

[8275] 

[8276] 

[8277] 

[8277'] 

[8278] 

Horizon¬ 
tal refrac¬ 
tion, the 
density 
being uni¬ 
form. 

[8279] 

[8280] 

[8277a] 

[82776] 

[8278a] 

[82786] 

[8278c] 

[8278d] 

0W,76, we shall have, for the height l of a homogeneous atmosphere,* 

l   7974 metres ; ["Height of a homogeneous atmosphere. ] 

which is the value deduced from a great number of observations of the 

height of mountains, determined bj the barometer, and compared with their 

heights measured trigonometrically. By a great number of observations of 

the refraction at the same temperature, and at the same height of the 

barometer [8274'], it has been found that, 
Q 7Z OJT 

— . ( p) = 0,000294047, [8264/i] ; log. — . ( p ) = 6,4684168 ; 
Ti ^ 

—a" • (p) 
_= 0,000293876 = a, [8285,8505]; log.«.= 6,4681641. 

1 “2" • (p) 
nr v 

Then we have, for the radius of the earth,f 

« = 6366198 metres; log.a — 6,8038801. [ Radius of the earth.] 

By means of these values we find for the horizontal refraction, supposing the 

atmosphere to he of a uniform density, 
sA QQ-VQ// r rOlm<0Qs'l r Horizontal refraction in Cassini’s 1 
00 = 0«7 IV ,0, y&U J. L hypothesis of a uniform density. J 

Although astronomers do not wholly agree with each other as to the value 

of the horizontal refraction, yet they all find it much greater under this 

pressure and temperature. The mean between their results is, 

* (3868) In the state of the atmosphere mentioned in [8274], the mercury is about 

10467 times as heavy as air, according to the observations of Biot and Arago, 

[8264a, &c.]. Multiplying 10467 by 0metre,76 [8274], we obtain the height of a 

homogeneous atmosphere 7955 metres nearly, being about 19 metres less than the 

estimate of La Place [8275]. 

f (3869) The whole arc of the meridian is put equal to 40000000 metres ; and if we 

divide this by 6,28318.., we shall get the radius of the earth a [8278], supposing the 

earth to be spherical. Substituting this value of a and those of l, — -(P) [8275,8277], 

in [8272, 8272'], we shall obtain the values of T, T' ; and then from [8269] we get 

6Ô, as in [8279]. This expression differs very much from the result of observation 

6500", as given by La Place in [8281] ; or from that by Bradley’s rule, 6418" [8383m]. 

The values of l, a [8275, 8278], give, 

- = 0,00125256 ; f = 798,37 ; log. f- = 7,09779 ; 
a L a 

which are used hereafter. 
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ôè = 6500", [ = 35m6s] [8278c]. [ Observed horizontal refraction.] 

Hence it appears that the supposition of a uniform density differs too much 

from observation of the refraction to he admitted as a true hypothesis. 

5. We shall now consider the hypothesis of a uniform temperature. If 

we put, 

a 

2K 

n 2 
a 

— = 1—s ; or, r —a — rs ; 
r 

*(p) K 
- = 0,000293876, [8277'] ; or 

a 

4:K rd 2(p) 1—2a’ 

the equation [8262] will become,* 

dô — — 

d? \ 
CL. — . (1—s).sin.0 

(P) V J 

1—2a. 1— 
(1— ( l)) l ' \/cos-2e—2a- (1_ + (2s—s2).sin.3e 

; (4) 

* 
K 

(3870) From the value of — [8285], we get, 

, , 4K , . 2a p 

Substituting these values and that of ~ [8284], in [8262], it becomes as in [82866] ; and 

1 + 7? ■W = 

by multiplying the numerator and denominator by (I—2a)2, it is reduced to the 

form [8286c] ; 
—a dp 

dô = 
1-2cl’(p) ‘ 1—2a 

. (1—s).sin.© 

0 + 1 2a • (',))■ \XL + !=k ' (7) - ÎZ^- C1—*)*-Wn.90 

dp / ■* \ ■ 
—a. —— . (1—s). sm.© 

( f )  

[ 1_2a'(1 -(7j) }■ \/1-2a- C1 ~ uj)—C1—s)2-sin-! 
© 

Now we have, by development, 

1—(1—s)2.sin.2© = (1—sin.2©) -J- (2s—s2). sin.2© = cos.2© -j- (2s—s2).sin.2© ; 

substituting this in the radical of the expression [8286c], it becomes as in [8286]. We 

may observe that the symbol s [8284], is wholly different from that in [8158], which is 

used in § 1, 2, 3. 

[8281] 

[8282] 

[8283] 

Second 
hypothe¬ 
sis, or that 

[8284] 
of a uni¬ 
form tem¬ 
perature 
of the air. 

[8285] 

[8286] 

[8286a] 

[82866 ] 

[8286c] 

[8286d] 

[8286e] 

VOL. IV. 120 
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[82860 

[8287] 

Symbols. 

[8238] 

[8288'] 

[8289] 

[8289'] 

[8290] 

[8290'] 

[8291] 

[8292] 
Density of 
the air 
propor¬ 
tional to 
the pres¬ 
sure. 

[8293] 

[8294] 

[8294'] 

[8295] 

[8295a] 

[82956] 

a being very small [8277'], we may suppose, without any sensible error, 

that 1—2a. ( 1- 
(p). 

is equal to the mean quantity between its two 

extreme values 1 and 1—2a ; therefore we shall suppose it equal to 1—a. 

The temperature of the atmosphere being supposed uniform, if we put, 

p = the pressure or the elastic force of the air corresponding to the 

density p ; 

Q?) = the pressure corresponding to the density (p) ; 

g = the gravity corresponding to the radius r ; 

(,g) = the gravity corresponding to the radius a ; 

l — the height of a column of air of the density (p), which being acted 

upon by the gravity (g), will be in equilibrium with the pressure 

(p) ; in other words, l is the height of a homogeneous atmosphere ; 

c = 2,718281828.., the number whose hyperbolic logarithm is equal to 

unity. 

Then we shall have very nearly, as the result of observation, 

v = go- (7) ; 

*-(*)•$• 

The decrement of the pressure p, produced by the elevation dr, is 

evidently equal to the small column of air p dr, multiplied by the gravity g\ 

therefore we shall have, 

dp = — (g)X-?dr 

= (g)-a-t-d 
a 

r 

consequently, * 

d p a 
=(g)-o.p-d.j. 

*(3871) We have, in [8293]. dp = —gpdr-, and by substituting the value of g 

[8292], it becomes as in [8294]. Now the differential of [8291] is dp= (p). and 

by substitution in [8294], we obtain, as in [8295], 

. pdr = {g).ap.d. 
dp , v a2 

G)-(7j = -(«■)• r2 

Dividing [8295] by (-^, we get — = .d. y ; and by integration, 

[8295c] 
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Hence we deduce by integration, 

p = (p).cvr 7 5 

c being as in [8290'] ; and from the definition of l [8290] we have, 

0) = G?)-(p)J ; 

hence we get, in the case of a uniform temperature of the atmosphere [8283], 

* 

as as 

p = (p).c I ; or = c I ; 

therefore the equation [8286] becomes, by reducing the radical to a series, 

ascending according to the powers of 5, f 

[8296] 

[8297] 

[8298] 

Density if 
the tem¬ 
perature is 
uniform. 

[8299] 

log. P = -g' /-j -- , (^- constant^. [8295d] 

When r=a, and P = (p), this becomes, 

log.( P) _ ^ . (l + constant^ ; [8295e] 

subtracting this from the preceding expression of log.p, we get, 

, (*>(,).* /.a 

(p) iP) \r ) 
[8295/] 

Multiplying the second member of this expression by log.c=l [8290'], and then 

reducing to natural numbers, it becomes as in [8296], 

* (3872) The weight (p) of the homogeneous column of air /, is found by 

multiplying its height l by the gravity (g), and by the density (p) ; hence we get 

(p) = (g)-(p)-h as in [8298]. From this we get — y-; and by multiplying it 

by a'{~—1^) = ■—as [8284], we obtain —-l^.a. 

this last expression in [8296], we get [8299]. 

(P) l 

(g)-(f) 

ip) 
— y. Substituting 

[8297a] 

[82976] 

f (3873) In order to develop the radical in the denominator of [8286], we shall put 
/ _as\ [8300a] 

for brevity D = cos.2© — 2a.\l— c /-j-2s.sin.20 ; and we shall get by development, 

using the value of — [8299], 
(p ) 

1—s 

\/cos 2©—2a/1— f-') + (2s—s2).sin.2 
\ (/>)/ 

_1^5 _ _ 1-5 Ç -, i i s2-sin-2 0 i o ? 

= “ fn-s^in^Q — joi r 
© 

[83006] 

1 —j-5.sin.3e) s.^cos.2©-f-f s.sin.2©—2a.G~c 0^ 
ni jdi — j)i g ~ 

—}—Slc. [8300c] 
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General 
value of 

dô 
when the 
tempera¬ 
ture is 
uniform. 

[8300] 

[8300'] 

[8301] 

[8300i] 

[8301a] 

[83016] 

a 
as 

T 

dô — 
ci. — .ds.c .sin.© 

L 

(1 — a). ^ cos.2©—2a. (l—c *)-j-2s.sin.2© | 

as , 
a. . ds.c 

t 

as 

7 
.sin.©. { cos.2©-f-fs.sin.2©—2a.(l — c 

(1 —a). ^ cos.2©—2a. (l—c -}~2s.sin.2© | 

1 

2 

The first term of this differential expression is much greater than the others, 

which are nearly insensible [8368] ; we shall first integrate this term. For 

this purpose we shall put, 

s = s' —{- a. 

and we shall have, by means of the formula [629, 629a],* 

Multiplying this expression by — 

d p 
a. •—-. sin.© 

(?) - ; and then substituting 

as 
ads —ï 

T-c 

l —2a"(1 —(fj)l 
[8299], also 1—a for 1—2a.( 1 — — ) [8287], we obtain the 

\ (/>)/ 

dp 

(7) = 

expression of dô [8286], under the form which is given in [8300]. 

* (3874) Comparing the equation a? = <p.(£-|-&2) [629a], with [8301], we get 

cc — s, ç=l, t = s, z = 

_as aS 

1-C 1 -, 'r 1 / \ _ l 

sin.2 © 
; and if we suppose w = 4'(a0 = c [629a],we 

shall have u = c 1 ; then [629] becomes, 

. -, d.(z2.~\ 
.. I „ 7 | ^ r, 2 \ ds ) 
v+^-ds' + T.2-a"- 

u + . a3. -}-&£c. ; 
ds' 1 1.2.3 ds'% 

u and Z being the values of u, z, respectively, when a=0; so that we have, 

u 

as' 

7] . z= 

as' 

1 —c~T 

sin.2 © 

«s' 
da a J 

ds' l 
as 

T 
Substituting these values in the preceding expression of u or c , it becomes as in 

[8302]. 

[8301c] 
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as 

r 
c — c 

as/ 

T CL.« 

as' 

7 

Z.sin.2© 

cl2.« 

1— c J.c 

as' 

7 

1.2. Z.sin.4© 

Kas/\ 2 _££' ^ 

1 — c * ) .c 1 l 
ds' 

os. a dl-] 

1.2.3...i.Z.sin.2i © 

. S (.-rr)7 ! 
cZs^-1 

— &c. 

2 [8302] 

Therefore the first term [8300'], which is now under consideration, 

(t * 
becomes,* by observing that -j .ds.c — — d.c 

as 

T 
as 

7 

as' 

"1 

CJL . * I (7-,). 
as' 

7 

sin.2© ds' 

a 
a. — .sin .e.ds' 

1/ 

(l-a).{cos.2e+2/.sin.M*'\ + i.2.sin.4e 

K_ as' \ 2 

c 1-1 ) . 

as' 

7 

ds'2 

db 
a* 

K_E£/ \i 

C 1 —1 ) .1 

as' 
7 

1.2.3...Z.sin.2*© 

=F &c. 

<Zs / i 

[8303] 

1 

2 
First term 
of 

dô. 

3 [8304] 

i-f-l 

* we (3875) Multiplying [8301] by 2.sin.2©, and adding cos.2© to the product, 

get, by transposing the terms containing a, 

cos.2©— 2cu(l—c z)-f-2s.sin.2© = cos.s©-|-2/.sin.2©. 

Substituting this in the denominator of [8300 line 1], and retaining only this term of dô, 

as in [8300'], it becomes, by using [8303], 

[8304a] 

dô = —- 
a. sin.e.fZ.c 

as 

= T 

(1—&).\/ cos.2©-|-2$'.sin.2© 
as 

Now substituting the value of d.c 1 , deduced from [8302], considering s, s', as the 

121 

[83046] 

VOL. IV. 
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[8305] 

Develop¬ 
ment of 
the differ¬ 
ential ex¬ 
pression. 

[8306] 

Factor in 
the value 
of 

dô. 

[8307] 

[8304c] 

[8305a] 

[83056] 

[8305c] 

the upper sign being used when i is even, and the lower when i is odd. 

In general we have,* 

=fc 
a* 

1.2.3...i.sin.2* © 1.2.3...isin.2* © * 

i.[i-1) .. 

"1 F2~’(z~^)1‘c 

— &IC. 

-(i-1). 

1 

2 

3 

We must multiply each term of this development by the following expression, 

being the factor without the braces of the formula [8304] ; 

a 
a. —.sin .e.ds' 

i 

(1—a)-\/ cos.20-f-2s'.sin.2© 

variable quantities, we get [8304] ; observing that in this last formula 1 —c 1 is changed 

( “? > 
into —\c 1 —1 ) ; and by this means the sign qp is introduced. 

* (3876) Developing the first member of [8305a], it becomes as in its second member. 

Its differential, divided by ds', is as in [83056] ; its second differential, divided by ds'2, 

as in [8305c] ; and so on for others. 

(as' \<j as' 

c~T-lj.c“T = 

as' .as as 
-(.+J).T . —-T , . 

—ltC H—Tô~ "c —&c. ; 

< / as' \ 
\ -aS>} 

d.\ \c l-l, ).c 

ds' 

( / as' \ as' 1 

d2.\ 1 
i- 

A ‘L 

a_ ] (H-l)-* 

,. . as .as 

—l.l.C 

r i\ as -h-i)-T 
-&1C. 

ds'2 "(f)- 
(f+l)2.C 

/ • I i. as' 
-(^+1)- T 

—i.i2.c 

as 
T 

as 

+ ^^12^ *(*"-'l)S'C 1 ”&C‘ 

And by continuing to take the differentials in this manner, we easily obtain the general form 

of the expression [8306]. Each term of this development is to be multiplied by the 

general factor [8307], which occurs in [8304]. 
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and then take the integrals from 5' = 0 to 5' = 1 
a.\ 1 — c 

sin.2© 

* 

os' 

■7 
But since at this last limit c is extremely small, because c exceeds 2, 

[8290'], and y is a very great number, being nearly equal to 800 [8278c/] ; 

we see that the integrals may, without fear of any appreciable error, be 

taken from s' = 0 to s' = 00 . This being premised we shall consider the 

differential, f 

*(3877) In finding the value Ô, or rather ôô, we must evidently take the integral 

of the expression of dô [8300, &c.], from r = a to r= 00 [8138, 8138'] ; or from 

— =1 to — = 0; and this is the same as taking it from s = 0 to s = l [8284], 

r . ' (,_-?) 
respectively. Now from [8301] we have s' = s—cl.----L ; and if s = 0, it gives 

sin.2© 

s' = 0; but if 5 = 1, it becomes s =1—cl A——-/; agreeing with the limits of s' 
sm.2© 0 0 

in [8308]. Now we have nearly j =798 [8278c/], and c = 2,718.. [8290'] ; hence 

€ “ ^2718/ ~ ^ 347 nearly, which may be put =0, on account of its excessive 

CL 
smallness; and then the last limit of s' [83076], becomes 5' = 1-——. Near the 

horizon, where the refraction is greatest, sin.2© is nearly equal to unity, and 

a = 0,00029.. [8277']; therefore this last limit of s' is nearly equal to unity. While s' 
as1 

varies from s' = 1 to s' = go , the factor c 1 does not exceed the extremely small 

quantity IQ-347 [8307c] ; so that this factor and its powers, which occur in [8302-8306], 

may be considered as vanishing, while s' varies from 1 to 00 , or from 1_-_ to od * 
sin.2 © " ’ 

we may therefore extend the limits of s' [8307d], and take the integrals from s' = 0 to 

s' = co , as in [8309] ; always considering that the radical, in the denominator of the factor 

[8307], does not vanish, or the factor itself become infinite. We may remark that the 

limit s' = cc , being substituted in [8301], gives s= oo ; therefore the limits of s [8307a] 

may be extended, in these integrals, from s = 0 to s = go . These limits are used in 

[8416a, &cc.] 

[8308] 

[8309] 

[8307a] 

[83076] 

[8307c] 

[8307c?] 

[8307e] 

[8307/] 

[8307g-] 

[83076] 

[8307i] 

f (3878) When we substitute, in [8304], the developed expressions [8306], it will [8310a] 
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General 
form of the 
term of 

dd. 
[8310] 

[8311] 

[8312] 

[8313] 

[83106] 

[8310c] 

[8310(2] 

[8313a] 

[83136] 

[8313c] 

[8313d] 

and shall put, 

r a 
n -• 5/ 

—. ds • c .sm.0 

v/cos.2©-]- 2s'. sin.2© 

1 
2 * 

cos.2© 

sin.2© 
+ 5' * 1 1 r a 

or t = ra cos.2© f vas' ' 

22 sin.2© Z 

then the preceding differential becomes, 
va cos.3© 

21 ’ sin.2 © 
. at. C 

The integral being taken from t — 

Now putting between those limits, 

cos.© 

sin.© 
t [83136], to t — co.* 

a 

°-T 
evidently produce terras of the form [8310], multiplied by powers of __, and by the 

sin.3 © 

numerical coefficients depending on a, i ; these quantities, as well as the new numerical 

coefficient r, being constant in the integrations relative to s'. Now the first of the 

expressions [8311], being multiplied by 2.sin.2©, gives, by extracting the square root, 

_ . O 7 
\/cos.3© ~{-2s/.sin.3 © = —.sin.©, t. 

1 pnq 2 O / 
Moreover we get, from [8311], s' = — . Z2—J. - . ' ■ , whose differential is ds' = — . tdt. 

° J ra sm.2© ’ r a 

Substituting these in [8310], it becomes as in [8312]. 

* (3879) The limits of s' [8309] are $'=0, s' = oo; and by substituting them in 

t [8311], we get the limits of t, as in [8313]. Now if we put for brevity 

t =\/ 2f"ihT©’J these limits will be represented by Z = t, and t — oo. The 

integral of the expression [8312], may evidently be put under the form, 

r a cos.3 © 

%. c sin-2 0.ftxdt.ir“ ; 
r l 

so that if wTe substitute the assumed value of the integral [8314], and then multiply the 

result by ^ 
1—a 

we shall get, within the proposed limits, 

va 
a -t • s 

/CO __ 

o (1—a 

a. y. ds'. c 
l 

.sin.© 

) • [/cos.3 © -f- 2s'. sin.2 © 
[8313e] 
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ra cos.2© 

f? (It. C~u — 
21 ’ sin.2 © 

c . *(r) ; 

ra cos.2© 

Y « = 

21 ‘sin2© „ _ 
C .ftdt.C 

-tt 

We shall have, by noticing only the first term of dû [8304], % 

as' 

-r'T 
* (3880) We shall represent by Ac 1 any term of the expression of dô [8304], 

between the braces, developed as in [8306] ; and when this is connected with the factor 

without the braces in [8304], which is given separately in [8307], it will become equal to 

a. 
the function [8310], multiplied by A. -—- ; therefore its integral will be equal to the 

expression [8313e] multiplied by A ; so that it will become, 

the factor -j- ’ without the braces, being the same as in [8315] ; therefore the 

A 
part —.’p(r) must represent the part between the braces, in [8315], arising from the 

as' 

•r-T 
term Ac 4 [8314a] in [8306]. Hence it appears, that to deduce from the part of 

dô [8304] the corresponding part of ôô, we must reduce the terms between the braces, in 
usd 

*(r) 
[8304], to the form [8306], and then change c 

-r. — l into — ; and by this process we 

can easily derive the terms of [8315] from those in [8304]. Thus the term in [8304 line 1] 
as' 

■*(r) 
is c , corresponding to r = l; hence —- — y(1), as in [8315 line 1]. The term 

in [8304 line 2], developed as in [8306], corresponds to i— 1, in [8306], and becomes 

a 
tt. — 

a 

... CU7 C2*(2) 
which produces —r— . < —--* (i)}, sin.2©'v~~ ’ J3 r~- ” sin.2© * \ \/2 

The term in [8304 line 3], developed as in [8306], putting i— 2, gives, 

as in [8315 line 2]. 

tt' 2 _ 
( 32.ÿ(3) 22.ÿ(2) 

1.2. sin.4© (_ \/3 

as in [8315 line 3]. The next term of [8304], corresponding to i — 3 in [8306], 

produces, in like manner, the term in [8315 line 4] ; and so on for other terms. 
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[8314] 

Symbol 

^(r). 

[8314'] 

[8314a] 

[83146] 

[8314c] 

[8314<| 

[S314e] 

[8314/] 

[8314g-] 

[83146] 

[8314* ] 
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[8315] 

Part of 

<50 
deduced 
from the 
first term 
of 

dâ. 

[8316] 

[8316a] 

[83166] 

ç. a 
<50 = -—. 

1—Ü, 

-Kl) 

a 

a2 
cv 2 

_ |+.^-^.{3».t(3)-2.2».y(2)+* *(1)J 
/ 1.2.sm.4 0 ' w \ \ j » 2a 

1 
3 0/3 ad. — 

+ m3^ê-0-l4l^(4)-3.3^(3)+3.2i.Ÿ(2)-T(l) } 

a4. 

+ 

.6© 

Z4 
1.2.3.4.sîrüseT * ^ (5 )“4‘42 .Ÿ(4)-[-6«3^.f(3 )-4.2^.-p-( 2)-f-ip( 1 )} 

-f- &c. 

1 

2 

3 

4 

This expression may be put under the following form ; * 

a a 

Z.sin.2© 
c .*(!) 

2a a 

<50 = ——• \/ —• 
I—a y l 

i , «.a Z.sin.2© 

§S 1+ -c L.sin/’- '© 
•*(2) 

3aa 

+ 
a2.a2 of Z.sin.2© 

. 3 .C .y(3) 
1.2.Z2.sin.4© 

2 

3 

+ &c. 

a 

a'T 
* (3881) If we put for a moment for brevity =«, and then connect together 

the terms of [8315] depending on y(1), also those depending on *(2), &c., it will 

become3 

<50 = 
CL 

1—.a 

) 

h-+n- 1.2.3 + J 
> .t(1) 

-j- 2^ . x. • -+ÎT SS+--1 U(2) 

, 3. X2 < + 3"-Ia-; 

d- &c. 

[«•+ÏÏ- SS+-j [ • Y(3) 
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The only remaining difficulty is to ascertain the form of y(Y) [8314'], or 

r a cos*© 
to take the integral /” dt.c~u, from t = 

21 sin.© 
— t to t — co , 

[8313]. In the case of the horizontal refraction cos.© = 0, sin.© = 1 ; 

and then *(r) is independent of r, and is represented by y (r) = f£dt.c~u, 

[8314']. To determine this integral, we shall consider the double integral 

ff ds.dx.c-s<1+xx\ taking the integrals from s = 0 to 5 = co , and from 

x = 0 to x = co . Integrating in the first place relative to s, we obtain,* 

J7JÏ ds.dx.c[1534e']. 

The integral J^ ^ = angle (tang.z) 
l-\-xx 

[51] Int.; and this integral, taken 

from x= 0 to x— oo , is equal to a right angle, or J™ j—j-— ; * 

being the semi-circumference whose radius is 1 ; hence we have, 

f?f? ds.dx.c= J*, [1534/]. 

We shall now investigate this integral in another manner, supposing sx^ — t^, 

which gives dx = dt. s~* ; 5 being supposed constant in the differentration. 

Then the double integral [8324] will become, 

fo f* ds. s~h.dt.c~s-u —fl ds.s~h.c~s.f0°°dt.c~u. 

Now from [56] Int. we have, 

T’Ss r3 

'-*■+T72-m + hc-’ 
P—2x , n i (2a;)3 = 1_2a!+L^-L5L+&c.; 

Substituting these in [8316&], it becomes, 

àô — ~^.\^///^.. ^ (2)-f-J.32.æ2.c_3®.'^(3) -f- be. | ; 

and by re-substituting the value of x [8316a], it becomes as in [8316]. 

* (3882) The computation in [8323—8331] is exactly the same as that in [1534e-Z], 

changing the symbol v into s. Thus the integral in [8322] relative to 5, is the same as 

that in [1534e;] relative to v. That in [8324] is the same as [1534/]. The assumed 

value of t3 [8325] is the same as in [1534g*]. The integral [8326] is the same as 

[1534A]. The symbol t' [8328] is equivalent to <r [1534i]* The integral [8329] is the 

same as [1534f|, and [8330] is the same as [1534&]* Finally, the theorem [8331] is the 
same as in [1584Z]. 

[8317] 

[8318] 

[8319] 

[8320] 

[8321] 

[8322] 

[8323] 

[8323'] 

Definite 
integrals. 

[8324] 

[8325] 

[8326] 

[8316c] 

[8316c?] 

[8316e] 

[8325a] 

[83256] 

[8325c] 
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[8327] 

[8328] 

[8329] 

[8330] 

Definite 
integral. 

[8331] 

[8332] 

Part of the 
horizontal 
refraction 

ÔÛ 
deduced 

[8333] 
from the 
first term 
of 

dé. 

[8334] 
Symbol 

T. 

[8328a] 

[8331a] 

[83315] 

We shall put f™dt.c~u — AT, and then the preceding double integral will 

become Kf™ds.s~h.c~3. If we now substitute s = t/2 in this last integral, 

it becomes,* 

fQ*ds.s~Kc-s = 2f^dt'.c~t'v = 2K [8327] ; 

therefore we shall have, 

/<? ds.s~Kc~s.f™ dt.c~tt = 2K2 = /“/0°° ds.dx.c~s'a+xx) = [8324]. 

Hence we have and by re-substituting the values of K and 

(r) [8327, 8319], we finally obtain, 

f0*dU~u = = *(r) [1534/, 83I9J 5 

therefore the expression of the horizontal refraction is,f 

a .a 

ÔÔ = 
a 

1—a 2Ï 

+ 
a.2, a2 

1.2 .Z2 
. [32 —2.2* -j-1} 

+ 
a3, a3 

,{42 —3.32 -f-3.22—1} 
1.2.3.Z3 

+ &c. 

This expression may be put under the following form [83316] ; 

1 

2 

3 

ôô = 
a 

a a 

T 
2 aa 3cia 

+ ^.24.c 
V 

+ 
a2, a2 

1.2. Z2 
. 3 . c + &c. 

To obtain the value of *(r), when the body is a little elevated above the 

horizon, we shall put, 
„2 ra cos/© 

2/ sin.2© ’ 

* (3883) The limits of 5, x [8321], evidently give those of t, t', which are inserted 

in the formulas [8322—8331]. For the first limit of s is s = 0, and this gives in 

[8325] £= 0, and in [8328] t'— 0. The second limit of s — cd [8307Z], gives in 

[8325], for any value of a?, * = co , and in [8328] t' — oo ; which are the limits used in 

this article. 

f (3884) From [8331] it follows that y(1), ÿ(2), *(3), &c., are each equal to 

and sin.©= 1 [8318] ; substituting these in [8315] it becomes as in [8332]. The 

same substitutions being made in [8316], it becomes as in [8383]. 
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and we shall have, bj developing and taking the integral from t = 0 to 

t= T* 

n—tt IT5 IT7 

7’-^3 + ri-T-DT3-T+&c-’ f0Tdt.c 

and we shall also have, bj a different development, f 

ffidtx n—tt 
€ cl. 

1.3.5.7 ) 1.3.5 

These two series cease to be converging, for every value of T. The first 

series is alternately greater and less than the integral, according as the series 

is terminated by a positive or negative term ; so that if we add to any 

number of its terms the half of the following term, the error will be less 

than that half.f This furnishes a simple method of estimating the degree 

of approximation. Then by subtracting the value of the series from 

ffidt.c~u = Jp/tf [8331], we obtain the value of the integral f^dt.c~tt. 

* (3885) Developing c~tt by [56] Int., we get, 

fdt.c-«=fdt. [ 1 -*H- rrtl~lk-tB +&c-} = t~i-t3+ ÏÏ2 • ¥ 

which vanishes when t = 0 ; and when t — T, it becomes as in [8335]. 

f (3886) It is easy to prove, by taking the differential, that, 

frdtx-n = • tn+l.c~tt + -Î-. ft"^dtx~lK 
n-pi n-pl - 

Now putting successively n = 0, n = 2, n = 4, n = 6, &c., we get, by repeated 

substitutions, 

02 
fdtx~tt — t c~tt -{- 2/7 3 dtx~tt — t c~tt -j~ | • t3 c~tt ~f-. fit4 dtx~tl 

3 3 

, o 22 23 
= tc — .fitQdtx~tt? &c. ; 

and so on ad infinitum. This series vanishes when t — 0; and when t== T, it becomes, 

with some slight reductions, as in [8336]. 

Î (8887) Suppose the sum of n terms of the series [8335] to be represented by 

Jo dt'C * m^ and n-{-1 terms of the same series by fifidt,c~tt-}-p, their difference p~\~m 

iepiesents the value of the term n-j-1 of the series ; and by adding its half to the first of 

these expressions, the sum becomes fifi dtx~‘—m)• This differs from the real value 

of the integral fifidtx lt, by the quantity %.(p—m), which is less than half the last term 

pTm j because m and p have the same signs, by hypothesis. 
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[8335] 

■Definite 
integrals. 

[83361 

[8337] 

[8338] 

[8335a] 

[8336‘a] 

[83366] 

[8336c] 

[8337a] 

[83376] 

[8337c] 
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[8338'] 

[8339] 

To reduce 
a series to 
the form 
of a 
continued 
fraction. 

[8340] 

[8339a] 

[83396] 

[8339c] 

[8339c/] 

[8339e] 

[8340a] 

[83406] 

REFRACTION OF LIGHT. [Méc. Cél. 

When T is equal to, or exceeds 3, we shall have the value of the integral, 

by means of the series,* 

rdt c- - h_I. + JbL __ 1±!L +&c ] 
J Tclt.c 2Ta+22.T4 23. T6 ‘ \ 

This series has also the advantage of being alternately greater and less than 

the integral. 

We may give to this series the form of a continued fraction, by the following 

method, which may be used in other cases ; and by this means the series may 

be put under an infinite number of forms. 

If we put, 

u = 4- 
1.3.2s 

1—t (1 -tf ' (1—04 (! —0 

1.3.5. q3 . n 
—-t + &c- 

it will be easy to prove, by differentration, that we shall have,f 

* (3888) We easily prove, by taking the differential and reducing, that, 

/r”clt.c u — —^.rn-\c-u—h.(n-f-l)./rn“2dt.c~u. 

Now putting successively n=0, n=2, n = 4, &.C., and making several substitutions, 

we get, 

fdt.c~tt = —%.t 1.c~ti—1 .ftfdt.c li — —uf - xz • t^-c ttJrgg-ft Adt.c 

r5.c-“ — ~ .fr6dt.c-“ ; 

22 

1.3.5 

—f~ Stc. ^. 

22 • “ ~ 23 ■ ' ” 23 

and so on for higher values of n. Hence we shall have generally, 

q—tt ç l ( 1.3 1.3,5 
fdt.c = constant — -gj- • [ 1— + 2Vp _ ^ 

The constant quantity is found by making the integral vanish when t= T\ hence we have, 

f^dt.c = 2!T2 22.^4 c‘ \ 21 ' 1 212 22.f4 23.^6 1 C‘ y‘ 

Now putting t = oo, the whole integral becomes as in [8339], representing the value 

of fr dt.cr-K. 

•j* (3889) The expression of u [8340] is easily put under the iorm [8340a], and its 

differential, considering u, t, as the variable quantities, is as in [83406]; 

u ■■ 

du 

dt 

J_g 1.3.g2 L&Sjg . 

l —t (l—o3 ' (i—O5 (l—o7 + 

• 1 
1 (1—tf (1—<)4 ' (1—tf 

Multiplying [8340a] by 1—/, and [83406] by q, then adding the products, and 
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~dt ^ ^—^'U == 

We shall now consider u as the generating function of the series, 

u — y 14“ yt y2.t“ t3jr&c. ; 

the differential equation [8341] gives, by noticing only the coefficients of 

the term V [8340c], 

(r+l)«9f* *yr+2 + 2/r+i—yx = 0; 

and when r = 0, we shall have, as in [8340d]. 

q-y*+yi = i ; 
which is the same as to put y0 — 1, in [8344], We may here observe that 

the generating function u of yt, in every linear equation of finite 

differences, in which the coefficients are rational and integral functions of r, 

mag be determined in the foregoing manner, by means of a differential 

equation, relative to infinitely small quantities, of the same order as the 

highest power* of r in its coefficients. 

Noiv every linear equation of the second order of finite differentials, may 

easily be reduced to a continued fraction, by the method we have used in 

[2289—2292]. We shall now consider generally the equation, 

^r = Gr-2/r+l + &r-2/r+2- 

Dividing by yr+1, we obtain, for all values of r, 

Vr+l 

ax -j- bx. y*+g. 
2/r+l ’ 

dividing unity by both sides of this equation, we obtain, 

Y+i = J 

y* ar+&r.^±3’ 

Vr+1 

and by changing r into r-j-1, we get, 

neglecting the terms of the second member which mutually destroy each other, we get 

[8341]. Substituting in this the assumed value of u, we find that the coefficient of t1 is 

equal to the first member of [8343] ; and by putting it equal to nothing, so as to satisfy the 

equation [8341], we get [8343]. Finally the terms of the resulting equation, which are 

independent of t, are as in [8344]. 

* (3890) Thus, for example, the coefficient r-j-l, in the first term of [8343], 

contains the first power of r, corresponding to the differential equation [8341] of the first 

order. 

[8341] 

[8342] 

[8343] 

[8344] 

[8345] 

[8346] 

[8347] 

General 
equation. 

[8348] 

[8349] 

[8350] 

[8340c] 

[8340d] 

[8346a] 
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[8351] 

General 
equation 
reduced to 
a series. 

[8352] 

[8352'] 

[8353] 

[8354] 

[8355] 

[8352a] 

[83526] 

[8354a] 

^r+2 

2/1+1 «r+1 + 4+1- 
Vr+3 

2/r+2 

If we continue this process we shall finally obtain. 

Vr+l 1 

* 

ax~f~ 
ar. 

Jx±\ 
1+1 1 «r+2 + &c. 

Putting at =1, 6r== (r+l).gr, in [8348], it becomes as in the equation 

[8343], namely,f 

Vx = 2/r+i + (r+l).ç.2/r+2 ; 

and then from [8352] we get, 

y*+i -_ 
y* 1+ 

l 

1 
{r+S).q 

1 —J—SiC » 

If we put r — 0, we shall have, by observing that yQ = l [8345]. 

i+ 
2q 

1 + 
3 q 

1+ 4 q 

1 -f- &c. 

yx is the coefficient independent of t, in the development of the value of 

u [8340], in a series according to the powers of t, as in [8342], namely; 

*(3891) 

we get, 

Substituting the value of [8351], in the second member of [8350], 
Vx+l 

2/r+l 

ar+l 
y r+3 . 

ÿr+2 

Now increasing r by unity in [8351], w7e get the expression of ? to be substituted in 

the second member of [8352a] ; and by proceeding in this manner, we finally obtain [8352]. 

-j- (3892) Substituting the values of ar, bT [8352], in [8348], it becomes as in 

[8353 or 8343] ; and by the same substitutions, [8352] becomes as in [8354]. When 

r = 0, we have 3/o=l [8345], and then [8354] changes into [8355]. 
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u = 
1 

1—t 

hence we have, 

1- + 
1.3.?s 

(i—02 (1-0 
'&c • | — yi + y* t+y-s* ^ + &c. ; 

Now if we put, 

we shall have,* 

yx = 1—q + 1.3.Ç9—1.3.5.^3-f &e. 

Jy? dt.c~tt 

1 + 2q 

1 + 
3q 

1 + 
4 q 

1 + &C. 

Under this form we may employ it for all values of T; but for facility in 

calculation it is best to use it only when q does not exceed £ ; in other 

cases the two first series will more easily give the integral. To use the 

preceding continued fraction, we must reduce it to common fractions, 

alternately greater or less than the integral. The two first fractions of this 

series are j and ■—, as in [8362]. The successive fractions of this 

series have such relation to each other, that the numerator of the ith 

tiaction is equal to the numerator of the (i—1] fraction, plus the numerator 

of the (i 2) fiaction, multiplied by (i—1).^. The denominators are 

found in the same manner. These successive fractions are as follows ; f 

L. _J_. X+2g. 1+5 q l + 9q-\-8q* 0 

1 1+?’ 1+3?’ l+6ÿ+3+’ l+10?+15g2’ &C* 

[8356] 

[8357] 

; [8358] 

[8359] 

[8360] 

[8361] 

[8362] 

* (3893) Putting q= ~ in [8357], we get 

Substituting this in [8339], we get f%dt.c~u — - 

[8355], it becomes as in [8359]. 

^ 27^2 + 

— TT 

1.3 

(2T2)% 
1.3.5 

(2+2)3 
+&C. 

2jr ■ Vi j ar»d by using the value of yl, 

[8359a] 

[8359Z>] 

t (3894) The continued fraction in [8359] may be put under the form, 

o 4—-— 

i + - 

i + 
2q 

[8362a] 

1 + 
3g 

1+&C. 

VOL. ÎV. 124 
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[83620 

Second 
term of 

ôê. 

[8363] 

[83626] 

[8363a] 

[83636] 

[8365a] 

[83656] 

We shall now consider the second term of dô, in the formula [8300], and 

shall investigate its influence on the refraction. This term is at its greatest 

value in the horizontal refraction, and in this case this second term 

becomes,* 

as ~ 
a. —. ds.c 

as 

'1 
.[f.S-2a.(l-C “)} 

(1— «.).{&— 2».(l — c Oh 

[Second term of iâ] 

The most sensible part of this integral corresponds to a very small value 

of s, because then the denominator is very small.f Therefore we may, 

Comparing this with [2290+, n, o, p], we obtain the following series of fractions, 

approximating towards the true value of the series ; 

Value of if 1 2 3 4 5 he. 

Upper index, 0 1 1 1 1 1 1 he. 

Fractions, 
1 0 1 1 1+2?. 1+5 q . 1+0S+8?2 . 

he. 
0 ’ 1’ 1 7 1+?’ 1+3? ? 1+6?+3+ ’ 1+10?+15?2 7 

Lower index, 1 9. 2q 3q 4 q 5q 6q he. 

The series of fractions [83626] agrees with [8362] ; and the rule for finding the successive 

terms, given in [8361—8362], is the same as in [2290g]. 

* (3895) The second term of dô [8300], which is neglected in [8300', &c.], becomes 

for the horizontal refraction, where cos.e =0, sin.Q=l [8318], the same as in [8363]. 

Moreover it is evident that this assumed value of © — 100°, must give the greatest value 

to this second term, because the denominator becomes small, cl being only 0,0003 [8277'], 

and — = 800, nearly [82786+ 
t 

t (3896) To estimate roughly the magnitude of the quantity [8363], we shall substitute 

in it the approximate values of a, j [83636], and it becomes nearly equal to the 

following expression ; 

x sds.c~ms.{§.s—0,0006.(1—c-500*)! 

{2s—0,0006.(1—c"800s) 

If we put successively s = + * = s = 4 s=wW) the corresponding values of 

g—8oos will be represented by <r100, c~10, c~\ <T& ; and by using the value of c 

[8290'], they become nearly equal to (+)43; 0,00004; 0,4; 0,91, respectively. 

Now all the terms of [8365a] are multiplied by this factor c~ms, which occurs in the 
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/ _as 

in this denominator and in the factor J-5—2a.yl—c /, develop c 1 in [8364] 

a series, and notice only its first terms. If we retain only the two first 

terms, and neglect the rest, which may be done without any sensible error, 

we shall have, 
as 

a., -y . ds. c 1 . £ 3—4a. y j 
— :_1_i_2 . I"Second terra of dè~\ [8365] 

s. / a\3. L J 
22.(1—a).(l—a. yj2 

If we take the integral from 5 = 0 to 5=00 [8307i], we shall have,* [8366] 

numerator ; hence it is evident that the factor of ds, in [8365a], must be insensible, 

except 5 be extremely small; and in this last case the term 0,0006.(1—c~800s), 

corresponding to the preceding values of s [8635J], will be respectively 0,0006 ; 

0,0006; 0,0003; 0,00006; and it vanishes when s = 0 ; so that for very small values 

of s, it can be developed in a converging series, ascending according to the powers of s ; 

and we shall have, from [56] Int., 
as 

i — T , ( , as . , a2.s2 ) as 0 
l-c =1 —|1—r + i.__&c.] = T—&c. 

Hence we shall have, by neglecting the square and higher powers of s, 

[8365c] 

[8365a!] 

§ s—2a •G- 

Substituting the developments [8365e,/] in [8363], it becomes as in [8365]. 

/ = ^3—4a. y| ; 

—2s. a. y p = 2A £ 1—a. | p. 

[8365c] 

[8365/] 

* (3897) The integral of the expression [8365] is easily reduced to the form, 

a. ^3—4a. -0 

8.(1—a)p—a. y^2 

2. y .f^°ds.si.c 

as 

‘T [8367a] 

as 

T 
as 

'T 
as 

T 
and we have ^ .fds.s^.c ——sKc L -\-%fs * ids.c 1, as is easily proved by taking [83676] 

the differentials of both members and reducing. Moreover we have by development, as 

in [55] Int., 
as 

T 
sh c = -= 

as 

T 
, . as . , a2.s2 , „ 
1 + T +5*-^-+^.; 

[8367c] 

c ' l 1 Z2 

and this last expression evidently vanishes at the two limits 5=0, 5 = 00; so that it 

may be neglected in [836/6], if we take the integral between these values of 5; and we 
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[8367] 

Second 
term of 

ôô 
is insensi¬ 
ble. 

[8368] 

[8369] 

[8370] 

[8370'] 

[8367d] 

[8367e] 

[8367/] 

[8367g-] 

[8367 A] 

[8370a] 

[Second term of ôô ] 

which never exceeds three or four seconds, and is therefore insensible near 

the horizon, where the refraction suffers great variations. We may 

therefore, in all cases, neglect the second term of dô, which is given 

in [8300 line 2], and retain only the first term, contained in [8300 line 1]. 
qK 

If we use the values of — .(p), l, and a [8277, 8275, 8278], we shall 
lf\i 

find that in this hypothesis of a uniform temperature of the atmosphere, 

corresponding to the zero of the centigrade thermometer, and to a height of 

the barometer of 0metre,76, the horizontal refraction will be 7390",71.* 

This exceeds the observed value by 900", nearly [8281], which shows the 

error of the hypothesis of a uniform temperature. Indeed we know that the 

temperature decreases as the elevation increases ; now as the air is condensed 

by the cold, it follows that the difference of density between a stratum of 

the atmosphere and that immediately above it, is by this means decreased. 

The limit of this decrease is when the difference is nothing, or the density 

Is' 
shall have —. // ds.s^. c 1 —%f™s~*ds.c 1 ; and by putting s=— in this second 

l a 

expression, it becomes, 

j.fpds.sKc 1 = f. J_ fpds'.s'-Kc-”', 

the limits of s' [8367e] being evidently the same as those of s. Substituting in the last 

expression of [8367e] the integral f^ds'.^Kc'8' =2K = \/* [8329, 8331], we get, 

as _ _ 

Z.ftdsJ.c 1 = 

Substituting this in [8367a], it becomes as in [8367]. Now substituting in [8367] the 

values of a, l, a [8278, 8275, 8277'], and multiplying by the radius in seconds 636620" 

it becomes as in [8368]. 

* (3898) This value is computed from the formula [8333], using the values of 

a, &c. mentioned in [83674], and reducing it to seconds, by multiplying by the radius 

in seconds. By a rough calculation it was found that the result given in [8370] is nearly 

correct. 
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is constant ; and we have seen, in [8279], that in this case the horizontal 

refraction is too small. The constitution of the atmosphere and the refractions 

are therefore between the two limits given by the hypothesis ive have just 

considered ; but we may obtain more approximate limits in the following 

manner. 

6. The differential expression of dô [8262] can be rigorously integrated 

by supposing, 

If we then put, 

a 

r 

4 K \ m 
3T-P n~ 

. 4K \m—h. 
1 H-7T • P 

.sin.© = z ; 

it becomes,* 

dé 
—dz 

(2m—1).^/1—zz 

* (3899) If we substitute the value of u [8262m] in [8372, 8373], and use k 

[81926], they become respectively, 

a 

r ~ l 1+m s 
, Ir2m ; sin.©. 

Substituting this second value of — in [8262w], and then z, with its differential 

dz — —(2m—l).u_2m.du.sin.©, we get successively, 

*7u.u~2”\sin.© 
dè = 

dz 

yT- -u2 4m.sin.2© (2m—l)-v/l —zz 

This last expression is of the same form as in [8374], and its integral is, 

= constant — [49] Int. 

This integral is to be taken from its first limit at the surface of the earth, where p becomes 

(p) [8254], to its second limit at the upper surface of the atmosphere, where p = 0. At 

the first limit the value of z [8373] becomes z=sin.©, and at the second limit it 

f 4K ") —'m4i- 

becomes 2=< 1 -f- — . ( P) > .sin.©, as in [8375]. Therefore the expression of 

S6 [83746], must vanish when £ = sin.©; hence we get 0= constant — 2m—1 ’ 

125 

[8371] 

Third hy¬ 
pothesis, 
from 
which we 
can deduce 
the formu¬ 
las of 
Bouguer, 
Simpson 
and Brad¬ 
ley. 

[8372] 

[8373] 

[8374] 

[8374a] 

[83746] 

[8374c] 

[8374/] 

[8374e] 

[8374/] 

VOL* IV. 
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[8375] 

Formula 
similar to 
Bouguer’s 
or Simp¬ 
son’s. 

[8376] 

[8374g*] 

[83746] 
Bouguer’s 
formula 
for the 
refraction. 

[83747] 

[83746] 

[8374Z] 
Simpson’s 
formula 
for the 
refraction. 

[8374m] 

[8374m] 

[8377a] 

[83776] 

[8377c] 

[83774] 

Integrating this expression, from z = sin.© to z = 

obtain, as in [8374g-, &c.], 

1C . / 
—ansssnw - 

sin.© 
C 4 K m s 

we 

ÔÔ = 
sin.© 

2m—1 
© 

This expression may be put under the form,* 

subtracting this from [83744], we obtain, 

00 = 2n^—L ’ S e—!Mg.sm.Z j ; 
now substituting the second value or limit of z [8374/], it becomes as in [8376]. 

f 4TC "> -™-Hr 

If we put m = 3,902..., and j 1-f — *(p) [ =0,9978668785, in [8376], we 

shall get, 

Sê = {©—ang.(sin. = 0,9978668785.sin.©) j. 

being the same as the rule given by Bouguer, in the memoir which gained the prize of the 

Academy of Arts and Sciences of Paris, in 1729. If we put, m — 3£, and 

=0,9986, we shall get, 

2 
ôô = —. j ©—ang.(sin.0,9986.sin.©) j ; 

which is Simpson’s formula, published in 1743 ; about fourteen years after Bouguer’s 

method had been made known. These methods may be considered as identical, since the 

only difference between them is in the data, deduced from observations. The name of 

Simpson has been generally annexed to this process of computing the refraction, though by 

right it appertains to Bouguer ; remarking, however, that their methods of investigation 

are different. 

C 4A ) 
*(3900) We shall put for brevity A = < 1+ —■ (p) > , 2x=(2m—1).<W. 

Substituting these in [8376], after multiplying it by 2m—1, we get, 

. sm.© 
2a; = ©—ang.sin. —— , 

•fi 

n . sin. © 
or ©—2x = ang.sin.—— , 

A 

sin.© 
and by taking its sine, wTe obtain sin.(©—2a;) = ' . The first member of this expression 

i/Z 

being developed, is sin.©.cos.2a;—cos.©.sin.2a; [22] Int. Substituting this, and multiplying 

A . r _ . , . ,4.sra.2.r 
bv -, we get A. ]tang.©.cos.2a;—sin.2a; l = tang.© ; whence tang.©=---- 

J cos.© oto i ° u A.cos.2x—1 

tang1.©—tan g.x 
Now from [30] Int., we have tang.(e-*) = 1+ungÆ tang ^ 5 and if we substitute the 
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tang. 
v~2m—1 

L- 2 
1. ÔÔ = 

m—i 

. tang 
{• 

'2m - 

2 r 4JT , 
[i+^--w] +1 

For the horizontal refraction, we have © = 100° ; consequently, 

!).»]. 

tang. | e_pL_fj.jt! j = 

tang.p^].<W 

K 
Now -j .(p) is a very small fraction ; and if we neglect its square, we shall 

7l~ 

have by development, as in [83796], the following approximate equation ; 

lx+ isr-m} 

+1 

[“2m— n 2K , . 

preceding value of tang.©, then multiply the numerator and denominator by Æcos.2#—1, 

we shall get [8377/*] ; from this we deduce [8377g], by multiplying the numerator and 

denominator by cos.# ; then making successive reductions, using [22,24] Int., we obtain 

[8377A]; 

tang. (©—#) 
^3.(sin.2a;—cos.2x.tang.x)-j-tang.x 

•4.(cos. 2x-[-sin.2x.tang.x)—1 

■4.(sin.2x.cos.:c—cos.2x.sin.x)-|- sin.x 

■/2.(cos.2x.cos.x-|-sin.2x.sm.x)—cos.x 

•Æ.sin.(2x—x)-j-sin.x «Æ.sin.x-[-sin.x A-\-1 sin.x A4-j-l\ 

A. cos.(2x—x)—cos.x Æcos.x—c<n,x A—1 cos.x \A—1/ 
tang.#. 

Multiplying this last expression by 
A— 1 

A+ V 
we get tang.# = (^pq)*tan§-(© —#) 5 and 

by re-substituting the assumed values of A, x [8377a], it becomes as in [8377]. 

* (3901) Putting ©«= 100°, we have, 

as m 

C f2m—l~l . > r2m—11 ,, 1 
tang. 1®- [ —J• « j = ootang.[—J• » = - 

f 4jK > -i 
[8379]. Moreover if we develop < 1 -j- — . (p) > according to the powers of 

4 K 
K, neglecting the square and higher powers, it becomes l-f-(m—£). —.(p), or 

ÎI** 

. . . 
l-j-(2m—1). — . (p). Substituting this in the first member of [8380], it becomes as in its 

second member, always neglecting terms of the order K2. 

Formula 
similar to 
Bradley’s. 

[8377] 

[8378] 

[8379] 

[8380] 

[8377e] 

[8377/] 

[8377g1] 

[8377Æ] 

[8377Î] 

[8379a] 

[83796] 

[8379c] 
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[8381] 

[8382] 

Horizontal 
refraction 
in this 
third hy¬ 
pothesis. 

[8383] 

[8381a] 

[83816] 

[8383a] 

Bradley’s 
rule for 
the refrac¬ 
tion. 

[83836] 

[8383c] 

[8383c?] 

[8383c?'] 

therefore we shall .have very nearly,* 

tang-p^]-» = \/ 
2m—1 

1 2K Cp) 
2 

and by taking the arc itself for its tangent, which may be done in this case 

without any sensible error, we shall have, 

AK f \ 

50 = 
2m—1 

If we have no other object than to consider the refraction, we may determine 

m, so that the second member of the equation [8382] may represent the observed 

refraction, which we have supposed to be 6500" [8281]. Then the general 
rQjpl — | j 

—-— .<50 [8377], will give for all altitudes the value 

of the refraction 50. This method has been followed by several astronomers,f 

* (3902) Substituting the values [8379, 8380] in the second member of [8377], we get, 

r2m—Il ram—T] 2K . . 

tans-L—}4,=L—J'-sr-o)- n 
tang, p 

2m—1* 

.<50 

Multiplying by tang 

'2m—1 

[ m2 1]*^ an(^ extracting the square root, it becomes as in [8381]. 

Writing the arc -j-<50 for its tangent, and dividing by ~~— it becomes as in 

[8382]. 

-j- (3903) Bradley is one of the astronomers who used this method ; for his table of 

refraction, which is given by Dr. Maskelyne, in the “Requisite Tables,” to be used with 

the Nautical Almanac, is founded on the formula [8377], supposing —-— = 3, or m=|; 

and taking the constant coefficient in the second member, so that the horizontal refraction 

may be 33™, which he supposed to be its mean value, corresponding to 50° of 

Fahrenheit’s thermometer, and 29,6 inches of the barometer. If we change, in the first 

member of [8377], the tangent into its arc on account of its smallness, and then divide by 

1 = 3, we shall obtain the formula as it is given by Bradley, 50 = 57s.tang.(©—350), 
<v 

which makes the horizontal refraction nearly equal to 33™. The table of refractions 

founded on this rule, and on the horizontal refraction 33m, has been much used by the 

English astronomers ; it may be expressed in a logarithmic form in the following manner ; 

log.tang.(app. zenith dist. — 3.refraction 50)—8,2438534 = log. of refract. 50, in sexages. sec. 

If the elevation of the barometer in English inches be H, and the height of Fahrenheit’s 
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in constructing tables of refraction, and these tables agree very well with 

observation. But in order to correspond exactly with the real state of 

nature, it is necessary that the constitution of the atmosphere, here adopted, 

should not only agree with the observed refraction, but also with the height 

of the barometer, and with the observed diminution of the heat as the altitude 

of the observer increases. We shall therefore examine both of these 

phenomena in the preceding hypothesis [8372]. 

We shall resume the equation [8294'], 

dp = (g).ap.d. — . 

If we substitute 
i i 4j6T r \ 
x+^Hp) 

m 

for — [8372], we shall have after integration, 

thermometer T, we shall have for the actual refraction, by Bradley’s rule, as it is given by 

Dr. Maskelyne, 

actual refraction = mean refraction X 
400° H 

350°-}- T 29,6 

The mean refraction being supposed to correspond to T=50°, and 11=29,6 inches. 

From this rule it appears that if Fahrenheit’s thermometer vary 1° from its mean value 

ÔÔ 
T=50°, the refraction 55 will vary by the quantity -^===0,00250.55; and by 

180° 
multiplying it by j we get 0,00450.55, for the variation corresponding to one 

degree of the centigrade thermometer, instead of 0,00375.55, given by Gay-Lussac, 

[8488] ; so that Bradley’s correction is too great by one fifth part. To correct Bradley’s 

400° 400° 
we must increase the term 400°, in this last factor or 

350°-j-T 400°-f(T—50°)’ 

expression, by one fifth part, making it 

[8383f] will be, 

480° 
,0\ > 480°+(JT—50°) 

and the corrected expression 

actual refraction = mean refraction X 
480° 

X 
H 

430°-f-T '' 29,6 

According to Bradley the mean horizontal refraction, when T = 50° and 17 = 29,6 

inches, is 19805 = 6111",1. Now at the temperature of melting ice, we have T= 32°; 

and if we suppose the height of the barometer to be 0raetre,76 = 29inches,922, we shall 

get for the refraction corresponding, the following expression, 

6111",! X ^ X 
480 29,922 

6418"; 
462 ' 29,6 

which is 82" less than that which is assumed by La Place, in [8281], as being more in 

conformity with the best observations. 

vol. iy. 126 

[8384] 

[8385] 

[8383e] 

[8383/] 

[8383g-] 

[83837i] 

[8383i] 

[8383Æ] 

[8383/] 

[8383m] 

[8383n] 
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[8385'] bj observing that p, p, become nothing at the same point,* 

[8386] 

[8386a] 

[83866] 

* 
tcjOL 

(3904) Putting for brevity b = 1-}- — . ( p). 
7V 

[8372], 

[8386c] 

a 

r 

xm 

V* 1 
d.- 

mx ] dx 

[8386c?] 

[8386e] 

[8386/] 

r bm 

Substituting these values in [8385] we obtain, 

, . . n^Jx—1) mxm~ldx (g).a.nr 
dp = (g)-a-—îx 

and by integration, 

(g).a.n* 

4A.6” 

, , AK r 
æ = H—-.p, we get, from 

n^ 

nQ.(x—1) 

p = 4 K ' 

. [mxmdx—mxm~ldx\ ; 

V 
(g)-a-n* £ 
4K.bm ‘ \ 

moc .Wl+l 

m-f-1 
— xm -j- constant S 

Now when P = 0, we have p= 0 [8385'] ; and in this case the value of x 

[8386«] becomes a? = l. Substituting these expressions in [8386c?], we get 

0 = —--14- constant, or constant = -pr ; hence [8386c?] becomes as in [8386#]. 
m-|-l 1 m+1 

This value of p is easily reduced to the form [8386A], and by introducing the factor 

within the braces, it becomes as in [8386?]. Finally, putting p for its value [83866], it 

is reduced to the last form in [8386&], which is the same as [8386]. 

[8386g-] 

[83867c] 

[8386»] 

P 
_ (g)-a-rc2 J __ m J_ 1 ? 

4K.bm ' \ m+ 1 * W+1 3 

[83867!:] 

4 Kbm 

(g)-a 
bm 

(g)-a 

. | xm. ( x 

X" 
4AT 

1) + 

+ 

m-\- 

n9.(cc—1) . (l—xm+l) 

, , iK 
(”*+!)• TT n* 

r, | (i-^+1) ) (|Wp) 
•r P ~r AK v, 6» 

(m-fl). 
71* 

(P) 
.£m + 

(1—a?m+1) 

(*+!)• “-(f) 
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This expression gives very nearly,* 

, \ , . 2K 
P = (g)M 

(p) [8288', 8288] being the pressure at the surface of the sea, where p = (p), 

and — = 1. Now we have, in [8298], 

(p) = (g)• W-1 ; 
hence we obtain, 

p a 
—- = 7ÏI. — 
(p) * 

2 K 
•(f)- n* " ' (p)2 * 

This equation gives, at the surface of the earth,f 

i 

m 
a 

2K 

n4 •(P) 

therefore the horizontal refraction 6Ô becomes, 

* (3905) Using for brevity the symbol k = — [81925], we get, by development, 

(l+7cp)m = l+m/tp+&c. ; l—[l+Arp]^1 = —(m+l).Z£:P— . 7:2P2— 

{1 -f- Jc (p) [m = 1 -f- &c. 

Substituting these in [8386], it becomes, by neglecting terms of the order k2, 

being the same as in [8387]. Dividing this by (p) [8389], we get [8390]. 

f (3906) At the surface of the earth we have P = (p), p = (p) [8388]; and then 

a QK 
[8390] becomes 1—m. y.—.(p); hence we get m [8391]. Substituting this in 

4 K 
[8382], it becomes, by using —— = k [8387a], 

7X 

&(/>) èÆ(/») 

Re-substituting the value of k [83915], it becomes as in [8392] ; and by using the values 

mentioned in [8392'], and multiplying by the radius in seconds, it becomes as in [8393]. 

[8387] 

[8388] 

[8389] 

[8390] 

[8391] 

[8387a] 

[8387S] 

[8387c] 

[8387c?] 

[8391a] 

[83916] 

[8391c] 
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[8392] 

[8392'] 

[8393] 

[8394] 

[8395] 

[8395'] 

[8396] 

[8397] 

[8397'] 

Height of 
the atmos¬ 
phere in 
this third 
hypothe¬ 
sis. 

[8396a] 

[83966] 

[8396c] 

If we substitute for a, Z, and .(p), their values [8278, 8275,8277], we 
71 

shall have, 

ôô = 5630". 

This is less than the observed refraction [8281], but greater than that which 

results from a constant density. Hence the actual constitution of the 

atmosphere is an intermediate one between the supposition of a uniform 

temperature, and that which results from the assumed relation between r 

and P [8372]. 

In this last hypothesis the densities of the strata of the atmosphere decrease 

in arithmetical progression, when those altitudes increase in a similar 

progression.* For if we put r = a.(l -f-s), we shall have very nearly, 

**=4m- 5 • w-b• \(£ }=2L \ (fe }; 
as being the height of the stratum of the atmosphere. The limit of the 

atmosphere is at the point where p = 0, and then [8396] becomes 

as = 21; the height of the atmosphere is in this case double that of its 

height in the hypothesis of a constant density [8290]. 

The expression of p [8390] gives,f 

* (3907) Developing the first expression of — [8374a], according to the powers of 

(ï 1 
k, and neglecting fc2, we get — — \-mk.\(P)-P}. Putting this equal to — = 

nearly [8395'], we get s = m&.j(p)—p^ = mkfr). ^ 1—. Multiplying this by a, 

and re-substituting the value of k [8387a], it becomes as in the first expression of as, 

[8396]. Substituting 4m. — . (p).a = 21 [8391], it becomes as in the last form of 

[8396]. Whence it evidently follows that when the density P varies in arithmetical 

progression, the altitude as varies in a similar progression, as in [8395]. Finally when 

p = 0, we get, from [8396], as = 21, as in [8397']. 

a 2K v «2 
f (3908) Substituting w. y . — . (p) = 1 [8391a], in [8390], we get ~=— [8398a] 
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P-(p) 

(P)-P 

_P_ 

(P) 
I — 

as 

21 
[Expression of the temperature. J 

P-(P) The function — is important to be considered, because it expresses the 

law of the heat of the strata of the atmosphere. For, at the same 

temperature, it has been found by experiment that the pressure of the air 

is proportional to its density ; but this ratio increases with the temperature, 

and may be supposed to represent it ; * since the particles of air appear to be 

subjected only to the repulsive force of heat, and it is natural to suppose that 

this force increases in the same ratio as the heat. It follows from the 

preceding expression of P-(p) 

lv)-p 
[8398], that the heat of the strata of the 

atmosphere decreases as their density in an arithmetical progression [8400e]. 

A diminution of in the value of P-(P) 

(P)-P’ 
is the same as to suppose a 

diminution of Tj-T in the value of 1- 
as 
— ; thus in setting out from the 

surface of the earth, we must ascend to the height of 
21 

250 
or 63raetres,8, 

multiplying it by ^, we obtain, as in [8398], 

~ — 1 — ~ ; hence by substitution we have 
ip) 21’ J 

f ■ — f: ; but from [8396] we have 
{P)-P (/>) 

P-(p) _ , as 
{p).P 2 T 

as in [8398]. 

* (3909) If we suppose the pressure p to be proportional to the density p, multiplied 

by the heat h, we shall have p — Ch.p ; C being a constant quantity ; and if we suppose 

h to be equal to unity at the surface of the earth, the preceding equation will become at 

that surface (p) = C.(p). Dividing the expression of p, by that of (/), we get 

Ù) =={f)'h> °r h==fp aS in [83"’&c-]5 bence we have, by using [83986], 

h = l—~ — ~ ; and it follows from this equation that if the height as increases in 

arithmetical progression, the heat h and the density p will decrease in arithmetical 

progression nearly, as in [8400]. For the sake of symmetry, if we put the heat at the 

surface of the earth equal to (6), or (h) = l, the preceding equation [8400d] may be 

put under the form ~fff =;= ’ The first member of this equation evidently represents 

the decrement of heat; and if we suppose this to be as in [8401], we shall have 
21 

as= 250 = 0,008‘1 = 63metres,8 [8275], as in [8402]. 

[8398] 

[8399] 

Tempera¬ 
ture of the 
atmos¬ 
phere. 

[8400] 

[8401] 

[8402] 

[83986] 

[8400a] 

[84006] 

[8400c] 

[8400(6] 

[S400e] 

[8400/] 

[SlOOg'] 

[84006,] 

VOL. IV. 127 
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[8402'] 

[8403] 

[8404] 

[8405] 

[8400A], to experience a decrease of ^-ro m the elastic force of the airy 

with the same degree of density. This corresponds very nearly to a fall 

of one degree* in the centigrade thermometer. All the observations concur 

in showing that this elevation is too small, and that the decrease of the heat 

is less rapid ; therefore this third hypothesis, now under consideration, does 

not represent either the observed refraction, or the observed law of the 

diminution of heat. 

In the hypothesis of a constant density, we have,f 

P-(p) _ _ aJL . 

(ph i ' 

therefore we need only to ascend to half the height required by the preceding 

hypothesis to obtain a diminution of one degree in the thermometer; 

consequently this hypothesis is still farther than the other from satisfying 

[8402a] 

[84026] 

[8402c] 

[8404a] 

[84046] 

[8404c] 

[8404c'] 

[8404/] 

[8404e] 

[8404/] 

* (3910) This appears from the formula [8488], by putting x ——1, which changes 

the value 1, at the surface, into 1—0,00375, or I—nearly. Now it appears from 

the experiment of Gay Lussac [8448], that an elevation of 6980 metres produces a 

depression of 40° \ in the centigrade thermometer, which corresponds to 173 metres for 

one degree, instead of 63metre3,8 [8402]. Hence it appears that the diminution of heat 

is much less rapid, by observation, than by the third hypothesis here used, as is remarked 

in [8403]. 

f (3911) In the hypothesis of a constant density, the height of the atmosphere is l? 

[8275] ; and if the height of the observer be as [8395'], the height of the superincumbent 

atmosphere, at that elevation, will be l— as. Now the pressure being in proportion to> 

the height of the atmosphere, we have (p) : p : : l : l—as ; hence — = 1-- ; and 

since by hypothesis — = 1, we have 
as 

1--, as in [8404]. 
L 

The first 

member of this equation is represented by h [8400c] ; moreover (A) = 1 [8400/*] t, 

hence we have in this hypothesis — = 1-7- , or as = l. ^ ]■- ; whereas the 
[h) l (n) 

hypothesis of a density decreasing with the height, in arithmetical progression, gives, as in 

[8400/1, as = 21. ——- ; therefore the preceding value of as is only half of this last 
L °J (h) 

expression, as is observed in [8405]. If we put as in [8400g, A] 
(h)—h 

— sirs, and use Z, 

[8275], we shall have, from [8404c'], «5=—= 32metres, nearly, which differs from 

observation, 173metres [84026], much more than that deduced from the hypothesis used 

in [8400, &c.], namely 63metres,8 [8402]. 
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the observations upon the refraction and heat. At the same time we see that 

the nearer we approach to the observed refraction, the nearer it will agree 

relative to the heat. 

7. The constitution of the atmosphere being comprised between the two 

limits of a density decreasing in arithmetical progression, and, a density 

decreasing in geometrical progression, an hypothesis which partakes of 

both these progressions, ought, it would seem, to represent both the refraction 

and the observed decrement of the heat of the atmospherical strata. The 

following hypothesis has both these advantages, and also furnishes a very 

simple method of computation. 

We shall resume the equation [8262], substituting — = 1 — s [8284], 

and we shall have very nearly, from [8286], * 

dô = 

7 P • 

—a. a. —— . sin.© 
(/>) 

(1—a). cos.2©- 2a. J)] + 2s —2s.cos.2 © 

5 being a very small fraction, we may neglect the term —2s.cos.2©, in 

comparison with cos.2© ; thus we shall have, 

dô = 

dp 
-a. ■—-. sm.© 

0) 

(1—a). cos.2© — 2a 

We shall now put, 
•[1~(,f)]+ 

2s 

[8406] 

[8407] 

[8408] 

[8409] 

[8410] 

* (3912) Substituting sin.2© = l—cos.2©, in the denominator of dô [8286], and 

using the mean value of the factor 1— 2a.^l— = 1—a [8286', 8287], it becomes, 

by neglecting s2, 

dô= — 

d p 
o- r— . (1—s).sin.© 

( p) 

(1—^).\^/// cos.2©— 2a.^1— —-j^~{-2s—2s.cos. © 

We may neglect the term containing s, in the numerator, because this quantity is of the 

same order, relative to s, as the term in [8300 line 2], which is shown to be insensible in 

[8368] ; hence the expression of dô [8408c«] becomes as in [8408] j and by neglecting 

the small term —2s.cos.2©, in the radical, it becomes as in [8410]. 

[8408a] 

[84086] 
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[8411] 

Fourth 
hypothe¬ 
sis, pro- 

[8411'] 
posed by 
La Place. 

[8412] 

[8412'] 

[8413] 

[8414] 

[8413a] 

[84136] 

[8413c] 

REFRACTION OF LIGHT. [Méc. Cél. 

U — S—a. < 1- 
- 

P — U -f- a. 1 1 — — V ; 
( (P) ) 

= (p)- \ 1+ y \ -c 1 ; or, 

U 

f and V being two indeterminate constant quantities. This value of p 

partakes both of the arithmetical and geometrical progressions.* We must 

determine f and V so as to represent the height of the barometer and the 

horizontal refraction ; and if this value satisfies also the observed decrease 

of the heat of the strata of the atmosphere, we may consider it as 

representing the true constitution of the atmosphere, to be used in the 

construction of a table of refraction. Substituting the values of 5, p, 

[841 r, 8412], in [8410], we obtain, 

a. 

dù = 

du r 

T' i -/+£ .c sin.© 

We shall now put, 

(1—&) -f cos.2 © -f- 2 u 

* (3913) For extremely small values of s, it is evident, by inspection of [3411, 8412], 

that u, s, p, vary nearly in arithmetical progression ; observing that, 
U 

c'V = l-} +4.j£-&c. [56] Int., 

and that yr is very small [8436, 8438]. When s and u become larger, the geometrical 

U 

function c 1 begins more sensibly to operate in [8412] ; and the expression 

partakes sensibly of the nature of both kinds of progressions, as in [8413]. 
U U 

[8412'] we get ~ = +$•«' whose differential is, 

of p [8412] 

Now from 

Substituting in [8410] the values [8411', 8413d], it becomes as in [8414]. Lastly, 

substituting u=V.t2—|.cos.2© [8415], in [8414], we get [8416]. 

[8413d] 
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2 i cn // ,o jL ! / COS. © —I— Q'll 
cos.2© -f 2m = 2/. tr ; or t = \ —; 

and we shall have, 
cos.2© 

dô 
2a</t. sin© C „ 
l—a.)ywr J ( 

/.cos.2© - ~ 2Z' 

2/' 
A2 

cos.© 
The integral of this expression is to be taken from* t = —=■ to t 

& 1 \/2L' 
therefore if we put, 

oo ; 

T = 
cos.© 

we shall have,f 

6^ 

[/2 P ’ 

fr dt.c~n = c~TT.v(T) ; 

’f(T') = ctt.Jt dt.c~tl ; 

(£^■(1-4f-fT^(T) 

+ 2^K-sill-e-cos-s- 

1 

2 

# (3914) The integral is to be taken, as in [8307Ï], from s=0 to 5=00; and 

therefore as in [8271], from p = (p) to p = 0. At the first of these limits, namely 

s = 0, p = (p), we have w = 0[841i]; whence t = 
cos.© 

\Z2p 
[8415] ; at the second 

limit, where s — go, p=0, we have v = cc [8411]; whence t = oo [8415]. 

These limits of t are the same as are given in [8417]. 

t (3915) Substituting T instead of its value [8418], we can separate dô [8416] into 

two parts, depending on different functions of t ; and its integral may therefore be put 

under the following form ; 
O r| ^ T p pX 

t* = -ÿW'-l (l~/-/T2).crVrdt.c-^+/^V?t2.^“dt). 

Now we have generally /t2<A.c-u = constant— \ t.c~u + |/c/t.c-u, as is easily proved 

by taking the differential and reducing. If we suppose these integrals to commence with 

t — T, we must put the constant quantity equal to ^T.c~TT, so as to make the terms 

without the sign /, vanish when t = T. Then at the other limit, where t == 00, the 

integral [8420c] becomes fT^’C~ndt = ^T.c~TT-\-l.f^dt.c~tt; substituting this 

in [84206], and making a slight reduction, we get, 

u = ///# 4(1- if-f T*).cTT.f}dt.c-« + ifTl. 
Substituting ÿ(F) [8419/] instead of its value, and in the last term putting for Tits 

value [8418], we get the expression of Sô [8420]. 

vol. iv. 128 

509 

[8415] 

[8416] 

[8417] 

[8418] 

[8419] 

[8419] 

General 
expression 
of the 
refraction 

[8420] 
in La 
Place’s 
hypothe¬ 
sis. 

[8416a] 

[84166] 

[8416c] 

[8420a] 

[84206] 

[8420c] 

[8420c/] 

[8420c] 

[8420/] 
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[8421] 

Horizontal 
refraction 
in La 

[8422] 
Place’s 
hypothe¬ 
sis. 

[8423] 

[8424] 

[8425] 

[8426] 

[8427] 

[8428] 

Pressure 

V- 
[8429] 

[8422a] 

[8424a] 

[8428a] 

T [8413] vanishes at the horizon when cos.© = 0 [8318] ; then we have, 

from [8419', 8331],* 'f(T') = ; therefore the horizontal refraction is, 

66 __ (l_if) ‘ 

so that the refraction would be nothing if f were equal to 2 ; it would be 

negative if f^>2. 

We shall now determine the pressure p of the atmosphere, in this 

hypothesis. We have very nearly, by [8294, &c.],f 

dp — —(g).a.pds ; 

therefore by substituting for s its value [8411'], we get, 

dp = —(g). a. ?du + a.(g).«. ^ . 

Substituting for p its value [8412], namely, 

r-e.i-O+f) 
then integrating, and observing that (g) — 

v 
c ; 

(p) 

(?) 
- [8298], we obtain, Î 

JL 
(v) 

u u 

I ! ° P 

+ 7'W 

* (3916) When cos.© = 0, we have T— 0 [8418] ; and the expression of y(T) 

[8419'] becomes ’p(T) =/- dt. c~tt = [8331]. Substituting these values of 

cos.©, T, ar(T), in [8420], it becomes as in [8422]. 

f (3917) The differential of [8284] is d. j=—ds; hence [8294'] becomes as in 

j 

[8424]. The differential of s [8411'] is ds = du—a. ; substituting this in [8424], it 

becomes as in [8426]. 

% (3918) Substituting the value of P [8427] in the first terra of the second member of 

[8426], we get, 

dp — — (g)-«-(P)*(l+]t)-c 1 £?ttr{-a. (g) ~ • 

Dividing this by (p), and substituting the value of (g) [8428], we obtain, 

dp 

(p) 

a 

~7-0+$ 
a pdf 

du+tt~TU?- 

The integral of this expression is the same as in [8429], as is easily proved by taking its 

differential, and neglecting the terms which destroy each other. 

[8428&] 



X. i.§7.] FOURTH HYPOTHESIS OF THE DENSITY. 511 

At the surface of the earth we have p = (p) [8254], p = (p) [8288, 8288'], 

u — 0 [84166] ; hence we get,* 

r.(l+/) = {-ia. 
Cv 

If we suppose the horizontal refraction to be 6500" [8281], or in parts of 

the radius 0,01021018, we shall have,f 

0,01021018 = , if). 
(1—a).\/2V K J 

These two equations give, 

f-i-w-* 1 c8431]’ 

Substituting the preceding values of a, a, l, we obtain, Î 

(0,01021018)2.(1—a)s.8Z'3 = a.2.*. | 3l'—j + 

* (3919) Substituting the values [8430] in [8429], it becomes, 

1 
«/' , „ al' . . a 

T+f-T'rt°~T’ 
multiplying it by —, we get, 

Cl 

tv 

whence by transposition we obtain [8431]. 

f (3920) The horizontal refraction 6500" [8432] being divided by the radius in 

seconds 636620", gives the quantity 0,01021018, which is to be put equal to §6 [8422]; 

hence we get [8433]. The value of f [8434] is the same as that in [8431] ; and from 

this we get 1—\f= —. ^3Z/— — -j- — ^ ; substituting this in [8433], we find, 

= ■ a,|A ,.Ui'—L+ it. 
(1—a).(2 Z'p ( « M 

0,01021018 

Squaring this and multiplying by (1—a)2.8Z'3, we obtain [8435]. 

Î (3921) Dividing [8435] by a,2*, then substituting the values of a, a, l, 

[8277', 8278, 8275], it becomes very nearly 3072.Z/3 = (3Z'—0,00110563)2. From this 

cubic equation we deduce the value of V [8436] ; substituting this and the values of a, a, Ï, 

above-mentioned, we get, from [8434], /= 2—-- — 1 =0,49042, as in [8437]. 

We may observe that the cubic equation in V [8435a], has two other roots, which are 

however of no use in the problem for finding the refraction, because they lead to results 

[8430J 

[8431] 

[8432] 

[8433] 

Equations 
to find 

f I'- 
[8434] 

[8435] 

[8431a] 

[8433 6] 

[8433a] 

[84336] 

[8433c] 

[8435a] 

[84356] 

[8435c] 
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[8436] 

[8437] 

[8435/] 

[8435e] 

[8435/] 

[8435-] 

[8435/t] 

[8435»] 

[8435/c] 

[8435/ ] 

[8435m] 

[8435»] 

[8435o] 

[8435p] 

[8435g] 

[8435r] 

[8435#] 

[8435/] 

[8435u] 

V = 0,000741816; log J' = 6,87030 ; 

/ = 0,49042. log./ = 9,69057. 

which are inconsistent with the actual state and limits of the atmosphere. One of these 

values is V = 0,00028..., which, by the substitution in the first expression of / [84355], 

gives /=2,93...; and with this value of f we find that the expression of the horizontal 

refraction [8422] becomes negative ; therefore this value of V must be rejected. The 

other value of V is V — 0,0019..., which gives f=—0,42... [84355], and by 

substituting the values of V, f in [8412], we get p = (p)-11—220.w£.c~524'“ nearly. 

At the upper limit of the atmosphere, where p=0, this expression gives 1—220.w —0, 

or u = 0,00455... Substituting these values of u, f p, also a = 0,00029.. [8277'], 

in the expression of s [8411], we get s = 0,00455-}-0,00029 = 0,00484 ; and as a is 

less than 4000 miles, we shall have, for the corresponding height as of the atmosphere, 

an altitude which is less than 20 miles, being much smaller than it is proved to be, by the 

appearance of the twilight, and by observation of the heights of meteors, that sometimes 

appear in the atmosphere ; which make it between 40 and 50 miles in height. The 

value of 1', which is used by La Place in [8437, &c.],g-wes a very accurate formula for 

the refraction at all altitudes [8440] ; and a much more simple formula in [8501], for 

altitudes which exceed 12° ; so that if nothing more were required than to find the 

refraction, we might be content with the formulas of La Place [8438—8440, 8474, &c.], 

which are derived from this value of V. But we shall see, in [8445o], that these formulas 

give a too rapid decrease of the pressure of the atmosphere at high elevations, and that 

the decrement of the heat is also too rapid, particularly in low altitudes [8444p, q, z\. 

To obviate these defects, and yet preserve the same forms of calculation as those which 

are used by La Place, it is proposed by Plana, in vol. 27, page 206, &tc. of the Memorie 

della reale Accademia delle Scienze de Torino, to use La Place’s value of V [8436], in 

computing the refraction ; but in finding the temperature and pressure of the atmosphere, 

to use the value of V resulting from the observations of Gay Lussac [8445/]. This 

value of V is easily deduced from [8441, 8446], using the observations given in [8445g-]. 

For we shall see in [8491/] that the expression of the heat h [8400c], may be reduced 

to the form, 
/.(/>) 1 + 0,00375. x . 

k = (p).P = 1+0,00375+) ’ 

x, (a?), being the heights of the thermometer in the upper and lower stations respectively. 

This formula is equivalent to that in [8446], when (/) = 0°. Now substituting, in 

[8435r], the values (at) = 30°,75, æ = — 9°,75, observed by Gay Lussac [8445g-], 

we obtain, 

h — 
p.[i>) 1-0,00375X9° ,5 

: 0,864668 ; 

hence —r = 
P 

( p ) 0,864668.(p) ’ 

[p).P 1+0,00375X30°,75 

and by using the values of (p) [8445^], p [8445Tel], 
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We shall therefore have, in this constitution of the atmosphere,* 

u = s —0,000293876.(7 — ~) ; 

s = u + 0,000293876. (l— -1) ; 

p = (p).{l+«. 661,107 }.<:-*•1318,04 ; 

ii = 8611",6.} 0,75479—0,49042. Ts} .sin.e. 
2 y(T) 

\/* 
-J- 30930",3. sin.2©. 

We shall now determine the corresponding law of the diminution of heat, 

p • ( p ) 
or, in other words, the expression of -—— 

(jP)-P 

P their preceding values [8429, 8412], we shall have, for the expression of 

the temperature,! 

[8399]. Substituting for p and 

s [8444*], we obtain —, also u from [8411]. Finally, substituting h= 0,864668 

[8435*] for the first member of [8441], and putting u, [8435m, 8278c*], in 

its second member, we get a quadratic equation in V ; whence we may determine V, 

also the value of / [8434], and the general expression of p [8412]. But we have not 

thought it to be necessary to go into any farther detail on this method, as the author uses 

a different process, in [8546, &c.], for determining the decrement of the heat, in measuring 

altitudes by the barometer. 

* (3922) Substituting in [8411] the value of a [8277'], we get [8438, 8438']. 

Again, by using the values of *', f [8436, 8437], we obtain [8439] from [8412]; 

f 1 
observing that the preceding values give — =661,107, and —= 1348,04, nearly. 

Lastly, substituting the same values of a, a. I, V, in 8Ô [8420], then multiplying by the 

radius in seconds 636620", we get [8440] ; remarking that in order to reduce it to the 

form [8440], we must multiply the term [8420 line 1] by and then connect the 
y 7T 

term of the denominator \A, with 2y(T) in [8440], and the term of the numerator 

\A, is included in the coefficient 8611",6 [8440]. In [8420 line 2] the term 

sin.©.cos.© is changed into J.sin.2© [31] Int. 

U 

f (3923) The value of p [8412] gives = ^1—}— • Now multiplying 

the expression of JL [8429], by —-, and using the preceding value of — in the first 
\P) [p) p 

and second terms of the second member of the product, we get [8441], This is reduced 

to the form [8442], by substituting the values of ~ , a, f V [8278c*, 8277', S437, 8436]. 

La Place’s 
formulas 
for the 

[8438] 
refraction 
and densi¬ 
ty. 

[8438'] 

[8439] 

[8440] 

[8435u] 

[8435u>] 

[8435a;] 

[8438a] 

[84386] 

[8438c] 

[8438c*] 

[843Se] 

[8441a] 

[84416] 

VOL. IV. 129 
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[8441] 

La Place’s 
formulas 
for the 
tempera¬ 
ture of the 
atmos¬ 
phere. 

[8442] 

[8443] 

[8444] 

[8444a] 

[84446] 

[8444c] 

[8444d] 

[8444e] 

[8444/] 

[8444g-] 

[84446,] 

[84441] 

[84446] 

[84441] 

[8444m] 

[8444n] 

(iO-p 

aV_ 
- aV 

J' l 

l+T 

a 

+ r (p); 
[Expression of the heat ft] 

consequently, 

y--— = 0,592243+ ' ■ + 0,117311. J— . [Expression of the heat ft] 
(p).p 1 + W. 661,107 (p) 

To compare this with observation, we shall suppose, 

u = 0,00092727 ; 

and we shall then have,* 

~ = 0,46214 ; as = 6909metres,44. 
(P) 

* (3924) Substituting the assumed value of u [8443] in [8439], we get — [8444] ; 

and the same values being substituted in [8438'], gives s ; then multiplying it by a, 

[8278], we obtain as [8444]. Using these values, we reduce [8442] to the form [8445]. 

Putting the expression [8445] equal to its assumed value [8446], we get the value of x} 

[8447]. This is the computed depression of the centigrade thermometer, corresponding to 

the elevation as = 6909metres,44 [8444], above the surface of the earth. Now the 

height to which Gay Lussac ascended, was nearly equal to this quantity, namely, 

6980metres [8448], and the observed depression of the thermometer 40°,25 [8449], 

differs but very little from this computation. Mr. Plana, in his remarks on this article, in 

vol. 27, page 205 of the JVIemorie deïla reale Accademia delle Scienze de Torino, uses a 

value of u which varies a little from that in [8443], and gives a more correct result in the 

value of as [8444]. He assumes u = 0,00093708, and then from [8439] he gets 

~ =0,457903 ; from [8438'] he obtains 5 = 0,00109639; whence ns=6979metres,83, 
(3 
being very nearly the same as by observation [8448]. Substituting these results in [8442], 

he obtains =0,8253, instead of the value 0,8266 [8445] ; and then from [8446] 
[p)-p 

gets 0,8253 = 1+0,00375.^ ; consequently x = —46°,6, being nearly as in [8447]. 

This result of La Place’s theory agrees nearly with the observation in [8449], but makes 

the decrement of heat somewhat too rapid. This rapidity is also found to be much too 

great in the lower regions of the atmosphere. For if we suppose u= 0,0000139, we 

shall have, in [8439], —=0,9904553, and then from [8438, 8278], s = 0,0000167, 
ip) 

as = 106metres. Substituting these values in the expression of the heat h [8442], it 

becomes h =0,9962377 = 1—0,00376. Comparing this with the general expression 

fi= l-j-0,00375.o? [8446], we get very nearly x = —1°. Hence it appears, that from 

La Place’s foraiula lor the decrement of heat [8442], it is only necessary to ascend to the 
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Hence we deduce, 

= 0,8266. 
(l')-f 

height of 106 metres [8444m], to decrease the temperature of the atmosphere 1° of the 

centigrade thermometer. Now this is much greater than it is found to be by observation ; 

since the result of Ramond’s observations is 164raetres,7 ; that of Humboldt 161metres, and 

that of Gay Lussac I73raetres [84026]. 

At the upper limit of the atmosphere we have p = 0, and then La Place’s formula 

[8438] becomes u — s—0,000293876. Now from the observations of the twilight, &c. 

[S435&], it is found that the atmosphere is about 40 or 50 miles in height, or about part 

of the radius ; making s = 0,011.. [8284]; or for facility of calculation s =0,011293876. 

Substituting this in u [8444r], we get u = 0,011 ; and then the expression of the heat 

h, in the second member of [8442], becomes h = 0,6274. Putting this equal to its 

value, in the second member of [8446], we obtain 0,6274 = 1 -{-0,00375.a;, which gives 

sc = —99°,36 ; adding this to the height of the thermometer at the lower station 30°,75, 

[8449], we get —68°,61, for the height of the centigrade thermometer, at the summit of 

the atmosphere, according to the formulas of La Place [8442], and by reducing it to the 

180° 
scale of Fahrenheit, it becomes —68°,61 X + 32° = —91°,5. This depression of 

the thermometer is considerably greater than the estimate of Fourier, in the Mémoires de 

V Institut, tome vii, page 598 ; since from various considerations he assumes, as a probable 

result, that the temperature of the space, in which the earth moves, is not far from —40° 

of Réaumur’s thermometer, or —58° of Fahrenheit’s scale. From what has been said 

it is evident that La Place’’s formulas [8438.—8440, 8442], give a too rapid decrement 

of the heat ; and that this defect is most striking in the lower regions of the atmosphere. 

In like manner the pressure of the atmosphere p, deduced from La Place’s formula 

[8429], decreases with greater rapidity than is indicated by the observations of Gay 

Lussac. To prove this we shall observe, that the formula [8429] is easily reduced to the 

form [8445oQ, and by substituting the values ~ — 661,107, ^- — 1348,04, [84386]; 
L L 

f — 0,49042 [8437] ; it becomes as in [8445e], Finally, substituting the values 

u = 0,00093708, ~ =0,457903, [844%]; also ~ [8278</]s it becomes as in 

[8445/]„ 

P 

(P) +ia,(rid — +j£-u)-c 

= J-\ F.(l,49042 + M.661,107).e~M-J348»04-f|a.^ 
f ». HP 

= Y' 0,000473349 = 0,37791. 
v 

[8445] 

[8444o] 

[8444p] 

[8444ç] 

[8444r] 

[8444s] 

[8444t] 

[8444«] 

[8444r] 

[8444m;] 

[8444x] 

[8444?/] 

[8444/] 

[8444z] 

[8445«] 

[84456] 

[8445c] 

[8445d] 

[8445e] 

[8445/] 
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[8445'] 

[8446] 

[8447] 

[8448] 

[8448'] 

[8449] 

[8445g] 

[8445g'] 

[8445/1.] 

[8445i] 

[8445/c] 

[8445/ ] 

[8445m] 

[8445n] 

We shall see, in [8488], that x being the number of degrees of the 

centigrade thermometer, we shall have, for the expression of the temperature, 

= l+0,00375.a?. [ Expression of the heat ^] 

(t)-p l 

Putting this equal to 0,8266 [8445], we shall find, 

x == —46°, 24. 

The most decisive experiment of this kind is that of Gay Lussac, who 

having ascended at Paris in a balloon to the height of 6980metres above the 

level of the Seine, observed the thermometer at that height to be —9°,5, 

when it was 30°,75 at the observatory. The difference —40°,25 

corresponds, as near as can be expected, with the preceding result, 

particularly if we take into consideration the changes which the peculiar 

state of the atmosphere may produce in these results. Thus we can 

determine by means of observations of the mean horizontal refraction in 

The observations of Gay Lussac, at the surface of the earth, and at his greatest elevation, 

were, 

(p) =0met-,76568 ; p = 0meS3288 ; (æ)=30°,75; x=—9°,5; 

(a?) being the height of the centigrade thermometer at the surface of the earth, and x its 

height at his greatest elevation. Substituting this value of (p) in [8445/], we get 

p = 0,37791 X 0met-,76568 = ometi,28936. In this calculation we have used the value of 

1 = 7974met- [8275], instead of Z = 7974met-.{ 1+0,,00375. (®) J = 7974met- X 1,115312, 

[8500, 8445g] ; therefore the factor — [8445/], and the value of p [8445/ A], must 

be decreased in the ratio of 1,115312 to 1, so that we shall have, 

P = 
0raet‘,28936  ftmet. 9.£Q4 
1,115312 ’ 

The actual value of p, by observation, was p = 0meU,3288 [8445/J ; the temperature 

of the column of mercury being —9°,5. To reduce this to the temperature of the lower 

station 30°,75 [8445g], which differs 40°,25 from that of the upper, we must, as in 

[8490], multiply it by 1+ 5 and by this means the corrected observation 

becomes p = 0met-,328SX = 0met-,3312. The value p =0met-,2594 [8445A], 

deduced from La Place's formula, being less than by observation, by 0met-,0718. 

Reducing these to English inches, we find the value of p, by observation, to be 

nearly 13inches,0 ; and by La Place's formula 10inches,2 ; their difference being 

2inche3,8. 

[8455o] 
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any climate, the mean diminution of the heat depending on the elevation 

above the surface of the earth ; or reciprocally, the refraction may be 

determined from the diminution of the heat.* 

If we wish, by means of the preceding law, to determine the refraction 

upon a mountain, at the elevation h above the level of the sea, we must 

first determine the values of u and p corresponding to that height. We 

shall denote these values by U and (/) respectively, and we shall have 

the following equations ; f 

(f')=0).(i + ff)-c~T; 

— — U f a. | \(JT 
. (p). 

Thus by putting 

supposing that, 

u = C7+ u\ we shall have, X 

P 5 

Jl— 
J i'+fu9 

or 

* (3925) These remarks are grounded upon the supposition that La Place’s theory of 

the diminution of heat [8441] is correct ; but we have seen in [8444&, o, &c.], that the 

decrement, as we ascend in the atmosphere, is too rapid. 

f (3926) Changing p into (p), and u into U, in [8412], it becomes as in [8452]. 

The elevation h [8450] above the horizon, is evidently equal to r—a~rs [8284], or 

as nearly; hence s = — ; substituting this in [8411'], after changing p into (p'), and u 

into U, we get [8453]. 

X (3927) Substituting u=U-\-ur in [8412], it becomes, 

p=(p).[i+^ 
V 

u 
v * 

Dividing this by the expression [8452], we get ~ = ^1 + v ; and by 

substituting ~ [8456], it becomes as in [8455]. 

[8449'] 

[8450] 

[8451] 

Formulas 
for the 
refraction 

[8452] 
observed 
upon a 
great ele¬ 
vation. 

[8453] 

[8454] 

[8455] 

[8456] 

[8449a] 

[8452a] 

[8455a] 

[84556] 
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[8456'] ^ is sufficient therefore to change,* in the preceding formulas, (p) into (p'), 

and / into f. 

[8456a] 

[84566] 

[8456c] 

* (3928) All the preceding calculations may be repeated, supposing the observer to be 

elevated above the surface of the earth by the quantity h [8450] ; or, in other words, we 

may suppose that a becomes a'= a-j-h, s becomes s', cl becomes a', and (p) 

becomes (p'). Then, instead of the equations [8284,8285], we shall have, 

2K 
rfT-(P) 

W; ' 
a' 

r 
CL 

, , iK 

K 
Taking into consideration the smallness of — ,(p') [8277, 8451], we may change 

ÎI" 
4 K , . 4K 

1+ info 1+ — .(p), in the denominator of the expression of cl' [8456c], 

[8456d] 

[8456e] 

[8456/] 

and then it becomes a' = 

2K ( /\ 
ZF-(P) n 

, , , % 
which is equal to the expression [8285], 

[8456g-] 

multiplied by ; hence we have very nearly cl' = cl. ~y Substituting in the first of 

the equations [8456c], the value of a! — a-|-h [84565], it becomes °~r~ ~ *—s' ? and 

by subtracting ~ = 1—s [8284], we get — =s—s'. Now if we neglect terms of the 

order —, we may change the denominator r into a, and we shall have s' = s — 
a a 

[84565] 

[8456i] 

Substituting the values of s, — [8411', 8453], it becomes as in [84565], which is 
ct 

easily reduced to the form [8456i] ; 

/ = [ «+«.(1- (7))} - [ 7}) ] 

u—Z7 —f— 
it) 

[84565] 

[8456Z ] 

Substituting the value of u [8454], and using cl' [8456e], it becomes 

s' = u'-{- cl', ^ 1—> ^ I , which is of the same form as that of s [8411'], making the 

accents on the symbols s, u, a, (p), as in [84566, &c.] ; moreover the same changes in 

the accents being made in p [8412], gives p [8455] ; therefore the same changes must be 

made in dt) [8414], or Sè [8420, &c.], to obtain the value of the refraction corresponding 

to the proposed elevation h of the observer. 
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Hence it follows that the horizontal refractions, at the level of the sea 

and at the height h, are to one another as* (1 —\f)'f *s 1° 
_u 

(1 -yyf.c v 

To obtain the refraction below the horizon, we shall observe that a 

luminous raj, which proceeds from a body below the horizon, describes the 

first branch of a curve which is concave towards the earth, and approaches 

towards it till the moment it becomes horizontal, and then it recedes from it, 

describing a second branch which is similar to the first. Hence it is evident 

that the refraction of this body being added to the refraction of a second 

body, which is seen as much elevated above the horizon as the first appears 

below it, is equal to double the horizontal refraction, at the point where the 

direction of the ray is horizontal, which takes place whenf 2u' = —cos.2©. 

* (3929) Accenting the symbols as in [8456£], we find that the expression of the 

horizontal refraction 86, at the surface of the earth [8422], gives the horizontal refraction 

8ôf, at the elevation h, as in the first form of [84576]. From this we easily deduce the 

second form [84576], by substituting the value of Sâ [8422]. Now a!—a being very 

small [8277', 8456e], we may put —— = 1, and we shall obtain the first form of 

[8457c] ; and by substituting the value of a' [8456c], we get the second form of [8457c]. 

CL'.y/w 
id. 

(1—a')V21‘ 
.(l— !/) = î-JL.(1 è//), sâ 

v ^ ' a 1—a' fl— f - 

a' 

CL 

(l- If) .8ù = m (/) (1-4/0 86. 
u-i/) if) (1 -if) 

Now at the elevation h, where u = Ü, and p = (P') [8451], the expression [8412] 

becomes, as in [8452], 

U 

(p') = (P).( 1+ -jr J-c 

u 
T 

[8456]. 
fU\ ~T 

ir)-c = 

Substituting this last value of (p') in the last expression of 8# [8457c], we get, 

r 

. Si. m = LM=M1.c- 
u 
l 

r (i-4/) 
Hence we easily deduce the relation between ôô', 8ô, which is given in [8457]. 

t (3930) In the annexed figure 109, we shall suppose to be the surface of the 

earth , B the place of the observer ; PEJJHI the path of the ray of light, which enters 

the atmosphere at E, in the direction of the right line PEGK, and is bent into the 

curved path EDBM, passing by the observer at B, and continuing its course until it 

[8457] 

[8458] 

Ecfraction 
of a body 
below the 
horizon. 

[8459] 

[8457a] 

[84576 ] 

[8457c] 

[8457<fJ 

[5457e] 

[8459a] 

[84596] 
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[8459'] 

[8460] 

[8461] 

[8461'] 

[8459c] 

[8459/] 

[8459e] 

[8459/] 

[8459g] 

[84597i] 

[84597] 

[8459Æ] 

[-84597 ] 

REFRACTION OF LIGHT, [Méc. Cél. 

We shall therefore easily obtain, by this method, the refraction of a body 

which is seen below the horizon. 

The preceding formulas contain the three indeterminate quantities l\ f, 

and a, which we have determined in [8436, 8437, 8277'], by means of the 

horizontal refraction, and the observed heights of the barometer and 

thermometer. We may, instead of the horizontal refraction, use the 

observations upon the diminution of the temperature. To construct a table 

of refraction, we must know either the law of this diminution, or the 

horizontal refractions corresponding to those heights, which will require a 

long series of observations ; but we can by this means obtain a much more 

accurate table than those which are now used. It will however be liable to 

some degree of uncertainty, because the law of nature, relative to the 

quits the atmosphere at H, in the direction HI. The right lines PEGK, 1HG, are 

tangents to the path of the ray at the points E, H, and they form, by their intersection 

at G, the external angle HGK, which is equal to the whole refraction of the ray in 

passing from E to H ; and this is evidently equal to the double of the horizontal 

refraction, corresponding to the point D, which divides EDH into two equal and similar 

parts or branches ED, DH. The same double refraction is divided into two unequal 

parts, when observed at any other point B ; thus the refraction, in proceeding from E to 

B, represents the refraction of a depressed body situated at P ; and the refraction from 

B to H is equal to the refraction of an elevated body placed at I, whose apparent 

altitude is the same as the apparent depression of P ; so 

that the sum of the refractions of the bodies P, I, is 

equal to twice the horizontal refraction at the middle 

point D. At the point D the ray is perpendicular to 

the radius CD ; therefore we shall have dr — 0, or 

ds = 0 [8407]; and as p is a function of r or s, 

[8137V, &c.], we shall also have dp = 0; substituting 

these values in the differential of u [8411], we obtain, 

at the same point D, du = 0. The differential dô 

does not however vanish at the point D, because it is 

proportional to dv, as we shall see in [8548 or 8556] ; but if we substitute the preceding 

value du — 0, in the expression of dô [8414], after accenting the letters w, u, &,c. as in 

[84566], we shall find that its numerator will vanish, and we shall have dô = 0, unless 

the denominator vanish also ; hence it is evident that we must put this denominator equal 

to nothing, and as one of its factors 1—o' is nearly equal to unity [8277', 8456e], we 

must put the other factor \/cos.2© + 2u' — 0 ; whence we get 2u'=—cos.2©, as in 

[8459]. 
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density of the strata of the atmosphere, is not exactly that which is assumed 

in [8439], but varies from a thousand unknown causes. For this reason 

astronomers place confidence only in such observations as are made at an 

altitude of at least eleven or twelve degrees. Fortunately, at such altitudes the 

refraction becomes independent of these causes, and we can ascertain its value 

with great accuracy by observations of the barometer and thermometer, at the 

place of observation, as we shall now proceed to show. 

THEORY OF ASTRONOMICAL REFRACTIONS, CORRESPONDING TO APPARENT ALTITUDES EXCEEDING 

TWELVE DEGREES. 

8. We shall now resume the differential equation [8286], and by 

reducing the radical to a series, it becomes,* 

* (3931) Dividing the numerator and denominator of the factor 

sin.© 

cos.2©—2a. ^1— -j-(2s— s2).sin.2© 

which occurs in [8286], by cos.©, we find that it may be put under the form, 

{ (7j) + O-^.tang.2® ] Lang.e. 

Developing this by the binomial theorem, and substituting the result in [8286], it becomes 

as in [8463]. Now if we neglect terms of the third order in a, s, we may reject those 

of the second order between the braces, in [8463], by this means it becomes, 

(f)\ 

—s. tang.2© 
a. 1 — 

1+ V f 
COS .2© 

The factor of [8463] without the braces is, 

dP (1-s) 
-a. 

U) 1— 2a/1 P 

(P) 

.tang.© = —a. ~~ . | 1—s-j-2a.^l— | .tang.©, nearly, 

neglecting s2, &c. Multiplying this last expression by that in [8463c], and neglecting 

a2, s2, &.c., we get, from [8463], 

dô -a. 
dp 
(p) 

a. 1 

1 + O-ft) 
cos.2© 

(f) / _ s.tang.2©—s-j-2a. ( 1 
(p); 

•tang.© ; 

in which the coefficient of —s, between the braces, is 14-tang.2© = ——- , and that of 
1 ° cos.2 © 

1 J —j— ^ cos ^ 0 
1S-[2 = - —■, as in [8464]. This expression may be put f-fi) 

under the form. 

COS.2© cos.2© 

521 

[8462] 

Uncer¬ 
tainty of 
observa¬ 
tions at 
altitudes 
below 10°. 

[8462'] 

[8463a] 

[8463Z>] 

[8463c] 

[8463d] 

[8463e] 

[8463/] 
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[8463] 

[8463'] 

[8464] 

[8465] 

[8466] 

[8467] 

[8467] 

[8468] 

[8469] 

[8463g-] 

[8463/i] 

[8463?' ] 

[8469a] 

[8469&] 

[8469c] 

dô 
-a. —s).tang.® W + 

( p)  
a‘v1 (p), 

cos.2© 
(s—|59).tang.2© 

1—2cJ 1— 
(p). Ml -A) 

+b 7 ( +&c. 

If ive neglect the products of three dimensions in a, 5, we shall have, 

.\l-V +a/l-^V(1+2'COS'2e) t cos.2© V (p)/ 

_ dp 
dô = —a. — 

(p) cos.2© 
.tang.©. 

Integrating from p = (p) to p = 0, we shall have, as in [8463i], 

~2~ * /X 1 -tang.©. •s/W 0») (p) J & 

C „ 4a.(1-4-2.COS.2©) , 
= *. <1 + v 2o-- + 

i cos/© COS. 

/sdp m so /*p ds 
— is equal to — —J — , as is easily proved by taking 

the differentials and reducing. If we take the limits of the integrals from 

p=(p) to p = 0, observing that at the first of these limits we have 

5 = 0, and at the second limit 5 — 1, or r — co [8284, 8254, 8255], we 

shall obtain, /*o srlp Pi pds 

w(p) (7)* 

To find this last integral, we shall observe that, as p denotes the pressure 

of the air, we shall have,* 
T-2 

dp =5 —-gp'dr = —g. —. pels ; 

, C dp èa.(l-(-2.cos.2©) / 2dp 2p.dp\ 1 sdp 7 

di = *• 1 - (7) + we---(- (7) + W-) + • ïï) Î -,an& 

Its integral is, 
p , £a.(l-f-2.cos.2©) 

66 

©. 

h) COS.2© 
.(— — + -\-. r-f- constant j .tang.©; V [p)^ {pfj^cosïej (p)^ 5 b ’ 

the constant quantity being taken so as to make the terms without the sign f vanish when 

p = (p) ; and then putting p =0, it will become as in [8466]. 

*(3932) We have, in [8295a], dp = —gp-dr, as in [8469]. Now the differential 

(tdv Ads • • • 
0f p s [8284], gives-— =—ds, or c?r = —; substituting this in the preceding 

value of dp, we get the second expression in [8469] ; and by substituting in it the value 

0f g [8470], we get dp — —(g).a.pds; which can also be much more readily obtained 
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now (g) being the gravity at the surface of the earth [8289'], we shall 

have g = (g), — [8292] ; therefore, 

p = constant — (g).a.f pds. 

Thus the integral f pds is equal to the whole pressure (p) at the earth’s 

surface, divided by (g)-a [8469/] ; and as this pressure is equal to 

(g).(p)J [8298], we shall have, 

hence the expression of Sâ [8466] becomes, 

ôô a. 1 + 
| a.(l-|-2.cos.2©)- 

l_ 

a 

COS.2© 
tang.© ; 

This expression* has the advantage of being independent of any hypothesis 

by substituting d. — =—ds [8284], in [8294']. The integral of [8469c] gives p 

[8471], At the commencement of the integral we have p = (p) ; hence [8471] becomes 

P==(P)—(êO'^î/o Pds. At the other limit, where P = 0, p = 0, s = 1 [8467', 8284], 

this equation becomes 0= (p)—(g).a.fpds ; whence fpds = ip) 
as in [8472] ; 

substituting (p) [8298], we get f*pds = 
(p)d 

a 
which is easily reduced to the form 

[8473]. Substituting [8473] in [8468], we get -hence [8466] 
O’) ( p ) a 

becomes as in [8474]. We may here observe that the integral [8473] for the whole 

height of the atmosphere, and for all laws of the decrease of the density, was first 

discovered by Oriani, in nearly the same form as it is here given. 

* (3933) If we substitute ^^ = l+tang.2© [34w] Int. in [8474], it becomes as 

in [84746]. Reducing and putting for brevity, 

= fa. — ; nÆ — a.. ; p = 1 —2nA ; 

it becomes of the form [8474d]. 

5d = a. j l+Ja.(l~ftang.s©)+cL— . (1-f tang.2©) |.tang.e 

= a* ^ -— | .tang.©—-a. ^ | .tang.3© 

= A. tang.©—n,/32.tang.3©. 

[8470J 

[8471] 

[8472] 

Orinni’s 
formula. 

[8473] 

La Place’s 
formula 
for the 
refraction, 

[8474] 
for 
altitudes 
exceeding 
12°. 

[8469d] 

[8469c] 

[8469/] 

[8469g-] 

[84696] 

[8474a] 

La Place’s 
second 
formula 
reduced. 

[84746] 

[8474c] 

[8474</] 
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[847F] 

[8474e] 

[8474/] 

[8474g-] 

[84747/] 

[8474/] 

[8474ft] 

[84747] 

[8474m] 

[8474/1] 
Bradley’s 
Formul a 

[8474 o] 
deduced 
from that 
of La 
Place. 

[8474g>] 

[8474g] 

[8474r] 

[8474a-] 

[S474t] 

[8474m] 
Simpson’s 
formula, 
deduced 
from that 
of La 
Place. 

[8474r] 

[8474///] 

[8474x] 

on the constitution of the atmosphere ; since it depends solely upon the density 

and temperature of the air at the place of observation. For the values of 

The numerical values of A, w, p, are easily deduced from those of a, —, 

[8277', 8278/], which give, 

A — 0,0002936375 ; nA* = 0,0000003249.. ; n= 3,768..; p = 0,9977871... 

From La Place’s expression of the refraction [8474], reduced to the form [8474/], we 

may easily deduce the methods of computation proposed by Simpson and Bradley, 

[8374/, 8383c,/], neglecting terms of the order tang.5©, A3, ôô3. For the expression 

[8474/] may be put under the form [8474/], as is evident by multiplying together the 

factors of the second member, and neglecting terms of the order just mentioned. Moreover 

the expression [8474/] may be reduced to the form [8474/n], by substituting «/2.tang.© = <W 

[8474/] in the two small terms between the braces, containing A. Finally, by using 

[34w, 54] Int., we obtain successively the formulas [8474n, o] ; 

ôô = A. (l-\-nA) .[tang.®—nA. tang.©—w/Z.tang.3©] 

= Æ(l-j-/i//).[tang.©—nôô—wW.tang.2©} 

= 4.(l+n4).[tang.9 — ~ ] 

= A. (I fnA) .tang^(©—nôôf 

This last expression is the same as Bradley’s formula [8383c], putting n = 3, instead of 

w = 3,768.. [8474e] ; also A.{l-\-nA) — 57s, instead of A (ifnA) = 60 s,634, which 

is deduced from the values [8474e] ; observing that the quantity 57s, used by Bradley, 

will be increased to rather more than 60s, by reducing it to the temperature and height of 

the barometer [8274], corresponding to the quantities used by La Place in estimating the 

values of n, A, p [8474e]. 

Again, the expression [8474/] ôô=A.tang.©—&c., being multiplied by —w/Z.tang.2©, 

gives —nôô.A.tang.2© =—w*/2.tang.3©—&cc. Substituting this in the last term of 

[8474/], and neglecting terms of the order A3, as in [8474g], we get, 

ôô = »/2. [ l—wW.tang.© ] .tang.©. 

Dividing this expression of ôô, by the coefficient of A, we obtain, 

A = ôô. ] 1 -f-rt(5Ftang.0 | .cotang.© = ôô. [cotang.©-j-w&) ]. 

Multiplying this value of A by 2w.sin.©, and substituting 2nA — 1—p [8474c], we get, 

(1—-p).sin.© = 2n5F[cos.©-}-n^-sin-0}' 

From this we deduce the first of the following values of p-sin.©, and by making successive 

reductions, using [44, 43, 22] Int., we obtain the final result in [8474a?] ; 

p. sin.© = (1—2w2.cW2).sin.©—2w<W.cos.© 

= cos.2wfW.sin.©—sin.2?tW.cos.© 

= sin.(©—2w<W). 

This last expression is the same as Simpson’s formula [8374/], putting p — 0,9986, 
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(p) and l [8290, 8298], are given by the observations made at that place, 

by the barometer and thermometer. It is therefore important to know to 

what apparent altitude of any heavenly body we can use this formula. 

If we examine the preceding development of dè in a series [8463], it 

will be evident that the most considerable term which we have neglected 

is the following ; * 

3 a „2 + 5, 

(P) 
.5 .tang. ©. [Neglected term.] 

It may become sensible in low altitudes, where tang.© is large. This term 

is decreased by those of the same order in the formula,! so that in those 

—-V-j instead of the values of p, 2n, in [8474e]. Hence we see that the formula 

[8474] is equivalent either to Bradley’s formula [8383c], or to that of Simpson [8374/], 

neglecting terms of the order &)3 ; and we have seen in [8267^, îf], that La Place’s 

formula [8474] is identically the same as that which is deduced from Cassini’s hypothesis. 

Hence it appears that in altitudes exceeding eleven or twelve degrees, which includes by far 

the most important and useful observations, the refraction can be obtained by either of these 

methods, with almost the same degree of accuracy. At lower altitudes the formula of La 

Place [8440] has decidedly the advantage over the methods of Cassini, Bouguer, Simpson, 

or Bradley ; but is not, on some accounts, so satisfactory as the method proposed by Mr. 

Ivory, of which we shall hereafter give some account. 

* (3934) The value of a = 0,00029... [8277'], is much smaller than the general 

value of s ; therefore the terms between the braces, in [8463], depending on a2, as, 

must generally be much smaller than those which depend on s2 ; moreover when © is 

nearly equal to a right angle, and tang.© very large, the terms multiplied by the powers 

of tang.© must be much increased. Now the highest power of tang.©, connected with s2, 

between the braces, in [8463], and free from a, is tang.4©. If we neglect the terms 

connected with the lower powers of tang.©, we shall obtain for the greatest of these 

terms of dô [8463], the expression f s2.tang.4© within the braces, multiplied by the 

factor without the braces, or 
dp 

—a. —— .tang.©, 
D) 

nearly ; being the same as in [8476]. 

f (3935) The term between the braces in [8463], which produces the quantity [8476], 

appears under the form f. “-O (3) 
cos.2© 

—s. tang.2© neglecting smaller terms. 

Now the term of this expression depending on a, tends to decrease that which arises from 

s; and this is what the author alludes to in [8477], neglecting the consideration of some 

small terms, which serve to increase that in [8476] ; but not in any important degree, in 

comparison with those which are retained, as is evident from the last note. 

VOL. IV. 132 

[8475] 

[8476] 
Estimate 
of the 
value 

[8477] 
of the 
neglected 
terms. 

[8474y] 

[8474z] 

[8475a] 

[84756] 

[8475c] 

[8475c/] 

[8476a] 

[84766] 

[8476c] 

[84764] 

[8477a] 

[84776] 

[8477c] 
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[8478] 

[8479] 

[8480] 

[8481] 

[8482] 

[8478a] 

[84786] 

[8478c] 

[8481a] 

[84816] 

altitudes of the heavenly bodies in which its integral [8476] is insensible, 

we may, without fear of any important error, use the formula [8474]. The 

integral of this term [8476], taken from p= (p) to p = 0, becomes,* 

3a.tang.5©. / 1 ~ . sds. 
b J 0 (p) 

If we suppose the temperature to be equal throughout the whole atmosphere, 

we shall have, as in [8299], 
as 

p=(p).c 1 ; 

therefore the expression [8479] becomes,f 
p ^2 

3a.tang.5~.sds = 3a.tang.5©. — . 

The value of this integral is greater in the hypothesis of a uniform 

temperature, than when the temperature is supposed to decrease as the 

elevation increases. For if we imagine the temperature at first to be 

uniform, and then to decrease as the elevation increases, it is evident that 

the particle of the atmosphere, represented by pds, will descend, and the 

* (3936) The integral of [8476] may be put under the form — 3ci.tan . ja ^. 

but we have fs^dp — s2?—2fpsds, as is easily proved by differentration. At the first 

limit p=(p) and 5=0 [8307a]; therefore the term 52p vanishes; it also vanishes at 

the second limit, where P = 0 and 5=1 [8307a]; hence the preceding integral 

becomes J'^s^dp ——2f0Lpsds. Substituting this in the term [8478a], it becomes 

3 a. tang.5© 

(/>) 
Jo1 Psds, as in [8479]. 

f (3937) If we substitute the value of p [8480], in [8479], it becomes, 
as 

3a.tang^Q.f^sds. c 1 . 

Now we have generally, 
as as as 

/•sds.c ‘=|b(l-c ‘ )-’{■<= 

as is easily proved by taking the differential and reducing. This vanishes when s — 0, so 

that it is not necessary to add any constant quantity; and when 5=1, the term 
as 

c 1 becomes excessively small, and may be put equal to nothing [8307c] ; then the 
as 

-Y 12 
integral [84815] becomes f0lsds.c = . Substituting this in [8481a], it becomes as 

in [8481]. 

[8481c] 
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product psds, which corresponds to it, will become less ; consequently the 

integral J will become less. Therefore the formula [8474] will be 

P 
exact for all altitudes in which 3a.tang.0©. — is insensible. Now if we 

<r 

use the values of a, l, a [8277', 8275,8278], and suppose © = 88°, we 

shall find this quantity equal to* 3",486, which is hardly sensible. At 

greater apparent altitudes, the error of the formula [8474] becomes wholly 

insensible ; it is therefore important to determine accurately the elements 

of this formula. 

[8483] 

[84830 

9. Its chief elements are, First. The variations of the density of the 

air, arising from the variations in the pressure and temperature of the ^-8484 

atmosphere. Second. The refraction of atmospheric air at a given 

temperature and pressure. The change in the density of the air, arising 

from the variations of the pressure it suffers, is well known by means of [8485] 

the law, which makes the density proportional to that pressure. The accuracy 

of this lawT has been confirmed by a great number of experiments, made 

within the limits of the variations of the barometer, from the level of the sea 

to the greatest heights to which we can ascend. The dilatation of air by 

means of heat, has been the object of research of several observers, who 

differ sensibly from each other in their results. 1 requested Gay Lussac to 

repeat these experiments with all possible care, graduating accurately the 

air thermometer and the mercurial thermometer, and paying the greatest [8485'] 

attention to dry the air and the tubes which he used ; for it appears to me 

that the difference in the results of various observers depends chiefly on the 

humidity. He found by the mean of twenty-five experiments, noticing 

the dilation of the glass, and the corrections for the variations of the 

barometer during the time of each experiment, that a mass of air, expressed 

by unity, at the temperature of zero of the centigrade thermometer, became 

1,375 at the heat of boiling water, under a pressure equivalent to that of a [8486] 

column of mercury of 0metre,76 height. He also observed that when the 

air thermometer was at 50°, the mercurial thermometer likewise stood at 

50° ; the difference given by the mean result of the twenty-five experiments 

we have just mentioned, being insensible. Thus the range of both 

* (3938) Substituting the values of a, l, a, 0 [8483], in the second member of 

[8481], and then multiplying by the radius in seconds, it becomes as in [8483']. 
[8483a] 
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[8487] 

[8488] 

[8489] 

[8489/] 

[8490] 

thermometers appears to be the same in the interval from 0° to 100°. 

Therefore if we put x for the number of degrees of a mercurial centigrade 

thermometer, we shall find that a mass of air, which is represented by unity 

at the temperature zero, becomes, at the temperature of x degrees, 

1-j-Q,00375.æ ; so that we have, 

l-f-0,00375.æ volume of air at temperature x degrees 

volume of air at temperature zero. 

The density of the air is proportional to its pressure. We shall take for 

unity its density at the temperature zero, and at the height of the barometer 

0metre,76. We shall then express its height, corrected for the effect of the 

dilatation of mercury, and reduced to the zero of temperature, by 0met-,76.(l-j-y). 

This correction is easily made by observing that, for each degree of the 

thermometer, the mercury expands* . The density of the air at the 

temperature of (x) degrees, will be,f 

[8490a] 

[8490&] 

[8491a] 

[84916] 

[8491c] 

[8491c/] 

[8491e] 

[8491e'] 

[8491/] 

[8491g-] 

[8491/j 

* (3939) Plana, in his remarks on the refraction, vol. 27, page 166, of the Memorie 

della reale Jlccademia dette Scienze di Torino, instead of ttïïïi uses ôtstt; in 

conformity with the observations of Dulong and Petit, detailed in their memoir, which 

gained the prize of the Academy of Arts and Sciences of Paris, in 1818. This memoir is 

printed in Cahier 18, of the Journal de V Ecole Royale Polytechnique, in 1820. 

f (3940) If the temperature remain at zero, but the pressure of the atmosphere, as it 

is indicated by the height of the barometer, increase from 0metre,76 to 0metre,76.(l+y)} 

the density of the air will increase from 1 to 1-j-y [8489]. Now if the temperature vary 

from zero to (a?) degrees above zero, the density 1 g-y will vary inversely as 1 to 

l-{-0j00375.(æ), as appears from the experiments of Gay Lussac [8488] ; and the density 

will therefore become ——rw, as in [8491] ; observing that in finding 1-f-y, or 
l-j-0,0037o.(:r) 

rather 0raetre,76.(l-f-y)5 we must correct the observed height of the barometer for the 

expansion of the mercury in the tube, as in [8490]. Multiplying the expression [8491] 

by the value of a [8277'], we get its corrected value [8494]. For perspicuity and 

symmetry, we have changed La Place’s symbol x into (x), in the formulas [8491-8535] ; 

and we shall now suppose, as in [8288, 8487, &c.], that p, p, x, represent respectively 

the pressure, the density, and the temperature of a stratum of air, at the distance r from 

the earth’s centre ; also (p), (r), (x), the similar quantities for a stratum of air at the 

surface of the earth, or at the distance a from the centre. The values p, (p), will be 

proportional to the observed heights of the barometer, corrected, as in [8491^], for the 

expansion of the mercury by the heat, so as to reduce them to the same temperature. 

Now it is evident, from what is said in [84916, &c.], that the expressions 
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1-j-y EHeight of the thermometer (x) degrees."! 
- :  density of air. I 
1+ 0,00375.+) |_Height of the barometer 0met‘,76.(1+;+ _J 

We shall suppose that & [8285] corresponds to the temperature zero, and 

to the height of the barometer 0metre,76. It appears natural to suppose that 

the refractive force of air is proportional to its density, and this is, in fact, 

confirmed by the experiments of Hauksbee, [Biot and Arago, 8264m]. 

The value of a, corresponding to the temperature of (x) degrees, and to 

the height of the barometer (l+y).0metre,76, will therefore be, 

<*■•(1 + y) EHeight of the thermometer (x) degrees. ~1 
-h iAX- — corrected value of a. \ J S 

1+0,00375.+) [^Height of the barometer O"16*',76,(1+?/). _J 

Moreover at the temperature of zero, and at the height of the barometer 

0metreJ76) we have by what precedes [8275], 

l = 7974 metres.* [Height of a homogeneous atmosphere when (a:)=0.] 

The value of l does not vary with the height of the barometer, while the 

temperature remains unchanged ; for the equation, 

O) = (•(£)•( p) [3298], 
proves, that as in this case (p) is proportional to +), the value of l will 

[8491] 

[8492] 

[8493] 

[8494] 

[8495] 

[8496] 

[8497] 

[8498] 

1+^00375^ ’ 1+0,00375.(3:)» wil1 represent the values of p, (p), respectively, supposing 

the densities to remain the same as before, but the temperatures to be reduced to zero of 

the centigrade thermometer ; and then the pressures, reduced as above, will be proportional 

to the densities p, (p), by the law of Mariotte ; hence we have, 

P . (P) . . . / X 
1+0,00375..r ' 1+0,00375+) “ P * ^ PJ' 

[8491 i ] 

[8491*] 

[8491Z] 

[8491m] 

From this we deduce, 

Mf) _ l+0,00375.a: 

[p).p ~ 1+0,00375+)‘ 

The first member of this expression represents the expression of the decrement of heat 

[8400c], in proceeding from the lower stratum of the temperature (a?), to the upper 

stratum of the temperature x ; hence we have, 

p.(p) _ 1+0,00375.3: 

~~ {ffp ~ 1+0,00375+) 5 

which is used in [8435r, &c.]. We have here followed the method and notation of the 

author, but it would be more simple to use the process in [8400a, &c.]. 

[S491n] 

[8491o] 

[849+] 

* (3941) The observations of Biot and Arago [82776], give more correctly [8496«] 

1 = 7955 metres. 

VOL. IV. 133 
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[8499] 
homoge¬ 
neous at- 

[8500] 
mosphere 
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cept with 
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of temper¬ 
ature. 

[8501] 

General 
formula 
for the 
refraction, 
in alti¬ 
tudes 
above 12°. 

[8502] 

[8503] 

[8499a] 

[84996] 

[8499c] 

[8499rf] 

[8499e] 

[8501a] 

REFRACTION OF LIGHT. [Méc. Cél. 

remain always the same** But if the temperature varies, then l varies in 

the inverse ratio of (p), and ive shall have, 

l = 7974metres.{ 1+0,00375. (æ)}. 

This being premised the formula [8474] becomes, by observing that 

a = 6366198 metres [8278] ,f 

sd = cL-(1 + y)-tan g-® 
1 + 0,00375.(a?) 

§a2.(l-j-y)2 (1 -f- 2.cos.2©).tang.© 

(IT 0,00375.(a?))2 * cos.2© 

— o,(l+«).0,00125254. 

The only indeterminate quantity which now remains is a, and one of the 

best methods of finding its value is by means of observations of the heights 

of circumpolar stars, in their greatest and least altitudes. Delambre, by the 

comparison of a great number of astronomical observations, found the 

refraction to be equal to 186",728, at 50° of apparent altitude, the 

temperature being zero, and the height of the barometer 0metre,76. 

* (3942) Supposing the temperature to remain unchanged, while the pressure (jp), 

the density (p), and the altitude l vary, so as to become pf, p/3 lf, respectively, we 

shall have, from [8498], p/=Z,.(g,).p/. Dividing this value of pt by that of (p) [8498], 

weaet — = — .—, or l,= l. —. But the density in this case being 
& [p) l ip) (p) h 

proportional to the pressure [8485], we have (p) : ( p) : : p, : p, ; whence p' |f - == 1. 

Substituting this in the preceding expression of ln we get 1,-1, as in [8497]. Now if 

we suppose pt = (p), the expression of /, [84996], becomes /,= 7. ~ ; moreover if the 

height of the barometer be 0metre,76, we shall have y=0 [8489'] ; and if the temperature 

be (x), the density of the air [8491] becomes p, = QQgy5 ^ * Substituting this in 

Z, [8499c7], we get Z,= Z.[1T0,00375.(t)], as in [8500, 8496]. 

f (3943) Substituting in M [8474] for a its corrected value [8494], for l its value 

[8500], and for a its value [8278], it becomes as in [8501] ; observing that 

7974- =0,00125254, nearly, and that these corrected values of a, 7, change aZ 
6366198 5 J 
into 7974met,.a.(lT]/)- 
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Heoce we find,* 
a = 187",087; 

or in parts of the radius, 

a = 0,000293876. 

10. The humidity of the air has not hitherto been noticed in computing 

the refraction, and it is a question ivhether it has any sensible effect. We 

shall now take this subject into consideration ; and for this purpose we shall 

recall to mind several results of observation relative to the evaporation of 

different fluids. It has been found by experiment that a mass of anj kind 

of gas whatever, when fully saturated with water, contains the same quantity 

of vapor as would ascend in the same void space, at the same temperature, 

supposing that there is a sufficient supply of water for the whole evaporation. 

It has also been observed that while the pressure remains the same, every 

sort of gas expands the same quantity by the addition of a given degree of 

heat, and every vapor expands the same quantity as a gas. It has also been 

found, at the same temperature, that the density of any gas, or vapor, is 

proportional to its pressure, or to its elastic force. 

If we place, in a vacuum, a vessel filled with water, the elastic force of 

the vapor, which ascends from it, increases with the temperature, according 

to a law which has been ascertained by experiment. It has been found that 

this elastic force increases very nearly in a geometrical progression, while 

the temperature increases in an arithmetical progression, so that the 

logarithms of the force increase very nearly in an arithmetical progression. 

This is not however strictly accurate. If we suppose, at the moment of 

ebullition, when the height of the barometer is 0metre,76, that this height 

expresses the elastic force of the aqueous vapor, we shall find that we can 

very nearly satisfy the experiments of Dalton, upon such forces, by supposing 

the elastic force of this vapor, at any temperature whatever, to be 

represented by, 
elastic force of vapor   Qm6tle,76. ( 1 0) i-0,0154547 i2.0,0000625826 . 

*(3944) Patting, in [8501], y — 0, (x) = 0, © = 50°, 66 = 186",'728, we obtain, 

186",728 = cl+2cls—2a X 0,00125254 = 0,99749492a + 2a2. 

Dividing this by the coefficient of a, we get a =187",197—2,005.a2 * * & * ; so that a is 

nearly 187", 197, and 2,005.a9 = 2,005x (187",197)2.sin.l"= 0",110, nearly; hence 

& — 187", 197—0",110 = 187",087, as in [8504]. Dividing this by the radius 636620", 

it becomes as in [8505], 
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[8507] 

Expan¬ 
sion of 
gas and 
vapor. 
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[85045] 
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i. 
[8513] 

Elastic 
force of 
vapor. 

[8514] 

[8514/] 

[8515] 

[8516] 

Remarka¬ 
ble prop¬ 
erty of the 
elasticity 
of gases. 

[8517] 

[8517'] 

[8518] 

[8519] 

REFRACTION OF LIGHT, 

i being the number of degrees of the centigrade mercurial thermometer above 

100°, this number being supposed negative for lower temperatures. Therefore 

we shall have the tabular logarithm of this elastic force expressed io 

decimals of a metre, by adding to the logarithm of 0metre,76, the exponent 

of 10, in the expression [8512], so that we shall have, 

tab. log. of elastic force = 9,8803136+ ». 0,0154547—*3.0,0000625826; 

% - -100° —j— height of tire centigrade thermometer in degrees. 

The formula [8514] may be used from i = —co to i = 50°, or 60°, 

and it can be applied to all fluids ; observing to count the quantity i for 

each one of them, from the term of their ebullition. For this remarkable 

principle has invariably been found to hold good, namely, that if we count from 

the point of ebullition, or in general from any other point, where the elastic 

force is the same, any increment of temperature will produce an equal 

increment in the elastic force. 

In whatever manner the vapor exists in the atmosphere, it is evident that 

the action of the moist air upon light is composed of the action of the air 

and of that of the vapor. We shall suppose that with an equal elastic force, 

and with the same temperature, the actions of vapor and air, upon the light, 

are in the ratio of p to q ; so that we shall have, 

P the action of vapor upon the light 

the action of air upon the light 5 

2 
q being the action of air upon the light at the temperature zero, and under a 

pressure corresponding to the height of the barometer 0metre,76. We shall 

also put 2.0metre,76 for the elastic force which the aqueous vapor, suspended 

in a given mass of air, at the same temperature zero and under the same 

pressure, will have if this vapor be placed alone in the same space, 

considered as void. Then it is evident that, at this temperature, the 

humidity of the air will add, to its action on the light, the quantity* zfp—q) ; 

* (3945) If we suppose the whole pressure or elastic force of the air and vapor to be 

[8519a] represented by 0metre,76, as in [8518], and that the part *.Omotre,76 arises from the vapor, 

[85196] we shall have 0metre,76.(1—-z), for the remaining part depending on the air. Now the 

[8519c] action of the vapor, when the pressure is 0metre,76, is represented by p [8517, &c.] ; 

therefore the part corresponding to the pressure z.0metre,76 [8519a], is pz. In like 

[8519/] manner the aclion 0f t[ie air5 under the pressure 0metre,76, being represented by q, 

[8519c] [8517'], the part corresponding to the pressure oinetre,76.(l— z) [85196], is q.{ 1—z). 

[8519/] Adding this to the part pz [8519d], we get q + zfp—q), for the combined action of the 
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and if the temperature be x degrees, the density of the vapor being 

decreased about 0,00375 [8488] for each degree, the correction of the 

refractive force of the air, arising from its humidity, will be, 

Z-(P—Q) 
1+æ. 0,00375* * 

In order to ascertain the value of p—g, we shall suppose the quantity — 

[8192, &c.] to be the same in its liquid state as in its state of vapor. This 

is indeed the most natural hypothesis which can be admitted ; it is 

analogous to that which is used in the theory of refraction, by supposing that 

K 
the density of the air does not vary the value of — . In passing from a 

71/ 

vacuum into water, the ratio of the sine of incidence to the sine of refraction 

529 
is, according to Newton, 

396 

4K 

7Î2 ’ ^ 

This gives, by means of the formula [8192], 

/529V 

.396. -i; 

P being the density of water. It follows, from the experiments of Dalton, 

Saussure and Watts, that, with equal elastic forces and temperatures, 

we have, 

the density of aqueous vapor = -ff x the density of air ; 

and according to Lavosier, at the temperature 12°,5, and at the pressure 

P 
0metre,76, the density of air is therefore we have, by putting / for 

the density of the aqueous vapor at that temperature,* 

air and vapor ; and as the action of the air alone, when free from moisture and under the 

same pressure 0metre,76, is q [8517'], the increment from the action of the vapor must 

be z.(p—q), as in [8519]. 

* (3946) Multiplying [8524] by —, we get ~ .zp —y. ^ —l | ; now 

from [8526, 8527], we have p — — . • substituting this in the preceding equation, it 

becomes as in [8528]. Dividing this last expression by 2, and then multiplying its second 

member by the radius in seconds 636620", it becomes very nearly as in [8529]. This 

corresponds to the temperature 12°,5 [8527], and to reduce it to the temperature 0, we 

must multiply it by 1 -[-0,00375 X 12,5 [8488] ; by this means it becomes as in [8530], 

which represents the value of pz. 

[8520] 

[8521] 

[8522] 

[8523] 

[8524] 

[8525] 

[8526] 

[8527] 

[8519g-] 

[8528a] 

[8528&] 

[8528c] 

VOL. IV. 134 



534 REFRACTION OF LIGHT. [Méc. Cél. 

[8528] 

[8529] 

[8530] 

[8531] 

[8532] 

[8533] 

[8534] 

[8531a] 

[85316] 

[8533a] 

[85336] 

4 K , 
~Y-Zp 

10. 
14X842 ■ l (s?- i ■ 

Reducing the numerical coefficient of this expression to seconds, we get, 

— .P'.z = 211",84.z. 
n2 

Multiplying this quantity by 1-]-12,5 X 0,00375, we shall have, at the 

temperature zero, 

~.?\z = 2%V,rn.z. 
V? 

At the temperature zero, (p) being the density of the air, under a pressure 

equal to that of a height of 0nietre,76 in the barometer, we have by 

observation,* 

2#-(r)-2 = 187",09.z; 

therefore the humidity of the air adds, to the refractive force, the quantity, 

34",68. * 

1 + #.0,00375 

Multiplying this quantity by the tangent of the apparent zenith distance ©, 

we shall obtain, as is evident from what has been said, the increment of the 

refraction depending on the humidity of the air. Therefore this increment is,f 

34", 68. * 
tang.©. [ Increment of refraction ion ] 

1+#.0,00375 

If we suppose the air to he saturated with water, the tabular logarithm of z 

* (3947) Multiplying — .(p) [8277], by z, and by the radius in seconds 636620", 

it becomes as in [8531] nearly. This represents the value of qz, which is used above. 

Subtracting it from pz [8530], we get z.(p—D — 34",68.2 ; and by substituting it in 

[8521], we get [8532]. 

t (3948) If we suppose the height of the barometer to be 0metre,7,6, we shall have 

y = 0 [8489']; and by retaining only the chief term of 86 [8501], we have 

86 = 

a. tang.© 
The quantity a = 

1 + 0,00375.# J J 

in the air, as in [8532], by the quantity 

SI",68. z. tang.© 

1+0,00375.# 
as in [8534]. 

— . (p) nearly [8277'J, is increased, by the vapor 

34",68.z; and this produces in 86 [8533a] the 

term 
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will be, by what precedes,* 

tab.iog.2 = — (100—ar).0,0154547—(100—F)9.Q,0000625826. 

Hence we have deduced the following values of the increment of refraction, 

depending on the humidity of the air, from fifteen to forty degrees of 

temperature of the centigrade thermometer; 

Degrees of the centigrade thermometer. Increment of refraction for extreme humidity. 

x = 15°. 

x — 20°. 

x — 25°. 

x — 30°. 

x — 3o°. 

x — 40°. 

It follows, from this table, that the effect of the humidity of the air upon 

the refraction is very small ; the excess of the refractive power of the aqueous 

vapor, above that of the air, being in great measure compensated by its 

decrease of density. We may however notice it, by means of the preceding 

table, in case the humidity is very great. For this purpose we must 

determine, by hygrometrical observations, the ratio of the quantity of vapor 

contained in a given mass of air, to the quantity which would be found in 

this mass, in the case of extreme humidity. We must then multiply by this 

ratio the increment of the refraction [8536], depending on this extreme 

humidity.* 

* (3949) The elastic force of the vapor is represented, in [8518], by £.0metre,76; 

putting this equal to its value, given in [8512], then dividing by 0metre,76, and taking the 

logarithms of the results, we get, in the case of extreme humidity, 

tab. log.z = i.O,0154547— i2.0,0000625826. 

Now the values of x, i [8487,8513], give i = x~ 100° = —(100°—x) ; substituting 

this in the preceding expression of log.z, we get [8535]. Substituting this in [8534], 

and then putting successively x equal to 15°, 20°, 25°, 30°, 35°, 40°, we get the 

increments of refraction as in the table [8536], nearly. 

f (3950) Before closing this chapter we may remark, that besides the methods of 

computing the refraction which we have already explained, others have been proposed by 

seveial mathematicians and astronomers ; some by means of new and more accurate 

observations, for determining the constant coefficients of former methods ; others by 

combining these observations with the various hypotheses which are assumed, in a somewhat 

[8535] 

Increment 
of refrac¬ 
tion when 
the air is 
saturated 
with 
vapor. 

[8536] 

[8537] 

[8538] 

[8535a] 

[85356] 

[8535c] 

[8538a] 

[85386] 
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[8538'] 

[8538c ] 

Kramp. 

[8538d] 

La Grange. 

[8538e] 

Bessel. 

[8538/] 

[8538g-] 

[8538/1 

Young. 

[8538i] 

[8538/ 
Leslie’s 
hypothe¬ 
sis. 

[8538£] 

[8538m] 
Brinkley. 

[8538n] 

Groom- 
bridge. 

[8538o] 

Ivory. 

[8538// 

[8538</] 

[8538r] 

If we wish to notice the figure of the earth in the theory of refraction, we 

must observe that we can always imagine an osculatory circle to be drawn, 

arbitrary manner, to express the decrement of temperature, in ascending in the atmosphere ; 

and we may particularly mention, in addition to the persons already spoken of, Brook 

Taylor, Euler, Mayer, Maskelyne, Lambert, Bernoulli, Young, Brinkley, Groombridge, 

Oriani, Bessel, Ivory, Plana, &c. Previously to the publications of the Mécanique 

Céléste, the theory of refraction had been treated of, in a very elaborate and satisfactory 

manner, by Kramp, in his Analyse des Refractions Astronomiques et Terrestres, published 

at Strasbourg in 1798, using functions similar to those which are employed by La Place, 

in [8316, &c.]. The refraction had also been treated of by La Grange, in the Berlin 

Memoirs for 1772, by the method which is explained in [8262a?, 8374a, &tc.]. Since the 

publication of La Place’s method [8411, &c.], a table of refraction has been given by 

Bessel, founded on Bradley’s observations, and published in the Fundamenta Astronomies, 

in 1818. In calculating this table, Bessel follows, in a great measure, the methods given 

in this chapter ; assuming for the expression of the temperature h, of the strata of the 

atmosphere, the formula h Pdf) 

(P)-P 
— e~ias ; i being a small constant and positive quantity, 

determined so as to satisfy, very nearly, the observations of Bradley, in altitudes exceeding 

four degrees ; but this formula makes the horizontal refraction too great. In the 

Transactions of the Royal Society of London, for 1819 and 1824, are given two memoirs 

of Dr. Young on the refraction. The first of them is founded on Leslie’s hypothesis of the 

density, 

'-TbM’+K7-Î7,)!- 
n being a small constant quantity, to be determined by observation. In the second of these 

memoirs, for the purpose of obtaining an easy integration, he assumes p to be proportional 

to fpS-—The result of the observations and calculations of Brinkley, are given in 

the same Transactions for 1810, using Bradley’s method [8383c], but changing, by means 

of new observations, his coefficients 57s and 3, into 56s,9 and 3,2 respectively; also 

the coefficient 400 [8383/ into 500. Groombridge has given two valuable papers on 

the refraction, in the same Transactions for 1810 and 1814, using also Bradley’s method ; 

but in the last of these papers he changes Bradley’s coefficients 5rs and 3 [8383c], into 

58s,132967 and 3,6342956 respectively, to conform to the results of his own observations. 

We might mention several others, but we shall restrict ourselves to that of Mr. Ivory, who 

has made an important improvement in the calculation of the refraction, in his paper, 

published in the same Transactions for 1.823, pages 409 to 495. The limits of this note 

prevent our giving a full account of this interesting memoir, and we shall therefore only 

state the general principles of his method. He remarks that the formulas of La Place 

[8440, 8501] give the mean refractions with greater accuracy than any other tables 

whatever, whether founded on theory or observation; and he finds that the table of 
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touching the earth’s surface at the point where the observer is situated, so 

that the plane of the circle may pass through the observed heavenly body ; 

refractions, computed from these formulas, differ scarcely any from the results of his own 

calculations; but he objects to La Place’s law of the decrement of temperature and 

pressure, which we have also shown to be defective, in [8444o,z, 8445a] ; and he states, 

as the results of experience, that there is no ground whatever for attributing to the 

gradation of heat in the atmosphere, any other law than that of an equable decrease as the 

altitude increases; observing that this law prevails, very nearly, from the surface of the 

earth to the greatest height ascended by Gay Lussac ; the decrement of heat, at any 

elevation in the atmosphere, being very nearly one degree of the centigrade thermometer 

for an ascent of 173 metres, or 95 English fathoms. This result differs considerably from 

La Place’s hypothesis in low altitudes [8444o]. To obtain a formula in which the 

decrement of the temperature is nearly equable, Mr. Ivory finally assumes the two following 

equations [8538c, id], for the determination of the relation between the altitude and density 

of any stratum of the atmosphere, neglecting quantities of the order s2, and changing the 

notation, so as to conform to that which is used by La Place, in this chapter. 

{P) 

l = 7974metres. [ 1+0,00375.(æ)} [8500]. 

This value of l being that at the surface of the earth, corrected for the temperature, as in 

[8500]. The differential of s [8538m;], being multiplied by a, gives, 

ads = l. [ 1—/+ 2f.c~u] .du. 

Substituting this in dp =—(g).p.ads [8424], and then dividing by (p) = (g).( p)+ 

[8298], we get [8539a], which is easily reduced to the form [85395], by using [8538c] ; 

dp 

(P) 
= — l—/+ 2/-C-w \ -du 

— —(1 —f).c~udu — 2fc~9u du. 

The integral of this last expression gives [8539c] ; dividing it by [8538c], and substituting 

h [8435r], we get [8539c?]. 

t Pp)_ 1 _ f, f.-u_ 1+0,00375.3: 

(j»).p J~rJ' 1+0,00375.(3:) * 

From various considerations, Mr. Ivory estimates f to be very nearly equal to ^ ; and 

by substituting this value in [8538c, w, 8539c, d], he obtains the following system 

of equations, which he assumes as the best adapted for defining the mean state of the 

atmosphere ; 

[8538"] 

[8538s ] 

[8538* ] 

[8538m] 

Formulas 
of Ivory’s 
method. 

[8538 c] 

[8538cc] 

[8538ar] 

[8538y] 

[8538z] 

[8539a] 

[85396] 

[8539c] 

[8539d] 

[8539e] 

VOL. IV. 135 
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[8539] 

Ivory’s 
theory. 

[8539/] 

[8539g- ] 

[8539h] 

[85397] 

[85397c] 

[85397] 

[8539/n] 

[8539»] 

[8539o] 

[8539p] 

[8539?] 

[8539r] 

[8539a] 

[85397] 

[8539w] 

then as the figure of the strata of the atmosphere is very nearly the same as 

that of the earth, it is evident that the circles which are concentric to this 

p 

(/>) 

P - 3 r-n I 1 f. 

{P)-*0 

_ 3 J. i xf-L 

CL 

l 

h = ^ = 
(?)•/> 

= | -f-i. _P_ 

(P) 

We shall now examine these formulas in the two extreme cases. First, where u is so 

small that we may neglect the square and higher powers of u. Second, where u is so 

large as to correspond to the observation of Gay Lussac [8445g-]. In the first case, 

c~2u = 1—2u ; substituting -ft. 

u h = 1—-£m. 

where u is very small, we have from [56] Int. c~“= 1 

these in [8539,/, g, h, &], and reducing, we get, 

p „ 7 p 
— =1—ft; s = %u.—; —-=1- 
(/>) « (?) 

If we put this value of h equal to that in [8446], we get 1—= l-|-0,00375.# ; and 

by supposing x = —1°, we obtain « = 0,015. Substituting this in s [8539ft], we get 

as __ o,01875ij and by using the value £ = 8894meties [84457], corresponding to the 

temperature at the surface of the earth, in the experiment mentioned in [8445/], it 

becomes as = I66metres ; which represents, according to Ivory’s theory, the elevation 

corresponding to a change of temperature of 1° of the centigrade thermometer, near the 

surface of the earth ; agreeing very nearly with the observations in [8444/]. In ascending 

to the very small height as, we decrease the pressure of the atmosphere from l to l—as; 

hence 
p l —as 

= 1— — , as in [84046]; and by substituting the value of 
l (?) 7 

y = | u [8539ft], it becomes ^ = l îu, 

being divided by A = l- 

as in [8539ft] ; and this last expression, 

u [8539ft], must evidently give, as in [8539ft], 

the —— = — = 1—M. We shall now compare the formulas [8539/—&] with 
(p)-h [p) 
experiment of Gay Lussac [8445g*]. Here we have as = 6980metros [8448]; 

substituting this, and l [8539p], in [8539^, after multiplying it by — , we get, 

2. v = Î « +1 —=1,56960, 7 * 
or -c~u = 0,56960. [S539b] 
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oscillatory circle, will also be nearly of the same curvature as the 

corresponding strata of the atmosphere ; and we may determine the 

From this last equation we obtain successively, 

« = 0,70811 ; cu = 2,03015; c~u — 0,49257. 

Substituting these values in [8539/, h, Æ], we get, 

= 0,49257 ; -^-=0,43008; h =0,87314. 
(P) [p) 

Now from [8445g, w] we have, by observation, (p) — 0met-,76568, p = Qraet-,3312 ; 

P 
consequently —=0,4326, being nearly the same as by Ivory’s theory [8539a;]. 

Moreover the expression of h [8539a;], by the theory, agrees very well with the result 

of observation in [8435/ ; consequently the expression of —, obtained in [8539a;], must 
(p) 

also be very nearly conformable to the theory. Hence we see that this method of Ivory 

gives, with a great degree of accuracy, the temperature and density of the atmosphere in 

these two extreme cases ; and it gives also very nearly the same mean refractions as ha 

Place’s method, as we have observed in [8538r]. 

At the summit of the atmosphere p vanishes, and we must then have c~“=0 [8539/] > 

and u — oo . Substituting this in [8539/], we get 1—f = 

deduce the following expression of x ; 

x — (x)—f. [ 266°6 + (a?) j j 

1+0,00375.* 

l+0,00375.(*) ’ 
hence we 

and by putting, as in [8539e], /= + it becomes, 

x — f .(a;) — 66°,7. 

If we assume, with Bradley, that the mean refraction is 50° of Fahrenheit’s scale, 

corresponding to (a:) — 10° of the centigrade thermometer [8383g], we shall find that 

this last value of x becomes x — —59°,2 of the centigrade thermometer, or —74° of 

Fahrenheit’s scale ; differing a few degrees from the estimate of Fourier [8444y]. If 

the temperature of the planetary space be constant, / must vary with the climate of the 

place, and we shall have, from [8540c], f = We shall here close our 
^soo ,b+(x) 

remarks on Ivory’s method, and shall refer any one who wishes to pursue the subject to his 

memoir, and to two very interesting and important papers of Plana, given in vols. 27, 32, 

of the Mernorie della reale JJccademia delle Scienze di Torino, where the various methods 

of computing the refraction, upon principles assumed by several astronomers and 

mathematicians, as Euler, Mayer, La Grange, Lambert, Kramp, Oriani, Young, Bessel, &c., 

are minutely discussed ; pointing out the peculiarities of their methods, and showing that 

the chief improvement made by La Place consists in introducing the fourth hypothesis, 

[8411,8412]; which is not so satisfactory as that of Ivory [8539/—/]. For greater 

[8539'] 

[8539«?j 

[8539*] 

[8539^/] 

[8539z] 

[8540a] 

[8540&] 

[8540c] 

[8540/ 

[8540e] 

[8540/] 

[8540g-] 

Plana. 

[8540/ 

[8540Î] 

[8540Æ] 
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[8540J 

[8541] 

[8540/ ] 

[8540m] 

Mathieu, 

[8540n] 

refraction of the body, by supposing the earth to be a sphere, with a radius 

equal to that of the proposed oscillatory circle. Hence we see, first, that 

the refraction always takes place in the vertical plane ; second, that the 

refraction is not the same in every direction relative to the horizon, since the 

osculatory circles are not the same in every direction ; but it is easy to prove 

that this difference is insensible, when the object is somewhat elevated above 

the horizon. At the horizon there may be a difference of a few seconds.* * 

accuracy, Plana reduces many of the integrals, which they use, to the form of elliptical 

functions. He particularly discusses, with much care, the hypothesis in [8538s], where 

the decrement of the heat of the atmosphere follows strictly the arithmetical progression of 

the altitudes. But the limits of this work will not allow us to go into any detail on this 

subject ; we shall therefore close this note with the remark, that a very good historical 

account of the writers on the refraction is given by Mathieu, at the end of the sixth volume 

of Delambre’s Histoire de V Astronomie au dix-huitième siècle, published at Paris, 

in 1827. 

* (3951) To compute this, w'e must insert the value of the radius «, corresponding to 

the proposed osculatory circle, in the expressions [8434, 8435]. This will alter a little the 

values of f V [8437, 8436], as well as the expressions [8438, 8439, &.C.] ; and it is 

evident that the effect of this change in the value of a, which at its maximum alters it only 

part, must be very small in SÔ [8440, 8474, &c.]. 

[8541a] 



X. ïi. ^ 11.] TERRESTRIAL REFRACTIONS. 541 

CHAPTER II. 

ON TERRESTRIAL REFRACTIONS. 

11. The terrestrial refraction is nothing more than the part of the 

astronomical refraction, comprised between the origin of the curve of the ray 

of light, and the point where this curve meets the terrestrial object. This 

part being always small, in comparison with the whole refraction, we are 

enabled to use several simplifications, which we shall now explain. 

When the elevation of the object is very small, in respect to its distance, 

instead of giving the refraction in terms of the elevation of the object above 

the horizon, it is much more accurate and simple to express it in terms of 

the angle v [8139], which is found by the radii drawn from the earth’s 

centre to the observer and to the object. We then have,* as in § 1, 3, 

dô — —- 

2K do _ 
—.j-.rdv 
ft2 dr 

1 + 4K 

na 

* (3952) Multiplying the numerator and denominator of the expression of dv [8263c] 
_ . . 4 k 

by y/1 -kp, then re-substituting the value of u [8262m], and that of lv — — [81925], 

vve get, by a slight reduction, the value of dv [8544]. Dividing the expression of dô 

[8262] by that of dv [8544], and then multiplying the result by dv, we get [8545]. 

136 

[8542] 

[8543] 

Differen¬ 
tial formu¬ 
las for the 
terrestrial 
refraction. 

[8544] 

[8545] 

[8544a] 

[85446 ] 

TOL. IV. 
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[8546] 

[8547] 

[8548] 

[8548'] 

[8546a] 

[85466] 

[8546c] 

[8546</] 

[8547a] 

[85476] 

[8547c] 

[8547c?] 

[8547e] 

REFRACTION OF LIGHT. [Méc. Cél. 

The elevation of the object being supposed very small, we shall have very 

nearly,* 
1ÜS 

i being a constant coefficient, depending on the diminution of the heat of the 

strata of the atmosphere, corresponding to their elevations. This value of p 

gives very nearly,! 

2jK , , ia 
6 Ô = — • ( p)« ~y • V. 

nr l 

66 is the sum of the terrestrial refractions at the object and at the observer. 

# (3953) If we suppose the temperature to be uniform, we shall have, from [8299], 

after developing it by means of [56] Int., 

and if we neglect s9, it becomes p = (p). jl--— which is of the same form as 

[8546], supposing i — 1. The more complicated hypothesis relative to the temperature, 

in [8439], can also be reduced to the form [8546], as we shall see in [8555] ; and this 

gives i — 0,7159, as in [8553d]. Ivory’s hypothesis gives, near the surface of the 

earth, w = f. —, nearly [8539n] ; substituting this in the value of p [8539»], we get 
h 

p = (p). î 1 — whence i — 0,8 [8546] nearly, in this hypothesis. 

! (3954) Substituting ds = ~ [8469a] in the differential of [8546], we get, 

, ia . . , ia a.dr 
dp=— —.(p).ds = — y TP)* -gP 5 l r» 5 °r dr 

hence [8545] becomes, by neglecting terms of the order K2, 

rh.— z * v y ,.2 ? 

7a 2K .. ia a j 
dô= —-. (p). — • — • dv. 

n2 v ' l r 

If we also neglect terms of the order sK, we may put — = 1 [8284], and then we have 

= ^ .(p). y . dv ; whose integral is §0 = —. (p). ~r. v, as in [8548]. Hence we 

see that by neglecting terms of the order s2, we shall have the whole refraction 8Ô 

proportional to the intercepted arc v, whatever be the altitude of the observer and object ; 

and that a change in either of these altitudes produces no change in the refraction, always 

supposing the difference in the altitudes to be so small that we can neglect terms of the 

order s2. 
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and this sum is the double of the refraction at either of these points, 

because the refraction is nearly the same at both points;* therefore the 

terrestrial refraction of an object, which has hut a small elevation, is very 

nearly represented by the folloiving expression ; 
K , ia 
- . ( P ). —— . V = the terrestrial refraction. 

?l2 V J l 

* (3955) In the annexed figure 110, C represents the centre of the earth; DO its 

surface; H the place of the observer; A the place of the observed object ; AMU the 

path of the ray ; ALH the chord or line connecting the points A, H ; AJVP, HN, 

tangents to the path at the points A, It, intersecting each other in N; lastly, the line 

CJV cuts the path of the ray in M, and the chord AH in L. Then it is evident that 

the whole refraction of the ray, in proceeding from A to H, in its path AMH, is equal 

to the inclination of the two tangents AJV, HN, which is measured by the external angle 

HNP of the triangle AJVH, or by the sum of the two internal angles NAH, NHA ; 

so that we shall have Sô = NAH -f- NHA. If CH = CA, the triangle CHJV will be 

similar and equal to CAN, and we shall have the angles NAH, NHA, equal to each 

other, whence NHA = %ôô; and as NHA is evidently the 

terrestrial refraction at the point H, we shall have, for this 

K ia 
refraction, the expression . (p). y .v [8548], agreeing 

with the formula [8550]. This result is accurate when the points 

A, H, are equally elevated above the surface, or CA = CH ; 

and we have seen, in [8547e], that a small change in either of 

these altitudes does not materially affect the result ; always 

supposing that we can neglect terms of the order s2, in the value 

of p [8546, &.c.]. Finally, substituting in [8550] the values 

^.(P), a, l [8277, 8278, 8275], we get, 
rfi 

iv 
- :- terrestrial refraction. 
8,5194 

In the case of uniform temperature, we have i = 1 [85465], and then the expression of 

the terrestrial refraction [8549g] becomes as in [8552]. In La Place’s theory of the 

temperature, we have » = 0,7159 [8553c?] ; and by substituting this in [8549g], it 

V 
becomes —-, as in [8556]. Lastly, if we use Ivory’s value f=0,8 [8546cf], the 

J. JL jJ 

V 
refraction [8549g] becomes nearly. These quantities represent the mean values of 

the terrestrial refraction in these different hypotheses ; but it is found by observation that 

the terrestrial refraction varies extremely in different states of the atmosphere, being 

sometimes not more than Nv> and at other times as much as %v. 
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[8549] 

[8550] 

[8549a] 

[8549&] 

[8549c] 

[8549c?] 

[8549c] 

[8549/] 

[8549g] 

[8549ft] 

[8549i] 

[8549ft] 
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[8551] 

Terrestrial 
refraction. 

[8552] 

[8553] 

[8554] 

[8555] 

[8556] 

[8556'] 

[8557] 

[8553a] 

[85536] 

[8553c] 

[8553c'] 

[8553i] 

Mirage. 

[8556a] 

In case the temperature of the atmosphere is uniform, i — 1 [85466] ; and 

then we have, at the temperature of melting ice, and at the height of the 

barometer 0m^tre,76, the terrestrial refraction equal to, 

v 

8,5194 
terrestrial refraction. [ In the hypothesis of a uniform ] temperature. 

If we adopt the law which is used in §7, we shall have very nearly, at low 

elevations,* 

P = (P).{1— w.686,93}; 

u = s—î/,.0,20187 ; 

which give, 

p = (p).[l-S. 571,551], [La Place’s value of p,] 

hence we deduce the terrestrial refraction, as in the following expression ; 

[La Place’s hypothesis of the "I 
temperature [8442]. j 

V 
- = terrestrial refraction. 

11;9003 [ In La Place’s hypothesis of the 
temperature [8442.] ] 

It appears to me that this value ought to be adopted, at least until we can 

obtain, by direct observation, the factor i. The value of i is very variable ; 

it may even happen that, from, some particular circumstances, the density 

of the atmospherical strata will increase with the elevation near the earth’s 

surface, instead of decreasing ; and then the refraction, instead of elevating 

objects, will depress themf From such causes great differences have been 

observed in the terrestrial refractions [8549Æ]. 

* (3956) If we neglect terms of the order s2 or w2 [8438], we shall have, by 

development, as in [56] Int., c_wa348’04=l—m.1348,04 ; substituting this in [8439], we 

get p = (p).{l-f-w.[661,107—1348.04]]; which is easily reduced to the form [8553]; 

whence we get 1—=«.686.93. Substituting this in the value of u [8438], we 

obtain [8554], or u — s. 0,832037 ; hence the value of P [8553] becomes, 

p == (p), {1—s.686,93 X 0,832037 ] = ( P). {1—s.571,551}, 

as in [8555]. Comparing this with the assumed value p == (p).^l— s. [8546], we 

obtain -^=571,551; and by using —=798,37 [8278c?], we get i= 0,7159. With 
l b 

this value of i, we find that the terrestrial refraction [8549,°*] becomes as in [8556]. 

f (3957) The phenomenon of mirage, which is sometimes observed on the surface of 

the sea, and on dry sandy plains, as in those of Egypt, arises from this source; as has been 

shown by Monge. This subject is fully discussed by Biot, in an excellent paper sur les 
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We have no occasion to ascertain these refractions, except for correcting the 

observed altitudes of the object ; and ive can determine these altitudes directly, 

by integrating the expression of dv [8544]. For, if we use the value of 

P [8546], and then integrate [8544] from 5 = 0, we shall obtain,* 

„ . _ 4K . ta 
cos. © -I-2s.sin. ©-—p). —.s—cos.© 

n2 v l 

sm. © • 9 2K ^ 
xa 

7 

Hence we deduce,f 

as = 
air 

~7 

2K 

n2 • 09-rnrl v /.sin."'© ) 
+ av. cot.© ; 

refractions extraordinaires qui s’observent très-près de l’horizon, which is published in the 

Mémoires de l’Institut de France, for the year 1809. This paper contains a full theory of 

these refractions, together with many observations, made by Biot near Dunkirk. 

(1 (fv n2 
*(3958) Substituting -f-—ds [8469a], and — = (1—s)3 [8284], in [8263c], 

then dividing the numerator and denominator by u, we get dv = -> ^s' ~ ... 
° J 6 /u-2— (l— sf.sin.2© 

Now by neglecting terms of the order 7c2, we have u_2 = l-f-fcp—7cif) [8262m] ; and if 

7/CLS 

we use the value of p [8546], it becomes u~2 = 1—&(p). —. Substituting this in the 

preceding value of dv, putting also 1—-sin.2© =cos.2© ; (1—s)2 = I—2s, neglecting s2, 

then dividing by sin.©, we get, 

dv _ _ds_ 

sin.© / ? TcFi 
\^/ cos.2©-]- s. ] 2.sin.2©—Æ(p).y > 

The integral of this expression is as in [8559], as is easily proved by taking its 

differential ; v, s, being the variable quantities ; observing that the term —cos.© is 

introduced into the numerator of [8559] as the constant quantity, so as to make v vanish 

when s = 0; and that 7c is the same as in [81926]. 

f (3959) Putting for brevity, 

A=l— or ^,sin.2© = sin.2© —\ 7c(p). ~, 

we get, from [8559], 

v __ \/cos.2©-j-^Jis.sin©—cos.© 
sin.© “Xsin.2© 

Multiplying this by *#.sin.2©, transposing cos.©, and squaring, we get, 

137 
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[8553] 

[8559] 

Height 
of the 
observed 
object. 

[8560] 

[85566] 

[8556c] 

[8559a] 

[85596] 

[8559c] 

[8559d] 

[8559e] 

[8559/] 

[8560a] 

[85606] 

VOL. IV 
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[8561] 

[8562] 

[8563] 

[8560c] 

[8560tT] 

[8561a] 

[85616] 

[8561c] 

[8361c/] 

[8561e] 

REFRACTION OF LIGHT. [Méc. Cél. 

as being very nearly the height of the observed object, above the level of the 

observer. It is easy to show that this expression agrees with that which we 

obtain by correcting the height by means of the preceding expression of the 

refraction.* * 

To determine as, whatever be the apparent angle ©, we must integrate 

the expression of dv [8544] ; and this integration requires that the law, 

according to which the density of the strata of the atmosphere decreases, 

should be known. If we use that which is assumed in [8412], we may 

easily integrate the expression of dv, by the analysis explained in that 

article ; and from this integral we may deduce the value of s, in terms of 

v. But when the apparent altitudes are rather large, we can obtain this 

value, independent of any hypothesis, relative to the constitution of the 

atmosphere ; as we have seen, in [8501], that the astronomical refraction is 

independent of it. 

[cos.© 4“ Av.s'm.e\2 = cos.2© -j- 2As. sin.2©. 

Developing the first member, rejecting cos.2© from both sides, and then dividing by 

Æsin.2©, we get Sa.cotang.© -f A\A = 2s ; multiplying this by £«, we get as [8560]. 

Now the height of the object is r—a = rs [S284] ; and as r is nearly equal to a, this 

becomes very nearly equal to as, as in [8560]. 

* (3960) If there were no refraction, the ray would proceed directly from the object 

at A, to the observer at O, in figure 106, page 444 ; and if we put the external angle 

AOH, of the triangle COA, equal to ©, and the angle OCA = v, we shall have the 

angle CAO = ©—v ; and since sin.COA : sin.CAO : : CA : CO, we have in symbols, 

by development, 

a.sin.© == r.sin.(©—v) =r.sin.©.cos.v —r.cos.©.sin v —r.sin.©, [cos.w—sin.w.cotang.©^. 

Neglecting v3 on account of its smallness, wTe may put sm.v=v, cos.ti == 1—|t;9, 

[43, 44] Int. ; substituting these in [8561c], then dividing by sin.©, and reducing, we get, 

r—a — r.[ -|tt2 -j-t;.cotang.©] == y av^ -j- av.cotang.©, nearly. 

This represents the altitude r—a very nearly, when there is no refraction. If we now 

suppose the zenith distance © to be decreased by the refraction %ôô [8549e], the 
IgA 

expression cotang.© will become cotang.©-]-[54] Int. j v being unaltered [8570] ; 

ctv M 
consequently the height r—a [8561<7], will be increased by the term |. 5 and by 

K ia2 v2 
using the value of [8549e], it becomes —. (p). . Hence the corrected 

value of the height is r—a = \ «u2. | 1— ] +«ü-cotang.© ; being the 

same as in [8560]. 

[8561f] 
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If we suppose — == 1—5 [8284], we shall have, 

ds.sin.© 

* 

dv — 
cos.2© + 25.(1 — |s). sin.2©— 2cl.^1— (Jyj 

Bj reducing it to a series, we shall have, 

cm 1— 

dv = ds. 1 1—5.(1—|5).tang.2© +J-.sktang.4© -f- - ^ 2qP^ + &e. ( .tang.© ; 

which gives by integration, commencing the integral from 5 = 0. 

, , 2 , s2.(l+2.sin.20) o ) , 
-Js.tang. e-|-gcos-2e ' tanS'"e 5 -tang-®+ 

© a.tang 

cos.2© 

fpds 

(?) 

Let as' he the height calculated without taking notice of the refraction, so 

that 5 = 5'— 55. The refraction does not alter the value of v, because it 

elevates the objects in a vertical plane, and a point viewed from the two 

extremities of a base is seen in the common intersection of two vertical 

planes which pass through these extremities and the observed object ; now 

this common intersection is a radius of the earth ; therefore the value of v 

remains the same as it is when we neglect the refraction. Thus by substituting 

[8564] 

[8565] 

[8566] 

[8567] 

[8568] 

[8569] 

[8569'] 

[8570] 

* (3961) From [8262m] we get, by successive reductions, 

3+&P _ -, k (/>) 

u ‘ w*w 1 i+m (1—(f)) = 1-2a'(1—if))5 [827T] 
[8565a] 

substituting this and 1 — sin.2© = cos.2© in dv [85596], it becomes as in [8565]. If we 

divide the numerator and denominator of dv [8565], by cos.©, we may put it under the 

following form $ 

dv — ds. | 1+25.(1—+).tang.E ©- 
2x 

cos.2© i-(7>)r-tans 
.©. [85656] 

Developing this expression, and neglecting terms of the order 53, &2, it becomes as in 

[8566]. The coefficient of s2, in the terms between the braces in [8566], is, 

|.tang.2©+ f.tang.4© = £.tang.2©. j 1+3. ------ X — .]cos.2©+3.sin.2©} 
C cos.2© ^ 2.cos.2© ‘ 3 

(1 + 2. sin.2©) 

2. cos.2 j 

and by substituting it in [8566], we obtain 

[8565c] 

• tang.2© j 

dv H 
7i « i (1+2.sin.2©) 

ds—sds.tang.2© -j-- 
2.COS.2 © 

Integrating this expression, we get v [8568], 

o o » ) i «-.tang.© ( , pds ) 
tang.2©.52d5 > .tang.© +--—- .< ds — —- > . 

& b 1 COS.2 0 l (/>)) 

[8565rf] 
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[8571] 

[8572] 

[8573] 

[8573'] 

[8571a] 

[85716] 

[8571c] 

[8571c?] 

[8571e] 

[8571/] 

[8573a] 

5'—ôs for s, and neglecting the products s<$5 and a a s, we shall have 

f?ds\ 

* 

0 
a.tang.© 

■55. tang.© -J---—•( s'- 
cos.2© (p) 

Hence we deduce, 

aôs 
a Ç / a.f0sods ) 

= —r • ] as-( ■ cos/© ( (p) ) 

(g).a.fospds [8469e], is the pressure of the atmosphere, at the place of the 

observer, minus its pressure at the observed object.f Let s be the difference 

of the heights of the barometer at these points, the mercury being in both 

places reduced to the temperature zero ; and if we suppose that (p) 

* (3962) If we suppose the coefficient of a, in [8568], to be represented by IS, and 

the remaining terms of v by A, we shall have v = A-\-&B ; A and B being functions 

of 5. Now if we put A and B for the values of A, B, respectively, when there is no 

refraction, or a=0, we shall have generally, by Taylor’s theorem, when s changes into 

/—55 [8569], A = A—(~ySs + &c. ; £ = he. Substituting these 

in the expression of v [8571a], we get, 

v = A—^ B &c. j . 

Now when there is no refraction we have a= 0, and then the expression of v [8o71a] 

becomes v — A; and as v does not alter by the refraction [8570], we may substitute this 

value of v in [8571c], and then by neglecting A, which occurs in both members, we shall 

have 0 = — + neglecting the other terms depending on 5s2, on 

account of their smallness. If we retain only the chief term of-A [8571a, 8568], we shall 

have A = s.tang.© ; whence ^=tang.©; we also have, from [8571a, 8568], 

cos.2 © (. 

fpds 

(/>) 
or B = î^ .5/_££{s 

COS.2© ( (/>) ) 

substituting these values in [8571c?], we get [8571]. Multiplying this by tano. Q 5 an^ 

transposing aôs, we get [8572]. 

f (3963) We have, in [8469c], (g).a,/’* Pds = (/)—p, as in [8573]. Dividing 

this by (g).(p)J = (p) [829S], we set = now ^ is evidently 

equal to the ratio [8573] ; and by substituting it in the preceding equation, then 

multiplying by l, we get [8575]. 

[85736] 
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corresponds to that temperature, and to the height of the barometer 

0metre,76, we shall have, 

a.f0s pels 

(?) 

si 
Qmetr ejQ 1 or 

a l 
0metre,76 

s. 

We must vary this value in the proportion of the supposed density (p) to 

the true density ; but as the value of a. varies in the inverse ratio,* it 

follows that, s remaining the same, the value of °zcl^ds wiU always remain 

the same. By substituting for a its value [8277'], we get, from [8575'], 

— a. = —3,08338.s. 

To obtain the inclination of the visible horizon to the true horizon, when we 

are at any elevation above the level of the sea, we must ascertain the values 

of — in the several parts of the trajectory of the luminous ray, which 

touches the surface of the sea. The preceding expression of dv gives, 

when © = 100°,f 

* (3964) We have very nearly, from [8277'], a = — .(p); so that if (p) varies, 

the value of a will vary in the same ratio; and as a, (p), have an inverse operation upon 

each other in the first member of the formula [8575'], the value, in its second member, 

will remain unaltered by any variation of the density (p) ; as is observed in [8576]. Now 

substituting, in the second member of [8575'], the values of a, l [8277', 8275], we 

get [8577]. 

t (3965) The symbol v' [8140"] represents the angle formed by the radius r, and the 

tangent or path of the ray, at the point A, in the figure 106, page 444 ; and its complement 

expresses the angle of depression of this tangent below the true horizon, which will 

therefore be represented by 100°—v ; so that if the path AO of the ray touch the earth 

at the point Q, making there the angle © = 100°, we shall have 100°~-v' = D, for 

the depression of the visible horizon below the true horizon. Hence we obtain, from 

dv 
[8145], tang.Z) = cotang.F = — ; or, on account of the smallness of the depression, 

dr 
■*-* rdv ’ now we ^ave? by putting sin.© = l in [8263c?], and multiplying by r, 

, au.dr 1 
rdv = ^/r2_a2u2 » substituting this in the preceding value of B, we obtain, 

vol. iv. 138 

[8574] 

[8575] 

[85753 

[8576] 

[8577] 

[8578] 

[8576a] 

[85765] 

[8579a] 

[85795] 

[8579c] 

[8579d] 
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[8579] 

[8579'] 

[8580] 

[8581] 

[8582] 

[8579e] 

[8579/] 

[8582a] 

dr 

rdv 

r 

a 

a 
1 — —2a. I — 

(p). 

= \/ 4—1—20.4. fi— p 
a ,2 tr U) J' 

or very nearly, 

dr 

rdv 
^_2a.^1* *_— [Depression oftbe liorizon.J 

We must observe that 
dr 
j is the tangent of the angle of depression of the 

visible horizon, at the height as ; and this tangent may be taken for the 

angle itself [8579c]. 

If the height is rather small, we shall have, for the angle of depression. * 

2s/l_a.y 
[Depression of the horizon "] 

when s is small. J 

a u y a2 

and by using the value of u~2 [8565a], it is reduced to the form [8579"]. Finally, by 

neglecting terms of the order s2, we have — =l-j-2s [8284] ; substituting this in [8579"], 

and neglecting as, we get [8580]. 

* (3966) When s is very small, we have 1— ~ = — [8546] ; substituting this in 

[8580], we get [8582]. 
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CHAPTER III. 

ON THE EXTINCTION OF THE LIGHT OF THE PLANETS IN THE ATMOSPHERE, AND ON THE SUN’S 

ATMOSPHERE. 

12. The extinction of the light of the heavenly bodies, in passing through 

the atmosphere, has so near a relation to the theory of refraction, that we shall 

here take notice of it ; and shall put, 

s = the intensity of the light of a body, when it has arrived at a stratum of 

the atmosphere whose radius is r, and density p ; its intensity, at the 

time of its entrance into the atmosphere, being taken for unity ; 

we shall then have,* 

ds = —Q. p. s.\f dr2 -j- r2dv2 ; 

[8583] 

[8584] 

[8585] 

[8586] 

* (3967) In figure 106, page 444, we have AF—dr, A'F=rdv; whence we get 

diJF = fdr^fr^dv2, representing the arc described by the ray in the time dt. 

Multiplying this by the intensity of the ray s, and by the density p, we get 

p.s.\/dr2-\-r2dv2 which is proportional to the decrement of density ds [8587] ; so that by 

taking Q for the constant ratio of these quantities, we shall have, as in [8586], 

ds — —Q. p. s.\fdr2-\-r2dv2 = —p. s.dr. p_j_ 
,-2 dv2 

dr2 
rdv 

Now we have, in [8263d], — =-^====^= ; and by substituting its square in the 

first member of the following equation, we get, 

[8586a] 

[85866] 

[8586c] 

1 + 
r2dv2 

dr2 

u -l 

V/?’2— a2. u2.sin.2 © 
u-2— — .sin.2© 

j-2 

[8586tf] 

substituting this in ds [8586c], and then dividing by s, we get, 

— =~q.p.dr. 
U" 

u 2 — a—.sin.2© 

Multiplying the numerator and denominator of the last factor of this expression by 

[8586e] 
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[8587] 

[8588] 

[8589] 

[8590] 

Q being a constant coefficient. For it is evident that the differential ds of 

the intensity of light is proportional to the product of its intensity s, by the 

density of the stratum p, and by the arc described by the ray of light. 

Substituting the value of rdv, given in the preceding chapter, we shall have, 

ds 
1 + f .(p) 

. , 4K ( , iK , A a2 
sin.2© 

4 K to be 
CIS / 

In this expression of — we may suppose the factor \ X i _j_ 

equal to unity. If the body is sensibly elevated above the horizon, the 

denominator will be reduced to cos.© nearly. Then by integration, 

observing that* fpdr = (p)./, we shall have, as in [8590<f], 

v/ï+m7)> 

[8586/] 

and then substituting u />) = \Zl-\-kp [8262m], we obtain, 

— = — q.?.dr--u~1-v/l±iLf)---^ 

£ u-».[l+*(P)]-.[l+*(p)].^.sm*0 

l+Æp-[l+7c(p)].^.sin.2e 

[8586g] 

which is the same as in [8588], using k=~ [81926]. If we divide the numerator and 

denominator of this last expression by y/ithe new denominator will be, 

v/T-G^H 
and as Jc is of the order 0,0006 [8277, 81926], “ = 1 nearly, this denominator becomes 

very nearly equal to \/l—\sin.s© = cos.© ; t therefore the expression [8586/] is very 

[8586k] nearly represented by - = —Q. p. dr. —=-. p.dr - which may be used when 
g COS* 0 COS»0 

[8586i] the object is somewhat elevated above the horizon, so that cos.® may have a sensible 

value. 

*(3968) Putting —=1 nearly, in [8294], we get dp = —(g).p.dr; whose 

[8590a] r ,, , . . . 
integral is p —(p)—(g).f?.dr-, (p) being the constant quantity added to the integral, 

so as to make p equal to (p) at the surface of the earth, where fp.dr = 0. At the 

[85906] entrance 0f tpe pght int0 the atmosphere, p becomes 0, and we shall suppose that r then 
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log-8 
Q-(p y. 

COS.0 

If we put E for the value of s, or the intensity of the light at the zenith, 

where cos.© = 1, we shall have,* 

logJ5 = — Q.(p)./; 

log.E 

cos.® 1 

[8591] 

[8592] 

[8592'] 

[8593] 

becomes r ; hence we have 0 = (jp)—(g).fJP.dr, or (g).fav P.dr=(p) = (g).(p).l, 

[8298]; dividing this by (g), we get f*p.dr=(p).l, as in [8590]. Substituting this 

in the integral of the equation [8586A], we get, 

log. s =-— ./r p .dr 
° cos.© Jar COS.0 

as in [8591]. 

* (3969) At the zenith, where cos.© = l, and s = E, the equation [8591] 

becomes log.-E =—Q*(p)i, as in [8592'J ; substituting this in the second member of 

[8591], we obtain [8593]. Moreover we have, in [8298], (p)j= — ; and as (g) is 

given, (p) J must be proportional to (p), or to the height of the barometer, as in [8594]. 

Now if we put, as in [8290'], c equal to the number whose hyperbolic logarithm is unity, 

and take the constant quantity f so that E=c~f, or hyp. log JE=—f the equation 

[8593] will give, 

_l_ _f_ 
. / i i cos-0 cos.© 

hyp.log.s = ———== hyp. log. c ; or, s=c 

Hence it appears that if a heavenly body be observed, whose zenith distance is 0, the 

intensity of its light, which is represented by unity upon entering into the earth's 

COS.0 

atmosphere [8585], will be reduced to c , at the eye of the observer. The same 

process will answer in finding the decrement of the intensity of a ray of light, in passing 

from the surface of the earth to the summit of the atmosphere, by taking the integral of 

ds Qp.dr rnrnn/n . 
— = —[8586AJ, in an inverse order ; or from the surface of the earth to the 
S LOS.0 

summit of the atmosphere. In this case we shall have the same equations as in 

[8590—8593], supposing the intensity of the ray, at the surface of the earth, to be 

represented by unity; then its intensity, upon quitting the atmosphere at the zenith, will 

f 
COS.0 

be E — c~f [8593c]; or s = c , if the zenith distance be © [8593/]. In like 

manner, if the intensity of a ray of light, proceeding from a luminous place upon the sun's 

body, be represented by unity, it will be reduced to E = c—/ upon quitting the sun's 

vol. iv. 139 

[8590c] 

[8590 d] 

[8593a] 

[85936] 

[8593c] 

[8593d] 

Effect of 
the earth’s 

[8593c] 
atmos¬ 
phere on 
the inten¬ 
sity of 
light. 

[8593/] 

[8593g-] 

[85936.] 

Effect of 
the sun’s 
atmos¬ 
phere on 
the inten- 

[8593d] 
sit.y of 
light. 

[85936] 
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[8594] 

[8594'] 

Intensity 
of the 
light of the 
heavenly 
bodies. 

[8595] 

[859G] 

Formula 
for the 
intensity. 

[8597] 

[8598] 

[85932] 

[8593m] 

[8593n] 

[8593o] 

[8595a] 

[85956] 

[8595c] 

(p).Z being proportional to the observed height of the barometer [85936] ; it 

is plain that log.E, and generally the logarithm of the intensity of the light 

of any heavenly body, is proportional to that height of the barometer. It is 

also evident that the two preceding logarithms may be considered as tabular 

ones in the equation [8593], as in [8593w, o]. 

We may easily obtain the value of E by comparing the intensities of the 

light of the same heavenly body, as for example, that of the moon, at two 

different heights.* * In this way, B ouguer found that the light of a body, seen 

in the zenith, is reduced, after having passed through the atmosphere, to 

0,8123. The tabular logarithm of this number is log.-E = —0,0902835; 

therefore, by dividing this logarithm by the sine of the apparent altitude of the 

heavenly body, we shall obtain the logarithm of the intensity of the light at 

that altitude. 

Very near the horizon, the diminution of light depends, like the refraction, 

upon the constitution of the atmosphere. If we adopt the hypothesis which 

we have given in [8411, 8412], we shall easily obtain, by the analysis of 

that article, the corresponding value of the intensity of the light. But we 

may, without fear of any sensible error, use the hypothesis of a uniform 

temperature. In this hypothesis, we havef p dr = —/e/p; therefore, by 

j 

atmosphere at the zenith of that place, or to s = c , if the distance from the 

zenith of that place of the sun’s body, or the inclination to the vertical, be represented by 

©. We may finally remark, that we may use either tabular or hyperbolic logarithms 

in [8593], because they are proportional to each other, and occur in both members of the 

equation ; and the same may be done in the expression of log.E [8592'] ; taking care, 

however, to adapt the constant quantity Q to the kind of logarithms which are used ; 

being the tabular logarithms in [8596, &c.]. 

* (3970) At the zenith, where cos.e=l, the observed intensity of the light is E, 

[8585, 8592] ; the general value, corresponding to any zenith distance ©, being s, 

[8585, 8584]. Now if the ratio of these intensities is observed, and found to be as 1 to 

b, we shall have s=bE, or log.s = log.ô-j- log.E; substituting this in [8593], we 

get log.6 + log..E = ; whence log.JE = - . log.6 ; whence we easily deduce 

the value of E, as in [8596]. 

do ads dr 
t (3971) The differential of the logarithm of [8299], is j = — — = — J nearly, 

[8559a] ; multiplying this by —Ip, we get —ldp = p.dr, as in [8598]. 
[8598a] 
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putting the element of the refraction equal to dô, we shall have very 

nearly, * 
ds H. dô 

s sin.© 

11 being a constant quantity. Therefore the logarithm of the intensity 

of light, of any heavenly body, is proportional to its refraction, divided by the 

cosine of its apparent altitude [8599//]. 

We have seen in [8503], that, at the apparent altitude of 50°, the 

refraction is 186//,728 ; and in the hypothesis of a uniform temperature, 

the refraction in the horizon is 7390",71 [8370] ; hence we easily find that 

the light at the horizon isf ■ 1 . We may, by these formulas, determine, 

in an eclipse of the moon, the quantity of light which falls upon the moon’s 

AK AK ... a 
*(3972) If we neglect — .(p), — .(P), in comparison with 1, and put - = 1, 

Ti¬ 

ns we have clone in the preceding notes, we shall find that the radical, in the denominator 

of the value dô [8262], becomes \/\—sin.2A = cos.© ; consequently this expression of 

2 K pdr sin.© 

n2 Z ' cos.© 

2 K sin.© 
dô is reduced to dô — — ——. d 0. —— 

n3 cos.0 
[8598] ; but from [8586A], we 

have-^-= — .77; hence by substitution dô =—— . . — .sin.© ; and by 
cos.© s Q J Ti2 QZ s J 

putting = 775 it becomes dô — — Jf • ~.sin.©; multiplying this by 
tiS.QZ H 

get [8599]. Its integral is log.s =—H. 

This result is the same as in [8600]. 

H 

ÔÔ 

sin.© 

H 

sin.© 
we 

ëô being the whole astronomical refraction. 

7 (3973) If we put s' for the value of s, when the zenith distance is ©=50°, and 
1 RfV* 79ft 

the refraction SÔ = 186",728 [8601], we shall have log.s'=—H.-~—[8599c/]. At 

the horizon, where © = 100°, and the refraction 5Ô =7390",71 [8601], we shall suppose 

that s becomes s", and we shall have log.s" =—Af.7390",71 [8599c/]. Dividing the 

expression of log.s", by that of log.s', we get, 

log.£" 7390",71 Vè 

log.s' 186,728 
39,5801./! ; or log.s" = 39,5801 ./pog.s'. 

Now when © = 50°, we have, from [8593], log.s' = 
lo g.E 

~v/T 
hence, 

log.s" = 39,5801 X log.-E = —3,57343, 

using the value of log.E [8596]. The natural number corresponding to this logarithm 

Is aryv J hence we have s" = T, which differs a little from the result in [8602]. 

[8599] 
Expres¬ 
sion of the 
intensity, 

[8600] 
in terms 
of the 
refraction. 

[8601] 

[8602] 

[8599a] 

[85995] 

[8599c] 

[8599c/] 

[8602a] 

[86026] 

[8602c] 

[8602c/] 
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[8602'] 

[8603] 

[8604] 

Sun’s light 
most in¬ 
tense near 
the centre 
of its disk. 

[8605] 

[8605'] 

[8606] 

[8606'] 

[8606a] 

[86066] 

[8606c] 

[8606c?] 

[8606e] 

[8606/] 

disk, in consequence of the refraction of the sun’s rays in passing through 

the earth’s atmosphere, taking also into consideration the extinction of the 

light during that passage. 

13. According to the experiments of Bouguer, the light of the sun’s disk 

is less intense, near its limb, than at its centre. At a distance from the limb 

equal to a quarter of the semi-diameter, he found the intensity of light to 

be less than at its centre in the ratio of 35 to 48. Now any portion of the 

sun’s disk, when it is transported by the sun’s rotatory motion from the 

centre towards the limb of its disk, ought to appear with a more brilliant 

light, since it is viewed under a less angle ; and it is natural to suppose that 

each point of the sun’s surface emits an equal quantity of light in every 

direction. We shall put © for the arc of a great circle of the sun’s surface, 

included between the luminous point and the centre of the sun’s disk, the 

sun’s radius being taken for unity ; a very small portion a. of the surface, 

being transported to the distance © from the centre of the disk, will appear 

to be reduced to the space* a.cos.© ; the intensity of its light must therefore 

be increased, in the ratio of unity to cos.©. But on the contrary it appears 

to be diminished. This difference is easily accounted for, by means of the 

atmosphere surrounding the sun. We have seen in the preceding article 

* (3974) We shall suppose, in the annexed figure 111, that F is 

the sun’s centre ; FAB the line drawn towards the observer on the 

earth; AC' the sun’s surface; BDE the surface of the sun’s 

atmosphere ; AA' — CC' an infinitely small arc of the sun’s surface ; 

the line H Cl is perpendicular to FAB ; and the lines A'B', CD, 

C'lD', parallel to AB ; lastly, the angle CFA — ®. Then if a part 

of the sun’s disk, whose base is AA', height above the plane of the 

figure h, and area hxAA' = &, he transferred, by the sun’s rotatory 

motion about its axis, which is supposed to be perpendicular to the 

plane of the present figure, until the arc AA' arrive to the situation CC', the base CC', 

when viewed from the earth, will appear under a less angle than when in the situation AA' 

in the ratio of cos.© to 1 ; so that the apparent magnitude of the base CC' is reduced to 

Cl— AA'.cos.©. Multiplying this by the height h, which is not altered by the rotatory 

motion, we get hxAA'Xcos.© = a.cos.© [8606c], for the reduced value of the part a. 

Now the part CC' sends forth as many rays in a direction CD, parallel to AB, as the 

part AA' does in the direction parallel to AB. Therefore the intensity of the light at C, 

to that at A, must be as AA' to Cl, or as CC' to Cl', that is, as 1 to cos.©, as 

in [8606']. 
[8606g-] 
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_f__ 
cos.© 

that the intensity of light which results from it is equal to* c , c being 

the number whose hyperbolic logarithm is unity. Now the intensity of 

light is c~f at the centre of the disk ; therefore at a point which is distant 

1 cos.© 

from the limb by a quarter of the semi-diameter, it will be ? 

[8607/] ; sin.© being equal to f- ; therefore we shall have,f 

-fV¥ 35 -/ 

C 48 *C 

This equation gives the following value of /; 

/= 1,42459; 

* (3975) We have seen in [8593Æ, Z], that a ray of light, ivhose intensity is represented 

by unity at the surface of the sun’s body, will be decreased to c~f, in passing vertically 

through the sun’s atmosphere, in the direction JIB or CE, in fig. Ill of the preceding 

note. Moreover, if the ray pass through the sun’s atmosphere in the oblique direction CD, 

forming the angle ECD=e, with the vertical F CE, its intensity, upon quitting the 

_f_ 
COS.0 

sun’s atmosphere at D, will be represented by c [85937]. This intensity at the 

point D is to be increased in the ratio of 1 to cos.©, as in [8606], because it is 

supposed that as many particles of light proceed from the surface CC, between the 

parallel lines CD, CD', as in a vertical direction, or parallel to CE. Hence the 

_f_ 

intensity at the point D becomes cos'e , as in [8609]. 

f (3976) If the point C of the sun’s disc, figure 111, page 556, be supposed to be 

distant from the sun’s limb by i of the semi-diameter, we shall evidently have 

sin.CFA = sin.© = § ; whence cos.© = ^/T7¥. Substituting these in the expression of 

_ —fV~f 
the intensity at the point D [8607/], it becomes \/isl.c ; while at the centre of 

the disk, at B, it is represented by c~f [8593/]. Now, according to the observations of 

Bouguer, these quantities are to each other as 35 to 48 [8604] ; hence we easily obtain 

the equation [8610] ; or, as it may be written, 

35 Ç7 

48 * 4 ’ 
whence f - 

hyp- log- H 4 
4 

77 

= 1,42459..; 

as in [8611]. This value of f represents the hyperbolic logarithm of cf; whence we 

get c~f [8612], nearly. 

557 

[8607] 

[8608] 

[8609] 

[8610] 

[8611] 

[8607a] 

[8607] 

[8607c] 

[8607] 

[8607e] 

[8607/] 

[8609a] 

[8609] 

[8609c] 

[8609] 

[8609c] 

[8609/] 
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[8612] 

[8613] 

[8614] 

[8614'] 

The bril¬ 
liancy of 
the sun is 
decreased 
by its at¬ 
mosphere. 

[8615] 

[8616] 

[8614a] 

[86146] 

[8614c] 

[8616a] 

[86166] 

[8616c] 

[8616d] 

[8616c] 

[8616/] 

whence we obtain, 

c-' = 0,240686 = E. [8593c] 

From this it follows that the intensity, at the centre of the sun’s disk, is 

reduced, by the extinction of the light in the sun’s atmosphere, from 1 to 

0,240686. A column of air at the temperature zero, and under a pressure 

corresponding to the height of the barometer 0metre,76, must have a height 

of* * 54622metrcs, to decrease the light in this manner. This will therefore 

be the height of the sun’s atmosphere, reduced to the preceding density, if, 

with the same density, it extinguishes the light as in our atmosphere. 

Hence we see that the sun would appear much more luminous, if the 

atmosphere which surrounds it were taken away. To determine how much 

its light is weakened, we shall observe that, by supposing the sun’s 

semi-diameter equal to unity, and putting cos.© = x, the whole light will 
_/ 

bef 2«.f’dx.c %. It is true that the intensity of the light is sensibly 

* (3977) Substituting the value of log.JE [8596], and that of l [8275], in [8592'], 

after dividing it by —l, weget Q.(p) = 0*y974i~ = * Now upon the }TPothesis 

assumed in [8614'], Q-(p) is the same for the sun as for the earth ; therefore this 

value of Q.(p) will correspond to the sun’s atmosphere ; and by substituting it in the 

equation [8593a], we get l— •—88322metres.log.jE ; and since log.jE = —0,6185492, 

[8612], we get 1= 88322metres X 0,6185492 ; being nearly the same as in [8614], 

which represents the height of the sun’s homogeneous atmosphere, supposing it to be of a 

uniform density, as in [8614]. 

f (3978) We shall suppose the arc CC', figure 111, page 556, to revolve about the 

line FAB, as an axis, so as to describe, by its revolution, an annulus, whose surface is 

2tf.CH.CC'; 2ff being the circumference of the circle AC, whose radius is unity, 

[8605']. Now AC = e [8605]; hence CH = sin.©, CC' = d©; therefore the 

* expression of the surface of this annulus is, 

2 tf.CH.CC' — 2‘7r.sin.©.d© =—2-tf.d.cos.© = —2 tf.dx. [8615] 

To obtain the intensity of the rays which proceed from this annulus, in the direction 

parallel to FAB, we must multiply the surface of the annulus —2if.dx [8616/], by the 

/ „ f 

expression of the intensity [8593/], c c°s'0, or c x [8615]; and it becomes 

—2rt.dx. c x . Its integral between the limits x = 1 and *=0, gives the whole 

intensity of the sun, supposing it to be covered with an atmosphere ; hence this intensity 



X. iii. $ 13.] IN THE SUN’S ATMOSPHERE. 559 

_ / 

proportional to c x , only between the limits © = 0 and © = 88° ; and 

beyond this last limit the intensity follows another law [8616^, o,p]. But 

the sine of 88° differs so little from unity, that we may neglect the portion 

of the solar disk which corresponds to this difference, or else assume, as in 

the other parts of the disk, that the intensity of light is proportional to 

c * . Therefore if we suppose that the intensity of the sun’s light is 

represented hy unity, when its atmosphere is taken away, or f equal to 
_ / 

nothing [8616A], we shall have f1 dx. e * for the expression of the 

intensity, in its decreased state, by the action of the sun’s atmosphere. 

To obtain this integral, we shall put y — q, and 2 = — ; and then it 
. (/ CfOC 

[8617] 

[8617'] 

[8618] 

[8619] 

[8619^ 

[8620] 

_ / _ / 

is expressed by —2t.f1°dx.c x; or, as it may be written, 2tff01dx.c x, by merely 

changing the order of the limits of the integral. If we suppose /= 0, as in [8619'], the 

_ / 

intensity of any ray c co&'0 [8616e], becomes equal to unity, being the same as when 

the atmosphere is taken away [8593k~\ ; and in this case the expression [8616g] is reduced 

to the form 2tf.fd dx — 2tf. Hence it appears, that if the sun’s atmosphere be taken 

away, the whole intensity of the light, proceeding from the sun’s body, will be represented 

by but if it have an atmosphere, the whole intensity will be 2tf.fjdx.c x [8616g]; 

so that if the whole intensity of the sun’s light, undiminished by the atmosphere, be 

represented by unity, its actual intensity, when diminished by the action of its atmosphere, 

will be represented by fjdx.c x , as in [8619']. These results require some modification, 

in consequence of the terms which are neglected in [8589, &z;c.] ; since these terms impair 

the accuracy of the formula [8609], wThen © becomes large; in the same manner as we 

have seen, in [8483], that the formula for the refraction [8474] cannot be used when © 

exceeds 88°, on account of the neglect of similar quantities in computing that formula. 

The effect of these neglected terms, in computing the intensity of the sun’s light, are not 

however of much importance, because sin.© is nearly equal to unity, as is observed in 

[8617']. 

[8616g] 

[8616A] 

[8616»] 

[8616*] 

[8616* ] 

[8616m] 

[8616»] 

[8616 o] 

[86%] 

[8 616?] 
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[8621] 

[8622] 

[8623] 

[8624] 

[8625] 

[8620a] 

[86206] 

[8620c] 

[8620c?] 

[8620e] 

[8620/] 

becomes,* 

1 

the limits of the integral being from z = co 

1.2 1.2.3 1.2.3.4 
1-h 

z* 
+ &c. | + constant. 

to 

The integral must be taken from z — cù to z — — =f\ so that the 

constant quantity is nothing ; consequently the integral becomes, 

/i dz C * x 
7 ----g - = q.c~f.[\-\.2.q-{-1 *2.3.^r9-l.2.3.4.g3-f&:c.}= f^dx-c . [86l9^&c] 

/ 

We can reduce this series to a continued fraction, by the method explained 

in [8340, &c.]. For this purpose we shall put, 

u = 1 —2q.(l—t) + l.2.3.q\(l— tf—&c. ; 

and we shall have,f 

* (3979) If we change, as in [8620], the constant quantity f into —, and the 

1 f 
variable quantity «into —, we shall get — = z; substituting these in [8619'], it 

becomes as in [8621]. The limits cc = 0, æ = l [8619'], being substituted in z [8620a], 

give the corresponding limits of z, as in [8621]. Now we have generally, 

*dz. c~z c~z fdz.c~z 
—m.l - 

/dz. c~z 

qzm qz V qzm+l ’ 

as is easily proved by taking the differential and reducing ; therefore if we put successively 

m — 2, m = 3, ni — 4, he., we shall get, by repeated substitutions, 

•dz. c~z __ c~z 9 fdz.tr1 __ 9 9 o f*dz.<r* 

3 ~ qz* + J qz3 qz3 ' qz3 “V qz4 

= —s —2. —3 + 2.3. —4 + 2.3.4..fd~ ; &c. 
qz3, qz3 qzA qzb 

This last expression is easily reduced to the form [8622] ; which vanishes at the first 

limit z=co [8623] ; and at the second limit z = — [8623], it becomes as in [8624]. 

f (3980) Multiplying [8625] by (1—ff, we get, 

= tf—2?.(1—?)3 + 2.3.£2.(l—04— &c. 

Its differential, being multiplied by , considering u, t, as the variable quantities, gives, 

[8626a] 



X. iii. <§> 13.] IN THE SUN’S ATMOSPHERE. 561 

q. — .(1—tf—-2qu.(\—t)—u -[-1=0. 
U V 

We shall consider u as the generating function of yr, so that we shall have, 

u=yiJryz-t + y3.tQ.+ yr+i- tr + &c. 

Substituting this value of u in [8626], and then putting the coefficient of 

tr~x equal to nothing, we get the following equation of finite differences ;* 

qr.yr+1 —(2qr+\).yr + qr.y^ = 0 ; 

in the case of r = 1, this coefficient will give, 

0 = qy^—(2q + l).y1 + 1 ; 

which may be included in the preceding equation, by supposing y0 = —. 

Now the equation of finite differences in yr [8629], gives,! 

f~l __ 2gr+ 1 __ Vr±1 
f îr f 

flij 
q. — . (1—t)2—2qu.( 1—t) — —2§,.(1—^)-j-2.3.^2.(l—(f-—2.3.4.§3.(1—jf)3-|-&c. 

Adding 1 to both members of this equation, and then substituting for the second member 

du 
its value u [8625], we get q. .(1—tf—2qu.( 1—t)f-\ = u, as in [8626J. 

(It 

d.[ut) du 
easily reduced to the form [8626d], by observing that — = —. t -f- u 

at (It 

d.(ulZ) __ du 

dt — dtmt ^Zut’ 

du d.iut) . d.(ut%) 

1-n -*?• ~g- +?• ~it—“+1 = °- 

This is 

and 

* (3981) Substituting the value of u [8827] in the first four terms of the equation 

[8626d], and retaining only the quantities depending on P-1, we get the four following 

terms respectively ; 

{qr.yr+i —2qr.yr + qr.yr_x — yr).tr~\ 

Now to satisfy the equation [8626] for all values of t, the coefficient of tr~l must be put 

equal to nothing ; hence we get [8629], by a slight transposition of the terms. The 

coefficient which is independent of t, being also put equal to nothing, gives [8630]. 

! (3982) Dividing [8629] by qr.yr, and transposing the two first terms, it becomes 

as in [8632]. Now if we multiply the assumed equation [8633], by 

(l“h?‘[r—1]+0- — , it becomes l-j-ffi[r—1] -fzr= qr.Vdzl ; and by substituting 
Vr yr 

the value of [8632], we get \-\-q.(r—1 )-\-z = 2qr-\-1—qr.^t1; or by reduction 
yr yr 

[8626] 

[8627] 

[8628] 

[8629] 

[8630] 

[8631] 

[8632] 

[86266] 

[8626c] 

[8626c?] 

[8629a] 

[86296] 

[8632a] 

[86326] 

VOL. IV. 141 



562 EXTINCTION OF LIGHT [Méc. Cél. 

[8633] 

[8634] 

[8635] 

[8636] 

[8637] 

[8632c] 

[8632d] 

[8632e] 

[8632/] 

We shall now suppose, 

and we shall have, 

Hence we deduce, 

therefore,* 

Vr qr 

Vr-1 1+2* (r— l)+*r’ 

f n ç2.r.(r+l) 
2, = g.(r+l)— - ; 

zr = 
q.(r+l) 

14- 
qr 

1 -\-zr+1 

Zi = 
2q 

1 + 

1 + 3 q 

1 + 
%q 

1 + 4 q 

1 + 3? 

y± _ ? _ _JL 

Vo 1+2. 1+Hi. 

1 + 

1 + 3? 
2q 

1 + l+&c. 

z -Q.(rA-l)—qr.ÿliL1. If we substitute, in this, the value ^±1 = /(r+l)_ 
r y yr yr 1-f ?r+^,+1 

Q^T (v I • 1 ^ 
deduced fiom [8633], by writing r+1 for r, it will become gr=q.(r+l)—• ^ ^ y -, 

as in [8634]. This may also be put under the form, 

1+ qr 

1-hVfi 

as in [8635]. From this we get, by putting successively r= 1, r — 2, r — 3, &c.. 

2q 

1+ 
 3 q 4 q 

l+Z2 ' l+*3 

and by successive substitutions we obtain z1, as in [8636]. 

1+ 3g 
, &c. ; 

*(3983) Putting r = l in [8633], we get h = ; and by substituting 

[8636], it becomes as in [8637]. 
[8637a] 
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Patting the two expressions of u [8625, 8627] equal to each other, we get,* 

yl = 1—1.2 .q+ 1.2.3./—1.2.3.4.$* + &c. 

Moreover we have y0 = — [8631] ; hence we obtain, f 

* (3984) The part of u [8625], which is independent of t, is evidently equal to 

1—2y-f-1.2.3.g2—he. ; and the corresponding part of u [8627], is yl. Putting these 

two expressions equal to each other, we get [8638]. 

t (3985) Substituting y0 = - [8631], in [8637], we get qyl = —^- 
? , . 2 q 

1 + 
1 + 

1 -{- he. 5 

multiplying this by c~f, and then substituting the value of yt [8638], we obtain [8639]. 

The first member of this expression is the same as the value of fydx.c x [8624] ; and 

by using the symbols [8641], supposing also the fraction [8645] to be represented for 

brevity by F, we shall have, 

— L q.c~f 
fy dx. c = q.c~f.F= 

1 -|- 
cU) 

1 -f- 
pcn 

1 + 
p(3) 

1 + &,C. 

The continued fraction F, arranged as in the second member of [8645], is similar to that 

in [8362a] ; changing the numerators q, 2q, 3q, he. into s(1), s(2), s(3), he. respectively ; 

also i into r. Hence we obtain, as in [86326], the following series of fractions for 

determining the value of F; 

Value of r-f-1. 0 i 2 3 4 5 he. 

Upper index. 0 l 1 1 1 1 he. 

Fractions. 
1 0 _ • 1 l 1+8& (1+SW)+S<3)  

he. 
0 ’ 1 5 TJ 1 + S6>’ l-[-£(C_ps(2)_J_g(3)t ^l-j-£di) » 

Abridged forms 
of the fractions. 

1 

IT’ 

0 - ■ o 
1? 

JY(1> . 
j)m 5 

JV® . 

ZT2>’ 

JY& _ 

D&) J 

jyw _ 

Dw ’ 
he. 

Lower index. l s® ° A3) . 
* ? s(4) ; gl5) . he. 

Hence Na) = l • 

y N™ = i; 
JV(3) __ l_J_g(2) _ = N<®+&.NW; 

N<4> = (1+S®)_p8(3) = iVi3îq-s(3).2VW), he. ; 

as in the general formula [8643]. In like manner, 

i)(1) = 1 ; iD^ = l-f-sa); JD®===(i_j_s(i))_|_g(2)=:2)^+s(2\j5^; 

jD(4)= (l+sa)_|_s«o)q_g(3\(1_|,ga)) he.; 

as in [8644]. 

[8638] 

[8638a] 

[8639a] 

[86396] 

[8639c] 

[8639c?] 

[8639c] 

[8639/] 

[8639g-] 

[8639/t] 

[8639i] 

[8639Æ] 
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[8639] 

[8640] 

[8641] 

[8642] 

[8643] 

[8644] 

[8645] 

[8646] 

The sun' 
would be 
twelve 
times as 
brilliant 

[8647] 
if its at¬ 
mosphere 
were re¬ 
moved. 

q.c /(I—1.2.qf1.2.3.—&c.) = 
q.c' -f 

1 + 
2q 

= ft dx.c 

1 + 
1 + 3q 

1 + 
2q 

1 —{—&£C. 

We shall put, 

s(1) = 2q; sW = q' s(3) = 3g; s(4) = 2^; a(5) = 4q; s(6) = 3q; s(7) = 5g, &c.; 

and shall then form a series of fractions, beginning with y and * 

This series is to be continued, bj^ putting N{r) for the numerator, and 

D(r) for the denominator, of the rth fraction ; and then computing their 

values, by means of the following formulas ; 

JV(r) _ ftfir-1) _J_ g(r-l)< jy(r-3) . 

DO') = £)(r-D y g (—i). LK'-s). 

Then the values of the following fraction, 

1 =0+ 1 

1 + 
2 q 

1 -f- 

1 + 
c(l) 

1 + 
:(2) 

i-j- &-c. 1 i T &-c* 

which occurs in [8639], will be included between the two fractions 

07 

— and Hence we find that ft dx.c * is nearly equal to* T\ ; 
J)(r) JJ\r-hi) 

and it follows, from [8619], that if the sun's atmosphere were taken away, it 

would appear twelve times as luminous. This result depends however on 

the experiment of Bouguer, which ought to be repeated several times with 

much care, upon several points of the sun’s disk. 

[8646a] 

[86466] 

* (3986) We have, in [8611, 8620], q = j = jy^ = °/C nearly. Substituting 

this in [8641], we get sU)s a(2), s[3\ &c. ; hence we can form the series of fractions 

[8639/]. The fifth of these fractions is 0,50, and the sixth 0,48 nearly. Their mean 

gives nearly JF = 0,49. Multiplying it by q = 0)i, and by c -^ = 0,24 [8612], we 

obtain F.q.cr* = 0,08, or TV nearly, as in [8646]. 
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CHAPTER IV. 

ON THE MEASURE OF HEIGHTS BIT A BAROMETER. 

14. The measure of heights by a barometer depends, like the theory of 

refraction, upon the law by which the density of the strata of the atmosphere 

decreases. We shall use the following symbols ; 

a = the distance from the centre of the earth to the lower station of 

the observer ; 

a + r = the distance from the centre of the earth to the upper station of 

the observer ; 

(g) — the force of gravity at the lower station ; 

g = the force of gravity at the place of the particle of air ; 

(p) = the pressure of the atmosphere at the lower station ; 

p = the pressure of the atmosphere at the place of the particle of air ; 

P — the density of the air at the distance a -f- r from the earth’s centre ; 

z — the heat of a particle of air at the distance a -f r from the earth’s 

centre ; and when r — 0, z becomes equal to q [8657, 8661]. 

Then we shall have, as in [8469, 8653of], 

dp — —g p. dr. 

The pressure p is proportional to the product of the density p of the 

particle [8649"], by its heat z [8649"'] ; therefore we shall have [8653c], 

p — ATp.z ; 

K being a constant coefficient. Hence we obtain,* 

# (8987) Dividing [8650] by [8652]. we get [8653]; or — =—AT.— ; whose 
z p 

p<rdr 
integral is J ~ — constant—AT.log.j? ; and as this integral begins when p — (p) [8662a], 

we get, constant = 7f.log.(p) ; consequently == KlogMl, as in [8654]. We 

142 

Symbols. 

[8648] 

[86488 

[8648//] 

[8648w] 

[8649] 

[8649'] 

[8649//] 

[8649w] 

[8650] 

[8651] 

[8652] 

K 

[8653a] 

[86536] 
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[8653] 

[8654] 

[8655] 

[8656] 

r'. 

[8657] 

[8658] 

[8659] 

[8660] 

[8661] 

[8661'] 

[8653c] 

[8653d] 

[8655a] 

[8655&] 

[8655c] 

dp 

V 

gdr 

ST 

/?=*■•• °g- 

which gives by integration, and using (p) [8649], 

(p) 

V 

The relation between g and (g), gives very nearly, 

8 = (g)- 

* 

aÀ 

(af-rf 

therefore, by putting we shall have, 

= = [8654], 

To integrate these functions, it is necessary to find z in terms of / ; but 

as the integral extends only through a small interval, in comparison with the 

whole height of the atmosphere, it is evident that every function which 

represents the temperatures of the upper and the lower stations, and makes 

the temperature decrease nearly in an arithmetical progression, from the one 

to the other, is admissible ; and we may select that form which most 

simplifies the calculations. Therefore we shall suppose, 

Z = \feg-%T • [Expression of the heat z] 

q = the temperature of the air at the lower station ; 

i — an indeterminate constant quantity, which is to be taken so that the 

expression of 0 [8660] may represent the temperature of the air at the 

upper station. We shall then have, as in [8662e], 

may remark that the equation [8652] is like that in [8400a], changing C into K, and h 

into z. Moreover, the symbols used in this chapter are similar to those in 

[8288-8289', &c.], the radius r [8138] being changed into a-\-r [8648']; but the 

differential of the radius dr is unaltered, as in [8650, &c.]. 

* (3988) Changing, in [8292], r into a -f- r, to conform to the present notation, 

[8653d], we get the first expression in [8656]. The second form is deduced from the 

first, by observing that —- — ^1-f- — j f = 1 — — , nearly. Substituting this in the 

first member of [8658], it becomes which is easily reduced to the 

form in the second member of [8658], by observing that the differential of r [8657], is 
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2/ 

hence we find, as in [8662g']/ 

(î±£) _K- (p). 
2 fe) S V ' 

we shall use, m 2/<is equation, the tabular logarithms instead of hyperbolic 

logarithms, which only affects the constant quantity iT. fFe shall put l for 

the temperature corresponding to that of melting ice ; and shall suppose,f 

q = l t J £ = l t i 

* (3989) Substituting the value of £ [8660] in the first member of [866:2c], and then 

integrating, we obtain the third expression in [8662c], as is easily proved by differentration. 

As the integral commences when r = 0, it is evident that the constant quantity must be 

-r ", hence we obtain the first expression in [8662/j, which is easily reduced to its second 
Z 

form by substituting z instead of its value [8660]. Multiplying the numerator and 

denominator of this last expression by q-\-z, and substituting q2—z2 = ir' [8660], we 

get, by successive operations, the final expression in [8662e], being the same as in [8662] ; 

pda* 

fv= C 4/ 
J f (p—ir' 

constant-~ •[/q2—ir' 

2 f } 2.{q—z) 
= j -{y-ff-v} = 

2 i: 

t 

2/ 2.(/—Z 2)__ 

— *•(?■+*) ~' t?+z 

Substituting this last value in [8658], we get, 

J'gdr __ 

JP 

Dividing the two last expressions in [8662/] by the coefficient of r', we obtain r' [8663], 

It is proper to state that the hypothesis for the temperature z, assumed by La Place in 

[8660], is substantially the same as the ancient hypothesis of De Luc, modified by 

La Grange ; as has been shown by Plana, in vol. 27, page 194, of the work mentioned 

in [8540A]. 

f (3990) The heat is supposed to be expressed in degrees of the centigrade 

thermometer, supposing l to be its measure when the temperature is equal to that of 

melting ice. Then the temperature at the lower station being t [8668], the corresponding 

heat will be expressed by q = l ~{~t [8661, 8665] ; and at the upper station, where the 

temperature is t' [8668], the heat becomes z=l-\-t'z as in [8649w, 8665], Substituting 

the values of q, z [8665], in [8663], we get [8666]. 

[8662] 

[8663] 

[8664] 

l. 

[8665] 

[8662a] 

[86626] 

[8662c] 

[8662d] 

[8662c] 

[8662/] 

[8662g-] 

[86626] 

[8665a] 

[86656] 
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[8666] 

[8667] 

[8668] 

[8669] 

[8670] 

[8670'] 

[8671] 

[8672] 

[8673] 

[8674] 

then we shall have, 

The comparison of a great number of measures of the heights of mountains, 

by the barometer, with their trigonometrical measures, has been made by 

Ramond ; who found, in the parallel of 50°, that the coefficient, 
F7 

- = 18336metres. 
(g) 

To determine the coefficient l, we shall remark that t and V denote the 

degrees of the centigrade mercurial thermometer, counted from zero. If we 

consider an invariable mass of air at the temperature zero, each degree of 

increment in its temperature increases equally its elastic force or pressure, 

the increment of pressure, corresponding to a degree of the thermometer, is 

very nearly 0,00375 [8488] ; so that if we put (p) for the pressure, or the 

elastic force of a mass of air at the temperature zero, wre may suppose that 

for each degree of the thermometer the pressure increases by (p).0,00375 ; 

but this pressure is, by what precedes, equal to* Kp.(l-\-t); hence we 

have (p) = Kpl. The increment of one degree in the temperature gives 

an increment in the pressure equal to Kp, or to Kpl.y; or lastly to 

(p). y ; putting this quantity equal to (p).0,00375 [8670], wTe obtain 
V 

100000 

375 
= 266,6... Therefore we shall have, upon the parallel of 50°, 

r' = 18336“"".(7 + (-^7.0,00375). log. ; 

the pressures (p) and p are determined by the heights of the barometer ; 

[8671a] 

[86716] 

* (3991) Substituting in [8652] the value of q [8665], we get, at the lower station, 

(p) =Kp.(l-\-t) ; and when ^=0, (p) becomes (p) [8649,8670]; hence (p)=jKpZ, 

as in [8671]. Moreover when t — 1. the preceding value of (p) [8671fl] becomes 

(p) = Kpl-\-Kp= (p)-j-ATp; therefore (p)—(p) =Kp = y [8671a], represents the 
[8671c] _ 1 

increment of (p), arising from a variation of 1°, in the centigrade thermometer ; being 

the same as in [8672]. Putting this quantity equal to (p).0,00375 [8670], and then 

[8671 d] dividing by (p), we get l [8673]. Substituting this value of /, and that of 
jri 

— = 18336metres [8667], in [8666], it becomes as in [8674]. 
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but we must reduce the mercury in the barometer to the same temperature. It 

has been found, by an accurate experiment, that mercury increases in bulk 

part,* for each degree of the centigrade thermometer ; therefore, in 

the station corresponding to the lower temperature, we must increase the 

observed height of the barometer, by as many times its -5yT^th part, as 

there are degrees of difference in the temperatures of the mercury in the 

barometer at the two stations. Moreover, the temperature of the mercury 

in the barometer is not always exactly the same as that of the surrounding 

air ; therefore we must use a thermometer attached to the barometer. 

Besides this correction for the temperature, there is also another which is 

required, in order to reduce the observed heights of the barometer to the 

gravity (g), corresponding to the lower station. The gravity at the 

superior station is (g). —- [8656] ; therefore, by putting (h) and h 

for the observed heights of the barometer at the two stations, reduced to the 

same temperature, we find that these heights, reduced to the same gravity 

of the mercury, become (A) and -—-—- ; hence we have,f 

(*+£) 
log-Ç =log.^+2.1og.(l + £). 

— being a very small fraction, the hyperbolic logarithm of 1+ — is very 
& Ct 

T V 
nearly equal to — ; consequently its tabular logarithm is —.0,4342945; 

therefore we shall have, 

log. tl) = log. ® + - .0,868589. 
p h a 

The coefficient 18336raetres is exact only upon the parallel of 50° ; it varies 

with the latitude, and is inversely as the gravity (g) [8667]. If we put [~g] 

* (3992) The late experiments of Dulong and Petit [8490a], make this increment 

instead of 1fT^. 

f (3993) The pressures (p), p, are as the corrected heights of the barometer (h) 

and — ^ ; hence we have — = y . ^1 -}- ^ ; whose logarithm is as in 

[8679]. This is easily reduced to the form [8681]. 
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[8375] 

[8676] 

[8677] 

[8678] 

[8679] 

[8680] 

[8681] 

[868iq 

[8682] 

[8675a] 

[8679a] 
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[8683] 

[8634] 

[8684/] 

[8683a] 

[86836] 

[8683c] 

[8683i] 

[8684a] 

[86846] 

[8684c] 

[8684d] 

[8685a] 
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for the gravity at the equator, and f for the latitude corresponding to (g), 

we shall have, as in [2054, 1770a],* 

(g) = [£]• 1 + 
0,004208 

0,739502 
. sin.2F 

From this we readily see that the coefficient 18336metres, corresponding to 

50° of latitude, is for any other latitude f, equal to,f 

18336met,es. {1+0,002845.cos.2f}. 

This being supposed we shall have, to determine the heights by a barometer, 

the following formula ; f 

* (3994) In [2054] we have, for the length of a pendulum vibrating in one second, 

<r-739502. + 

in the latitude f. At the equator, where f — 0, it becomes 0metre,739502. These 

lengths are proportional to the gravities (g) and [jf] [8682], respectively; as we have 

seen in [1769"] ; hence we get the expression of (g) [8683]. For greater correctness, we 

may change the coefficient of sin.2F into = 0,005333 [2056o,p], corresponding 
39,01228 

to the best observations of the pendulum. 

f (3995) Putting for brevity 2b = = 0,005690, we find that the factor of 
Uj/ oyDU.g 

mi in the second member of [8683], becomes l-f-2Z>.sin.2F=l-|-fr—Acos.2f [1] Int. ; 

hence the expression of (g) [8683], is (g) — [7f].[ 1+^—Acos.2f|. Substituting 

Kl 
this in the factor — [8666], we get, 

ig) 

Kl 

[g) =(i+5s • 1i •cos-2"}_1=(i+Ss • {1+ip» •cos-2''' Inearly- 

Kl 
; and if we put this factor equal to 18336metre3, When f = 50°, it becomes 

as in [8667,8681'], we get, for the general expression of this coefficient in any latitude, 

the same value as in [8684']. For greater correctness, we may use, 

b = | x 0,005333 = 0,002666 [8683d], 

for the coefficient of cos.2f. 

Kl 
J (3996) Substituting in [8666] the value of — [8667,8684'] ; also for its 

\5/ 

value deduced from [8673], namely - .0,00375 ; and for log.— its value [8681], 
4 p 

it becomes, 
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r= 13336m. {l+0,002845.cos.2r}. £ 1-f(-^l 0,00375 j>. ^1+ £).log. (~j + ~. 0,868589^. 

It is sufficiently exact to substitute, in the second member of this equation, 

the value of r, computed upon the supposition that r — 0, in the second 

member. We may also suppose, without any sensible error, that 

a — 6366198metres [8278]. The corrections depending upon the latitude and 

upon the variation of gravity, are very small ; but as they really exist, it is 

best to notice them, so as to leave in the calculation no other imperfections 

than those which arise from the inevitable errors of observation ; or from 

the effect of the unknown attractions of the mountains ; or from the 

hygrometrical state of the air, which ought to be noticed ; or finally from 

the error arising from the use of the hypothesis [8660], relative to the law 

of the diminution of the heat. We may satisfy in part for the state of the 

hygrometer, by increasing a little the coefficient 0,00375 in the term 

,00375, in the formula [8685]. For the aqueous vapor is lighter 

than the air [8526], and the increase of temperature increases the quantity 

of vapor, all other things being equal ; so that we can very nearly satisfy the 

observations which have been made by the barometer, by changing 

—- .0,00375 into ^, in the formula [8685];* and by this means 
2 1000 L J J 

it becomes, 

?y = 18336m. [14-0,002845.cos.2*]. £ 1+ . 0,00375 | ^ log. ~ “ .0,868589 | . 

Dividing the first member of this expression by 1-, it becomes equal to r [8657]. 
ct 

In like manner we must divide the second member of [86856] by the same divisor 

1 — — , which is very nearly the same as to multiply it by 1+ — ; then connecting this 

factor with the last factor of [86856], we get, by neglecting terms of the order r2, the 

expression [8685]. 

# (3997) The quantity of vapor, in the column of air of the height r, increases with 

the mean temperature of the air [8508] ; producing a corresponding increment 

in the pressure, and in the term depending on $.(*-{-*') in the formula [8685]; so that 

the numerical coefficient 0,00375 [8685], is found by observation to become nearly 

equal to 0,002, as in [8690]. 

The formula [8690] may be reduced to English fathoms and to Fahrenheit’s scale in the 

following manner. If t, tr, be expressed in degrees of Fahrenheit’s scale, the 

Formula 
to find the 

[8685] 

height by 
a barome¬ 
ter. 

[8686] 

[8687] 

[8688] 

[8689] 

[86856] 

[8685c] 

[8685c?] 

[8690a] 

[86906] 

[8690c] 
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The same 
formula 

[8690] 
corrected 
for the 
humidity. 

[8690c?] 

[8690e] 

[8690e'] 

[86906"] 

[8690/] 

[8690g] 

[86907c] 

•= I8336met-.j l-f0,002845.cos.2*}. ^ | • [ (^).log.(-^ + .0,868589 |. 

corresponding degrees of the centigrade thermometer will be (?—32°). , (?'—320).|§§, 

respectively. These are to be used instead of t, t'} in [8690]; so that will 

1 t' ) 
become (?+?'—04°).|§§ ; and the factor 1-j- - will change into, 

1+2:i?:iS5^lx^ = ^-i836°+< + ^; 
moreover, as a metre is equal to 0fathom,54681.. [2017p], the factor, 

2.(*-K) 
18336metres. < 1 -f 

1000 

changes into, 

18336mX0,54681 x £836°+ = llfat\1404.[836°+? + 
900 

and the expression [8690] becomes, by using the corrected factor relative to 2^ [8690e], 

r==11fath.jl404^1^0j002845.COs.2T}.[836o+?+?'].^l+^.log. j .0,868589^. 

Finally, the correction which is used in [8675], must be reduced to 

q1 = fyW? t0 correspond to Fahrenheit’s scale; if we use [8675a], 
ü41i4 J-jO 

instead of ^T2-, the correction becomes X T]ïï = stwv > instead of 



X. V. $ 15.J DESCENT OF BODIES FROM A GREAT HEIGHT. 573 

CHAPTER V. 

ON THE DESCENT OP BODIES FALLING PROM A GREAT HEIGHT. 

15. A body, beginning to fall from a state of rest at a point considerably 

elevated above the surface of the earth, will deviate sensibly from the vertical 

line, on account of the rotatory motion of the earth ; an accurate observation 

of this deviation will therefore be useful in rendering this motion manifest ; 

and although the rotation of the earth is now established, with all the 

certainty which comports with the state of the physical sciences, yet a 

direct proof of this phenomenon must be interesting to mathematicians 

and astronomers. For the purpose of comparing the theory with such 

observations, we shall here give the expression of the deviation of the body, 

to the east of the vertical, whatever be the figure of the earth, or the resistance 

of the air. We shall also show that the deviation is greatest at the equator, 

[8736', 8760, 8769]. The following symbols will be used : 

X, Y, Z, are the rectangular co-ordinates of the point, from which the body 

begins to fall, at the commencement of the time t ; 

x, y, 0, are the rectangular co-ordinates of the body, after falling from rest, 

during the time t. The fixed axis of x or X is the same as 

the axis of rotation of the earth. The fixed axis of y or Y is 

in the plane of the equator, and coincides with one of the 

principal axes of the earth, at the commencement of the time t ; 

r — the primitive radius, drawn from the centre of the earth to the 

point where the motion commences ; 

r — as = the variable radius, drawn from the centre of the earth to the 

place of the body, at the end of the time t ; 

6 = the angle formed by the radius r and the axis of rotation x ; 
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Deviation 
to the east 
of the 
veiticai. 

[8691] 

At the 
equator 
there is no 
deviation. 

Symbols. 

[8692] 

[8692'] 

[8693] 

[8694] 

[8695] 

VOL. IV. 



574 ON THE DESCENT OF BODIES 
l 

[Méc. Cél. 

[8696] 

[8697] 

[8698] 

[8699] 

[8700] 

é + aw = the angle formed by the radius r—as and the axis of rotation 

x, at the end of the time t ; 
w = the angle formed by the two planes xr, xy, intersecting each 

other in the earth’s axis of rotation x. One of these planes xr 

passes through the axis of rotation x and the radius r at the 

commencement of the motion ; the other plane is the fixed 

plane of xy, 

ni — the rotatory motion of the earth during the time t ; 

nt = the angle formed by the fixed plane xy, and the revolving 

plane xr ; this last plane being that which passes through the 

revolving radius r and the fixed axis x, at the end of the time t ; 

nt-f-w+cw = the similar angle, formed by the plane xy, with the plane 

passing through the fixed axis x, and the variable radius r—as, 

at the end of the time t ; 

[8701] 

[8702] 

[8702'] 

V = the sum of all the particles of the earth, divided by their 

distances from the falling body ; 

, represent the forces acting upon the body in the 

directions parallel to the co-ordinates x, y, z, respectively, 

and tending to increase them [455'"]. 

From this notation it follows, that after the body has been falling during 

the time t, the radius r changes into r—as ; the angle 6 changes into 

fl-f* î and the angle zt changes into tf-f-at>. Then we shall have,* 

(dV\ (dV\ /dV\ 

\dx )’ \dy ) ’ \dz J 

[8703] 

[87030 

[8703"] 

[8704] 

[8704'] 

[8704"] 

X— r.cos.d ; 

Y = r.sin.0.cos.(w£-]-'51) ; 

Z = r.sin.0.sin.(w£-f~TO)- 

X = (r—as).cos.(d-f-cu«) ; 

y — (r—sin.(<} + &%).cos.(wT-j-w ; 

z = (r—as).sin.(â + a%).sin.(^-f-^ + tt^). 

[ Co-ordinates. ] 

[8703a] 

[87036] 

* (3998) The notation [8692—8700], is precisely like that in [323v—324], except in 

the sign of s [8694] ; r—as being used instead of r-f as [323v], because the radius 

decreases as the body falls. This change being made in x, y, z [324], they become as 

in [8704—8704"] ; and at the commencement of the motion, when s, u, v, vanish, these 

values change into those of X, Y, Z [8703—8703"]. 
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We shall notice the resistance of the air, supposing it to be represented by* 

cp.Ças, a. and that the body falls from a state of rest. For the relative 

velocity of the body through the air, considering the air as at rest, is 

evidently much greater in the direction of the radius r, than in the 

direction perpendicular to r ; hence it will follow that the expression of this 

. ds 
relative velocity is very nearly represented by a. —. If, for greater 

simplicity, we put r= 1, the relative velocity of the body, in the direction 

du 
ô, will be a. — [22096] ; and the relative velocity in the direction w, will 

Oil 

be equal to 
dv 

a. —. sm J 
dt 

[2209c] ; therefore, if we put for brevity,! 

* (3999) The body falls from rest very nearly in the direction of the radius r, through 

the space as, in the time t\ therefore its velocity, at the end of the time t, will be 

ds 
nearly represented by a.—[8706]. Now the resistance must be as a function of this 

velocity and of the density of the medium; moreover the density of the medium depends 

on the radius r—as, or as; therefore the resistance must be a function of as and 

a. which is represented by <p. (as, a. , in [8705]. 

f (4000) The radius r—as [8694], at the end of the time t, will be varied by the 

quantity —a ds, in the element of time dt ; making the velocity, in the direction of this 

radius, equal to —a. ~, or a. ^, towards the centre of the earth. The velocity, in 

d'il 
the direction of the meridian au, is a. — [22096] ; and in the direction a#, perpendicular 

d'&$ 
to the meridian a. —.sin.é [2209c]. The sum of the squares of these three partial 

rectangular velocities is equal to the square of the whole velocity ; and as the parts 

depending on dwa, dv% are extremely small in comparison with that depending on bs3, 

we may consider the whole velocity to be very nearly equal to the part a. — [8707b], as 
dt 

in [8/06]. Now if we divide the whole resistance [8705] by the whole velocity 

[8705] 

Function 

expressing 
the re¬ 
sistance, 
supposing 
the body 
to fall 
from a 
state of 
rest. 

[8706] 

[87063 

S. 

[8707] 

[8705a] 

[87056] 

[8705c] 

[8707a] 

[87076] 

[8707c] 

[8707d] 
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Resist¬ 
ance of 
the air in 
the direc¬ 
tions 

r, 6, VS. 

[8708] 

[8709] 

[8710] 

[8711] 

[8707e] 

[8707/] 

[8707g-] 

[8712a] 

[87125] 

[8712c] 

[8712/] 

[8712c] 

[8712/] 

[871%] 

we shall have, for the resistance of the air in the directions r, ê, w, 

respectively, 

S. cl. y ; 
dt 

r. du 
■S. cl. — ; 

dt ’ 

6. cl. — . sinA 
dt 

r Resistance in the direction of the 
radius r. ] 

[Resistance in the direction of the 
arc of the meridian CL Q. ] 

[Resistance in the direction of the "I 
parallel of latitude CL w. sin Q. J 

Then we shall have, by the principle of virtual velocities,* 

a. —- j we shah obtain the quantity S [8707] ; and multiplying it by the three partial 
tlL 

ds dik d/i) ■ • 

velocities cl.—, cl. — , cl. — .sin.d [8707a, 6], we shall evidently obtain the three 
dt dt dt 

relative resisting forces [8708, 8709, 8710], which tend to decrease s, Ô, vs ; or, in other 

words, the forces tend to increase the radius r, and to decrease Ô, vs ; agreeably to the 

signs which are used in [8708—8710]. For convenience of reference we have inserted 

the symbol S, in the expressions [8708—8710], instead of its value [8707], which is used 

in the original work ; having transposed the definition of S from [8711] to [8707]. 

* 

+ ,,.éè + fa.£ 
‘ J dP 1 dt2 

(4001) The principle of virtual velocities is expressed in the equation [37], which 

may be put under the following form ; 

„ ddx 

The first line of this expression is the same as in [8712 line 1] ; the second line produces 

that in [8712 line 2], depending on the attractions of the earth; also that in [8712 line 3], 

depending on the resistance of the air. For we have seen, in [41], that the function 

P.Soc-{-Q.5y-{-R.Sz can be reduced to the form 2.S.<5s, representing the sum of the 

products, formed by multiplying each force S, by the element of its direction Ss. Now the 

rdV\ fdV\ 
attraction of the earth produces the forces dx / V dv / (£) [8702], in the directions 

x, y, z, respectively; and by multiplying these forces by the elements Sx} Sy, Sz, then taking 

the sum of the products, they produce, in [8712a, line 2], the same terms as in [8712!ine2]. 

In like manner, if we multiply the forces [8708, S709, 8710], depending on the resistance 

of the air, by the elements of their directions ôr, SÔ, <5sj.sin.0, and take the sum of these 

products, they produce, in [8712a, line 2], the same terms as in [8712 line 3]; therefore 

the equation [8712] expresses truly the fundamental equation of the motion of the falling 

body, arising from the principle of virtual velocities. 
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The differential symbol 5, refers to the co-ordinates r, 6, w; and x, y, z, 

are functions of these quantities. If we substitute, in [8712], the values 

of x, y, z [8704, &c.], we shall have, by neglecting terms of the order a2*, 

0=$r 
O . 0. dv c, ds 
2a.wr.sin.2d. — — aft. 

at dt 

( dds 

\ “CL‘ dP 

0 -, C ddu . dv . ~ du} 
-f-r2.<k). < cl. ——2cLw.sin.â.cos.â. — -4- ao. — > 

t dt2 dt 1 dt ) 

, ç, . C . - ddv , _ . . , du 2<xn.s'm^ô ds , ~ . „. dv ) 
-4-r .fe. { cL.sin. ô. —- 4- 2cLW.sin.â.cosA —-. -—cLib.sin/â. —- > 

C eft2 dt r dt 1 dt ) 

—6V—Jri2.<î.[ (r—cLs)2.sin.3.($ 

2 

>■ (O 

3 

4 

[8712] 

[8713] 

[8714] 

* (4002) The complete variation of —V, considered as a function of œ, y, z, is the 

same as the expression in [8712 line 2], which must therefore be equal to —SV, 

Substituting this in [8712], it becomes, 

° = ÏT+ & & + Sz- ^ -Sr+“-S- [ § + »• Jt + § j • [8?14«] 
This may be reduced to the form [8714], in the same manner as [325] is deduced from 

[296]. For the equation [296] may be put under the form, 

ddx ddy ddz 
0 — àx* ' —j— uV » ÙZ, 

dP ‘ J d& 1 dP P 
[87146] 

which becomes identically the same as [8714a], by putting, 

~f = a'S’ { ~~Sr■ f + S6'f + f } • [8714c] 

Now the equation [325] is deduced from [296], by substituting the values [324], which 

are the same as those in [8704, 8704', 8704"], changing the sign of 5 [8703a] ; therefore [8714d] 

if we change the sign of s, in [325], and then substitute the value of — [8714c], it will 

give the reduced value of [8712], arising from the substitution of the values of cc, y, z, 

[8704, See.] ; observing that in the terms $.-7-, we raay re-substitute r’2=l; 
dv [8714c] 

dt dt 

making them r%.S.~, r2.S. —, respectively, on account of the smallness of S, du, dv. 

By this means the equation [325] becomes as in [8714]. 

145 VOL. IV. 
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[8714'] 

[8715] 

[8716] 

[8717] 

[8718] 

[8719] 

[8720] 

[8715a] 

[8720a] 

[87206] 

[8720c] 

[8720c?] 

[8720e] 

[8720/] 

[8720g-] 

[87206.] 

[8721a] 

The equilibrium of the stratum of air, in which the body is situated, gives 

as in [326],* 

0 == <5 V -j- \ ri*. S. {(r—cls)2. sin.2 ( 6 + aw)} ; (2) 

provided the value of Sr is made to correspond to the surface of the level 

stratum, in which the pressure is constant [1616', &c.]. We shall suppose 

that at this surface we have, 

r = a + 2/; 

y being a function of 6, ■#, a, and a being constant for the same stratum. 

Now if we put, 

Q = V+ | n2. {(V—as)2- sin.2 (6 -f- aw J, 

the equation [8715] will become,f 

Adding together the equations [8714, 3720], we obtain,]: 

* (4003) The equation of equilibrium [326] becomes as in [8715], by changing the 

sign of s, as in [8703a], which corresponds to a level surface ; and Sr must be taken to 

conform to it, as is observed in [8716]. 

f (4004) The complete variation of Q, considered as a function of r, 6, w, is 

Now if we suppose Sr to correspond to the level stratum, as in [8716], we shall have, 

from [8717], Sr = Sy, because a is constant for this stratum [8718] ; and as ÿ is a 

function of and the constant quantity a, we shall have, at this surface, 

5ï=(Dj4+(â)-,k,; 
substituting this for Sr in [8720a], we get [8720] ; which represents the complete variation 

of Q [8719], corresponding to the surface of equilibrium, or to the value of the function 

[8715]. We may also remark that, if the surface of level on the earth be considered as 

elliptical, the radius r, or the quantity y [8717], will vary only by quantities of the same 

order as this ellipticity, or Part> in proceeding from the equator to the pole ; and this 

variation must be wholly insensible, within the limits of the space au or av, passed over 

by the falling body ; so that within these limits we may consider (da)’ asconstant'> 

and the same holds good relative to the values of y, in any one of the strata of 

equilibrium [8714'], through which the body falls. This principle is adopted in [8734]. 

% (4005) The lower line of [8714] is evidently equal to the general value of — 5Q, 

[8719] ; and we have shown, in [8720a], that this is equal to, 
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^ ( dds 
U — ôr. < —cl. —- 

i dt2 

„ . „ dv c< ds 
-z<xnr.sm. ô.  -a*b. — 

dt dt 

, 9 C ddu _ . dv , ~ du ~) 
-f-r .66. ^ a. ——2aw.smJ.cosA — + a$. — > 

^ Cltr Cht J 

i 2 v • „ C . , drfü , ~ du 
+r .fa.sinJ. < a.smA —-j-2 aft. cos A  - 

l dt2 1 eft 

2an.sinJ <7s ~ . c?y 
-. — 4- ao. smA — 

r eft 1 dt 

'd3\ .66 
dy' 

I. Ô3 

1 

2 

3 

4 
\dr)-\Sr-(t)- Vfe, 

We must now put the coefficients of the variations Sr, 66, s™, equal to 

nothing, observing that —expresses, as in [1815, &c.], the force 

of gravity, ivhich we shall denote by g.* Then putting the radius r equal 

— (d-fUr 
id 

0T3. —fê).U- v \dÔ / \d^ 

This may be reduced, by adding to it the second member of [8720], which is equal to 

nothing ; by this means it becomes, 

This is the same as the lower line of [8721]. The other lines of [8714], namely 

lines 1, 2, 3, correspond respectively to the same lines in [8721] ; so that [8721] 

represents the sum of [8714, 8720]. 

* (4006) In the case of nature, where n — —2 [1812"'], the expression of p [1815] 

becomes p — —^—gr.{ 1—m-2) ; r being the radius of the spheroid, and g the 

centrifugal force [1814'], at the distance 1 from the axis of rotation. Now in [8698] the 

actual velocity of rotation of a particle of the earth, at the distance 1 from the axis, is n, 

its centrifugal force n2 [54']; and as 1—^2 = sin.2d [1616xxi ], the preceding expression 

of p becomes p ——^^—w2r.sin.2d. The partial differential of Q [8719], relative 

to r, gives —^—7t2.(r-a$).sin.2($-{-aw), or —^—^-tfr.sm.^ô, nearly; 

being the same as the value of p [8722c] ; hence p = —’ an<^ ^ we change the 

gravity p [1814"], into g, to conform to the notation [8723], we shall have 
/c?Q\ 

’ (~jf J ==g} as in [8723]. Substituting this in [8721], and then putting the coefficients 

of —Sr, r^Sè, r^S-a.sinJ, separately equal to nothing, we obtain the three equations 

[8724—8724"] ; r being put equal to unity, as in [8706]. 

[8721] 

[8722] 

[8723] 

[8721a'] 

[87216] 

[8722a] 

[87226] 

[8722c] 

[8722d] 

[8722e] 
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Funda¬ 
mental 
differen¬ 
tial equa¬ 
tions in 

S, U, V. 

[8734] 

[8724'] 

[8724"] 

[8725] 

[8726] 

[8727] 

[87278 

[8728] 

[8725a] 

[87256] 

[8725c] 

[8725d] 

ON THE DESCENT OF BODIES [Méc.Cél. 

to 1, which can be done without any sensible error, we shall obtain the 

three following equations ; 

0 

0 

0 

dds _ . dv 0 ds 

ddu 

IF 

~ . dv du f dy\ 
-Sm.tanJ.eoaJ. -jt + ^ -g.[^J ; 

ddv f-. du _ . ds o ’ /\ d^ 
:a.sin.e. +2aw.cos.0. — —zm.sinJ. — +do.sm.^ — 

g 

dt2 dt dt sin.â 

The inspection of these equations shows, that the ratio of as to &u, or 

of as to aa, is of the same order as the ratio of unity to or 

Moreover, a. ^ is of the same order as* gt. i consequently 

2aw.sin.20. ^ is of the order use f°llowing 

symbols ; 

The unit of time is one centesimal second, or the hundred thousandth part 

of a mean day ; 

n _ tjie smaii angle described, by the rotatory motion of the earth, in one 

centesimal second of time ; 

nt — the product of the small angle n, by the number of centesimal 

seconds t, during the fall of the body. 

* (4007) The centrifugal force depending on n [87226], and the resistance of the 

air depending on *8 [8707—8710], being very small in comparison with the gravity g, 

[8723], it follows that n and N must be very small in comparison with g ; and by 

neglecting these small quantities in the three equations [8724—8724;], they become, 

dds ddu ( dy\ . n ddv __ S 
a' dP a* d& g\dô ) 5 ‘ df2 sin.2d * \dfà) ' 

If we suppose, as in [8734], that g, QjQ, and also ^j are const:antJ we sh&ll get 

the expressions [8725^], by integrating [87256] and taking the arbitrary constant quantities, 

so that the integrals may vanish when t = 0 ; 

a. 
ds J du (dy \ 

dt=Z‘’ *"#=&{&)’ 

Again integrating with the same condition, we get, 

■igt*; au=^-4g<2-(|); 

a. 
dv 

dt 
= JL #W&c. 

sm.2f) \dvij 

as au ,.(&) + &c. 
sm,2â \dtf J 

From these last values we easily perceive the correctness of the remarks in [8725, &c.]. 

[8725e] 
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This number of seconds is always very small, so that the product nt is a 

fraction, which may be neglected in comparison with unity ; we may 

civ 
therefore neglect the term 2&n.sin.2A — , in the equation [8724], also the 

CIL 

d'V m 

term — 2<m.sin.AcosÀ — , in [8724'] ; and in like manner we may neglect 
H l 

diL 
the term 2cw.cos.A —, in [8724"]. By this means the equations 

Cll 

[8724—8724"] are reduced to the following forms ; 

dds ds 
0 = CL, —— -j- CL O. —- 

dt2 1 dt 

_ ddu , ~ du 
0 = CL. —— -(-CL S. -— 

dt2 dt 
■s (dA- S' [dit ! ’ 

_ . ddv . ds , 0 . dv g 
0 = a.sin.A — •—2aw.sm.d. — 4-aih.sin.d.  -:— 

dt2 dt 1 dt sin.i 

ds 

' dy" 

8 being a function of as and a. — [8707] ; the first of these equations 
CLL 

gives as in a function of the time t, as we shall see in [8751, 8784]. If 

we put,* 

fM\ ■ &U =z as. 
\dô 

# (4008) From the remarks in [8732'] it is evident, that the equation [8730] gives as 

in a function of t ; and by substituting this value of as in the expression of S [8707], 

we get S, expressed in terms of t. With this value of S, and considering as 

constant [8734], we find that the equation [8731] may be reduced to a differential 

equation of the second order in u, containing only t, dt, and known quantities. We shall 

suppose its integral to give aw in a series [8733d], whose first term is the same as that 

retained by the author in [8733], and the remaining terms are quantities ascending 

according to the powers of t, connected with constant coefficients a, b, c, &c. ; which 

are to be determined so as to satisfy the equation [8731] for all values of t. The first and 

second differentials of [8733d] give [8733e, /] ; 

au — as. ^ b ~\~ ct eft -f- ft3 -j- gt4 -j-Src.; 

du ds f dy \ 

a"7t=a"7t\ti) + ""C +2^+3/<s+ 4g»*+&c.; 

ddu dds /dy\ , 
a* dfâ ~ d*2 \dâ) +.-h2.1e-(-3.2/i;-}-4.3^2-j-&c. 
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[8728'] 

[8729] 

Approxi¬ 
mate 
values. 

[8730] 

[8731] 

[8732] 

[87323 

[8733] 

[8733a] 

[8733&] 

[8733c] 

[8733d] 

[8733e] 

[8733/] 
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[8734] 

[8735] 

[8736] 

we can satisfy the second of these equations, because g and may be 

supposed to be constant [8720g-, K] during the motion, on account of the 

smallness of the height from which the body falls, in comparison with the 

earth’s radius. This manner of satisfying the second equation is the only 

9 • • • • ÔjVL 

one which accords with the present question, in which u and — vanish, 
dt 

(Js 
as well as s and —, at the origin of the motion. Now if we suppose a 

plumb line of the length as to be suspended from the point where the body 

begins to fall, it will deviate from the radius r towards the south, by the 

quantity* which is equal to the quantity au [8733]. Therefore 

Substituting these in [8731], it becomes as in the following expression, which ought to be 

satisfied for all values of t ; 

[8733a-] 

[8733k] 

0 = 
dds . ~ d% 

a. — —j- cl —- — o- 
dfi ,ft ° dt } 

+ ac.3'+2ae.[l+*S'^J-3c^42+^T4ct<g-^.|3_piSf^_j_&;c. 

Now when £=0, we have by hypothesis [8735], 5 = 0, u — 0; and then [8733<f] 

dr'll ds 
gives 5 = 0. We also have, when tf = 0, — =0, — = 0 [8735]; substituting 

[8733Ï] 

[8733k] 

[8733Z ] 

[8733m] 

[8733»] 

these in [8733e], we get c = 0. The coefficient of in [8733g-], vanishes by 

means of the equation [8730]; and since c = 0, the equation [8733g] becomes, by 

dividing by a, 

0==2e.{l+^}+3/Z.{2+^]+4gZ2.[3 + 3i3f]+&c. 

When Z = 0, this becomes 0 = 2e, or e = 0. Substituting this in [8733Z], and then 

dividing by t, we get, 

0 = 3/.{2+*SV$-f4g?.f3+£fJ +fcc. 

Again, using t = 0, we get f= 0. Substituting this in [S733Z], and then dividing by 

t, we get 0 = 4g.[34-*SV|-|-&c. ? which gives, in like manner, g- = 0, &c. Hence it 

appears that all the coefficients b, c, e, f, g, &c. of the expression of u [8733tZ], vanish, 

and it is reduced to its first term, being the same as that given by the author, in [8733]. 

* (4009) The direction of a plumb line is perpendicular to the surface of equilibrium, 

[8736a] and the equation of this surface is represented by r = a —(-y [8717], a being constant, 

[8718] ; so that in proceeding along this surface, through an arc of the meridian dô, the 

[87366] increment of r will be (~ Y dô = f~\dô. Dividing this by the arc dô, we find that 
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the falling body is always upon the parallels of the points of the vertical which 

are at the same height as the body ; so that it does not suffer any sensible 

deviation to the south of that line. 

To integrate the equation [8732], we shall put, 

. as / dy \ , . 
a^.sin.d = -—- . ( 7— ) + » 

sin.ô \aw J 
and we shall have,* 

„ ddv' , dv' , ds 
0 = a. ——- -j-ao. —-z&n.smJ. —. 

dt2 n dt dt 

The body deviates to the east of the radius r by the quantity a^.sinJ [8737], 

or ~^S— . ( 4- a?/ : but the plumb line varies to the east of this radius 
sin.6 \dvs J 1 ’ r 

by the quantity! ~~ • ’ a'v' 25 l^erefore ^ie deviation of the body to 

the eastward of the vertical. 

f dv \ 
\f) represents the tangent of the angle which this surface, in the direction of the 

meridian, forms with a line drawn perpendicular to r ; or, in other words, the tangent of 

the angle formed by the radius r and the vertical line. Multiplying this by the whole 

length of the plumb line as, we obtain the deviation of this line in the direction of the 

meridian, towards the equator = as.j being the same as the expression of au, 

[8733, 8736]. 

[8736/] 

[8737] 

[8738] 

[8739] 

[8740] 
Deviation 
of the 
body to 
the east¬ 
ward of 
the verti¬ 
cal. 

[8736c] 

[87364] 

* (4010) Substituting the assumed value of au.sin.t) [8737], in [8732], we get, 

f dy\ C dds ds ) . ddv' , dv' n . ds 

■[&)■ r-13 + aS- It+cl‘s- It -2an-sinA Jt ; 
0 = 

sm.i 

and as the coefficient of vanishes by using [8730], the equation becomes as 

in [8738]. 

f (4011) Instead of proceeding, as in [8736a, 6], through the arc of the meridian dô, 

if we proceed through the arc dtf.sin.d of the parallel of latitude, the increment of r or 

y will be represented by ^ — (^)‘dzs- Dividing this, as in [87365], by the 

described arc or base cfe.sin.Æ, we obtain g^n ^ '(ffa ^ f°r the tangent of the angle, formed 

by that surface and the perpendicular to r, drawn in an east direction ; or, in other words, 

it represents the tangent of the angle of deviation of the plumb line towards the east. 

Multiplying this by the length of the vertical line as, we get the whole deviation of this 

[8738a] 

[8740a] 

[87406] 

[8740c] 



584 

Resist¬ 
ance pro¬ 
portional 
to the 
square 
of the 
velocity. 

[8740'] 

[8740"J 

[8741] 

[8742] 

[8743] 

[8740i] 

[8741a] 

[8743a] 

[8743a/] 

[8743i] 

[8743c] 

[87434] 

[8743e] 

ON THE DESCENT OF BODIES [Méc. Cél. 

We shall now suppose that the resistance of the air is proportional to the 

square of the velocity,* so that, 

ds 
S = a. rn. 

dt ’ 

m being a coefficient depending upon the figure of the body and the density 

of the air. This density varies with the height, hut may in the present case 

be supposed constant, without any sensible error ; we shall then have, as 

in [8741a], 

„ dds , 0 </s2 
0 = a.-3 

To integrate this equation we shall put, 

and we shall have,f 

as = — .log.s': 
m b ’ 

„ dds' . 

line, equal to 
<xs 

sin.d 
Subtracting this from the whole deviation of the falling body, 

[8739], we find that the deviation of the falling body to the eastward of the vertical line 

is represented by aw', as in [8740]. 

* (4012) The resistance being as the square of the velocity, the function [8705] is 

expressed by <p. ^as, a. = 

[8740']. Substituting this in [8730], it changes into [8741]. 

ds\2 ds 
hence S [8707] becomes S = —, as in 

f (4013) The first and second differentials of [8742] give, 

ds ds' 

a* dt ms'.dt ’ 

dds dds' ds'2 
dfi ms'.dfi ms'S.dfô 

Substituting these in [8741], and neglecting the terms which mutually destroy each other, 

we get, 

dds' 

ms'.dt2 
or 

dds' 

as in [8743]. This linear equation of the second order in s', is solved in the usual 

manner, by putting s'— Acu ; A, b, being constant quantities. For by substituting this 

assumed value of s' in [8743], and dividing by the common factor Acu, we get 

è2—mg — 0; whence b = ^\/mg. Supposing A to correspond to the positive root 

b == -}-\fm~g, and taking another constant quantity B, to be used with the negative root 
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which gives bj integration, 

5' = A.cw1 +B.c~tV; 

c being the number whose hyperbolic logarithm is unity [8290'], and A, B, 

two arbitrary constant quantities. To determine them we shall observe, 

that we have 5 = 0 when t — 0 [8735], and then we also have 5' = 1, 

[8742]. Substituting these values in [8744], we obtain, 

A + B = 1. 

ds „ . ds' 
Moreover a. — [8735], must vanish when £ = 0; therefore — [8743a] 

must also vanish. Hence we obtain, 

A — B = 0; 

therefore we shall have, as in [8745/i], A= B = a ; consequently, 

tt.5 Liog-ji- 
t'V mg —t.i/mg 

c + J.C 

Developing this equation in a series, according to the powers of t, we 

a5 = \.gf— t4 -j- g-j.m?g?\t6 —&c. 

obtain,* * 

[8744] 

[87447 

[8745] 

[8746] 

[8747] 

[8748] 

[8749] 

[8750] 

Vertical 
descent. 

[8751] 

b ——\/mg, we shall obtain the two terms of s' [8744] ; which can be added together, 

as the equation is linear; and then the sum is the complete integral, since it has two 

arbitrary constant quantities A, B. These quantities are determined, as in [8745, &c.], 

from the consideration that the body commences its motion when t = 0. Then 2f = 0 

and s'= 1 [8745], being substituted in [8744], give [8746]; also * = 0 and — = 0, 

ds' ^ 
[8747], being substituted in — [8744], give [8748]. The half sum, and the half difference 

of the two expressions [8746, 8748], give R = £; and by substitution in 

[8744], we obtain / =§.c ^ +|.c */m»r. hence the value of as [8742] becomes as 

in [8750]. Finally, if we multiply the equation [8743a] by m, we find that its first 

member becomes equal to £ [8740'] ; hence we have S = ~, or Ss' — — ; which 
s dt dt 

will be used hereafter. 

[8743/J 

[8743g-] 

[8743A] 

[8743i] 

[8743Æ] 

* (4014) We shall use for a moment the symbols, 

2= t.\Z,mg, x — \ .z2 -f- gi-. z4 -f- yiv z6-j- kc. ; 

then developing the quantities in the first members of [87516, c], by means of [55, 56] 

Int., we get for their sum the expression [8751 d]. 

vol. iv. 147 

[8751a] 
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[8752] 

[8753] 

[8754] 

[8755] 

[8756] 

[87516] 

[8751c] 

[8751c?] 

[8751e] 

[8751/-] 

[87515-] 

[8753a] 

[87536] 

[8756a] 

[87566] 

To determine we shall observe that we have, 

a. - = - . ~ [8743a] ; 
dt m s dt L J 

therefore the differential equation in av [8738], becomes,^ 

. ddv' , ds dv 2n dsf. n 

dt* dt dt m dt 

Hence we get, by integration, 

, dv' 2 n , . . , n as. — == — ..s-. sin.â + L ; 
dt m 

C being a constant quantity. To determine it, we shall observe that when 

t =s 0, we havef -j- = 0 ; and then s' = 1. Hence we obtain, 
(It 

n 2n • a C =-- .sin.d : 
m 

i-c 

t. mg 

-W ms 

= |.cz = I• [ 1• 3^-Hr• ^ ^ c • j ? 

= 7j.C~z = [ 1—#3T -st- £4, ^c* ^ ? 

i xWms + |.c"Lv/^==i+^2+A-«4+&I- = 1-K 

Substituting this last expression in [8750], then developing by [58] Int. and making 

successive reductions, we finally get the value of as [8751g-], as in [875 L] ; 

: —. log. ( I+a?) = — • { a?— h^-T b oo3—hc.} as : 
m 

= - A a.S2 + 2V^4 + 7^6+&C-)— 

= —. \ y.z2— TV. 24+7fV- z6—&c. J = b gt*—4 +Ï5 —^c- 
or* * 

* (4015) Multiplying [8738] by s', we get, 

Substituting in the second term the value of S/ [8743fc], and in the third term the value 

of a..-- [8752], it becomes as in [8753]. The integral of [8753] is as in [8754] ; as 
dt 

we may easily prove by differentration, after transposing the last term. 

•j- (4016) As the body begins to fall from a state of rest, we shall have, when t 0, 

„ n v — o — =0, - = 0, &c., as in [8735, &c.]. Substituting these in the 

differential of [8737], we get, at the same time, ^- = 0. This value and that of s'= 1, 
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therefore, 

dv' 

dt 

. / 1 \ 271 ( 
— .sin.M 1-7 =—.sm.d. < 1— t. i -t. / -j m \ s' j m ( c"v c 

Again integrating and taking the arbitrary constant quantity, so that v' may 

vanish when t — 0, we shall have,* 

[8757] 

[8758] 

2 n 
[8745], being substituted in [8754], we get 0 = — .sin.â-j-C, as in [8756]. Substituting 

7TI 

this value of C in [8754], then dividing by /, we get the first expression in [8757] ; 

and by using the value of s' [8743A], we obtain the second of the expressions [8757]. 

[8756c] 

# (4017) Multiplying the last form of [8757] by dt, and integrating, we get, 

cut = — . tf.sin.â —-7=r . f-_ 
J t. 

2n . 4n.sin., 
— . tf.sin.t) —- 
in Hl.y ms / mg , —t. / 5 

C ‘ -f- C 

In finding the integral of the term in the second member, under the sign f, we shall use 

for brevity the symbols, 

à t- V mg mg t-v/1 

à t • rfig . --2 t. «/;««■ 
c -f-C 

t • mg . , 
C -f-1 

V = arc. (tang. T) ; 

the second form of T being deduced from the first, by multiplying the numerator and 

i ^ 5?• mg 
denominator by c 

1= 

From this last form of T we easily get, 

9 I i ) 9 , /— 7, L s/~‘ 
-f- 1^ ov,n jrp_ 2.\/mg. dt.c 

+ i)5 
and dT = 

whence, 

(e*-^+l) 
2 ’ 

dT 

l+TT 
V'mg. dt.C ^ _ \/rng.dt 

2t.</ mg . , 
c -j- 1 

Jllir . -t.y/nirr 

C -|-C “ 

Now the differential of V= arc.(tang.T) [8759c], is dV= 
dT 

1 -bTT 
[51] Int. ; 

substituting this in the first member of the preceding equation, and again integrating, we 

Set F=/X 
y/jng.dt , , . 
-j -,—- j hence the equation [8759a] changes into, 

■ s/ mg , —t. k/ mg «--to? 
c ~r c 

t 4w.sin.d 
<xv = —. ?.sin.0 — --. V; 

[8759a] 

[87596] 

[8759c] 

[8759c?] 

[8759e] 

m m.\/ mg 

and by putting instead of T , its value [8759c], it becomes as in [8759], using for T the 

first expieosion [87596], It is not necessary to add any constant quantity to the integral 

[8759], because it makes cu/ vanish when t = 0, as in [8756a, 8737]. 

[8759/] 

[8759g-] 

[8759A] 
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Deviation 
on the 
parallel of 
latitude. 

[8759] 

[8760] 

[8760a] 

[87606] 

[87606'] 

[8760c] 

[8760c/] 

[8760c] 

[8760/] 

[8760g-] 

[87606] 

[8760i] 

[8760&] 

[8760Z] 

[8760m] 

t __ * 
~2 •'/™g 2''/’“" 

, 2n , . 4n.sin.$ ^ ) c — c 
avl — — . t. sin.â-— . ang. tang 

m my mg 
~2 "Smg —2’^mg 

+ c 
* and by reducing to a series,- 

(4018) Patting %t.\/mg — b.y/—l, we get, from [11, 12] Int., 

hW mg —hty- 

mg . —h Wmg 
C “ + C 

6./-1 —6./_i ,— . , 
c —c — 2./_i.sm.6 ; 

6./—i . 6<s/—i _ 7 
c -j- c — 2.cos.6. 

Dividing the first of these expressions by the second, we obtain, 

hW mg 

ht-*/ mg I —it's/ mg 
c -j— c 

,_ sin.6 ,— J 

= '/-1-^=v/-1-tans-6- 

Substituting, in the first member of this expression, its value T [87595], and developing 

tang.b in its last member by means of [45] Int., we obtain the expression of T [8760/] ; 

we have also, from [8759c, 48 Int.], 

F = arc.(tang.T) = T-i T3+|T5—fT7+8ic. 

Now by neglecting the powers of b which exceed the seventh, we get, from [S760/j, the 

other terms of this value of F, as in [8760/ g, h] ; their sum gives V [8760/ /]. 

T =^-{b+ib* + T\bs + ^V+m,\', 

—1 T3 = v/=ï*5• • + ^ +1^5 + ; 

+|T5 = .+ t35 J5+ M|57-b&£c.| ; 

.+#/#7+&c.h 

V = /=!. { b + f 53 + b5 + |f f 67+fee.} ; 

V=byzTi.\ 1 + |52 + f 54 + ft|56+&cj. 

Now from [8760a] we have b.\/=i = and 62 = —|/2.mg-; substituting 

these in V [8760/], and then inserting the resulting value in the expression of cu/, 

[8759/], we get, 

at,’ = -. i.sin.é + . i Wmg- S -1+l-Cimg) -<2—'mgf.fi—,fee.} 
m my mg 

4n.sin.6 

2?i.sin.i 

m 
t3. {f • Qr mg) —f - (i mgf. t2 -f- Iff. (i mg)3. t4—h c.} 

which is easily reduced to the form [8760]. 

[8760n] 
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The symbols which are used in the expressions of as, &v' [8751, 8760, 8766], 

are collected in the following table ; 

t — the number of centesimal seconds of time from the commencement of [8761] 

the fall of the body [8728] ; 

g — double the space which a falling body describes in the first second of j-8761,j 

time, by the force of gravity [8723] ; 

nt — the angle of rotation of the earth, during t centesimal seconds of [8762] 

time [8728] ; 

mg = a number depending on the resistance which the air produces in the [87620 

motion of the body [8740'] ; 

h = the height fallen through in the time t. [8763] 

To obtain the time t of the fall of the body, and its deviation towards 

the east, in terms of the height fallen through h, we have from [8750],* 

2 cmh 

Hence wTe deduce, 

£ s/ mg _j_ ç—mg 

t = — . log. ft/cmh-\-1 T Wcmh—\ P : 
y mg y } 

and then,f 

[87630 

[8764] 

Time of 
descent. 

[8765] 

* (4019) Substituting as = k [8763, 8694], in the first member of [8750], then 

multiplying by m, and by log.c = l, we get, 

wA.log.c = log.cmft = log.i. îct'/'“lg -j-c or cmJl — -}- c~l 

as in [8764]. Multiplying [8764] by —c*,s/m% anc] adding c2Ly/mg -f- c*mh to the 

product, we get, 

2f>v/ mg _ mil—{— f,«/ m<r _ , 
c v 2c ~ V ° Jrc~mll = C*nh—1. 

[8764a] 

[8764&] 

[8764c] 

The square root of [8764c] is c"^ ; whence c"^mg ~ cmh-{-s/'c^nh~l. [8764d] 

The second member of this last expression is equal to |.{p/cWi/l-j-1 -j- \/cmh_1 p, as is 

easily proved by developing and reducing ; hence we have, 

C*'ymg = \/cmlL-\-l -f \2. t8764e 1 

Taking the logarithms of both sides of this equation, and dividing by \/mg, we get t [8765]. 

f (4020) Adding ±2 to both members of [8764], and extracting the square root, 
we get, L°'o6a] 

VOL. IV. 148 
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[8766] 

[8767] 

[8768] 

[8769] 

[8769'] 

[8766a'] 

[87666] 

[8768a] 

[87686 ] 

[8768c] 

, 2n. sin.â 
aF = -- 

m.y mg 

\ --- •- ( \ / n ^lll 1 
|log.i.{v/c’*‘+l + [/c"11-—1 —2.ang.tang. 

The height h being given, and the time t determined by observation, we 

may, from [8765], deduce the value of m. Then from [8766] we can 

ascertain the value of &F, or the deviation of the body to the east of the 

vertical. We can also determine m, by the figure and density of the body, 

with the experiments already made on the resistance of the air. 

In a vacuum, 

shall have* 

or, in other words, when m [8740"] is infinitely small, ice 

There have been made, in Italy and Germany, several experiments upon 

the fall of bodies, which agree with the preceding results. But these 

experiments, which require very great care, ought to be repeated with still 

greater accuracy. 

-ht vi 
V/2.v/c™a+1 = c^ 'w +c 

Dividing the second of these formulas by the first, we obtain, 

hw~ ■è«Vï /cmh—1 

è t s/mg . —it-y mg [/cmh -j- 1 
~rc 

Substituting this in the last term of [8759], and the value of t [8765] in the first term of 

its second member, we get [8766]. 

(4021) We have, by developing as in [55, 56] Int., 

t’s/ mg 
c ~ = 1-f-t.\/mg -f-1 he. ; 

—t. s/ mg 

cmh — 1-|-mh -|- %m/h?-\-hc. ; 

_f /—, _ 
= 1— t./mg-j- —he. ; 

substituting these in [8764], and rejecting 2 from each member of the equation, we get 

2mh-{-hc. = t2.mg-j-he. Dividing by m, we get 2h = t2g -j- terms multiplied by in. 

Now putting m = 0, we shall have 2h=t^g, or t = 

[8760], after putting m — 0, we get the expression of, 

^ ; substituting this in 
s 

cm/ = •§ ngt3. sin.d = 
2nh 2k 

ft. sin.6, 
S 

as in [8769]. 
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16. We shall now consider the case in which the body has a projectile 

motion in space; and we shall resume the equations [8724, &c.], supposing, 

“'(I) + «*' 5 
aw 

«xv .sin.s = . (f^) + «•*' [8737] ; 
sin.d VW 

so au' and a®' will be the deviations of the body, from the vertical line 

passing through the point where the motion commences. The deviation au' 

being in the direction of the meridian ; and the deviation a®' being in the 

direction of the parallel of latitude.* Then neglecting the resistance of the 

air, we find that the equations [8724—8724"] will become of the following 

forms ; f 

dyN „ dds , _ , dv . „ ds 
0 = a. —- 4- 2aw.SlIlA — -j- d&n. — . 7 

dr dt dt \ dus -g-; 

o 

o = 

dds 
a. 

dt2 

a dds 

sin.d dt2 

f dy\ , ddv! „ cos.d ds /dy\ ~ 

{!) + *■ OF -2“- SSJ- * •U)-2“-cosJ- 

•(T) + «■• ~r^' +2a-»i.cos.fl. 4 +2a?î.cos.«. 

dd 

dv! 

dt 

'df 

.dô . 

2aw.sinJ. 
ds 

dt 

Multiplying [8774] by 

g . 
sin.â 

fdf 

\dô 

' dy' 

d-us 

, and adding the product to [8775], we get 

ds 
[8778], neglecting terms arising from the product of an. 

dy' 

~dô 
or 'df 

.dus. 
In like manner, multiplying [8774] by-7 

dt 5 

1 

dv' . 
a n. -r- ? by 

dt 

sin.â 

'dy' 

. dus 
and 

adding the product to [8776], we get [8779], neglecting terms arising from 

* (4022) The deviation, in the direction of the parallel of latitude, is cu/ [8740,8739] ; 

and it is shown, in [8736, 8736'], that if aw = the deviation of the body from 

the parallel of latitude, or in the direction of the meridian, will vanish. The difference 

between this and the real value of au [8771], is aif, which represents the actual deviation 

in the direction of the meridian, as in [8773]. 

f (4023) Neglecting the resistance of the air, we shall have, as in [8705, 8707], 

S = 0. Substituting this value of S, and those of au, an [8771, 8772], we find that the 

equations [8724, 8724', 8724"] become respectively as in [8774, 8775, 8776]. 

Case 
where the 
body is 

[8770] 
projected 
upwards, 

[8771] 

[8772] 

[8773] 

[8773'] 
Funda¬ 
mental 
differen¬ 
tial equa¬ 
tions. 

[8774] 

[8775] 

[8776] 

[8777] 

[8773a] 

[87736] 

[8774a] 
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ds dv' 

dt by 
'did 

Tô 
or è)- Fina'h> h? the products of an. — . an. 

Approxi- A fa 
mate ' ^ > 

T:To- neglecting similar terms in [8774], it changes into [8780]. 
jeetile. 

[8778] 0 = a. — 2a».COS.i. ~ ; 
dt2 dt 

[8779] 
. ddv' , „ du' 
0 = a. —— 4- Mn.cosJ. — 

dt2 1 4* 

ds 
-2aw.sin.4 — ; 

4f ’ 

[8780] 

[8781] 

dds ~ . dv' 
U = a. —. 4- 2cm. sin—-g. 

4t2 n dt 0 

Now integrating these equations, and fixing the origin of the co-ordinates 

as, au', av', at the point where the motion commences, tmaf the origin oj the 

time t at the commencement of the motion, we shall have,* 

[8781a] 

[8781&] 

* (4024) If we take the differential of [8779], and substitute in it the values of 

a. ^ , a.^p , deduced from [8778, 8780], we get, after dividing by dt, 

0= a. -f-4aw2.(cos.2â-f-sin.2^). ~ —2gn.s\n.ô. 
(It** ctz 

Substituting cos.2^-fsin-2^ = H multiplying by dt, integrating and adding the constant 

quantity —4C"n2, we obtain, 

0 = a. -j-4an2.F—Qgnt.sin.é—4C'ns. 

[8781c] 

[87814] 

[8781c] 

[8781/] 

[8781/'] 

This linear equation of the second degree, is the same as that which is solved in 

[865a, &c.], putting y = av', a=2n, aQ = — 2gnt.s\n.ô—4CY2, b=C, cp=s, 

in order to conform to the present notation ; and the integrations being performed in the 

manner pointed out in [8656], we get, by reduction, 

clF = — C.sin. (2n*+s) + .t + C'. 

Without going through the labor of these reductions, we may more easily verify this value 

of aF, by substituting it in the differential equation [87816], which will vanish by this 

substitution. This value of aF contains the three arbitrary constant quantities C, C, s, 

but C, C, depend on each other. For av' vanishes when t = 0 [8781], and then the 

value of av' [87814] becomes 0 = — C.sin.s + C, or C' = C.sin.s. Substituting 

this in av' [87814], it becomes as in [8783], with the two arbitrary constant quantities 

C, s, which are required for the complete integral. Multiplying [8778] by dt, integrating, 

adding the constant quantity B.sm.è—2Cn.cosAsin.s, and using aF [8783], we get 

successively, 
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au' = Bt.sin.d + |g?2.sin.4.cos.é-f-C.cos.<h{cos.(2w?-}-s)—cos.s} ; 

ay' = ^‘in‘-. t—C.{sm.(2nt-\- s)—sin.s] ; 
rCYl 

as — Bt.cosJ ^gt^.cos?ô—C'.sin.â.Jcos.^^-fs)—cos.s}. 

B, C, s, being three arbitrary quantities, which depend on the initial 

velocity of the body in the direction of the three co-ordinates. 

Suppose, for example, that the body is projected vertically upwards, with a 

velocity equal to K. The positive values of s being here counted 

ds 
downwards, we shall have, at the origin of the time tf a. — = —K. We 

dix! 
a. — = 2w.cos.â.av'-}-.B.sin.â—2Cw.cos.t).sin.s 

at 

.sin.s = 2n.cosA ^ ~T— . t—C.sin.(2nf-{-s)-j-C.sin.s | -\-B.sm.0—2Cn.cos.Is 

= B.sm.ôfgt.sla.ô.cos.ô—2Cw.cosAsin.(2wf-[-£)* 

Multiplying this last expression by dt, and integrating, we get aw' [8782]; the constant 

quantity •—C.cos.ô.cos.s being added, so as to make aw' vanish when ? = 0, as in [8781]. 

ddvf 
The second differential of [8783], divided by dfi, gives a. = 40w2.sin.(2n? -f- s) ; 

(XL** 

substituting this in [8779], and then dividing by 2n, we get [8781?]. Substituting in its 

second member the expression [8781A], connecting the terms multiplied by C, and 

reducing by putting 1—cos.2t) = sin.2é, we get [8781w]. Dividing ibis by sin.d, we 

obtain [8781o], whose integral gives as [8784] ; the constant quantity -f-C.sin.é.cos.s 

being added to the integral, so as to make as vanish when ? = 0, as in [8781]. 

ds dix* 
a.sinA — = 2Cw.sin.(2w? -f- s)-{-a.cosA — 

CLT* (U* 

= 2Cw.sin. (2nt + s)-J-cos.é. [ B.sin.é-j-^.sin.ô.cos.0—2 Cw.cos.é.sin.(2w?-f-£) 1 

= 2Cw.sin.2d.sin.(2w?-j-s)-]-JB.sin.â.cos.â -j-gtf.sin.é.cos.2ô ; 

(X/S m • 

a. — = 2Cw.sin.â.sin.(2n?-}-£)_b-^*cos.â-|-^?.cos.2^. 
CLT* 

* (4025) If the body be projected upwards, in the direction of the radius r, or r—as, 

with the velocity K, it will pass over the space —anfs = Kdt, in the first moment of 

time dt, as in [8787], without altering the values of aw' or at/; so that at the 

, du' dv' 
commencement of the motion we shall have -—=0; — = 0, as in [8787']. Now 

dt dt 

taking the differentials of aw', av', as [8782, 8783, 8784], dividing them by dt, and 

then substituting f = 0, and the values [8787, 8787'], we obtain the equations 

[8788, 8789, 8790] respectively. 

Devia¬ 
tions. 

[8782] 

[8783] 

[8784] 

[8785] 

Vertical 
projec¬ 
tion. 

[8786] 

[8787] 

[8781^] 

[8781* *,] 

[87814] 

[8781A] 

[8781? ] 

[8781m] 

[8781n] 

[878lo] 

[8787a] 

[8787b] 
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[8787'] 

[8788] 

[8789] 

[8790] 

[8791] 

[8792] 

[8793] 

Devia¬ 
tions with 
a vertical 

[8794] 
projec¬ 
tion. 

[8795] 

[8796] 

[8791a] 

[87916] 

[8794a] 

[87946] 

[8794c] 

[8794d] 

shall also have at that origin, ~ = 0 ; ~ = 0; therefore, 

0 = JB.sinJ—2Cw.cos.0.sin.s ; 

0 = — .sin.â—2Cn.co$.e ; 
2n 

—K = JB.cosJ -f-^Cw.sin.ô.sin.s. 

K. sin. A 

Hence we deduce,* 

C.sin.s = — 
%n 

~ g. sin.4 
C.cos.s= ? , , - ; 

4?r 

B — —K.cos.ô. 

which give,f 

au' — —sinAcos.d. | ~ .(2nt—sin.2^) -j- ~ .(1—2—cos.2nt) j ; 

a?/ = S^. ^ —.(2 nt—sin.2n£)—K.(\—cos.2 nt) | ; 

as = —Kt+igf-+^p-.{l—2n!‘ts—cos.2nt}+^^.(2nt—sm.'2,nt). 
2 n 

* (4026) Dividing [8789] by 2n, we get [8792]. Multiplying [8788] by sin.â, 

and [8790] by cos.0, then adding the two products, we get, 

—K.cos.ô = B.{sin.2â -|-cos.2â] = B, 

as in [8793]. Substituting this value of B in [8788], we get, 

0 — —A.sin Acos.é—2 C n.cos.ô.sin.s. 

Dividing this by —2?i.cos.é, we obtain [8791]. 

f (4027) Substituting, 

sin.(2w^-[-s) — sin.2?h.cos.s-[-cos.2n£.sin.s ; cos.(2ntf-f-s) — cos.2w^.cos.s—sin.2n^.sin.s, 

[22, 24] Int., in [8782, 8783, 8784], together with the values [8791—8793], we obtain, 

cm' = —Kt.sm.ô.cos.ô-^-^gfî.sm.ô.cos.ô-^cos.ô. j cos.2nt-\~ 
K.sm.ô . o , g 
—-—.sin.2^- 

2 n 

■.sin.0 ■) _ 
JriT ( » 

aw 

as 

£\sin.â , ( £*.sin.â . ^ , , A.sin.ô 0 K.s'm.ô ) 

= V ■ ‘ -1*r-swSnt+-*r- cos-2nt-5T \ ’ 
= —B;.cos.2tf+ig(2.cos.!!«-l-sm.«. [ — "■ K'sm6 Or, t. Om y 

g’.sin.ô 7 

By a different arrangement of the terms, we may change [8794a] into [8794] ; [87946] 

into [8795] ; and [8794c] into [8796] ; observing that in [8794c] we must change cos.20 

into 1—sin.2<b 
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Reducing these expressions to series, and neglecting quantities of the order 

n2, we obtain,* 

&u' — 0 ; 
an' = —3iY).sin.4 ; 

as =—Ktf\gT. 

These expressions show that the deviation of the body, in the direction of the 

meridian &u', is very small ; and that it is only sensible in the direction 

of the parallel of latitude an'. If we suppose K— 0, in [8798], we shall 

have the same expression of the deviation as in [8768c], If we suppose 

K to be given, and we wish to find the point where the body will strike the 

earth, we must put as = 0, whence we get gt — 2K; consequently ,f 

. 4n.K3.s\n.ô 

To reduce this formula to numbers, we shall observe that n is the angle 

described by the rotation of the earth in a centesimal second of time [8727'], 

and this angle is equal to ■ ; because the duration of the sidéral day 

is 99727" ; we must reduce it to parts of the radius, or, in other words, 

divide it by the radius in seconds 636620". g is double the space which 

gravity causes a heavy body to describe in the first centesimal second of its 

* (4028) We have, by developing as in [43, 44] Int., 

sin.2n£ = 2nt—§n3t3 -f-&c. ; cos.2nt = 1—2rv3t2 -f* § n4t4—Sic. ; 

hence we deduce, „ 

-Î-. [2nt—sin.2nt\ =§w2*!3—he. ; -^.(1—2n^t^—cos.2nt) ——-|-?z2z:3-}-&ic. ; 
<4/71 *±1L 

so that if we neglect terms of the order w2, as in [8796'], we shall find that both 

expressions in [87965] will vanish ; and then the equations [8794, 8796] will become 

as in [8797, 8799] respectively; moreover [8795] changes into [8798]. 

f(4029) Putting as = 0 in [8799], we get gt — 2K; substituting this in [8798] 

2K 
we obtain ar/ = — xnt^.K.sinJ; and by using i= — [8801'], it becomes as in [8802]. 

Now the earth, by its diurnal motion, describes 4000000" in one sidéral day of 99727" of 

the centesimal division ; hence the arc n, corresponding to one second [8727'], is 

40" 40" 
0",99727 5 0r n~ d" 99727 x 636620 ’ m parts of the radius. Substituting this in [8802], 

together with the values of g, K, Ô [8804—8806], we get the expression of av' [8807], 

or by reduction as in [8808]. 

[8796q 

[8797] 

[8798] 

[8799] 

[8800] 

[8801] 

[88014 

[8802] 

Deviation 
on the 
parallel of 
latitude. 

[8803] 

[8804] 

[8796a] 

[87965] 

[8802a] 

[88025] 

[8802c] 
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[8805] 

[8806] 

[8807] 

[8808] 

fall [8761'] ; and this space, in the latitude of Paris, is equal to 7metres,32214. 

If we suppose, for an example, that the velocity K is 500 metres per 

second, we shall have for Paris, whose latitude is 54°,2636, è equal to the 

complement of this latitude, or è = 45°,7364. Hence we get, 

CLfl 
_ 4_ KQQmetres /500m,00000\ 2 _40__ • t rQ non* h . 

3* \ 7m,32214 ) ' 0,99727x636620"’ ’ 5 ’ 

whence we deduce, 

aF = —128metres,9. 

Deviation 
west of the 
place of 
projection. 

[8809] 

This expresses the distance of the place, where the body falls upon the earth, 

to the west of the place of projection. For the rotatory motion of the earth, 

being from the west towards the east, the negative values of ai/ are to be 

taken in the opposite direction, or from the east towards the west. 



x. vi.$n.] MOTIONS OF ATTRACTING BODIES. 597 

CHAPTER VI. 

ON SOME CASES WHERE WE CAN RIGOROUSLY ASCERTAIN THE MOTIONS OF SEVERAL BODIES WHICH 

MUTUALLY ATTRACT EACH OTHER. 

17. The problem of the motions of two bodies, mutually attracting 

each other, can be accurately solved, as we have seen in the second book, 

[531—534] ; but when the system is composed of three or a greater 

number of bodies, the problem, in the present state of analysis, can be 

solved only by approximation. The following cases are however susceptible 

of a rigorous solution. 

If we suppose the different bodies to be situated in the same plane, so that 

the resultant of the forces, acting upon each one of them, may pass through 

the centre of gravity of the system, and that the different resultants may be 

proportional to the respective distances of the bodies from this centre, then it 

is evident that if we impress upon the system an angular rotatory motion about 

its centre of gravity, so that the centrifugal force of each body may be equal 

to the force which attracts it towards that centre* all the bodies will continue 

to move in circles about that point, retaining, in relation to each other, the 

same relative positions, so that they will appear to describe circles about 

each other. 

[8810] 

[8810'] 

First 
theorem. 

[8811] 

[881V] 

[8812] 

* (4030) If we suppose all the bodies to have the same angular rotatory motion about 

the common centre of gravity, the centrifugal force of any one of them will be proportional 

to its distance from that centre, as in [54'] ; and by hypothesis [8810', &c.] the whole 

action of the bodies, upon any one of them, is reduced to a simple attraction towards the 

centre of gravity, with a force which is also proportional to the distance of the body from 

that centre. Now as both these forces are proportional to the distance from the centre of 

gravity, it is evident that we can adjust the rotatory motion, so that they may exactly 

balance each other, as in [8811']. 

[8811a] 

[88116] 

[8811c] 

VOL. IV. 150 
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[8813] 

Second 
theorem. 

[8814] 

[8814'] 

[8814"] 

The bodies being in the preceding position, if we suppose that the polygon, 

at whose angles the bodies may be imagined to be placed, varies in any 

manner, but always retaining a similar figure, it is evident that the law of 

attraction, being supposed to be proportional to any poiver whatever of the 

distance, the resultants of the forces which act upon the bodies will be to each 

other, at all times, as the distances of the bodies from the centre of gravity 

of the system* This being premised, we shall now suppose that all the 

bodies, when in a state of rest, are impressed at the same instant with 

velocities proportional to their distances from this centre, and in directions 

equally inclined to the radii drawn from this point to each of the bodies ; 

[8814a] 

[88146] 

[8814c] 

[8814c?] 

[8814e] 

[8814/] 

[8814g-] 

[88146] 

[8814i] 

[8814*] 

[8814?] 

[8814m] 

[8814n] 

* (4031) For the purpose of illustration, we shall suppose the attraction of the bodies 

upon each other to be as the power n of the distance ; so that if, at the commencement 

of the time t, we represent the distances of the bodies ml, m", he. from m, by s, s', he., 

the action of the bodies m!, m", he. upon m, will be expressed by m'.sn, m".s'n, he., 

in the direction of the lines s, s', he. respectively. Moreover if we represent by r, r', r", 

&c. the radii, drawn from the centre of gravity of the system to the bodies m, ml, m", he. 

respectively, we shall have, according to the hypothesis assumed in [8814, &c.], 

Kr, Kr', Kr", he. for the resultants of all the forces of attraction acting upon these bodies 

respectively ; K being of the same magnitude for all the bodies at any one moment 

of time whatever. In the hypothesis [8811, 8812], where the polygon does not vary, the 

value of K is also, at all times, invariable ; but when the polygon varies in magnitude, 

but not in its figure, as in [8813, &c.], the value of K may also vary in successive 

moments of time, but at any particular instant it must, by hypothesis, have the same value 

for all the bodies m, ml, ml', he. Now if we suppose the figure of the polygon to vary as 

in [8813], so that every linear measure s, s', s", he., r, r', r", he., corresponding to 

the time £ = 0, may be increased in the ratio of a to 1 ; and we then represent the new 

values, corresponding to the time t, by the Italic letters s, s', s", he., r, r', r", he. 

respectively ; we shall have, 

s = as, s' = as', s"=as", &c. ; r = ar, r' = ar' d'= ar", &c. 

In this case the action of the bodies m', m", he. upon m [88146], will be changed into 

m'.sn, m".s'n, he.', or into the equivalent values m'.an. su, m".an. s'™, he. ; each of them 

having increased from its original value [88146] in the ratio of an to 1; and as the 

resultants [8814c?] must also increase in the same ratio, they will become Kan.r, 

Kan.r', Kflu.r", he. respectively ; so that if we put for symmetry K— Kam_1, and use 

the values of r, r', r”, he. [88146], these resultants will become Kr, Kr', Kr", he. 

respectively ; or, in other words, they will be proportional to the augmented or new 

distances r, r', r", he. of the bodies from the centre of gravity of the system ; it being 

evident that the position of this centre does not vary in consequence of these changes. 

These results are in conformity with the remarks of the author in [8814', See.]. 
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then the polygons, formed at each moment by the right lines which connect 

these bodies, will be similar ; the bodies will describe similar curves,* both [8815] 

about the centre of gravity of the system and about each other, and these 

curves will be of the same nature as that which a body attracted towards a t3815l 

fixed point would describe. 

To apply these theorems to an example, we shall consider three bodies, 

whose masses are m, m', m", which attract each other, according to the [8816] 

* (.4032) The velocity of projection of any one of the bodies, as for example that of 

the body m, is by hypothesis proportional to its distance r, from the common centre of 

gravity of the system, at the time of the commencement of the motion ; and as the angle of 

inclination of the line of projection with the radius, is the same for each of the bodies, it is 

evident that the area described in the first instant of time dt, will be proportional to r2 ; 

so that we may represent the double of this area by crs.dt ; c being the same for all the 

bodies m, ml, ml', &c. Comparing this with the expression of the same area cdt [366], 

we get c = cr2. Moreover the force <p [373], acting on the body m at the time t, is 

represented by Kr [8814/]. Substituting these values of c, <p, in the expression of dv 

[376], we get the value of do [8815e] ; and by accenting the letters we get the similar 

expression of dv', corresponding to the motion of the body ml ; observing that K is the 

same for both bodies [8814/] ; 

[8815a] 

[88156] 

[8815c] 

[8815c?] 

dv 
cr^.dr 

r. /—c2 r4—2r%fKrdr ’ 
dv' 

cr'2. dd 

r'.\/—c2r'4 —2r'2f Kddd * 
[8815e] 

We shall now suppose that at the commencement of the motion, when t = 0, we have 

r'=6r, and that the angles v, v', commence at that time, so that their places of origin 

must be on the lines r, r', respectively ; and we shall then compute, by means of the 

formulas [8815e], the relation of the arcs v, v', when the general value of r' is expressed 

by r' = It. In this case we find, by substituting r' = lx, / = hr, in the expression 

of dv' [8815e], that the numerator and denominator can be divided by the constant 

quantity P ; so that this value of dv' will become identically the same as that of dv, 

[8815e], and we shall then have dv = dv'-, or by integration v=v'; supposing, as in 

[8815e'J, that both angles commence at the origin of the time t. Hence we see that when 

/ — hr, we shall have v' = v ; therefore the figures described by the bodies m, ml, will 

be similar; consequently the areas described by the radii vectores will be as r2 to r'2, or 

as 1 to P; and as the areas described in the time dt, at the origin of the motion, are in 

the same ratio, the times of describing the equal angles v, v', by the bodies m, ml, must 

be equal. This is conformable to the remarks in [8815, &c.]. What we have here stated 

relative to the paths of the bodies about the common centre of gravity being similar to 

each other, may evidently be applied to the relative motions of the bodies about any one 

of them, considered as at rest, since they must also be similar. 

[8815e'] 

[8815/] 

[8815g-] 

[88156,] 

[8815/] 

[88156] 

[8815Z] 

[8815m] 
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[8816'] 

[8817] 

[8818] 

[8819] 

[8820] 

[8821] 

[8822] 

[8823] 

[8824] 

[8825] 

function <p(r) of the distance r. We shall put x, y, for the co-ordinates of 

m, referred to the plane which connects these bodies, and to the centre of gravity 

of the system ; also x', y', for the co-ordinates of m', and x", y", for those 

of m". Then the force acting upon m, parallel to the axis of x, and 

draining towards the centre of gravity, is,* 
o'\ [Force acting on m "1 

parallel to x. J ml. . (x—x') -|- ni". —. (x—x") ; 

s being the distance of m from m', and s' that of m from m". The 

force acting upon m parallel to the axis of y, is, 

*»'. • (y—,• (y—f)- 
Force acting on m r Fore 

L pa parallel to y. ] 

Likewise the force acting upon m' parallel to the axis of x, is, 

m. . (x1—x)-\-m". —. (x'—x") ; 
s K ' s L Force acting oil m 

parallel to x, 

s" being the distance of m' from m". The force acting upon m' parallel to 

the axis of y, is, 

»n in' 1 
V. J • ^ • (2i-y)+m". . (y'-f). rsass? 

S S 

Lastly, the forces acting upon m", parallel to the axes of x", if, are 

respectively, 
f J\ ~ f J!\ 

"Force acting on m,"' m. ^. (x"— x) + ml. . (x“—a?) ; [E 
S S 

i »"■] 
parallel to x. J 

m. ^ . (f-y) (/-V). 
s S 

[Force acting on m" "I 
parallel to y. J 

Now, in order that the resultant of the two forces which act upon m, 

[88]8a] 

[88186] 

[8818c] 

*(4033) The action of m! upon m, in the direction s, is m'.<p(s) [SS 16']. Resolving 

it, in a direction parallel to the axis of x, it becomes m'.1^ .(x'—x) in a direction 

opposite to the origin of the co-ordinates [393T or to conform to the present hypothesis 

[8833], m'. -p . (x—x'), towards the origin. In like manner the force of m" upon m, 

■s rx^x"\ ; the sum is as in [8818], which represents the whole force of m! 
s' 

and m" upon m, resolved in a direction parallel to The other forces [8820—8825] 

are found in a similar manner ; all these forces being supposed to tend towards the origin 

of the co-ordinates, as in [8833]. 
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parallel to the axes of x and y, may pass through the centre of gravity of 

the system, it is necessary that these forces should be in the ratio of x to 

y ;* therefore we shall have, 

ml. . (x—x') -j- m". . (x—x") = Kx ; 
6‘ ' s 

*»'< f • (y—ÿ)+m"- f ■ {y—y") = Kv ; 

K being any quantity whatever. The force which attracts m towards the 

centre of gravity, will be K.\/x^-\~y2. We shall likewise have, by 

considering the forces which act upon ml, 

m. . fx'—x)-\-m". ~~~~ . (x'—x") = K'x' ; 
s v -s K ' 

m. ^ . (y'—y)+ m". . (y'—y") = K'y'\ 

which gives K' .fx^-^-y'^ for the force which attracts ml towards the centre 

of gravity of the system. In order that this force may be to that which acts 

upon the body m, in the ratio of the distances of the two bodies from that 

centre, it is necessary that w7e should havef K=K'; and as we must 

apply the same result to the forces which act on m", we shall have the 

three following equations ; 

* (4034) This is proved in [367a, Sic.]. Now the two forces [8818,8820], being to 

each other in the ratio of x to y, we may evidently represent them by Kx, Ky, 

respectively, as in [8827,8828]. The resultant of these two forces is K.fx^-j-y^ [3], 

as in [8830]. In like manner the forces acting on m' [8821, 8823], may be represented 

by Kx', Ky', as in [8831, 8832] ; and their resultant is Kas in [8833]. 

t (4035) The distances of the bodies m, m', m", from the centre of gravity of the 

system r, r, r" [8844], are evidently represented in the notation [8816', 8817], by 

r — r' = [/x'2-\-y'2, r" = -f-Hence the force acting upon m 

[8830], is Kr; and that acting upon ml [8833], is Kr' 5 and by hypothesis these must 

be to each other as r to r' [8814'] ; therefore we have Kr : Kr' : : r : r' ; consequently 

K—K, as in [8835] ; hence [8831] becomes as in [SSSô7] ; moreover [8827] is the 

same as [8836]. In the same manner we may prove that the forces acting on ml', give 

the similar equation [8836"]. The equations [8828, 8832], and the similar one for ml', 

give the equations in y, y', y", mentioned in [8837]. 

151 

[8826] 

[8827] 

[8828] 

[8829] 

[8830] 

[8831] 

[8832] 

[8833] 

[8834] 

[8835] 

[8827a] 

[S827&] 

[8836a] 

[8836&] 

[8836c] 
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[8836] 

[8836'] 

[8836"] 

[8837] 

[8838] 

[8839] 

[8840] 

[8841] 

[8842] 

[8843] 

[8844] 

Case 
where 
three 

[8845] 
bodies are 
at equal 
distances 
from each 
other. 

[8838a] 

[8840a] 
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m'. . (x—x')~\-m". . (x—x") — Kx ; 
s s 

m. . (x'—x)-\-m". • (f—x") = Kx' ; 
S S 

m. ~-fJ. (x"—x)-\-m'. ^4 • (x"—x') = Kx" ; 
S S 

If we change in these equations x, x', x", into y, y\ y", we shall obtain 

the three equations corresponding to the ordinates y, y', y". 

Multiplying [8836] by m, [8836'] by m', and [8836"] by m", then 

taking the sum of these products, we get,* 

0 = mx -j~ m'x' -f- m"x". 

This equation depends on the nature of the centre of gravity [124] ; and 

by combining it with [8836], we get,f 

x. | ml. PP- -f (wz-f-m"). | -f m'x'. 

Therefore by supposing s — s', we shall have, 

K = (pmml f ml'). 

Moreover if we suppose s = s", we shall find that the equations 

[SSSB7, 8836"] give the same expression of K. Hence it follows that in 

the supposition of s — s' = s", this expression will satisfy the equations 

[8836—8836"], and the similar equations in y, y', y" [8837]. 

This being supposed, if we put r, r', r", for the respective distances 

of the bodies m, m", from the centre of gravity of the system, the 

forces which attract these bodies towards that centre will be Kr, Kr', Kr", 

[88366] ; so that by impressing upon these bodies velocities proportional to 

* (4036) The terms of the first member of this sum mutually destroy each other ; and 

those of the second member, being divided by the common factor K, become as in 

[8838]. This equation is the same as 0 = 2.mx [124], corresponding to the centre of 

gravity. 

f (4037) Multiplying [8838] by , and adding the product to the first member of 
S 

(D (p f 
[8836], we get [8840], If we put s = s', we shall have ; and then [8840] 

becomes x.{mfmlfm"\. — = Kx. Dividing by x, we get K [8842]. 
S 
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r, r', r", and with directions equally inclined to those radii, we shall have 

during the motion s = s' — s" ; * or, in other words, the three bodies will 

always form an equilateral triangle, by the lines which connect them with 

each other ; and they will describe about each other, as well as about their 

common centre of gravity, perfectly similar curves [8815m]. 

We shall now put, 

X, Y, for the rectangular co-ordinates of the centre of gravity, referred to 

any point whatever as the origin ; 

x, y, for the rectangular co-ordinates of the body m, referred to the same 

origin ; 

x1, y', for the rectangular co-ordinates of the body m', referred to the same 

origin ; 

and so on for others ; then we shall have, as in [129],f 

2.mm'.\(x—x')^g-(y—y'Y\ # 

(2.m)2 ’ 

taking therefore the centre of the body m for the origin of the co-ordinates, 

which makes x — 0, y = 0, we shall have, 

* (4038) What we have stated in the notes [8814a, &tc., 8815a, &c.], will serve to 

explain the remarks of the author in [8844—8847]; observing that in this case we have, 

according to the notation in [8814a, &tc.], s=s' = s"; substituting these in [8814A], 

we get s — s' = s" = as. 

f (4039) The bodies are supposed to move in the plane of xy [8810', 88169 ; 

therefore we shall have Z — 0, z= 0, z'= 0, &c. in the formula [129]; and by 

neglecting these quantities, it becomes as in [8849], Now it is evident, from the notation 

[8848], that [/x2g- Y2 represents the distance of the centre of gravity from the origin of 

the co-ordinates, or from the body m [8850] ; and this is represented by r in [8844] ; 

hence we have r— fx2 -J- Y2, as in [8851]. The values s, s' [8852, 8853] 

correspond with those in [949'], using z = 0, z'= 0, &c. [8849a] ; and by putting, as 

in [8850], a?=0, y = 0, and s = s' = s" [8843], we get successively, 

= 0 ; (a/-®)9+(y/-y)a=a/3+2/a=«a; (x"-x) 2+ (y"-y) 2 = x"‘2fy"3=s/2=/. 

2.m.(a;9-f/) =w.(a?2-j-y2)-}-m/.(a/2-}-y'2)-j-w/'.(«//2-f y"2) — (m'g-m").s2 ; 

2.mm'.[(x—a/)2-f {y—y’)2} = s2.2.mmf= s2. [ mm' g-mm''g-m'm!' ]. 

Substituting [8851, 8849/g] in [8849], it becomes as in [8854]; whence we easily 

deduce s [8855]. 

[8846] 

[8847] 

[8848] 

[8848q 

[8848"] 

[8849] 

[8850] 

[8846a] 

[88466] 

[8849a] 

[88496] 

[8849c] 

[8849c/] 

[8849e] 

[8849/] 

[8849g-] 

[88496] 
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[8851] 

[8852] 

[8853] 

[8854] 

[8855] 

[8856] 

[8857] 

[8858] 

[8859] 

[8860] 

[8861] 

[8862] 

X2 + Y^r2; 

Hence we deduce, 

(x'—xy+ (y — yf = s2 ; [8849e] 

(f—yf = s'2 = s2,&c.; [8849e] 

(m/ -f- m") .s2 ( m rd -f- m m" -[- m'm") .,sa 

m-\- m'-j- m' 
[8849/c] 

(m-j- id-f- m"). r 

p'W 2 -j- m'm" -j- m" 2 

Substituting this value of s in the expression of the gravity 9(5) [8816'], 

we obtain the law of gravitation of the body m, towards the centre of 

gravity of the system. The force which draws m towards that point, is 

represented by Kr [8845], and we have K— (m + m'-f-m"). —- [8842] ; 
«5 

hence this force will be,* 

[/m! 2 -\-m'm" -j- m" 2. 9. 
' (m-\-m!-\-m"). r 

\/rri 2 -{-m'm"-j-to'' 
[Force drawing the body m "j 

towards the centre of gravity. J 

We shall have, by means of the formula [376], the equation of the curve 

described by the body m about the same point ; consequently those of the 

curves described by the bodies m! and m" ; since these three curves are 

similar to each other, with dimensions respectively proportional to 

r, r', r" [8847]. 

In the case of nature 9 (5) = — ; the force which draivs m towards the 

centre of gravity of the system, will therefore he, 

( rtP -j-m'm" -j- to"2) 2 

(pi-\-m-\-m!'f. r2 

[Force drawing the body m towards the "1 
centre of gravity, in the law of nature. J 

Therefore the three bodies will describe similar conic sections about the centre 

of gravity of the system [8857c/] ; forming always between each other an 

[8857a] 

[88576] 

[8857c] 

[8857d] 

[ yn | yyif jy,__ 
*(4040) Multiplying [8842] by r, and substituting —-"2 

s 

[8855], it becomes Kr = fm!2.9(s ), which is reduced to the form [8858], 

by the substitution of the value of s [8855]. If we now suppose, as in [8860], that 

9(5) = —, the expression of the force acting on m [8858] becomes as in [8861], being 

inversely as the square of the distance r ; and as this is the case of nature [380, &tc.], the 

described curves will be conic sections [534', &c.], as is stated in [8862]. 
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equilateral triangle, whose sides vary incessantly ; and they may even become 

infinite, if the section be a parabola, or a hyperbola. 

We shall now consider the case where the three quantities s, s', s", are 

not all equal to each other, supposing, for an example, that s, s', are 

unequal ; we shall also resume the equation [8840] ; 

x. £ m'. + + (m + m"). ^ j + f»Y. ^ ^ | = Kx. 

We shall have, between y and y', an equation similar to that in [8864] 

between x and x' ; from these two equations we deduce,* 
ry» * •• /t! • fljf • 
vL/ • iAj « • U 9 LI ^ 

therefore the bodies m, ml, must be on a right line with the centre of 

gravity of the system, so that the three bodies m, ml, m", must be situated 

on the same right line. We shall now take, at any moment whatever, this 

right line for the axis of the abscisses, and we shall suppose the bodies to 

be arranged in the order m, ml, ml', so that their common centre of gravity 

may fall between m and ml. We shall then put, 

-W - __ 11 /y* ® O'1* - - £/ O' • 
w • p* iAy ^ F w ^ 

* (4041) The equation [8864] may be put under the form [8864a] ; and the similar 

one in y, under the form [88646] ; 

a?. 

( / *(*) , / I <P(» 
y- [ m • — + {m+m ). — 

<p(«0 —k] > = x'.ml. ■ _ #0 
s' » t * s' 

(Pis') 
s' -*} > = y'.ml. < 

l » ~ 

m 
s' 

y y' 

Dividing the second of these equations by the first, we get — = — ; whence we easily 
DC Do 

V 

deduce [8865]. Now — evidently represents the tangent of the angle formed by the 

radius r and the axis of x ; and in like manner t represents the angle formed by the 

radius / and the same axis of x' or æ; therefore these tangents and the corresponding 

angles must be equal, so that the radii r, r', must fall on the same right line, passing 

through their origin of the centre of gravity of the system. Hence it must necessarily 

follow that the three bodies are situated in that right line, as in [8866]. We may remark 

that in [8880] the author supposes m to be the sun, ml the earth, and ml' the moon ; 

so that if we take the centre of gravity of the system for the origin, and count the distance 

x of the sun from the origin as positive, we must take those of the earth x' and moon x" 

negative, as in [8867]. 

VOL. IV. 

Case 
where the 
distances 
of the 
three 
bodies are 
unequal. 

[8863] 

[8864] 

[8865] 

[8866] 

[8867] 

[8864a] 

[88646] 

[8864c] 

[8864c?] 

[8864c] 

152 
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[8868] anc^ we a^so suppose that the law of attraction is as the power n of 

the distance, so that 9(5) = s11. Then the equations [8836—8836"] will 

[8868'] give, by observing that s = æ.(1 + p<), s'= x.( 1 + F),* 

[88691 K— xn~l.{rii!+ m",(\-\-V)n] ; 

t8870! = m.( 1+m,)w—m".(V-—p)n. 

We shall now put, 

[8871] V—p,= (l + p).z; 

and from this we get,f 

[8872] l + r=(l + K-).(l + «); 

consequently, 

[8873] p.{m'm"z)71] —m —-m"zn ; 

but the equation [8838], 

[8874] 0 = mx -f- m!x' + m"x'\ 

* (4042) In the hypothesis that the bodies are situated in a right line, as in [8866], 

we have, 

[8868a] s — x—xf ; s' = x —x" ; s" = x'—x", 

Substituting these values in [8836, 8836', 8836"], we obtain, 

[88686] = Kx ; —.cp(s") — Kx' ; —m.cp(s')—?n\(p(s") = Kx". 

If we now substitute the values of x', x" [8867], in the expressions of 5, s', s" [8868a], 

we shall get, as in [886S'], 

[8868c] s = a\(l-}-p) ; s'= æ.(l-\~Tr) ; s" = x.(V-—/a). 

[8868c?] Substituting these in <p(s) = sn, cp(s') = s'n, cp(s")=s"n [8868], we get, 

[8868e ] <p(s) = a?n.(l-f-p)n ; (p(s') = xn.( l-\-V)n-, <p(s") — xn.( V— p,)u. 

Now substituting the values of <p(s), 9(/) [8868e], in the first of the equations [88686], 

and then dividing by x, we get the value of K [8869] ; multiplying this by x' = —px, 

[8867], we get the value of Kx, under the form, 

[8868/] Kx' = —P'Xn.[m'.(l-\-Li)n + V)n]. 
Substituting the values of Kx', cp(s), cp(s") [8868/, e], in the second of the equations 

[88686], and then dividing by —xn, we get [8870]. 

f (4043) Adding 1-f-p. to both members of [8871], we get [8872]. Substituting this 

[8873a] -n rïjg grst memker 0f [8870], and V—p [8871] in its second member, then dividing by 

[88736] (1-j-p/, we get [8873]. Substituting the values of x', x" [8867] in [8874], and then 

dividing by x, we get [8875] ; from this we deduce V =  -/— ; and by substitution 

t88^] m-m>. p 
in [8871], we obtain ---p = (l-j-p).z; which gives p [8876]. 

717 
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gives, 

0 = m — mV — m"V, 

Hence we deduce, 

to—mf'z 

^ to'-{-to".( 1 + ^) ’ 

therefore we shall have,* 

(m—m"z).{m'-\-m".(lJrz)n\ = {m'-f-m".(l-]-2)}.{m—m".zn\. 

In the case of nature in which n =—2, this equation becomes, 

0 = m22.|(1-j-2:)3—1J—m'.(l+2)2.(l—23)—m".[(l -f-2)3—z3} ; 

an equation of the fifth degree, which must therefore have one real root. 

Now the supposition of 2 = 0, renders the second member negative, and 

on the contrary it becomes positive if z = co [8877e]; therefore 2 must 

necessarily have a real positive value. 

If we suppose m to be the sun, mr the earth, and m" the moon, we 

shall have very nearly,f 

[8875] 

[8876] 

[8877] 

[8878] 

[8879] 

[8880] 

[8881] 

* (4044) Substituting [h [8876] in [8873], and multiplying by m!,{\-\-z), we 

get [8877]. In the case of nature, where n ——2, the equation [8877] becomes, by 

multiplying by (1-j-z)2.z2, 

{m—m'V).z2.{m\(ldrz)2-{-ni/'l — \m\{\^zyfm".(\Jrz)3}'{mz2— to"]. 

Transposing all the terms to the second member, developing, neglecting the terms 

which mutually destroy each other, dividing by to", and putting in 

separate parts the terms multiplied by to, to', to", it becomes as in [8878]. If we arrange 

the terms of this equation according to the powers of £, it becomes, 

0 = s5.(to-{-to')-{-s4.(3to-|-2to/)-(-z3.(3to+to') — *2.(3to"+to')— z.(3m"-j-2to')— to'—to". 

The second member of this expression is evidently negative when z = 0, and positive 

when z = œ , as is observed in [8879]. 

[8877a] 

[88776] 

[8877c] 

[8877d] 

[8877e] 

|(4045) We have, in [4061], m=l, to' = —-—, also to"= — = •_-_1 

[4631]. After substituting these values in [8877c?], we shall see, by inspection, that thi; 

equation can be satisfied by supposing z to have a very small value. In this case we maj 

neglect z5, 24, in comparison with z3 ; and if we also neglect to' in comparison with to 

to in comparison with to, we shall find that this equation will be very nearly représentée 

by z3.3?n z2. to ~z.Qm'-—m'—m'/==0. The second and third terms of this equatior 

being very small, on account of the smallness of the coefficient m, we shall have ver) 

[8881a] 

[88816] 

[8881c] 
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which gives z = nearly. Hence it follows that if, at the origin of the 

world, the earth and moon were situated on a right line passing through the 

sun, at distances from it proportional to 1 and 1 + tttô» and at the same 

time were impressed with velocities proportional to their distances from the 

sun, and in parallel directions, the moon in her course would always continue 

in opposition to the sun ; consequently one of these luminaries would be 

rising above the horizon, at the same moment the other was setting. 

Moreover, at this distance of the moon from the earth, she could not be 

eclipsed ; * * so that during the night we should always have the benefit of 

the light of a full moon. 

[8881tf] nearly, by neglecting them, z3.3m—m!—m" = 0 ; whence we get the expression of z, 

[8881] ; and by substituting in it the values of m, ml, ml' [8881a], we get very nearly 

[8881e] 2 = ^ ; so that the neglected terms are only of the order -jhu j in comparison with 

those which are retained. The expressions of s, s' [8868c], give s : s' : : 1—{— : l-\-V5 

[8881/] ancj py means of the value of l-\-V [8872], it becomes s : sf :: 1 : or by using 

the value of z [8881 e], s : sf : : 1 : l-j-iAu? as in [8882']. 

* (4046) The moon’s real distance from the earth is ¥-<jo Part °f that of the sun, 

[8882a] [5586], being only one fourth part of the distance computed in [8882'or 8882] ; and 

if the moon were placed at this last distance from the earth, her horizontal parallax would 

[88826] be reduced to one quarter part of its present value, or |X 344244 = 86O46 = 14m 20s,6, 

nearly [5605 line 1] ; and as this is less than the sun’s apparent semi-diameter, when 

[8882c] y-ewe(j from tpe moon, which is nearly 16m, it will follow that the moon cannot be 

[8882/] eclipsed at the distance , corresponding to the value of z, and to the relative situations 

of the bodies which are assumed in [8882, &c.]. 

Some calculations of a similar kind to those which have been treated of in this chapter, 

[8882c ] concerning the motion of a body which is drawn towards two fixed centres, have been 

given by Euler, in the Berlin Memoirs for 1760 ; also by La Grange, in his Mécanique 

[8882/] Analytique ; but much more fully by Legendre, in his Exercices de Calcul Intégral, Paris, 

1817 ; and in hïs Traité des Fonctions Elliptiques, Paris, 1825. Several of these results 

are very curious, and they afford a very good specimen of the uses of the calculation ol 

[8882g-] elliptical functions ; but as the hypothesis of fixed points of attraction is not the case of 

nature, where every thing appears to be in motion, we have not thought it to be necessary 

to enter into any discussion of these methods ; but refer the reader particularly to either 

[88826] ^ a5ove works of Legendre, for their full development ; as also for some cases of 

attraction of two bodies, where the forces differ from that of the law of nature. 

[8882] 

[88824 

[8883] 

[8883] 
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CHAPTER YIL 

ON THE ALTERATIONS WHICH THE MOTIONS OF THE PLANETS AND COMETS MAY SUFFER BY THE 

RESISTANCE OF THE MEDIUMS THEY PASS THROUGH, OR BY THE SUCCESSIVE 

TRANSMISSION OF GRAVITY. 

18. We shall suppose that the sun is surrounded by a fluid, and that its 

resistance upon the motions of the planets and comets is required to be 

ascertained. We have already paid some attention to the subject, in Chap. 

YI, Book YII ; but we shall here examine it more attentively, and shall 

determine the variations in the orbits for any time whatever. We shall put, 

cp for the density of the fluid at the distance r from the sun’s centre ; 

ds for the element of the curve described by the planet in the time dt ; 

of the resistance which the planet suffers, 

in the direction of its motion ; * 

AT is a constant coefficient depending on the figure of the planet and on 

its density ; 

x, y, are the rectangular co-ordinates of the planet, taken in the plane of its 

orbit ; their origin being the sun’s centre. 

/1 \ ds2 
K.tpi—j. — for the expression 

[8884] 

Symbols. 

[8885] 

[8885'] 

[8886] 

[8886] 

[8887] 

* (4047) The resistance is supposed to be proportional to the product of the density 

/1\ . ds% [8886a] 
<p{ — 1, by the square of the velocity —, and may therefore be represented by 

/1\ ds2 
K.cp(-J . — , as in [8886], in the direction of its motion. This can evidently be resolved [88866] 

% • doc du " 

in directions parallel to the axes x, y, by multiplying it by — , y-, respectively, as in 
CIS CIS 

[8888]. Putting these quantities negative, supposing them to decrease x, y, and then 

making them equal to the expressions [8889], we get the values [8890,8891]. In a 

similar manner we may find the values of corresPon(hng t0 die polar [8886c/] 

[8886c] 

VOL. IV. 153 
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[88870 

[8888] 

[8889] 

[88890 

[8890] 

[8891] 

[8892] 

[8893] 

Then the resistance, resolved in directions parallel to the co-ordinates x, 3/, 

and tending to decrease theyn, are respectively, 

ds.dx 
K. 9 

l ds.dy 

dt2 7 \r J dt2 7 

Now we have represented in [1172', &c.], by —(fjf) an(^ —(tt)’ 

forces which act upon the planet in the directions x, y, and tending to 

increase them ; we shall therefore have, 

ds.dx 

(?) -*•())• * • 
[Resistance tending to decrease a. J 

[Resistance tending to decrease y. J 

If we put the sum of the masses of the sun and playlet equal to unity f or 

= 1 [914'], we shall have, from [1177, &c.], 

df=%AR = Z.(ff\Ax+%(ff\.dy-, 

[8886e] 

[8886/] 

[8886g1] 

[S886A] 

[88861 ] 

[8886Æ] 

co-ordinates r, v; which are used in the formulas [8010Î, &c.]. In this case we see that 

the increments dx, dy, which form the sides of the right angle whose hypotenuse is ds, 

must be changed into two other rectangular increments dr and rdv ; dr being in the 

direction of the radius, and rdv perpendicular to the radius ; so that we shall have, as in 

[8903], ds = fdr2 -j-dv2 ; and then to obtain the partial differentials of R relative to 

dr or rdv, we have only to change dx into dr in [8890], and dy into rdv in [8891] ; 

then multiplying this last equation by r, we finally obtain the following expressions, which 

will be used hereafter ; 

(f)=*•<?)• 
ds.dr /dR\ 

\dv )-*•())■ 
ds. r2 dv 

d& \dr J TW dft 
The resistance of the ether acts in the plane of the orbit ; therefore it cannot alter the 

position of this plane, as the author has observed in [8900'], so that the variations dy, dû 

[8010?, to] will vanish ; and the second members of these equations will give, 

(dR\ 

neglecting the very small terms of a higher order, depending on the product of K, by the 

masses of the disturbing planets. 

dR\ 

dû) ~~ ’ 

[8893a] 

[88936] 

* (4048) Substituting in [1177] the value (x=l [8892], we get, as in [8893], 

d. — = 2.di?; now using the development of dR [916a], and neglecting the term 
a 

multiplied by dz, because £ and its differential vanish by taking the orbit of the plane for 

the plane of xy [8887], we obtain the last expression in [8893]. 
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therefore we have,* 

d. — = 2dR =2K.tf(—\ 
a \ r J dt~ 

Now e being the ratio of the excentricity to the semi-major axis a, and w 

the longitude of the perihelion, we shall have, as in [1176, &c.],f 

d.(e.sin.®) = dx. j x. (^)—V• (^r) | 

d.(e.cos.sj) = dy. | y. 

therefore, 

d.(e.sin.'n) = 2K. <p . (xdy—ydx) ; 

d.(e.cos.tf) = —2iT.<pf ^.(xdy—ydx). 

<w) 

/IN ds. dx 

■(f); \dx J 

/d.R\ 
^—(xdy—ydx).(^y, 

Lastly we have, as in [1181],f 

dn = 3an.dR = 3K. an. ? 

* (4049) Substituting the values [8890, 8891], in the last expression of [8893], and 

then reducing by putting dx2-{-dy2 = ds2, we get, as in [8894], 

* 7 ■= ) ■■ %■■ ^ =2J^ (7) • % ■ 

f (4050) Substituting the differentials of h, l [7847], in the first members of 

[7849, 7850], we get [8896, 8897] respectively. Now the values [8890, 8891] give, 

'dR\ 
x.1 — ' • 

dy J 

substituting this, together with the values [8890, 8891], in [8896, 8897], they become 

respectively as in [8898, 8899]. 

f (4051) Putting /*= 1 [8893a] in [1181], we get dn = 3an.dR, as in [8900]. 

1 / j \ ^s3 /1 \ ds3 
Now from [8894] we have c\R = ^d. — = K.<p( — j. ~; hence dn==3an.K.<p(-). — , 

as in [8900]. Substituting f/.= 1 in U2 = y> [711'], we get U— 1 for the 

velocity of a body revolving about the sun in a circular orbit, at the mean distance of the 

earth from the sun, taken as the unit of distance [711']. Substituting this in [712], we get 

V— 
2 2 
—-for the velocity V of a body revolving about the sun in an elliptical 

orbit, whose semi-major'axis is a, and the radius vector r. These will be used hereafter. 
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[8894] 

[8895] 

[8896] 

[8897] 

[8898] 

[8899] 

[8900] 

[8894a] 

[88946] 

[8896a] 

[88966] 

[8899a] 

[88996] 

[8899c] 

[88994] 

[8899e] 
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[8900'] 

[8901] 

[8902] 

[8903] 

[8904] 

[8905] 

[8906] 

[8902a] 

[89026] 

[8904a] 

[89046] 

With the expressions [8894, 8898, 8899] we can obtain the variations of the 

elements of the orbit, depending on the resistance of the medium ; since this 

resistance does not alter the position of the plane of the orbit [8886/i-, i\. 

We have, by means of [372, 1147, 378],* 

xdy—ydx — r~dv == dt.sfag 1—e2) ; 

a.{ 1—e2) 
r — 

l-j-e.cos.^—-sj) 

Moreover we have, as in [89025], 

ds — \fdr2~\-r2dv2 = r*dv. 

hence we deduce,f 

dr \2 1 . 
"T" .a 5 

ds — 
r*dv.\ l4-2e.cos.fy—>«) -f- e2£ 

2 dv y r 

,2 ? h 

a.{ 1—e2) 

ds3 r2<h;.{l-f-2e.cos.(tf—•ro)-j-e2|^- 

dt‘2 a2.( 1—e2)2 

therefore, 

^ 2IT.<p^-^. r2 {1 -j-2e.cos.(v—OT)4~e2| 

d.— = - 
a a2.( 1—e2)2 

*(4052) Comparing [372, 1057], and putting fA = l [8892], we get [8901], The 

value of r [8902] is the same as that in [378]. We have in [8894a] ds — \/dx^ +dy9 ; 

and by substituting its value, deduced from the first equation [372], we get the first 

expression in [8903] ; which is easily reduced to the second form in [8903]. 

f (4053) The expression of r [8902] gives, as in [1256], 

dr e.sin.fy— w) 1 l-j-e.cos.(v—■sJ) 

r^dv a.[ 1—e2) * r a.(l—e9) 

Substituting these in the last value of ds [8903], we get [8904] ; observing that the 

numerator of this expression may be reduced, by putting, 

e2.sin.2(,r—14-e,cos,(î;—= 14-2e.cos.fy—'zs)-4-e2. 

r%dv 
The cube of ds [8904], being divided by the square of dt= -^===^ [8901], gives 

[8905] ; and by substituting this last value in [8894], we get [89 66]. 
[8904c] 
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We shall suppose that the function,* [8906'] 

* (4054) When the form of the function is known, we may make the 

developments of the first member of [8908], by processes similar to those which are 

employed in [964, &c.] ; and by this means we can ascertain the values of A, B, C, he. 

We may also use the method of definite integrals, in the following manner. Putting for 

brevity V equal to the first member of [8908], also v—vs = v; and, for the sake of 

symmetry, A = A0\ Be = A1; Ces—Az, he.; we obtain the following expression 

of the function V ; 

V = K.cp r2. j 1 -j-2e.cos.v-f-e2 p = 4Z0 -|- Av cos.v +4?2.cos.2v+4Z3.cos.3v4-&;c. 

Multiplying this by dv and integrating, we get, 

fV dv — A0. v -j-dZrsin.v-j- \ A2. sin.2v -{-&e. 

[8908a] 

[89086] 

[8908c] 

[89084] 

[8908e] 

This vanishes when v = 0, and when v—v it becomes f%Vdv — A0.tf ; dividing this j-ggQg^-j 

by if, we get A0 [8908&]. Multiplying [89084] by dv.cos.v, and reducing the second 

member by means of [20] Int., we obtain by integration, 

fV.cos.v.dv — /[^0.cos.v-j-^1.(l-f-cos.2v)-j-2'/^2-(cos*v~hcos-^v)~l_^'c-}-^v 

= 4Z0.sin.v4-2 42r(v+£.sin.2v)4-i-4Z2.(3in.v-{-|-.sin.3v)-|-&;c. 

The second member vanishes when v = 0, and when v — it it becomes \ Avif \ hence 

we have V.cos.v.dv = \Ax.n ; which gives A1, as in [8908/]. In like manner, 

multiplying [89084] by cos,nv, n being a whole number, we get by integration the 

expression of | An.tf; whence we deduce An [8908m]. 

A0 = — .f^Vdv ; 
0 7T J 0 7 

A, — ^-. /v V.cos.v.4v ; 
1 -7T J 0 ’ 

An — —. f* V.cos.w v.4 v. 
1 7T J o 

[8908g-] 

[89086.] 

[89084] 

[89086] 

[8908Z] 

[8908m] 

If the integrals of the second members of these equations can be obtained in finite terms, 

or with the assistance of circular arcs, logarithms, elliptical functions, or converging 

series, we shall have the values of A0, Ax, A2, he. If neither of these methods can 

be advantageously employed, we must ascertain the integrals by means of quadratures, as 

in [7929a?, &c.] ; supposing di to be changed into dv, and y{l) into V.cos.nv, in 

finding the general value of An [8908m]. 

As an example of this method, we shall put ^ = — ; this being the hypothesis 

used by Encke [56676], in calculating the perturbations of the comet which bears his 

name, in vol. 9, page 333, of the Astronomische Nachrichten. We shall investigate the 

formulas for the determination of the values of A0, A,, or A, B ; these being the 

[8908n] 

[8908o] 

[8908;?] 

[8908g] 

154 VOL. IV. 
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[8907] 

[8908r] 

[8908s] 

[89081] 

[8908m.] 

[8908v] 

[8908te] 

[8908^] 

[89087/] 

[8908z] 

[8909a] 

[8909&] 

[8909c] 

[8909d] 

[8909e] 

[8909/] 

[8909g-] 

K.(p r3.[ l-|-2e.cos .{v—^)+62pï- 

only coefficients of the series [8908/] which are required, when we restrict ourselves to 

the computation of the secular inequalities, as in [8909/, 8915, &c.] ; and these secular 

inequalities are all which deserve attention, in the present imperfect state of our knowledge 

relative to the nature and density of the resisting medium ; the periodical inequalities 

depending on this cause being comparatively unimportant. Now substituting 

Î . 
<p(V)= — [890Sp] in [8908d], we get the following general expression of V ; 

V = jfir.^I-l-Se.cos.v-f-e2}^ = A0-\- A1.cos.v-)rA2.cos.2v -{-he. 

This last development may be obtained by the formulas [975", 976, &c.], putting 6 = v, 

a = —e, s — —i ; hence we get, 

X = l-f-2e.cos.v-}-e2 ; [975"] 

= ^l-{-2e.cos.v-j-e2p = | -j- &il|.cos.v-[-&[i2.cos.2v--}-&c. ; [976] 

V = jfiT.^l-j-Se.cos.v-l-e9]4 = K.\ b^\ -[- iL&22.cos.v -f-&c. [8908î<, æ] 

Comparing together the two last of the developments of V in [8908u, y], and resuming 

the values of A0, B1 [8908c], we easily deduce, 

A — A0 = K.\#3 î Be = A1 = K.frjl. 

The values of %b[?l, are given in [989] ; and by putting a=—e, as in [8908r], 

we obtain, 

A- 

B 

:A„=K-m=K- { l+(i)2-^+(|])2-o4+ 

: Afi-' =Kc~l.fc! = K. f 1 — 

1.1.3\ 2 

2.4.6 

1 1.1.3 
.e*-- 

4 2.4.6 
.e -&£C. | . 

1.3 1.1.3.5 

4.6 2.4.6.S 

If we neglect the square of e, as in [8921], these expressions will become A — K, 

B = K; being the same as those which are deduced from [8922,8923], by putting 

9 1) = X [8908p], and /~) = \ [8924]. 
a a 

When e is large, the values of A, B, can be more easily obtained by the method of 

elliptical functions, with the tables published by Legendre, which give, by mere inspection, 

the values of A, B ; and as this example shows the importance of these functions, we shall 

compute the formulas which are necessary in this calculation. For this purpose we shall 

2/e 
put c 

1+e’ 
and shall use the symbols given in [82a, b], being the same as the values 

of A(c, <p), F(c, <p), E(c, <p), F1(c), Ex(c) [8910Î—A]. Substituting the first value 

of V [8908w] in [890SA], we get the first form of A0 [8909A] ; its second form is 

obtained by putting v = 2p; its third by making cos.2<p=l—2.sin.2 (p ; then substituting 

c, E1 [8909e, /], we successively obtain, 
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is developed in a series, arranged according to the cosines of (v—w) and 

Jl0 = {l-f-2e.cos.v--|-e2 j *.dv = ^.JY\ 1 -j-2e.cos.2p-f-e2] h2dp 

= -f- .(l+e)./f/1-ca.Bin.aip. dV = ^ ,(l+e).E>(c) [8908c]. 

X_1_e2 

Putting for a moment X— l-|-2e.cos.v -f- e2, we get cos.v =—^-, and 

V = KX* [8908m]. Then from [8909A, A] we have, 

Jf\ l-f-2e.cos.v-[-e2]hc?v =J07rX*.dv = 2.(l-\-e).E1(c) ; 

and [8908/] gives, by successive reductions, 

■ai = £-ff(X-l-*).Xi.dv = £' .f<?xi.dv-*e.(l+eS).S?XUv 

= ~ ■/*xkdv- ^ . (l+c).(l + ^).E’(c). 

The term in [8909m], under the sign f may be simplified by substituting, as in [8909g], 

v = 2p; whence we have, 

XJ=[l-]-2e.cos.2p-j-e2p = {(l-l-e)2’—4e.sin.2pp = c2.sin.2p = (14-e).A ; 

writing for brevity A, instead of A(c, p) == [/l~c2.sin.2p [8910/]. Substituting this, 

and dv = 2dcp [8909o], in [8909m], we get, 

OF- OF 

•*. = — • — ■ (!+«)• (l+c2).E>(c). 

Now it is easy to prove, by differentiation, that we have generally, for any value of p, 

/A3.c?p = ^c2.sin.p.cos.p.A-}-|.(l—| c2).E(c, <p)—^-.(1— c2).F(c, p). 

For by taking its differential, dividing by dcp, and using the values E(c, p), F(c, p), 

[8909/], then writing the terms down in the order in which they occur, without any 

reduction, we obtain, 

A3 = ^c2.(cos.2p—sin.12 p). A—•Jc4.sin.2p.cos.2p.A-1 -|~f.(l —|c2).A—^.(1—c2).A_1. 

Multiplying this by 3A, and substituting cos.2p = l—sin.2p, it becomes as in [8909/], 

Connecting together the terms depending on A2, we get [8909m] ; substituting 

A2 = 1—c 2.sin.2p, we obtain [8909a] ; and by successive reductions, it changes into 3A4, 

[8909u>], as in the first member of [8909/] ; therefore the differentials of both members of 

[8909r], are equal to each other; 

3A4 = c2.(l—2.sin.2 p).A24-c4.(—sin.2 p-f-sin.4p)-}-(4—2c2). A2—(1—c2) 

= (4—c2—2c2 .sin .2p) .A2-]- ( c2— L—c4.sin .2p-f c4.sin .4p) 

— (4—-c2—■2c2.sin.2p)-|-c2.sin.2p.(—4-f-c2-f-2c2.sin.2p)-j-(c2—1—c4.sin.2p-f-c4.sin.4p) 

= 3—6c2.sin.2p-}-3c4.sin.4p = 3.(1—c2.sin.2p)2 = 3A4 ; 

[8907x] 

[8909A] 

[8909i] 

[8909&] 

[8909/ ] 

[8909/'] 

[8909m] 

[8909n] 

[8909o] 

[8909p] 

[8909/] 

[89092] 

[8909r] 

[89095] 

[8909/] 

[8909u] 

[8909u] 

[8909w>] 
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[8907"] 

[8909a:] 

[890%] 

[8909z] 

[8910a] 

[8910&] 

[8910c] 

[89 tOd] 

[8910e] 

[8910e7] 

[8910/] 

[8910g-] 

[8910g'] 

its multiples, in the following form ; 

observing that the expressions ±c2, ±c4.sin.29, in [8909v], mutually destroy each 

other. The first term of the second member of the integral [8909r], vanishes at the two 

limits 9=0, 9 = |s and the general integrals E(c, 9), F(c, 9), become E*(c), 

Fx(c) [8910m, w], respectively; therefore we have, 

ft tf-dv = c2). *.(1—c»).Fl (c). 

Substituting this in [8909^], and making a slight reduction, we obtain, 

2^ o v 
A = — • fU+o)3- 4(l-|^)-(l+e).(l+e2) J .E'(c)—.(1+«)».(1- -c*).F‘(c) ; 

and since c2 = 
4e 

[89°9e], gives 1—= l-e2 = [[q^, it becomes, 

ojr 
A = ^e^)4(l+^).F\c)-(l-ey.F\c)i ; 

substituting this in B = A1.e~1 [89095], we obtain, 

OF 
B = 3^>-0+e)-K1+«s)-E,W-(l-«)s.F’(c)}. 

The process we have here used in finding A0 or Al by a series [8909a, 5], or by 

elliptical functions [89095:, 89105], may be used when is supposed to be of 

different form from that which is assumed in [8908/] ; as, for example, we may suppose, 

a 

<7 

d I Bx | B2 B3 I -B® 
= iyo + -r+-w + -3-4-+ — ; 

and by re-substituting the value of r [8902], we can reduce the expression of V to the 

last form in [8908f/J, and then A0, A,, may evidently be obtained by means of elliptical 

functions. This calculation has been made by Plana, in a valuable memoir on the 

resistance of the ethereal medium, published in Zach’s Correspondance Astronomique, 

&c., vol. 13, page 341, &lc. Instead of finding the values of the differentials de, da, dn, 

in terms of the differential of the true anomaly dv, as La Place has done in 

[8909', 8915, &tc.]. Plana gives them in terms of the differential of the excentric anomaly 

du, according to the method which is used by La Place, in computing the perturbations of 

a comet, in [7872, &c.]. We may remark that the values of As, A4, he. [8908d], may 

be derived from A0, Ax, by a similar method to that which is used in [966, &c.]. 

The expressions of A, B [8909Æ, 8910c], contain the elliptical functions F4(c), E4(c), 

2 v/e 
which require the computation of c = —— [8909e], from the given value of e. This 

1-j-e 

may be avoided by reducing these functions to others, depending on F1(e), E1(e). In 

making these reductions we shall use the method and notation of Legendre, putting as in 

[82a, 5, See.], 
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J5T.9 I+2e.cos.(i'-'53)-fe2}^ = ^4-fjBe.cos.(i;-w)-fCe2.cos.(2v-2^)-f-&c. 

d, 
2\/c 

l+c ’ 

A (c, 9) = ^/l—c2.sin.29 } 

F(C, <p) = C , - -- 
V y J V7!—'c2.sin29’ 

E(c, 9) = fd(p.\/i—(j2.sin.8<p 5 

c/9 FHcl __ 
v ' 1/0 /l—c8.Bin.2(p? 

E1^) =/f 4/i=SiE^5 

sin.(29-9) =c.sin.(p; 

A (<f, (p^) = p/l—c'S.sin.^' ; 

E (c',9) ==/dtp'.\/1—c/2.sin.29'; 

Fi(Y] — d(p'_ 
\ / J ° y/i_c'2.sin.2 9' 5 

E1(c/) = 

Having found c', 9', from c; 9, by means of the assumed equations [8910A], we shall 

have the following integral formulas ; 

F(c'590 = l(l+4F(c,9)j 

E(CW) = • E(c, 9)—I (1—c).F(c, 9) -f . sin.9 ; 

F1(c/) =(\+c).F\c)-, 

E1(<0 =Aj-E1(o)-(1-o).F'(c). 

For by using the symbol A for y/1—c2.sin.2 9, as in [8909^'], we shall have, from the 

second equation [8910A], and [23] Int, 

A — [/l—(c.sin.9)2 = [/1—sin.2(2 9'—9) = cos.(29'—'9) ; 

cos.29/ = cos. [ (29/—9)~b(pf =cos. (29'—9).cos«9—sin.(29'—9).sin.9 — COS.9.A—c.sin.29. 

Substituting this last value of cos,2cp, in 2.cos.29'=!-[-cos.29', 2.sin.V=l—cos.29', 

[1,6] Int., we obtain, 

2.cos.29' = 1—c.sin.29 -|- C0S.9.A ; 

2.sin.39/ = l-j-c.sin.29 — C0S.9.A. 

Mre have, by developing as in [21, 31] Int., and using the values [8910A, s], 

sin.29/ = sin. (29'—9~f"<p) = sin. (29'—9).cos.9-f-cos.(29/—9).sin.9 ? or, 

2.sin.9/.cos.9,= c.sin.9.cos.9-{~A.sin.9 = sin.9.(C.COS.9+A). 

Substituting the value of c [8910A], and that of 2.sin.29', [8910a], in the first member of 

[8910*], altering the arrangement of the terms and making successive reductions, it 

becomes as in [891 Oy] ; 

(1+C)-V/Ï—c'2.sin.29' = v/(l-j-c)2-4c.sin.29/ = /(l-f-c)2 —2c.(l-hc.sin.29—C0S.9.A) 

= \/ {(1—c2.sin.29)-[-2c.cos.9.A-j-c2.(l—sin.29) \ 

— v/{A2-j-2c.cos.9.A-j-c2.cos,29] — A-hc.cos.9. 

155 
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[8908] 

[8910fc] 

[8910Î] 

[8910*] 

[8910/] 

[8910m] 

[8910»] 

[8910o] 

[8910p] 

[8910?] 

[8910r] 

[891 Or'] 

[89105] 

[8910/] 

[8910m] 

[8910a] 

[891 Ota] 

[8910*] 

VOL. IV. 

[89% ] 
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[89080 A, B, C, being functions of e2, we shall have, by neglecting the 

The differential of sin.(2^—P) = c.s'm.p [8910A], gives, by using [8910s], 
dp 

[8910z] (gdp'—dp).A = cdp.cos.p ; hence dp' — — . (A-j-c.cos.p). 

Substituting [8910y, z] in the expression of F(d,p') [89106;], we get, 

[89X10] F (o',o=/7ï=5?=K1+^/x==4-(1+c)-f(<:>^- 

If we substitute the same expressions [8910*/, z] in E(c', p') [8910?], and multiply it by 

2(1_J-c), using c2.cos/+ = c2—c2.sin.2p — c2—1+A2 [8910r'J, we get, 

[89116] 2.(l+c).E(c',+) = (2+2c).fdp'. s/\—cAsm =J^~ .{A-\-c.cos.pf 

[8911c] -/? A2-f~2c.COS.^.A-j-(c2—1+A2) [ 

[8911d] -fi . £ 2A2-|-2c.cos.<p.A-J-c2—1} 

= 2ifdp.AJr2cifdp.cos.p—(1—c2). 

[8911c] = 2E (c, <p) -j-2c.sin.<p—(1—c2).F(c, <p). 

Dividing this by 2.(l+c), we get, 

[8911/] E(S,?') = iA.E(c,«>)-i.(l—<o).F(c,p)+ 

If we put sin.5 = c.sm.p, we shall have generally sin.5, independent of its sign, less 

[8911g] than c. andas c<^i; 8 must be less than a right angle ; and we shall have generally 

2<p'— ? = as is evident from [S910A] ; hence we get 2p' = ? +5. Now when 

[89116,] (p = 0, or P = 180**, <5 vanishes [8911g], and we have p=2p ; so that if we take the 

integrals relative to p', from p' = 0 to ?' = 90*, we must take those relative to p 

t8911^ from ç==o to 9=180*; or what is equivalent, we must take them from p=0 to 

ç = 90d, and double the results ; since it is evident, from a mere inspection of the formulas 

[89Ilf] [8910&—to], that when p = 180d, we have F(c, p) = 2F1(c) and E(c, p) = 2Ex(c) ; 

observing that the expression of A, and the elements of the integrals, are the same for 

[89116;] <p = 90d—p1} or p = 90*“' +9, ; P1 being any angle less than 90tf. Putting therefore at 

first 9 = 0, V = 0, in [8911 a,/], and then q>=18Qrf, p' = 90d, we get, 

[89112] F1 (c) = ( 1-f-c).Fx(c) ; 

[8911ml E‘ (o') = A- . E‘(c) ( 1-0). P (o). 

[891 lm'} 
If we now change c into e, the expression of d [8910/i] becomes equal to that of c, 

[8909e], in the notation used by La Place in this chapter. Making these changes in 

[8911?, m], we get, 
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periodical functions,* 

F1 (c) — (l-}-e).F1(e) ; 

ElW = 1-^re-E1W-(i-«)-F1(4 

Substituting the expressions [8911m, o] in [8909&, 8910c], we obtain, after «raking some 

slight reductions, 

2 K 
A = — .{2Eï(e)—(lWh.F^e)? ; 

3e2 

If we take for an example the value of e — 0,8446862 = sin.57^38™ 18s [4079/m], 

corresponding to Encke’s comet, we shall have, from Legendre’s tables, 

F](e) =2,09575; Ex(c) = 1,23357. 

Substituting these in [89lip, q], we get, 

^ = AT X 1,18838 ; .B = AT X 0,90015; 

which will be used hereafter, together with the value of a = 2,224346 [4079/m], and 

e [891 lr]. 

Finally, if we substitute the values of A, B [891 lp, q\ in [8908z], we get, by rejecting 

the common factor K, 

= Ei(e)-(W).F’(e)|; 

m=1 ■{ tw •E1(e) - (iï?-F1 ] s w 

so that we shall have b'f, bf, by means of elliptical functions ; and by a similar 

process we may obtain the general value of the coefficient bii], by means of such functions. 

The values of 5® may also be derived from those in [891 lr, w], using the formulas 

[966,975, &c.], and putting a = — e [8908®]. Thus from [992] we obtain, 

In like manner the formulas [990, 991] give, by substituting the values [891 lr, w], 

¥? =-.Fi(e); 
2 7T ' 

i?=_.jEi(e)_Fi(e)}. 

and so on for other cases. 

(40oo) Substituting v & — v [89086], in [8908], and then multiplying by 
2d».(l+2e.cos.v+c2) ^ F 3 b 3 

l cQp 5 we get the expression of the second member of [8906] ; hence we have, 

[8908"] 

[891In] 

[8911o] 

[8911p] 

[8911g] 

[891lr] 

[89116'] 

[8911f] 

[8911n] 

[8911®] 

[8911w] 

[8911*] 

[891%] 

[8911 yj 

[8911z] 

[8911*3 

[8912a] 



MOTIONS OF THE HEAVENLY BODIES. [Méc. CéL 620 

[8909] 

[8909'] 

[89 LO] 

[89126] 

[8912c] 

[8912d] 

[8912e] 

[8912/] 

[8912g-] 

[8912/c] 

[8912i] 

[8912 7c] 

[89127] 

[8912m] 

d. — — 
a 

da = — 

-e2)4-2Be2].c/y _ 

o2.(l—e2)2 

12«Æ.(l-{- e2) -|- 2Be2] .dv 

or 

(1— e2)s 

Then we have, as in [371 or 927]. 

x — r.cos.v ; 

hence we get,* 

y = r.sm.fl ; 

1 2 (fa) 
cZ. — = -£-y—— . £ (l+e2).(,/B]-Be.cos.v-f-&c.)-{-2e.cos.v.(«/$-j-Be.co3.v-j-&c.) ]. 

If we neglect the periodical functions, as in [8908'], and put 2e.cos.vXBe.eos.v-Be2-f-&;e. 

[6] Int., we get [8909] ; developing the differential, we obtain [8909’']. From [8919] 

we have log.?i = —f-.log.a, whose differential is — = — §.— ; substituting da 

[8909'], and multiplying by n, we obtain, 

T n.{3A.{l-\-e2) + 3Be2}.dv ' 

dl1 ~ 0.(1-e2)2 ’ 

which will be used hereafter. 

* (4056) The differential of x [8910] is as in the first of the expressions [8912/], 

which is easily reduced to its second form ; then substituting the values [8904a], we 

get [8912g, h] ; 

dx = dr.cos.v— rdy.sin.v= —rHv. ^ .cos.-y -j—.sin.v | 

— — - 1j—e.sin.^—ts).cos.'y-j-[l+e*cos-(?;—-tf)].sin.tf| 

__ — . 7~dv_ t jsin.'y4-e.[sin.'y.cos.(î>—to)—cos.-y.sin.(v—to)]]. 
a.(l— e2) 

The coefficient of e between the parenthesis in this last expression, being reduced by 

[22] Int., becomes sin.]y—(v—fcj)]=sin.TO; hence this value of dx becomes as in 

[8911]. We may find in a similar manner the differential of y [8910], which gives 

successively [8912/c, l, m]. The last of these values is easily reduced to the form [8912], 

by using [24] Int. ; 
C dv ,1 ^ 

dy — dr .sin.v rdv .cos.v — r^dv. < . sin.-y—{— — .cos.y > 

= - 1 | e.sin.(y—'ro).sin.?;-{-[l+e.cos.('y—ro)].cos.,y | 

= • ?2dv - . jcos.-y-j-e/cos.'y.cos.fy—TO)+sin.y.sin.(v—to)] j. 
a.(l—e2)- ' 

This value of dy might also have been easily derived from that of dx, by decreasing 
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, r2dv , . , . . 
dx = —• —7-r,. (sm.D + e.sm.'tf) ; 

a.(l—ey) v 

7*~clv 
dy — —-g- . (cos.v -f-e.cos.ro). 

From these we easily deduce. 

a.(l—e2) 

* 

the angles v, vs, by a right angle ; for this does not alter the angle v—vs, or the value in 

[8904a] ; but it changes the first expression of dx [8912f], into the first expression of dy, 

[89127a] ; therefore by making the same changes in the values of v, vs, in dx [8911], we 

shall get dy [8912]. 

*(4057) Multiplying [8904] by 2K.cp( —j, and substituting the developed value 

[8908], we get, 

2i£.<p ^. ds = a e3~) • £«Æ+i?e.ços.(t> —vs) -j- Ce2.cos. (2v—2vs) ]- &;c. ]. 

e2) 
Multiplying this by xdy—ydx = r2dv, and by — = 2 [8901], we obtain, 

(1 \ ds 2 
— J. — .(xdy—ydx) — — . \A-\-Be.cos.(v—ro)-j-Ce2.cos.(2v—2ro)-f-&c.]. 

The product of [89136] by dx [8911], being substituted in [8898], gives [8913c]; and 

in like manner the product of [89136] by —dy [8912], being substituted in [8899], 

gives [S913c?] ; 

d.(e.sin.tf ) = — ——- . [ sin .v -f- e-sin .vs ]. \Jl-\-Be. cos. (v—ro)-j- Ce2, cos. ( 2v—2ro)-f-&c. \ ; 
Ct«( JL 6 J 

d.(e.cos.ro) — — 
2 dv 

.[cos.t;-[-e-cos.wl.[«7l,-[-J5e.cos.(v—ro)-f-Ce2.cos.(2u—2vs)-\- Stc.|. 
a.(l—ea) 

Multiplying together the factors in the second member of each of these expressions, 

substituting sin.fl.cos.(«—vs) = £.sin.ro-f-&;c. ; cos.v.cos.(v—vs) = §.cos.ro-}-&;c. [18,20] 

Int., and retaining only the terms which are independent of v, we obtain, from [8913c], 

the expression [8913] ; also from [8913d], the expression [8914]. If we develop the 

differentials in the first members of [8913, 8914], they will become of the following forms 

respectively, using for brevity the symbol C — —~» 

de.sin.ro-[-edro.cos.ro = —C. sin.ro ; 

de.cos.vs—edro.sin.ro = —C.cos.ro. 

Multiplying [8913/] by sin.ro, and [89137] by cos.ro, then adding the products, and 

using sin.2ro-f-cos.2ro — 1, we get de — —C, as in [8915,8913/]. Again multiplying 

[8913/] by cos.ro, and [89136] by —sin.ro, adding the products and making the same 

reduction, we get dro = 0, as in [8916]. Finally as dy, dô, vanish [8886A], the 

secular variations are reduced to the finding of those of a, e [8909', 8915], as in 

[8916]; those of n being derived from a [8912d]. 

156 

[8911] 

[8912] 

[8912»] 

[8913a] 

[89136] 

[8913c] 

[8913d] 

[8913e] 

[8913/] 

[8913ig] 

[89136] 

[8913t] 

[8913&] 

[89132] 

VOL. IV, 
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[8913] 

[8914] 

[8915] 

[8916] 

[8916'] 

Variations 
of the 
elements. 

[8917] 

[8917a] 

[89176] 

[8917c] 

[8917c?] 

[8917e] 

[8917/] 

[8917g-] 

[89176] 

[89l7i] 

[8917i/] 

^.(e.sin.^) 

d.(e. cos.®) 

( 2A -f- B ). edv. si n. to 

a.(l—e2) 

(2A-\-B).cdv. C0S.Z3 

a.(l—e2) 

Hence we obtain, as in [8913f, &], 

de — — 

dft = 0. 

(2A4-B).edv 

a.{ 1—e2) ’ 

Therefore the perihelion is immovable, and there is no variation except in 

the greater axis, and in the excentricity of the orbit [8913/J. 

Dividing the expression of de [8915] by that of da [8909'], and 

multiplying the quotient by da, we get, 

. (2A-\-B).e.{\—ee).da 

6 û.£2Æ(l-f-ee)-j- 2Z?e2| * 

If we integrate* this differential equation, we shall obtain e in terms of a ; 

* (4058) Instead of proceeding in this general manner, it will be found sufficient, for 

all practical purposes, to integrate the expressions of [da, de, dm [8909', 8915,8912e], 

for one complete revolution of the comet, or from a; = 0 to v = 2^; supposing the 

elements of the orbit in the second members of these equations to be constant during this 

period, on account of the smallness of their variations. By this means we shall have, for 

the corresponding variations <5a, Se, ôn, respectively, the following expressions ; 

{2Æ(I+e2)+2£e2b2* 

Sa =-ïï=P>jï-; 

{2A-\~B\.e.2<z 

ôe = cs.(l—e2) ’ 

_ n.f3«2.(l+e2)d-3Be2}.2^ 

a.(l—e2)2 

Substituting in these formulas the values of A, B, a, e [8911?, u, r], corresponding to 

Encke’s comet, and to the hypothesis which he has assumed for the resistance, we obtain, 

Sa = —410,057. AT; 

6e=— 27,290. K\ 

ôn= 1,434.K. 

If we substitute the values of A, B [8911/, §-] in [8917c, d, e], and then put e2 = l—62, 

we shall obtain, by some slight reductions, 
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and by substituting this value of e in the expression of da [8909'], we shall 

have, by integration, v in terms of a ; or a in terms of v. 

5a=—8K.(l—^ 
\ 3 62 

■F^ej+^-jr. 
i 

62 64 y 
)-E1(e) ; 

5e — 

Sn = 

ê)E1v ; 

12-7-k(1- è>F‘(e>-33- j-K(i - w>E1W; 

being the same as were found by Plana, in vol. 13, page 352, of Zach’s Journal [8910e], 

and used in Pontécoulant’s Théorie Analytique, &zc., vol. 3, page 288. 

Plana, in the memoir we have just referred to, makes the numerical calculations of the 

values of 5a, 5e, in two particular cases. First ; where the density is constant, or all the 

terms of the series [8910e] vanish except B0. Second; where all the terms of the same 

series vanish except B2, which is the same as Encke’s hypothesis [8908/?] ; the numerical 

results of Plana, in this last case, agree very nearly with those in [8917g—?]. Encke 

uses the common method of quadratures [7929a?, &c.], in finding the values of 5a, 5e, 

considering t as the independent variable quantity, and computing the co-ordinates at 

equal intervals of time. He found this method to be convenient, because these co-ordinates 

had been previously ascertained by him, in making the calculations of the perturbations of 

the comet by the action of the planets. The intervals he used were 4 days, when the 

comet was near its perihelion, and within the sphere of the attraction of Mercury; 

afterwards 12 days were taken, until the comet had passed the sphere of attraction of the 

Earth and Venus, when the intervals were augmented to 36 days. Encke remarks that 

the periodical inequalities arising from the resistance can be neglected, on account of their 

smallness [8908s] ; that the secular inequalities of Ô, y, -a, vanish [8913/], and da 

depends on dn [8912c?] ; so that it is only necessary to use the method of quadratures in 

computing the two elements n, e; observing that the perturbations of the epoch s may be 

included in the double integration which is required in computing fndt. We shall give 

the formulas used by Encke, and shall retain his notation, as it is often referred to in 

speaking of this comet. The symbols he uses are the following ; 

The sun’s mean distance from the earth is the unit of distance; 

The unit of time is a mean solar day ; 

The unit of velocity is that by which a body describes the space 1 in the time 1 ; 

Jc = 0,017202... [5988(9)] represents in these measures the velocity which the earth 

would have, if it described a circle about the sun, at the distance 1 ; being the same 

as U [711] ; so that we have, as in [711], ^ — ; 

rr ds 

" — M — tlie velocity of the comet in its orbit, as in [709"] ; so that we have 

ds2 f 2 1 ) r 

VS==^ = ^‘\T-~â\ t711’89^]? 
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[8918] 

[8918] 

[8917ft] 

[8917ft] 

[89171] 

[8917/] 

[8917m] 

[8917m] 

[8917n] 

[8917o] 

[8917/?] 

[8917?] 

[8917r] 

[89175] 

[8917/ ] 

[8917«] 

[8917©] 

[8917m] 

[8917m] 
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[8919] 

[8917a;] 

[8917y] 

[8917z] 

[8918a] 

[89186] 

[8918c] 

[8918d] 

[8918c] 

[8918/] 

[8918g] 

[8918g7] 

[89186] 

[8918i] 

[89186] 

To obtain the value of v in terms of t, we shall observe that, if we reject 

the periodical quantities, we shall have dv — ndt [1038]; moreover 

U represents the resistance which the comet would suffer in moving in the resisting 

medium, supposing the density of the medium to be uniformly the same as that at 

the distance 1 from the sun, and the velocity of the comet to be 1. 

Now the resistance being supposed proportional to the product of the square of the velocity 

by the density its general expression will be represented by U.tp^— 

which is similar to the expression of La Place, K.cp(^— 
/1 \ 

dP 
[8886], or as it may be 

written, ICcp(^—j.V3 [8917to] ; and by comparing them together, it would seem, at first 

view, that we should have K equal to U. But this is not the case, as will be evident by 

comparing the two expressions together, in the case where the velocity of the comet is 

equal to that of a body revolving about the sun in a circular orbit, at a distance equal to 

that of the mean distance of the earth from the sun, where r = a= 1. In this case we 

have in Encke’s notation V—k [8917w'\ and in La Place’s notation V=U=1, 

[8899c] ; substituting these values respectively in [8918a, 6], and putting the two results 

equal to each other, we get U.p 7c2 = A.cp^-^ ; dividing this by we obtain 

K—V.k- — V ^ [8917«], which will be used hereafter. 

Instead of computing the quantity de directly, Encke puts e = sin.<p, p=a.( 1-—e9), 

also u equal to the excentric anomaly, as in [5985(1,5, 9)] ; and he then assumes the 

following values for the determination of dn, dcp ; 

r 

dn 
3U. Z;4. * . 

dt r3.y/a 

da? 
2U.fc3. P'C0SM 

dt rà. cos.ç» 

IM 
a 

The expression [8918/] is easily deduced from that of dn [1181] ; for by dividing it by dt 

dn San AR 

weSet *=—-5T; 
substituting 

cLR „ 1 

df= *7a 
[8899a, 8908/], it becomes 

dn 
— = 3. — 
dt f* 

K an (ds \3 
— J . Now we have in [5987(12)], by neglecting the mass m of the 

_3 Jc 
comet in comparison with that of the sun, n — ka 2 , whence an = —; moreover 

K ds . 
— =U [8918(7]. Substituting these and the value of — [8917«/], in the preceding 
y, dt 

dit 
expression of — [8918A], it becomes as in [8918/’]. The equation [8918g] is easily 

Ctb 

deduced from [1262] ; for by dividing it by edt, and using the values of d_R, 
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we have, as in [1044"], n = a a ; hence we deduce, 

dt = a^.dv. 

[89190 

[8920] 

[8886g, 8918g/], also <p f-') = we get [8918??] ; substituting rsdv = a?ndt.\/1—-e2, 

W [8918Z ] 

[1260], and — = U [8918d], it changes into [8918o]. This is reduced to the form 
f1 

[8918p], by putting a3n^=k2, p=a.(l—e2) [8918?, e], and using the value of 
r g 2 2e 

•— [8917??/]. Dividing the expression of r [7855] by § ra, we get-- =-.cos.w; [8918m] 
at a t t 

substituting this in [8918/J, we get the first expression of [8918^]. Lastly, substituting 

ds 
the value of — [8917w'\, we get the second expression in [8918/j ; 

do 

de an\/\ e2 & ds.r2dv a.(l—e2) K ds3 

dt P e r2 dt2 (?e r2 * dt3 
[8918/î] 

IT ds a.(l—e2) C 2 2 d52 ) U d5 p ( a3»2 ds2 1 

r2 dt e ’ (. a dZ2 ) r2 dZ e * ( a dZ2 ) 

= D * £ £ * Î «(?_? 
r&'dt'e’la \r a)\ i»,4'e' (a r 

2U ds , q 
— . —. pAr.cos.M = — 
r3 dZ i 

2U 7 3 ( — .A: .p.cos.?/.f 

[8918o] 

[8918p] 

[8918/ 

Now the differential of e=sin.p [8918e], is de=d(p.cos.p ; substituting this in [8918ÿ], 

and then dividing by cos.9, we get [8918g]. The two formulas of Encke [8918/, g], 

are equivalent to those of La Place in [8909', 8915] ; dp taking the place of de, 

[8915,8918e,/, and dn taking the place of d. ~ [8909, 8918/ 8912d]. We may 

incidentally remark that if we wish to compute the perturbations by the method of 

La Place [7872, 7873, &c.], by expressing dn, dp, &c. in terms of u and du, we may 

easily obtain the formulas which are to be used, by substituting r = «.(l—e.cos.w) [7855], 

and ndt = du.( 1—e.cos.w) [7882], in the expressions of the differentials given in 

[8918/ g, &c.]. 

Encke computed the places of the comet in the observations in its several appearances, 

from 1786 to 1819, and compared the calculated with the observed places, so as to 

determine the corresponding differences, after allowing for the action of all the planets. 

He also estimated the effect of a resisting medium, and that of a change in Jupiter’s mass, 

and then combined these results of the observations by the method of the least squares, 

[849fc], so as to obtain the most probable estimate of the actual effect of this resisting 

medium, and the most probable correction to be applied to the value of Jupiter’s mass, as 

we have already observed in [5980?/?.]. The final results given by him, in vol. 9, page 

342, of the Jlstronomische Nachrichten, is — Q for Jupiter’s mass, and U = ; 

vol. iv. 157 

[8918r] 

[89185] 

[8918Z] 

[8918m] 

[8918//] 



626 

[8920'] 

[8918*/] 

[8918m] 

[8918z] 

[8918y] 

[8918z] 

[8919a] 

[89196] 

[8919c] 

[8919c?] 

[8919c] 

[8919/] 

[8919g-] 

[89196,] 
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Substituting for a, its value in terms of v [8918'], and then integrating, we 

shall have t, in terms of v ; and reciprocally v in terms of t. 

whence we have K = U.P = ^ g9Q = ^0529 E3918o?]. This value of K is 

about part of the earth’s mass, or [4061]; therefore when r= 1, and 

2 1 1 
V2=-= § [8899c?] nearly, the expression of the resistance K. — .V'* 

[89185,8908/], becomes nearly equal to m"X I X f, or Hence it follows that 

when the comet is at the same distance from the sun and earth, so that the three bodies 

are situated in the angular parts of an equilateral triangle, whose side is equal to unity, or 

to the mean distance of the earth from the sun, the action of the resisting medium upon the 

comet will retard its progress in the direction of the tangent of its path, with a force which 

is about one sixth part of the attraction of the earth upon the comet, drawing it towards 

the earth’s centre. We must not however consider these results as having much claim to 

accuracy, since they are grounded wholly upon the arbitrarily assumed law of the density 

of the medium [8908/]; and the slightest attention will make it apparent, 

that, with a different law of the density, we might obtain a very different result ; moreover 

the imperfections of the observations have a very important bearing on the whole 

calculation. However as this assumed law is a very natural one, and many observations 

have been combined, we may consider the result in [8918u'] as the nearest approach to the 

true value of the resistance K, which can be obtained, with our present knowledge of the 

path of the comet, and of the law of the density of the ethereal fluid. 

If we substitute the value of JtT[8918*/] in [8917g-, h, i], we shall get, 

5a = —0,0001362; 

5e = — 0,0000091 ; 

5n = 0s,0983 ; 

observing that we have multiplied the expression of 5n by 206265 s, to reduce it to 

sexagesimal seconds. Hence it appears that the daily motion n of the comet, which is 

about 1070s, is increased about a tenth of a second in one revolution of the comet; 

therefore the time of its periodical revolution, which is a little over 1200 days [4079m], 

will be decreased about one tenth of a day in each revolution ; and the mean distance a 

will be decreased about of its value a [8911m], in the same time. We may 

observe that the values of 5a, 5e, 5n, given by Pontécoulant in vol. 3, page 297, of his 

Théorie Analytique du Système du Monde, are much too great, and must be multiplied by 

7/ — / a nearly, to obtain the values given in [8919a, b, c]. This difference arises from 

his having used the value K— U, instead of K= UP [8918d], in making the 

reductions from [8917g, h, i]. 
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When the orbits have but little excentricity, we shall have, by neglecting 

the square of e* 

<p'(—) being the differential of yf—^ divided by the differential of — . 

[8921] 

[8922] 

[8923] 

[8924] 

* (4059) Neglecting terms of the order e2, we get, from [8902], 

1 1 I e / X — =--.cos.ft’—zs) ; 
^ a 1 a v ' 

hence we have, 

?,(v) = ,!,-I V + 7-C0S-^-ra)]- 
Developing this according to the powers of e, by Taylor’s theorem [617], retaining only 

its first power, and using the same notation as in [8924], we get, 

The expression of r [8902] gives r2 = a2.[l—2e.cos.(v—vs)}; the product of this, by 

the factor |l-f-2e.cos.(i;—or l-j-e.cos.(u—t^-j-Sic., gives, 

r2.[l-{-2e.cos.(?;—a2.[ 1—e.cos.(î>—■,bî)-J-&;c. }. 

Multiplying together the two expressions [8921c, e], and then their product by K, we get, 

by neglecting e2, 

K-<? ^ 1+2e.cos.(»—^ro)+e2p = Ka?.<p <j-a2.p^+a.<j/^ ^ • e.cos.(v-zs). 

The first member of this expression is the same as that of [8908] ; and its second member 

being compared with that in [8908], namely JL-\-B.e.cos.(«—zs), gives the values of 

A, B ; the terms independent of cos.{v—w), give the expression of A [8922], and 

those containing cos.(v—w) give the value of B [8923]. 

[8921a] 

[89216] 

[8921c] 

[8921 d] 

[8921e] 

[8921/] 

[892lg] 

If we suppose, as in [8908p], <p^—^ = —, we shall have, as in [8909c], [8921ft] 

ç(â)==^’5 ^(t) = 7 [8924] ; and then [8922, 8923] give A — K, [892K ] 

—K-\-2K=K. Hence the expressions of da, de [8925, 8926], in the case of 

a nearly circular orbit, become da = —2K.dv, — =-.dv‘, lastly the expression ^ ^ 

of e [8929] gives e = qa?. 
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[8925] 

da. 

[8926] 

de. 

[8927] 

The orbit 
decreases 
and be¬ 
comes 
more cir¬ 
cular by 
the resist¬ 
ance. 

[8928] 

[8929] 

e. 

[8925a] 

[89256] 

[8927a] 

[89276] 

[8927c] 

[8927d] 

[8929a] 
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de 

e 

Then we shall have,* 

da — —Kdv. ^ 2«9.(p^-i-^ j ; 

<P^~^ is always positive,f and ls a^so positive, if, as is natural to 

suppose, 9 ^ increases when the distance r from the sun decreases ; 

therefore at the same time that the planet approaches towards the sun, by the 

effect of the resistance of the medium, the orbit will become more circular. 

The equations [8925, 8926] give, Î 

e — q. a 

G) <p 
[ Excentricity of the planet’s orbit.] 

* (4060) Neglecting the square of e, as in [8921], we get, from [8909'], 

da =—2Adv} substituting the value of A [8922], it becomes as in [8925]. 

Dividing the expression of de [8915] by e, we get — =— ————Kdv, and by 

using the values of A, B [8922, 8923], it becomes as in [8926]. 

f (4061) The density corresponding to the distance a is 9^“^) [8885], which must 

evidently be positive. Now if the distance a decreases, so that increases and becomes 

— -j- ô, ô being positive, the resistance will become <p -f- <5 ^ ; and by developing it as 

in [8921c, Sic.], neglecting <52, it becomes + ; therefore upon the hypothesis 

assumed in [8927], this must exceed the resistance corresponding to a; consequently 

must be positive ; and as <$ is positive, we must have positive, as in 

[8927]. Hence the values of da, ~ [8925, 8926], are both negative; so that while 

the mean distance a decreases, the excentricity e also decreases ; or, in other words, the 

orbit becomes more circular by means of the resistance, as in [8928]. 

J (4062) Multiplying the equation [8926] by 2da, and dividing the product by 

[8925], we get, with successive reductions, 
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q being an arbitrary constant quantity. Hence we easily perceive that, while 

a decreases, and <p increases, the value of the excentricity e will 

incessantly decrease. 

19. If light consist in the vibrations of an elastic fluid, the preceding 

analysis will give the effect of its resistance upon the motion of the planets 

and comets. If it be an emanation from the sun, the same analysis will also 

give, with some slight modification, the effect of its resistance. For we may 
transfer to the light, and in a contrary direction, the real motion of the 
planet, and then consider the planet as being at rest, which will not affect 
their mutual action. Then the light will act upon the planet, according to 
a direction a little inclined to its primitive path; and it will communicate to 
the centre of gravity of the planet, according to this last direction, a force 

which may he reduced to two others; the one in the direction of the radius 

•vector of the planet, the other in a direction contrary to that of the element 

of the path which it describes. We shall put, 

ô = the velocity of light ; 
ds 
— = the velocity of the planet in the direction of the arc ds of its 

orbit [8885'] ; 

(p) = the density of the sun’s light at the distance from the sun which is 
taken for the unit of measure ; 

P == the density of the sun’s light at the distance r from the sun. 

The integral of this last expression is log.e2 = Iog.a—log.p ^-j-Iog.ÿ'2 ; (f being an 

arbitrary constant quantity [8930]. Reducing this to natural numbers it becomes 
aq-t 

9 a 

whence we get e [8929]. 

[8930] 

[8931] 
Resistance 
of light 
considered 
as an 
emanation 
from the 
sun. 

[8932] 

[8933] 

[8934] 

Symbols. 

[8935] 

[8935] 

[8936] 

[8936] 

[8929a] 

[89295] 

[8929c] 

VOL. IV. 158 
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[8937] 

[89370 

[8938] 

[89380 

[8939] 

[8940] 

[8941] 

[8942] 

[8938a] 

[8938&] 

[8938c] 

Then as the intensity of the sun’s light decreases as the square of the 

(p) distance increases, we shall evidently have p = —. From this notation it 

follows, that the two forces spoken of in [8934] are to each other as the 

and 
els H 

velocities è and — , and they can therefore be represented by* — 
clt r2 

^ ~ . The first of these forces is in a direction contrary to the gravitation 

towards the sun, and follows the same law; it must therefore be confounded 

with the force of gravity towards the sun, and decreases it a little. The 

second force ^ is in a direction opposite to that of the planet’s motion, 

and produces a resistance to that motion. Putting it equal to the expression 

£?S2 
of the resistance [8886], and dividing by -r^, we get, 

= 

dt* 

H 

ds 

dt 
r2. — 

Substituting this in [8894, 8898, 8899], we get the three following 

equations respectively ; 

7 1 2H ds2 
Cl. — = ^ ' ~j7 1 

a r2 dt 

^.(e.sin.tt) 
2H dx 

,.2 dt 
. (xdy—ydx) ; 

d,(e.cos.to) = — ^ ~ . (xdy—ydx). 

* (4063) The forces in question are to each other as the velocity of light 6 [8935] to 

ds 
the velocity of the planet in its orbit — [8935'], as is evident from what is said in [8934]. 

(tv 

Moreover these forces must increase with the density p= qy [8937], and they will 

therefore be proportional to and and by multiplying them by a constant 

H . -îT.Ô H ds . r0«001 
quantity — , they will become respectively equal to — and , as 111 Ly'3«J; 

H being a constant quantity depending on the figure of the planet, its density, &c. 



X. vii. $ 19.] EFFECTS OF THE RESISTANCE OF LIGHT. 631 

These three equations become, bj neglecting periodical quantities,* 

1 2.H. dv.{\-\-e^) [8943] 

a Vs.{ 1—e2)2 

... x QHe.dv.s'm.tf 
a.(e.sm.rt)-,-—- ; [8944] 

2He.cfo>.cos.® 
d.(e. cos.ro) — — -— . 

v ' Va'{ i—e) 
[8945] 

Hence we deduce,f dvs. 

a II o
 

[8946] 

2 He.dv eda.(l—e2) 

V/a.( 1—e*j a.(l+e2) ’ 

de. 
[8947] 

* (4064) Substituting in [8940] the values of ds, dt [8904, 8904c], we get 

1 2H.dv.{l-\-2e.cos.(v— 

a a#.(l_e2)f 
; and by neglecting the periodical terras, it becomes [8943a] 

as in [8940]. Dividing the first and third expressions of [8901] by dt, we get 

%dy_ydx 
——- = [/a.( 1 — e2) ; and by multiplying by —, we obtain, 

2H 
r3 .~.(Xdy-ydx)=^i^=f). [89436] 

Multiplying this successively by dx, —dy [8911, 8912], we get the second members of 

[8941, 8942], under the following forms -, 

7 f ■ % 2H.dv . . « . , 
cue.sin.w) =-—-—=.tsin.u+e.sin.w? ; 

v 1 \/a.(l— e*) ‘ 5 7 

, , . 2H.dv , . . 
a.(e.cos.'KJ) = — —,— --.tcos.iM-e.cos.'ztf? ; 

v ' y a.(l—e2) 1 1 57 

and if we neglect the periodical terms sin.-ü, cos.îi, they become as in [8944, 8945]. 

[8943c] 

[8943<] 

I (4065) If we put C — in the second members of [8944, 8945], and 

develop the differentials in the first members, they will become respectively as in 

[8913g-, A] ; and from them we may deduce, as in [8913/c, i], dtf — 0, de= — C, as in 

[8946, 8947]. But from [8943] we have, 

dv = a“-(T~e2)a 7 J_    (1—e2)“- da . 
217.(l+e2) ' * a 2HaK{l + d>) ’ 

substituting this in the first expression of de [8947], we get its second form. Lastly, 

multiplying the first and third forms of [8947] by -^j^3 , we get [8948]. 
e4A e ) 

[8946a] 

[89466] 

[8946c] 
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da. 

[8948] 

[8949] 

[8950] 

[8951] 

e. 

[8952] 

[8953] 

[8954] 

[8955] 

[8955'] 

therefore we have, as in [8946c], 

da (1 -\-ee).de 

a 

Integrating [8948] we obtain,* 

q being an arbitrary constant quantity. Substituting this value of a in the 

first formula of [8947], we get,f 

de = — 2H.dv.\/~qe ; 

which gives, by integration, 

e = (h— 

h being an arbitrary quantity, representing the square root of e when v = 0. 

Substituting in [8920] the values of a, dv [8949, 8951], we get,î 

, —ede 
dt —-r; 

2Hq2.( 1 —e2)f 

and then by integration, 

Î=E_ 1 
1— es ’ 

a being an arbitrary constant quantity. Substituting for e its value [8952], 

we obtain, 

.(1—ee) 

or a = 
?•( !—e2) 

* (4066) The second member of [8948] may be reduced, so as to become 

dû (1/& 
[8949a] — =-f- ---. Taking the integral, and adding log.<7 for the arbitrary constant 

1 . c 
quantity, we get log.a-j-log.g' = log-e —{—log. -—-, or in natural numbers aq = j—^> 

[89496] 

as in [8949]. 

[8952a] 

[89526] 

f (4067) Substituting a.(l — e2) = - [8949], in the first expression of de [8947], it 

becomes as in [8951]. Multiplying this by we get \e~^de — —H.dv.fq; 

whose integral is = A—H.v.fq, as in [8952]. 

[8954a] 

[89546] 

J (4068) From [8951] we obtain dv =—2H \/fe ’ su^s^tut'nS v&lue °f dv 

and that of a [8949], in dt [8920], we get cft=—■ ^Jdyfe ’ wlncl1 13 

easily reduced to the form [8954]. Its integral is given in [8955], as is easily proved by 

taking its differential. Finally, substituting the value of e2 [8952] in [8955], we 

get [8956]. 



X. vii. $19.] EFFECTS OF THE IMPULSE OF THE SUN’S LIGHT. 633 

_1_ 

t = s~ 2Hq2.\/l—(A—Hv.\Z~q)4* 

Reducing this to a series, and determining s so that v may commence with 

t, we shall have very nearly,* 

[8956] 

[8957] 

* (4069) Putting t = Q and « = 0 in [8956], according to the hypothesis in [8957], 

we obtain s — ^^2 / ’ substituting this in [8956], and developing (h— 

we obtain, by successive reductions, the following expressions of t ; 

[8958a] 

t 
1—7fc4 1—U 2iïg'2.(/l—64 2H</2.\/l—64 

%Hq2.\/i—h±'l 1—64 ' l—W * (1—72,4)2 mV < ‘ l 

3H.(62 + 66) 6 3 
. î;2 -J- &lc. 

2q.{l — Jit F 
Taking the differential of [8958d], and then putting v = 0, we get, at the commencement 

of the time / [8957], dt=-j-ô ; but we have in this case dt—— [8919], hence 
g^.(l— h*)? n 

7i3 ... 1 
-5-5-. Substituting this value of — in the first term of the second member 
?2-.( I_fc4)7 » 

of [8958d], and v =iit in its second term, we get, very nearly, 

n 
2?.(1_64)^ 

multiplying by n, and transposing the last term, we obtain, 

. 3Hn.(62-f-66) 
v = nt-f  -v- ^ . .?i272. 

2q.{l — h*j2 

At the commencement of the time t, when v = 0, the expression of e [8952] becomes 

e = A2; and we may substitute this value of A2 in the small secular term of v [89586], 

depending on rrt*; and by this means it becomes e + es)^2^2 and by using the 
2?.(l_e2)t 

value of q [8949], it is reduced to ?^rcgR + e2)>w^a> Lastly, putting na — cr* [8919*] 

• 1 . , • 31ï.(l+e2) 
m the numerator, it changes into -5— .ft2/2; and by this means the preceding 

2.(1—e2)V« 
expression of y becomes as in [8958]. The term depending on H is the secular 

equation [8959] ; and by rejecting terms of the order e2, it becomes, 

3H. rd-1 " j- geeu]ar equation of a planet from the ' 

[89586] 

[8958c] 

[8958c/] 

[8958e] 

[8958/] 

[8958g-] 

[89586] 

[8958/] 

[89586] 

[8958/] 

2.\/a impulse of the sun’s light. ] [8958m] 

VOL. IV. 159 
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[8958] 
Secular 
equation 
of a planet 
depends 
on H. 

[8959] 

[8960] 

[8961] 

[8962] 

[8963] 

[8962a] 

[89626] 

[8962c] 

[8962c?] 

[8962e] 

[8962/] 

[8962g-] 

v = nt -f- 
3i?.(l+ee) 

3 • / Vim 

2.(1—ee)2.^/ a 

n, e, a> correspond to the origin of the time t. The second term of the 

expression of v is the secular equation of the planet, depending on the 

impulse of the light. 

20. We shall now determine the corresponding secular inequality of the 

moon. We shall mark with one accent, for this satellite, the quantities ice 

have denoted by H, a, n, for the planet, which we shall suppose to be the 

earth ; and we shall put x\ y\ z\ for the moon’s co-ordinates referred to 

the earth’’s centre ; or x-\-x', y-\-y\ z-\-z\ referred to the sun’s centre ; so 

that by putting the sun’s distance from the moon equal to f we shall havef 

p = (%+x'f + (y+yf+ (z+2?y. 

It is evident, from the preceding article, that the action of the sun’s light 

produces upon the moon’s centre, and in directions towards the origin 

of its co-ordinates, the forces, 

El' (/r-MO. H' (dy + dy') H' (dz+dzf) 

P dt ’ P' dt ’ /2 * dt 

* (4070) Proceeding in the same manner as in [8937'], we evidently see that the 

expression of the resistance to the earth’s motion, in the directions parallel to the axes 

H 
x, y, z} are represented by the product of —, by the velocity of the earth, resolved in 

the directions of those axes, namely, 
dx 

dt 

dy dz . 

it- if resPect,velf- 
Moreover the 

rectangular co-ordinates of the moon [8961], referred to the sun’s centre, give her 

distance from the sun /, as in [8962], by the usual principles of orthographic projections ; 

H H' 
so that the quantity which corresponds to — for the earth, will be — for the moon ; 

and as the velocity of the moon, resolved in directions parallel to these axes, are 

} respectively [8961], their products by the factor ~ , 
dt dt dt j 

will give, as in [8962a, b] for the earth, the resistances corresponding to the moon’s 

motion, as in [8963]. To obtain the effect on the moon’s motion, in her relative orbit 

about the earth, we must subtract the expressions [8965] from the corresponding ones in 

[8963], and we shall obtain the second members of the expressions [8966, 8967,8968], 

representing the relative forces acting on the moon in the directions of the co-ordinates, 

and tending to decrease them. Now these forces are represented, as in [8889, &c.], by 

dR \ /dR 

w 

/dR 

dy'J' \dz' 
hence we obtain the expressions [8966—8968]. 

[89626] 
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We must subtract from these expressions the forces acting upon the earth’s 

centre, and arising from the same cause, if we wish to obtain the relative 

motion of the moon about the earth’s centre. Now these forces acting on 

the earth’s centre, are represented, as in [8962a, 6], by, 

II dx H dy ' II dz_ 

r2 * dt ’ r2 dt ’ r2 dt ’ 

therefore we shall have in the present case, as in [8962g, /i], 

/dR\ 

\dx' ) 

/ d,R\ 

w) 
/ dR\ 

\MJ 

IT 

P 

If 

P 

dx' 

Tt + 

„ dy' fH' H\ dy p Resistances in the directions"-! 

= • ~J7 4“ ( -If ) • ~J7 i x'> y'> *'» and tending to 
Wt \ T T J (It L decrease these co-ordinates. J 

H' dz' 

= p~ + dt 

H' _E\ 
dx 

P r2 J * ~dt ’ 

H' Æ\ dy . 

P” r2 J * dt ’ 

H' dz 

P~ r‘ J ‘ ~dt' 

Hence we get. * 

d R = 
R! (dx'2 + dy'2+dz'2) 

P' dt 

if 

p + - 
H\ (dx.dx'-\-dy.dyr-\-dz.dz') 

dt 

the characteristic d refers only to the co-ordinates of the moon’s relative 

orbit. The secular equation of this satellite is as in [1195],f 

.J'ÇdtpÔ.R'). [ Secular equation of the moon. J 

In this case ^ is the sum of the masses of the earth and moon. If we 

neglect periodical quantities, we shall have very nearly, Î 

[8964] 

[8965] 

[8966] 

[8967] 

[8968] 

[8969] 

[8970] 

[8971] 

[8972] 

* (4071) The symbol d affects only the co-ordinates of the disturbed orbit [916', See.], 

so that in this case it operates only on x', y\ z' ; therefore the complete differential of 

R, relative to the characteristic d, is represented by, 

and by substituting the values [8966—8968], it becomes as in [8969]. 

[8969a] 

[89696] 

f (4072) Neglecting the square of the disturbing force, we may consider an constant 

in the value of g [1195], and we shall have | = — ./(dt.fdR) ; then accenting 

the letters as in [8960], so as to correspond to the present case, it becomes as in [8971] ; 

p being the sum of the masses of the earth and moon, as in [530iv]- 

[8971a] 

[89716] 

% (4073) The square of the moon’s relative velocity about the earth, is represented, 

as in [39'] j by -—^ —. Now the arc dv', described by the moon in her relative ^9?3a] 
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[8973] 

[8974] 

[8975] 

[8976] 

[8977] 

[8977'] 

[89736] 

[8973c] 

[8973d] 

[8974a] 

[8976a] 

[8978a] 

[89786] 

[8978c] 

H' /dx'z+dy'z+dz'* *) 

f* * V dt 
Moreover we have very nearly,* 

H'.a'z 

or 
. n^dt. 

& C -yy'+zz') ) 

p r3 * l r2 ) * 

Then by taking the plane of the ecliptic for the fixed plane, we shall have 

very nearly,! 

x = a.cos.nt ; y = a.sirfSnt ; z — 0 ; 

x' = a'.cos.n't ; ?/ = a'.sin.w't 

Therefore by neglecting the periodical terms, we s/i«/Z /mwe, Î 

orbit about the earth in the time dt, is dv' = n!dt [8919,8960], neglecting the 

excentricity ; multiplying this by the mean distance of the moon from the earth a!, and 

dividing by the time dt, we get the mean velocity of the moon in her relative orbit 

about the earth equal to aV; hence we have, by using the mean values, 

dp 
n'\ Substituting this in the first member of [8973], and putting 

for f its mean value, which is nearly equal to the distance of the earth from the 

sun ci, it becomes as in the second member of [8973]. 

* (4074) Developing the terms in the second member of [8962], neglecting a/2, %p, z'2, 

on account of their smallness, and putting as in [914'], #2+y2+z9 = rz, we get, 

p = r2-f-2.(a;a/+ Vli+zz'l = r2.11+ . {rxfyy'f zz) | . 

Substituting this in the first member of [8974], it becomes as in the second member, 

neglecting a/2, &c. 

f (4075) The values [8976, 8977] are similar to those in [8910], as appears by 

substituting for r, r', v, v', their mean values a, a', nt, n't ; and putting also z = 0, 

because the ecliptic is taken for the fixed plane [8975]. 

t (4076) Putting —H = —H' +(2T'—B), in the last term of dR [8969], we get, 

{dx.dx' -j- dy.dy' -f- dz.dz') ^ (dx'z-pdy'Z-tdP) , 
K — P " dt + 

(EL E\ 
\P ~ »* / ' dt 

[H'—H) {dx.dx'p dy.dy'P dz.dz') 

7-2 ' dt 
2 

Now the differentials of [8976, 8977] give, 

dx = —andt.dm.nt ; dy—andt.cos.nt ; dx'=—a'n'.dt.sm.n't ; dy'—a'n'.dt.cos.n't ; 

hence we get, by using [24] Int. and putting dz = 0, 
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/ Tl' H'\ {dx.dx’ -\-dy ,dy' -\-dz.dz') 

dt 

Hence we deduce, as in [8978z], 

H'.a'2 

a2 
.nn'.dt. 

77' a*2 
dR = ^-.ridt.(n'—n). 

CL 

Thus the moon’s secular equation, depending on the action of the light, 

will be,* 

3H'.a/3.n' 

2 fx, a2 
. (nr—ri).t~. 

But we have n/2 = ÏL 
rJ 3 > 

and n2 = — [605', 89716, 8919']; hence this 

secular equation becomes, 

3H'.n.(n'—n).t2 

2 .y/a [ 
Moon’s secular equation from the 

impulse of light. ] 

[8978] 

[8979] 

[8980] 

[8981] 

[8982] 

dx.dx'-\-dy .dy' -{-dz.dz'=act' .nn' .dt2. {sm.nt.sm.n't-]-cos.7it.cos.n't} = act' .nn' .dt2.cos.(n't-nt). 

Moreover the same values [8976, 8977] give, 

xx'-\-yy'-\-zz' = «a'.jcos.Mif.cos.yi^-j-sin.n^.sin.w^] = aa'.cos.(n't—nt) ; 

substituting this in [8974], we obtain by transposition, 

TT 

P 
EL 2 H' 

• (xx'+yy'+zz') =— 
2 H'.aaf 

r4 
.cos .(n't—nt). 

[89784] 

[8978e] 

[8978/J 

Multiplying together the expressions [89784,/], then dividing the product by dt, and 

putting cos* (n't—nt) = % -J- jJkcos.(2tt'£—2nt), we get, 

EL 
P 

H'\ {dx.dx'-\-dy■dy'-{-dz.dz/) —H'. a?-a' . nn 
dt — H .dt.[l-\-cos.(2n!t—2nt)j ; 

moreover if we neglect the periodical terms, we may put r— a in the second member of 

this expression, and then it becomes as in [8978]. Finally, the substitution of [89784] in 

the term [89786, line 2], shows that it is a periodical quantity; and by neglecting it, the 

expression of djR is reduced to the terms in the second member of [89786, line 1] ; and 

by substituting their values [8973,8978], it becomes as in [8979]. 

[8978g-] 

[89786] 

[8978i] 

* (4077) The integral of [8979] gives fdR = ^E—.n'.(n'—n).t; hence we have, 

fdt.fdR — - ^ .n.(nl—n).ftdt 
a4 

H. a'9. n’ 

~ 2«2 
. (V—n).t2 ; 

substituting this in the moon’s secular equation [8971], it becomes as in [8980]. Now 

multiplying the expression of P [8981] by 1 — nP [8981], we get P=^;3aP, 

substituting this in [8980], it becomes as in [8982]. Comparing this with the secular 

equation of the earth [8983], we obtain their ratio, as in [8984]. 

[8980a] 

[89806] 

[8980c ] 

160 VOL. IV. 
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Secular 
equations 
of the 
moon and 
earth 
from the 
impulse 
of light. 

[8983] 

[8984] 

[8985] 
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The secular equation of the earth becomes, by neglecting the square of the 

excentricity, as in [8958m], 

Sll.'nP'fr2 
___ * 
2.fa ’ 

r Secular equation of the earth from 
L the impulse of light. ] 

therefore the secular equation of the earth is to that of the moon as unity to 
(n'—n) H' 

n ‘ If ’ 

H' 
To obtain the ratio —, we shall suppose that the action of the sun’s 

light upon the earth or moon is proportional to the surface of the body, 

which is the most natural hypothesis that can be made. We shall then 

have the forces which act upon the centres of these two last bodies, by 

dividing these actions respectively by the masses of the earth and moon ; 

so that we shall have very nearly,* 

[8986] 
H' earth’s mass X moon’s surface earth’s mass X square of moon’s app. semi-diameter 

H ~ moon’s mass X earth’s surface moon’s mass X square of moon’s horizontal parallax 

[8986'] 

We have seen in [8986a, 5739] that this quantity is represented by, 

ir 
H 

l 

0,195804 
5,10715; 

72 

and we also have ” = 0,0748013 [5117]; hence it follows that the vart 
[8987] n * 1 

of the secular equation of the earth arising from the impulse of the sun's 

[8987'] light, is to the corresponding part of the moon's secular equation as 1 

to 63,169. 

Effect of 
the de¬ 
crease of 
the sun’s 
mass by 
the emis¬ 
sion of 
light. 

[8988] 

21. These secular equations depend upon the impulse of the sun’s 

light; hut if this light he an emanation from the sun, its mass will incessantly 

decrease; and there will be found in the earth’s mean motion a secular 

equation, which must be incomparably greater and have a contrary sign to 

that arising from the impulse of the sun’s light. It is easy to determine 

this new secular equation by the following considerations. If we notice 

[8986a] 

[89866] 

[8986c] 

* (4078) The expression [8986] is the same as [5736], observing that in this 

chapter H, Hcorrespond respectively to 13', H, in [5736]. Moreover we have 

n = n'.0,074S013, the coefficient of n' being the same as the value of m [5117]; from 

this we get — 12,3687 ; multiplying it by |j- = 5,10715 [8986'], 

we get A-i . — = 63,169, as in [8987'], 
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only the diminution of the sun’s mass, the earth will be constantly attracted 

towards its centre ; therefore the principal of areas will give, as in 

[372, 366], 

r^dv = cdt ; 

c being always the same. Now if we neglect the square of the excentricity, 

wre shall have r*dv = aPndt ;* therefore a%n will be constant, although the 

sun’s mass decreases incessantly ; so that if ive put ax and n1 for the values 

of a, n, at the origin of the time t, we shall have, 

cdn — afnx. 

We shall then observe that the centrifugal force is equal to the square of the 

velocity, divided by the radius [54'] ; therefore by neglecting the excentricity 

of the orbit, this force will be an2 ; but it is equal and contrary to the sun’s 

attractive force. Now this last force is equal to the sun’s mass divided by 

the square of the distance of the planet from the sun ; and if the sun’s mass 

be 1 at the origin of the time t, and 1—at at the end of the time t, 

a being a very small constant coefficient, we shall have, as in [8990J], 

O 1 O' t n rt . 

an — —s— ; or a nr = 1—a t. 
cr 

This equation, being combined with that in [8992], gives, by observing 

thatf axnx == 1, 

[8989] 

[8990] 

[8991] 

[8992] 

[8993] 

[8994] 

[8995] 

[8996] 

* (4079) We have in [1057] r2dv = a?ndtyl-e2; and by neglecting e2, it becomes 

as in [8890], rHv — a?ndt — cdt [89S9] ; hence a?n — c, which is constant, as in 

[8990]. Moreover if we neglect the excentricity, as in [8993], the velocity of the body 

will be an, as in [8973c, &c.] ; hence the centrifugal force [54'J will be proportional to 

or «w2, as in [8993] ; and in the present hypothesis of a circular orbit, this must be 

X - CL t 
equal to the force of gravity —, as in [8995]. 

[8990a] 

[89906] 

[8990c] 

[8990d] 

f (4080) When * = 0, we have a = al9 n = nt [8991]; substituting these in 

a2n2 — 1—*U [8995], we get a2n2 = 1 [8996]. Dividing the square of [8992] by [899ba] 

the second equation in [8995], we get a = a2nf =-dh_ > this value of a is the [89966] 

same as in [8997]. Again dividing [8992] by the square of [8997], we get [8998]. 

Multiplying [8998] by dt, neglecting and integrating, we get, 

fndt = njdt — 2 ^nftdt—ng—a n,t2, 

as in [8999] ; hence the secular equation depending on t2, is as in [9000]. 

[8996c] 

[8996c?] 
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[8997] 

[8998] 

[8999] 

Secular 
equation. 

[9000] 

[9001] 

[90or] 

[9002] 

[9003] 

[9004] 

[9005] 

[9006] 

[9004a] 

[90046] 

[9004c] 

[9007a] 

[90076] 

[9007c] 

n = nL.( 1—oity. 

The earth’s mean longitude being fndt, we shall have, by neglecting the 

square of a, 

nxt — 

for its value. Therefore the secular equation of the mean motion, depending 

on the diminution of the sun’s mass, is, 
— « W P r ®ecular equation of the earth from "1 

v * L decrease of the sun’s mass. J 

We shall now compare this expression with the value of the secular 

equation depending upon the impulse of the light [8983], If we put i 

for the ratio of the velocity of light to that of the earth in its orbit, we shall 

have ian for the velocity of light [8990c]. The density of the light at 

the point of space occupied by the earth being p, the loss of the sun’s light, 

in the time dt, will be ian.p.dt, multiplied by the surface 4*a~ of the 

sphere whose radius is a; therefore it will be 4*.ip.a3n:dt; * being the 

semi-circumference of a circle whose radius is unity. Hence we shall have,* 

a = 4*'. ip.a^n ; 

consequently the secular equation depending upon the diminution of the 

sun’s mass, will be, 
4. ' y 2 r Secular equation of the earth from the ~| 

~ • t p* l • L decrease of the sun’s mass. J 

If we put s for the sun’s parallax, expressed in parts of the radius, the 

surface of a great circle of the earth will bef *r.eV. The light received 

* (4081) The decrement of the sun’s mass, in the time dt, is represented by &dt, 

[8994] ; putting this equal to the expression which we have found in [9003], namely 

4<*.ip.a3ndt, and then dividing by dt, we get a [9004]. Substituting this value of a 

in the earth’s secular equation [9000], it becomes ■—4«’.ip.t2.(a3ww1) ; and as a2nn1 is 

nearly equal to afn*, or 1 [8996], it may be represented very nearly by —4tf.ip.*2, 

as in [9005]. 

f (4082) The sun’s horizontal parallax being s, and its distance from the earth a, we 

shall have sa for the earth’s semi-diameter, nearly; consequently a great circle of the 

earth will be represented by Tr.(sa)2, or tf.e2a2, as in [9006]. Multiplying this by 

the factor ian.p.dt [9002], we get the quantity of light falling on this great circle in the 

time dt, *s2.ip.a2n.dt [9007]; multiplying this by the velocity ian [9001'], we obtain 

its impulse [9008]. Dividing this by the earth’s mass T [9010], and by dt, we obtain 
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by this great circle in the time dt, will be *s2.ip.a?n.dt ; and as this light 

moves with the velocity ian [900T], its impulse, supposing it to be 

absorbed by the earth, will be, 

tfs2.z2p. a4n". dt ; 

which produces in the centre of the earth the force, 

s^.i2 p.a4n? 

T [ Accelerative force acting upon the earth’s 
centre, by Ihe impulse of light. ] 

T being the earth’s mass. This force is found, in [8938, 9007tf|, to be 

equal to ~ .ian ; hence we shall have, 
a2 

tfe2. ip. a5n 
11 = -T-• 

Therefore the earth’s secular equation [8983] becomes, by observing that 

«3w2 = 1 [8919', 9007/], 

3««a-»'p ,9 

2 T * * [ Secular equation of the earth arising from 
the impulse of the sun’s light. ] 

The two secular equations [9005, 9013] arising from the diminution of the 

sun’s mass, and from the impulse of its light, are therefore to each other in 

the ratio of —4 
3 s 

2T’ 
or —1 to 

3s2 

ST* 

If we suppose the sun’s parallax to be 26",4205 [= 8s,56 sex. 5589], 

and the earth’s mass equal to [4061], we shall find that these two 

secular equations are to each other in the ratio of* —1 to 0,0002129. 

the accelerative force acting upon the earth’s centre, as in [9009]. This force is 

H.ô H.ô 
represented in [8938] by or ~ nearly; è being the velocity of Ught [8935] 

H. 
which is represented by ian [900F] ; so that this force is —. ian, as in [9010]. Putting 

this equal to the expression [9009], and then multiplying by /, we get H [9011]. 

Substituting this in [8983], we get the earth’s secular equation from the impulse of the 

sun’s light, ’-^T^.*2.(a3w2)^; and as (a3n2)?= 1 [9012], it becomes as in [9013]. 

* (4083) If we suppose that the secular equation of the earth, arising from the 

diminution of the sun’s mass, is represented by —1, that of the earth, depending upon 

the impulse of the sun’s light, will be — [9014], or, 
8T 

161 

[9007] 

[9008] 

[9009] 

[9010] 

[9011] 

[9012] 

[9013] 

[9014] 

[9015] 

[9007d] 

[9007e] 

[9007/] 

[9015a] 

VOL. IV. 
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[9016] 

[9017] 

[9018] 

[90L9] 

[9020] 

[9021] 

[9022] 

On the 
decrease 
of the 
sun’s 
mass. 

[9023] 

Effect of 
the suc¬ 
cessive 
transmis¬ 
sion of 
gravity. 

[9024] 

[90156] 

[9015c] 

[9015c?] 

[9022a] 

The earth’s secular equation, depending on the diminution of the sun’s 

mass, is to the moon’s secular equation, depending upon the impulse of 

its light, as —1 to 0,01345. Therefore a secular equation of the moon, 

of —1", depending upon this cause, will correspond to 74",35 in the 

earth’s secular equation ; and as we are sure, by observation, that the 

earth’s secular equation is not 18", it follows that the impulse of the sun’s 

light upon the moon, does not produce a secular equation of a quarter of a 

centesimal second. 

It follows, from the preceding analysis, that for the last two thousand 

years the sun’s mass has not varied a two-millionth part; for —atXnxt 

being the earth’s secular equation [9000] depending on this cause, if we 

suppose that t represents a number of sidéral years, nx will be equal to 

400°, and —a? [8994] will be the diminution of the sun’s mass. Putting 

therefore t — 2000, and supposmg that q represents, in degrees, the 

secular equation of the earth corresponding to 2000 years, we shall have,* 

j.    7  r Decrease of the sun’s mass "I 

a L 800000 * L in 2000 years' -1 

From observation we cannot suppose q to be equal or greater than 0°,4 ; 

therefore the decrease of the sun’s mass at is less than a-roTrsr 

2000 years. 

22. If gravitation be produced by the impulse of a fluid directed towards 

the centre of the attracting body, the preceding analysis, relative to the 

impulse of the solar light, will give the secular equation depending on the 

successive transmission of the attractive force. For it follows, from what has 

been said, that if we put g for the action of the attracting body, as for 

|.(sin.26",4205)2 X 329630 = 0,0002129, 

as in [9015]. Multiplying this by 63,169 [8987'], we get the secular equation of the 

moon, depending on the impulse of the sun’s light, equal to 0,01345, as in [9016] ; so 

that if this part of the secular equation of the moon be —1", the corresponding part of the 

V' 
secular equation of the earth will be q 01345 = ^4",35, as in [9017]. 

*(4084) Putting the secular equation [9019] equal to —q, we get —atxnj——q, 

or a?=—; substituting = 400°X2000 = 800000°, and ç=0,4 [9021,9023], 
71 jt 

we get 0it [9023]. 
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example that of the sun, the secular equation of the attracted body, which 

we may suppose to be the earth, will be,* 

3 p"Z2 

2 * ~âï ’ 
[Secular equation of the attracted body from "I 

the successive transmission of gravity. J 

For then we have, in [8938], 
H.ô H.in 

which changes the secular 

equation 
3 H.rft2 

2 fa 
[8983], into the preceding value ; but g is equal to the 

centrifugal force, and this force is equal to an? [8993] ; therefore the 

secular equation of the attracted body is, 

3 

2 ’ T~’ 
[Secular equation of the attracted body from "[ 

the successive transmission of gravity. J 

i being in this case the ratio of the velocity of the fluid which causes the 

gravitation to that of the attracted body. 

If we apply this result to the moon, and put Nt for the earth’s mean 

sidéral motion about the sun, t denoting a number of Julian years, we shall 

have the moon’s secular equation equal to,f 

* (4085) The velocity of light is Ô [8935], and its force of impulse — [8938], 

h.q 
or ~ nearly ; we have also found in [8983] that the corresponding secular equation of the 

3 H.natQ 
earth, arising from this impulse, is ~ a ’ as *n [^26]. The same expression will 

answer for estimating the effect of the fluid producing gravitation, supposing Ô to be its 

velocity, and putting as in [9007e], ô = i.an; changing the definition of i from that in 

[9001] to that in [9027'], corresponding to the case now under consideration; the velocity 

of the earth being represented, as in [8990c], by an. Hence the force of impulse of the 

n * m i , H.ian H.in . , . 
fluid [9025a] — becomes - - , or ; putting this equal to g, as in [9026], 

£*Cl 

we get H—~. Substituting this in the secular equation [90256], depending on the 

impulse of the sun’s rays, it becomes . (ina2 ) ; and since na2 — 1 [9012], it 

becomes as in [9025]. Substituting g— an2 [9026'], in [9025], it becomes — .^1 
2 i ’ 

as in [9027]. 

t (4086) If we wish to apply the formula [9027] to the moon’s motion about the 

earth, we must put n for the angular velocity of the moon about the earth, supposing it 

to be at rest; the absolute velocity of the moon, in her relative orbit about the earth, equal 

[9025] 

[9026] 

[9026'] 

[9027] 

[9027'] 

JV, t. 

[9028] 

[9025a] 

[90256] 

[9025c] 

[9025d] 

[9025e] 

[9025/] 

[9028a] 
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[9029] 

[9029'] 

[9030] 

[9030'] 

[9031] 

[9032] 

[9033] 

Secular equation of the moon, arising from "I 
the successive transmission of gravity. J 

Putting a! — the mean distance of the sun from the earth ; 

a = the mean distance of the moon from the earth ; 

i' — the ratio of the velocity of the fluid, producing gravitation, to 

that of light ; 

then the aberration being supposed equal to 62",5, the secular equation of 

the moon will become,* 

3 a / n \3 

2 * 

iV2^2.sin.62",5 
Secular equation of the moon arising from "1 

the successive transmission of gravity. J 

We have seen, in [5543], that the moon’s secular equation is 

31",424757 [ = 10s,181621 j, when *=100 [5543']; therefore if we 

attribute it to the preceding cause, we shall have, 

v 3 a / n \3 -y2 10000.sin.62",5 

1 = 2'7 X \WJ * ‘ 31",424757 * 

Reducing this expression of i' to numbers, we shall find that the velocity 

[90286] t0 ’ anc^ ^ie velocity l^e producing gravitation equal to i [9027'] ; then the 

moon’s secular equation, with these symbols, will be as in [9027], .r?t^, or 

IT- * (~K) as in [9029]. Now if we suppose, as in [9030], that the moon’s 

[9028c] distance from the earth is a, and her mean angular velocity about the earth n, as in 

[9028a], the moon’s relative velocity about the earth will be an. In like manner, the 

earth’s distance from the sun being a [9029'], and the earth’s angular velocity about the 

[9028d] sun JY [9028], the velocity of the earth, in its orbit about the sun, will be a'JY [9028]. 

These values are used in the next note. 

[9031a] 

[90316] 

[9031c] 

* (4087) The aberration is 62",5, and its sine expresses the ratio of the velocity of 

the earth in its orbit a'JS [9028f/] to that of light ; therefore the velocity of light is equal 

o! «TV* 
to -, - ■ ■. Multiplying this by i', we get, according to the definition in [9030'], the 

sin.04 jü 

i'. a'JY 
velocity of the fluid producing gravitation equal to 

sin.62",5 
and this is to the velocity 

i'. a'JY 
of the moon an [9028c], as -! to 1 ; but this ratio is expressed by i to 1, in 

[9027'] ; hence we have 
i'.a'JY 

an.sin.62",5 
Substituting this value of i in [9029], it 

becomes as in [9031] ; putting this equal to 31",424757 [9032], corresponding to 

* = 100, we get i' [9033]. 
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of the fluid producing gravitation will be about seven millions of times 

greater than that of light;* and as it is certain that the moon’s secular 

equation depends almost wholly upon the cause we have assigned in the 

sixth book, ive must suppose that the gravitating fluid has a velocity which is 

at least a hundred millions of times greater than that of light ; or at least 

we must suppose, in its action on the moon, that it has at least that velocity 

to counteract her gravity towards the earth. Therefore mathematicians may 

suppose, as they have heretofore done, that the velocity of the gravitating fluid 

is infinite. 

It is evident that the earth’s secular equation, depending on the successive 

transmission of gravity, is only one sixth part of the corresponding equation 

of the moon ;f therefore it must vanish, or he insensible. 

[9034] 

[9035] 

[9036] 

* (4088) We have nearly - = ^ [5221]; = 0,0748 [5117 line 1] ; [9032a] 

dV=400°, or in parts of the radius A = 6,28...; lastly, putting sin.62",5 = 62",5, 

we find that the expression of i' [9033], becomes nearly, 

= ! X 415 x x <6’28)3 x 10000 x 

which exceeds seven millions. 

62",5 > 

slki ’ 
[90326] 

f (4089) Using the symbol N, as in [9028], we find that the secular equation of the 

and i = ve!ocity °j^ gravitating fluid m027']. Now the 
vfi ocitv r»t t.nfi parth I- •* 

3 JV2/2 
earth [9027] becomes —. —;— 

i'.a'JY 
velocity of the gravitating fluid is _ [90315], and that of the earth a'JV [9031a] ; 

Sin.D^ jD 

i' 
hence the preceding expression of i becomes i = . Q// - ; and by substituting it in the 

sin*o<4 jD 

! • rnno. 1 • r. 3 W2/2. sin.62", 5 , , . . 
secular equation [9036a], it becomes —--,-; and this is to the moon s secular 

a / n\3 1 / 1 \3 
equation [9031] as 1 to -, . f — J , or as 1 to ^ X ( 0^748/ t9032a] 5 being nearly 

as 1 to 6, as in [9036]. 

[9036a] 

[90366] 

[9036c] 

[9036J] 

[9036c] 

■■ 
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CHAPTER Till. 

SUPPLEMENT TO THE THEORIES OF THE PLANETS AND SATELLITES. 

[9037] 

[9038] 

[9039] 

23. We have given, in the sixth book, the numerical expressions of the 

inequalities of the planets. The care which had been taken not to omit 

any sensible inequality, authorized the belief that the tables of the planets’ 

motions would be improved by the use of these formulas ; and it became 

an object of interest with astronomers to apply them to this purpose. 

These hopes have been realized by the labors of Delambre, Bouvard, 

Lefrancais Lalande and Burckhardt, who have compared the theory with 

a very great number of observations, in order to deduce from them the 

elliptical elements of the orbits of the planets ; and I have also reviewed, 

with great care, the theory of their perturbations ; so that by these united 

efforts we have obtained very accurate tables of the motions of the planets. 

This new examination of the theoretical results, has not indicated any 

sensible inequalities to be added to those which had been before 

determined, except in the motions of Jupiter and Saturn. The nearly 

commensurable ratio of their mean motions gives rise, as we have seen in 

the second and sixth books, to some very great variations in the elements 

of the orbits of these two planets, depending on inequalities whose periods 

exceed nine centuries. The variations of the excentricity and perihelion 

of Jupiter’s orbit, depending on this cause, produce in the motion of Jupiter 

a very sensible inequality [4394], whose argument is three times the mean 

motion of Jupiter minus five times that of Saturn. The similar variations 

in the excentricity and perihelion of Saturn, prodùce in the motion of 

Saturn a great inequality [4468], whose argument is twice the mean motion 

of Jupiter minus four times that of Saturn. These two inequalities may 

in fact be considered as real equations of the centre, whose excentricity and 

perihelion vary with extreme slowness. Now the two great equations of 
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the centre of these two planets give rise to some very sensible inequalities ; 

therefore, by substituting in the expressions of these inequalities, instead 

of these great equations of the centre, those which we have just mentioned, 

there will be produced some small similar inequalities, which may be of 

sufficient importance to be noticed ; we shall therefore consider, in this 

point of view, the chief inequalities of Jupiter and Saturn, depending on 

the excentricities. 

We have seen, in [4392], that the expression of <5ttlv contains the 

following inequalities ; 

— 138s,373.sin.(2nT— rivt + 2e'r— siv—TOiv) 

-f- 56s,634.sin.(2 nyt— ?iiT-j-2sv— siv—wv) 

— 44s,461.sin.(3ttT—2niyt-\- 3ev—2 siv—^iv) 

+ 84s,942. sin. (3rcv t —2riv t -f 3sv—2eiv—wv) 

they are the most important ones arising from the first power of the 

excentricities. The first and third depend on the equation of the centre of 

Jupiter, +2eiv'.sin.(/iiv£ + siv—®iv) [3834, 4390e, &c.]. We have seen, in 

[4394], that Jupiter’s motion is subjected to the following inequality; 

169s,266.sin.(^n7 + siv-{- 55fZ40™ 49s—5nvt -j- 2nivt—5sv -f-2siv). 

This inequality may he considered as a second equation of the centre of 

Jupiter’s orbit ; whose excentricity and perihelion vary with extreme 

slowness, their variations depending upon those of the angle 5nvt—2nivt. 

This being premised, we shall put the inequality [9041 ] under the following 

form ; 

138 s,373 

2eiv 
2eiv.sin,(nwt -J- siv—OTiv -j- 2nvt—2niv't -j- 2sv 

If we substitute in it, instead of* 2d\sm.(nivt + siv— TOiv), the expression 

[9046], 

* (4090) The term 2elv.sin.(nlvtf-j-siv—is the most important part of the 

equation of the centre [3834] ; and if we substitute instead of it the term [9046 or 9049], 

it will be equivalent to changing 2eiv into 169s,266, and —wiv into, 

55d 40™ 49s—5nvt f 2nivt—5sv-[- 2siv ; 

and by this means [9048] changes into [9050]. In like manner we obtain [9053]. 

This short but indirect method of computing the small inequalities 

[9050, 9053, 90o8, 9060 or 9061, &c.], of the order of the square of the disturbing 

[9040] 

[9041] 

[9042] 

[9043] 

[9044] 

[9045] 

[9046] 

[90467] 

[9047] 

[9048] 

[9049a] 

[90496] 

[9049c] 
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[9049] 

[9050] 

[9051] 

[9052] 

[9053] 

[9054] 

[9055] 

[9056] 

[9056'] 

[9057] 

[9049rf] 

[9049e] 

[9049/] 

[9049g-] 

169s,266.sin.(3rivt—hnyt -f3slv—5sv-f- 55^40™ 49s), 

we shall obtain the inequality, 
1 QÛ5 9^0 

— -— . 169 s,266.sin. (VT—3nvt + aiv—3sv+ 55^40™ 49s). 
2elv K J 

Putting in like manner the inequality of the expression [9043] under 

the form, 

— 44^61 . 2eiv.sin .(rivt + siv—^iv + 3nyt—3rivrt -f 3aT—3siv), 

we shall obtain, by substituting the same term [9046], the following 

inequality ; 

44s461 
-. 169s,266.sin. (—2nvt —2 av -j- 55d 40OT 49s). 

2eIV v y 

The terms [9042, 9044] depend on the equation of the centre of Saturn, 

2ev.sin.(nT + av—rav), and we shall put [9042] under the form, 

56s 634 
—2^v .2e\(nvt + av— -j- nyt—nivt -f av—aiv). 

We find, in [4468], that Saturn’s motion is subjected to the inequality, 

—669s,682.sin.(ftv£ + sv-j- 56d 10“ 5T~6nvt -f 2rivt—5sy + 2siv). 

This may he considered as a second equation of the centre of Saturn, whose 

excentricity and perihelion vary with extreme slowness, these variations 

being dependent upon that of the angle 5nvt—2nivt. Therefore by 

substituting it for* 2ev.sin.(V£-}- av—tov), in [9055], we shall obtain the 

following inequality ; 

masses, must be considered as nothing more than a tolerably near approximation for 

obtaining their values, since several of the small parts of the general expressions of these 

terms are neglected ; those parts only being retained which are derived from the variation 

of the first term of the equation of the centre of Jupiter, 2eiv.sin.(niv-[- slv—wiv) [9045], 

or that of Saturn, 2ev.sin.(riv2+sv—■rov) [9054]. We have already mentioned a 

somewhat similar defect in the abridged method of computing the small inequality in the 

motion of Mercury [3872, See.]. Plana has noticed this imperfection in vol. 2, page 

406, Sic. of the Memoirs of the Astronomical Society of London, to which we may refer ; 

since it is not necessary to go into any particular detail on the subject, taking into view the 

smallness of these inequalities [9061, &c.], and that the corrections to be made in them 

are of very little importance. Similar remarks may be made relative to the other 

inequalities, computed in this section of the work. 

* (4091) If we proceed in this case as in [9049a, h], we shall find, by comparing the 

expressions [9056, 9057], that we must change 2ev into —669s,682, and — 
[9057a] 
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AQzl 
— • 669%682.sin.(rivt—3nvt + siv—3sv -j, 56d 10™ 57s). 

In like manner, by putting [9044] under the form, 

84s 942 

■ ’ . 2ev.sin.(wT + sv—zsv + 2nvt—2nlvt + 2sv—2siv), 

we shall obtain, by the same substitution, the following inequality ; 
GAs QAQ 

— 669s,682.sin.(—2rC't—2? + 5Qd\0m 51s). 
2ev v 1 ' 

Substituting in [9050, 9053, 9058, 9060] the values of eiv, ev [4080], 

we find that the four expressions [9041—9044] produce the following 

inequalities ; * * 

Is, 1809.sin.(3nYt—rivt + 3sv—siv—55^40™49s) ; 1 

+ 0s,3794. sin. (2wT + 2sv—55d 40™49s) ; 2 

+ U,6352.sin.(3wv^—niyt-{-3sv—siv—56^ 10™ 57s) ; 3 

+ 2%4525.sin.(2 nvt + 2av—56d 10™ 57s). 4 

These inequalities are very small ; but as they may be connected with others 

of similar forms, they will not render the tables more complicated, and will 

make them more accurate. 

We have seen, in [3916, &c.], that the inequality of Jupiter [4394], 

169s,266.sin.(3^T—5^T + 3siv—5sv -f 55d 40™ 49s), 

is the result of the variations in the equation of the centre and the 

perihelion, depending upon the angle 5nYt—2nwt. If we represent these 

variations by <5siv and <5wiv, the preceding inequality may be put, as in 

[3916], under the form, 

2<5eiv.sin.(?iiv£ + siv—TOiv)—2eiv.^iv.cos .(niyt + siv—^iv). 

The expression of Jupiter’s true longitude in terms of its mean longitude,f 

[668], contains the two terms, 

|.eiv2.sin.(2 n”t + 2siv—2^iv) + -ff .eiv3.(3^T + 3siv—3tfv), 

into 56^10m57s — 5nvt -{- 2nlvt — 5sv-j-2siv; substituting these in [9055], we 

get [9058]. 

* (4092) After making the substitution of eiv, ev [4080], we must divide by the 

radius in seconds 206265s, and we shall obtain the numerical values [9061]. 

f (4093) Changing e into eiv, and nt into nivt-j-siv—sjiv, to conform to the 

notation here used. 

[9058] 

[9059] 

[9060] 

[9061] 

[9062] 

[9063] 

[9064] 

[9065] 

[9057&] 

[9061a] 

[9064a] 
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[9066] 

[9067] 

[9068] 

[9069] 

[9070] 

[9071] 

[9072] 

[9065a] 

[9067a] 

[9067&] 

[9067c] 

[9067d] 

[9067c] 

[9072a] 

which gives the following expression ; * 

+ 4-eiv. 

+ V3-eiv.eiv. 

deiv.sin.(2 n}vt + 2siv—2*iv) 

-eiv<^iv.cos.(2 nivt + 2siv—2rtv) 

ôew. sin.(3rivt -f 3siv—3raiv) 

-eiv6^iv.cos f3nivt -j- 3siv—3^iv) 

1 

2 

3 

4 

The two first of these terms give the inequality depending uponf 

4nivt—5nvt-f 4siv—5sv -j-45d2lm44s, which we have determined in 

[4440]. If we represent by y?.sin.(wiv7 -j- siv—^iv +/)? the inequality of 

Jupiter [9046], depending upon 3rivt—5nvt, we shall have, 

/ = 2rivt—5nvt -f 2iy-—5sv + ^ -f 55d40“ 49s ; 

2ôeiv = p.cos.f; —2eiv.6niv = p.sm.f; p = 169s,226. 

Hence the terms [9066 lines 3, 4] become,J 

V .eiv.eiv.p.sin. (3rivt -f 3 siv—3^iv -f/) ; 

therefore by substituting f, p [9069, 9070], we get, 

V.eiv.eiv.169s,266.sin.(5^—hrCt + 5siv—5-=v—2*iv + 55d 40™49s). 

Reducing the coefficient of this expression to numbers, we obtain the 

* (4094) Taking the variation of [9065], considering eiv, wiv, as variable, it becomes 

as in [9066]. 

f (4095) If we put p — 169s,266, and use the value of f [9069], the term [9046] 

will become p.s\n.(rivi -j- siv—roivH-/), as in [9068]. Developing it by [21] Int. we get, 

p.cos.f.s\n.(nivtf~ siv—roiv) p.sm.f.cosfn™ t-\-siv—toîv). 

Putting this equal to the expression [9084], we obtain 2<5eiv=p.cos./; -2eiv.feiv=p.sin./, 

as in [9070]. Substituting these values in [9066 lines 1,2], they become, 

|-p.eiv.[c°s./.sin.(2«.iv^ -j-2siv—2iziv) -j-sin/.cos.(2ttiv£ -j- 2sIV—2rolv)} 

= fp.eiv.sin.(2iteiv^-f-2siv—2roiv-j-jf), [21] Int. 

Re-substituting the value of f [9069], it becomes, 

fp.eiv.sin.(4nivtf—•5»v^+4siv—5sv —7ziv-f- 55d 40m 49*), 

being of the same form as that in [9067], which is computed in [4440 or 4439] by a 

similar process, changing K [3827] into —p [9068], and using •rolv [4081] nearly. 

J (4096) Substituting the values [9070] in the two terms [9066 lines 3,4], we obtain, 

i£-è\è\p. {cos./.sin.(3niv t + 3siv—3sjiv) + sin./.cos.(3»iirf -f 3siv—3niv)}, 

which is easily reduced to the form [9071], by using [21] Int. 
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following inequality ;* * 

0s,6358.sin.(5fti'7—6nvt -{- 5slv—5sv -f- 34d 58m 41s). 

The following inequality is given in [4438, 9073&], 

—4s50247.sin.(5ftivZ—10»T* + 5aiv—10sv + 51d21w55s). 

We have seen, in [4006', &c.], that in all the arguments of Jupiter and 

Saturn, where the coefficient of t is neither 5nv—2niv, nor differs from it 

by riv for Jupiter, or nv for Saturn, we must increase the mean longitudes 

wiv^-|-5iv, nvtJrsv1 counted from the fixed equinox of 1750, by their great 

inequalities depending upon hnvt—2nlvt. If we wish to use the mean 

longitudes thus increased in the inequality of Jupiter [9062], 

169s,266.sin. (3ff 7—5nvtJr 3siv—5sv -}-55rf40M49s), 

we may put qiv, qv, for these longitudes thus augmented, and then put this 

inequality under the following form ; 

169s,266.sin.{3^lv—6qv—(3plv 5pv) -f- 5od40m 49s] ; 

plv being the great inequality of Jupiter, and —-pY that of Saturn. If we 

develop the preceding function, we shall get,f 

169s,266.sin.(3ÿv—5qv + 55d 40“ 49s) 1 

—(3plv -J- 5pv). 169s,266.cos.(3qiv—5qv -j- 55d 40TO49S). 2 

Now we have very nearly, J 

* (4097) Substituting the values of eiv [4080], also ■cjiv = 10*21w04s [4081], in 

[9072], it becomes as in [9073]. The inequality [9074] is the same as [4438] ; it is 

printed with a different sign in the original work, but it is corrected in [4438]. This is 

hereafter combined with the term which is computed in [9083]. 

f (4098) This development is made as in [60] Int., by putting, 

* = 3q[v— 5qy 4-55*40w 49s, a = _(3p"+5pT), 

neglecting the square and higher powers of a ; then multiplying by the coefficient 
169s,266, we reduce the expression [9077] to the form [9079]. 

Î (4099) If we put /or brevity T= 5nvt— 2nivt 4~5sv—2sivq-4* 21ra 20s, and use 

the symbols plv, pv [9078], we shall have very nearly, 

r= 1265s,3.sin.T [4434] ; pv= 2939s,6.sin.T [4492]; 

hence 3piv4~5pv = 18493s,9.sin.T, as in [9080]; the argument being taken the same 

as for Saturn in [4492], because this produces by far the greatest part of the coefficient in 

[9080]. Moreover the difference of the arguments in [4492, 4434], is not of much 

importance in the small inequalities which are computed in [9085, &tc.]. Dividing the 

coefficient 18493s,9 by the radius in seconds 206265s, and multiplying the result by 

[9073] 

[9074] 

[9075] 

[9076] 

[9076'] 

[9077] 

[9078] 

[9079] 

[9073a] 

[90736] 

[9076a] 

[9080a] 

[90806] 

[9080c] 
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[9080] 

[9081] 

[9082] 

[9083] 

[9084] 

[9085] 

[9086] 

[9087] 

3piv + 5pY= 18493s,834.sin.(5^—2niT+5sv—2siv + 4Æ21m20s) ; 

which gives, 

—(3piv4-5j?v).169s,266.cos.(3ÿv—Sqv -j~55d 40™ 49s) 1 

^ ( sin.(3q1v—5qv-\-5nvt—°ln^t-\-bzv—2siv-j-60d 02™ 09s) ) 2 

? l — sin.(3ÿv—5qv—5nvt+2rivt—5sv+2siv-j-5U 19™ 29s) ) * 3 

We may substitute in these two last terms, without any sensible error, qiv 

and qv, for nivt + siv and nvt -{- sv. The first term will then be confounded 

with Jupiter’s equation of the centre,. The second becomes very nearly 

equal to, 

7s,5882.sin.(5ÿy— lOf + 5U, 19™29s) ; 

and by connecting it with that in [9074], namely, 

—4s,Q247.sin.(5ÿy—lOf + 5V 19*29'), 

we obtain the following result, 

3s,5635. sin. (5ÿv—10^v + 61d 19™ 29s). 

Thus we may use qiv and qv, instead of ?th7 + £iv and nvt + £v, in all 

Jupiter’s inequalities except the great inequality. 

We shall now consider the analogous inequalities in the motion of Saturn, 

which are much more sensible than those of Jupiter. To determine them 

we shall observe that we have found, in [4466], that the motion of Saturn 

contains the two following large inequalities, depending on the first power 

of the excentricities ; 

—182s,069.sin.(2nv*— nrt+2*r—siv—O ) 1 

+ 417s,058.sin.(2ftT— nivt+2sY—siv—^iv) ) ' ) 2 

The first of these inequalities depends on the equation of the centre of 

169s,266, it becomes 15s,1765; hence the first member of [9081] is, 

[9080/] —15s,1765.sin.(5wv£—2riYt-\-5&v—2siv-J-4(f 21™ 20s)Xcos.(3/v—hqv~\-bbi 4Qm 4QS) ; 

reducing this by means of [19] Int., we get the second member of [9081] ; observing 

that the author has given the angle 51*19™ 29s [9081 line 3] equal to 

[9080e] 57°,0725 = 5P 21™ 55s, being too great by 2™ 26 s, from the data he has used. This 

is corrected in the formulas [9083—9085]. Now substituting qlv, qx} according to the 

directions in [9082], we find that the second member of [9081] becomes, 

—7q5882.sin.(^iv4-60(i 02m09s)4-7s,5882.sin.(5/v—10/4-51* 19™ 29s) ; 

of which the first may be combined with the equation of the centre, and the second is as 

in [9083]. 

[9080/] 
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Saturn +2ev.sin.(wT-{-sv—wv), and it may be put under the following 

form ; * 

182s OfiQ 
— ’ . 2e\sm.(n-t + sv— + n't—nf’t + sT—e"). 

The inequality in the motion of Saturn [9056], 

—669?,682.sin.(2« — 4ny< +2siv—4sv+56M0w57s), 

which, as we have observed in [9056'], may be considered as a second 

equation of the centre, will therefore produce, by its substitution in [9089], 

the following term ; 

1825 OfiQ 
- 9’ . 669s,682.sin.(wiT —3nvt + siv_3sv +56* 10“ 67s). 

The equation [9087 line 2] arises from the equation of the centre of Jupiter, 

and it may be put under the following form ; 

417s 058 
. 2eiv.sin.(wh7 + £iv—^iv + 2nYt—2nivt + 2sv—2siv). 

The inequality of Jupiter, 

+169s,266. sin. (3nwt—5nT+3siv—5 sv+55" 40“ 49s), [9046] 

which, as we have seen in [9046'], is a second equation of the centre of 

Jupiter, will therefore produce, by its substitution in [9092], the following 

term ; 

417s 058 
2’iv - . 169s,266.sin.(n"t —3nvt + siv-_3sv +55d40m49s). 

Therefore the expressions [9087] produce, as in [9089c], the following 

inequalities ; 

—5s,2568.sin.(3nyt—nivtT3sv-—siv—66d 10“ 57s) 

—3s,5594.sin.(3/iv£—nivtJr3sv—siv—.6od 40“ 49s). 

The expression of Saturn’s true longitude in terms of the mean longitude, 

contains the inequality,f 

* (4100) The calculation is here made in the same manner as for Jupiter, 

[9049es, b, &c.], by putting the inequality [9090] under the form, 

—669s,682.sin.(nvz+sv+56cr 10m 57s+2niv£—5nv£+2siv—5sv), 

which is similar to [9046] ; and changing, as in [9049a, 5], 2ev into —669s,682, also 

—tsv into 56d 10ra 57s+2niv£—5nv£+2siv— 5sv; and then [9089] becomes as in [9091]. 

In like manner we get [9094] from [9092]. Reducing the expressions [9091, 9094] to 

numbers, they become as in [9095, 9096] respectively. 

t (4101) This calculation is made in the same manner as for Jupiter, in [9065, &c.]. 

The second term of [9065] is similar to that in [9097] ; those in [9066 lines 3,4] 

vol. iv. 164 

[9038] 

[9089] 

[9090] 

[9091] 

[9092] 

[9093] 

[9094] 

[9095] 

[9096] 

[9089a] 

[90896] 

[9089c] 

are 
[9097a] 
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[9097] 

[9098] 

[9099] 

[9100] 

[9101] 

[9102] 

[9103] 

[9104] 

[9105] 

[9106] 

[9107] 

[90976] 

[9097c] 

[9097d] 

[9097e] 

[9097e'] 

[9097 f] 

If -(^y.(3nvt + 3sv—3^v). 

Therefore bj putting <5ev and ô™v for the variations of the excentricity and 

perihelion, depending upon 5nvt—2nivt, we shall have the function, 

.ev.ev. {<$ev.sin,(SnvtJrSsv-—3rov)—ev.<5wv.cos,(3nvt -f-3sv—3wv) j ; (O) 

To obtain <5ev and <5^v, wre shall consider this inequality of Saturn, 

—669s,682.sin.(2riyt—knyt -f2siv—4sv +56<* 10m57s), [9090] 

and we shall suppose it to be produced by the variation of the equation of 

the centre and perihelion, in the term 2ev.sin—wv) ; and we shall 

then have for the expression of this inequality, 

2 6 ev.sin. (nvt 4-£V—wv)—2ev.ô™'.cos.(nvt—wv). 

Hence it is evident that the function [9098] will become, 

— V .ev.ev.669s,682.sin.(2wiv—2nvt -f- 2eiv—2?—2™v + 56d I0m 57s). 

This inequality, reduced to numbers, is equal to, 

—3s,4402.sin.(2rciv*—2nvt + 2siv—2sv—120" 7m 17s). 

We have in [4496] the following inequality, corrected as in [4495a—d'] ; 

8s,2645.sin.(4^ —9nvt -f 4siv—9sv -f 51* 49™ 37s). 

We have seen, as in [9075, 9076'], that we must change, in all the 

inequalities of Saturn, nivt +siv into çlv, and nxt-\-? into qv, excepting 

in the great inequality, and in the following ; 

—699s,682.sin.(2^7—4nvt -f- 2siv—4sv -f- 56d 10m57s). [9099] 

similar to [9098] ; the term [9057] is the same as [9100] ; the term [9062] is similar to 

[9099] ; the terms [9064] are similar to [9101]. Now if we put, 

/= 2rivt—5nvt -f- 2siv — 5sv -f-wv -f-56d 10m 57s, 

the expression [9090] will become, by using [21] Int., 

—669s,632.sin.(n'Y-f-sv—™Yjrf) = —669s,682.cos/!sin.(nv* -j-£v—tov) 

—669s,682. sin,/.cos. (nyt-\-sY—-rov). 

Comparing this with [9101], we get 2Sev =—669s,82.cos./, 2evS^v = 669s,82.sin./*. 

Substituting these in [9098], it becomes, 

—1l¥3-ev.ev.669s,6824sin.(3n^+3sv—3wv).cos/+cos.(3rcv*-j-3ev—3sv).sin./} ; 

and by means of [21] Tnt. it is reduced to, 

—Jy3-ev.e\6693,682.sin.(3n'7+3sv—3tfv+/)- 

Now re-substituting the value of / [90976], it becomes as in [9102] ; and by using the 

value of er [4080], it changes into [9103] ; observing that the value of wv = 88d 9m07% 

[4081], gives —2^+56*10™57s = —120*7m 17s. 
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If we wish to use qiv and qv [9076'] in this last inequality, we must put it 

under the form, 

—669s,682.sin.(2ÿv—4gv—2piv—4pv + 56d 10m 57s) ; 

piv and —px [9078] being the two great inequalities of Jupiter and Saturn. 

The inequality [9108] becomes by development,* 

-—669s,682.sin.(2ÿv—Aqx + 66d I0m 57s) 1 

+ 669s,682.(2piv-f-4pv).cos.(2ÿ'r—Aqv-\-56d JCT 57s) ; 2 

and we have very nearly, 

669s,682.(2piv+4pv).cos.(2ÿv—2qx+66d 10m 57s) 

= 23 s, 1960. 
sin.(2ÿv—Aqv-\-5nxt—%nwt +5sy—2siT+60i32w 17s) | 2 

-sin. (2ÿv—Aqx—5nYt -\-2rivt—5 sv +2 g iv-f-51d 49™ 37s) j 3 

We may, in these two last inequalities, change n"t-{-siv and nvt-\-sv into 

q'v and qx ; then the first will be confounded with the equation of the 

centre of Saturn, and the second becomes, 

—23s,1960.sin.(4ÿv—9qx + 51*49® 37s). 

Connecting it with that in [9105], namely, 

8s,2645.sin.(4ÿv—9qv +51* 49* 37s), 

we obtain the following inequality, 

—14s,9315.sin.(4ÿv—9f+ 5U49ro37s). 

We may thus use qiv and qv, instead of nwt+£iv and nxt-\- sv, in all the 

inequalities of Saturn, except in its great inequality. 

* (4102) This development is made as in [9076a], by using [60] Int., putting 

z = 2qlY—4^ —1—56^, 10m 57s, and a = —(2+v+4pv) ; then multiplying the developed 

value of sin.(z-j-a), by —669s,682 [9108] ; hence we get [9109]. Now the values 

of plv, pv [9080a], give 2plv-j-4pv= 14289s.sin.T; substituting it in the term 

[9109 line 2], and dividing by the radius in seconds, which gives 

669s,682 x 14289s 

206265s 
= 46s,3920, it becomes, 

46s,3920. sin. T.cos.(2+— 4^+56*10”* 57s) 

= 23s,1960.sin.(2+-4++56U0ra57s+T)—23s,1960.sin.(2+-4++56'i10OT57s-T). 

Re-substituting the value of T [9080a], it takes the same form as in [9110 lines 2,3] j 

and by using the values of qiv, qw [9111], it becomes, 

23s,1960.sin.(<?v+60rf32m 17s)—23s, 1960. sin. (4ÿv—9yv+51*49m 37s). 

The first of these terms can be connected wfith the equation of the centre, and the second 

is as in [9112]. 

[9108] 

[9109] 

[9110] 

[9111] 

[9112] 

[9113] 

[9114] 

[9115] 

[9111a] 

[91115] 

[9111c] 

[9111rf] 
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[9119] 

[9136] We must, for greater accuracy, increase qv by the inequality [44681ine6], 

namely, 

[9117] 3ls,025.$in.(3nvlt — nvt -f- 3svi— sv—35d 34w 12s), 

[9118] arising from the action of Uranus, and which must be applied to Saturn’s 

mean motion, as we have seen in [4472, &c.]. 

If we connect the preceding inequalities with those which have been 

determined in the sixth book, we shall obtain the formulas of the true 

longitudes of Jupiter and Saturn. Bouvard has compared these formulas 

with observation, by means of the oppositions of Jupiter and Saturn, which 

he has collected chiefly from those of Bradley and Maskelyne at Greenwich, 

and those made at the observatory in Paris, in late years. These 

observations were made with excellent transit instruments, and with the 

best mural quadrants, during an interval of more than fifty years. They 

furnish, by their accuracy, as well as by the greatness of the number of 

observations, the most accurate method of correcting the elements of the 

elliptical motion. From these sources were obtained, from 1747 to 1804 

[9120] inclusively, fifty oppositions of Jupiter and fifty-four oppositions of Saturn, 

[9122c]. These have given one hundred and four equations of condition, 

between the corrections of the elliptical elements of the motions of the two 

planets ; and as the value of Saturn’s mass is somewhat uncertain, the 

correction depending upon it was introduced into these equations. It was 

soon discovered that the value of this mass, given in [4061], must be 

1 , . , . 1 
[9121] decreased by 

[9122] 

which reduces it to that of the sun being 
20,2327 3534,08 

taken for unity [9122d, 4061c]. This important correction, which is 

evidently indicated by the preceding observations, and by those of 

Flamsteed, is one of the principal results of this improved theory. The 

accuracy of these formulas, and the great correctness of this set of 

observations, must give to this result a preference over those which are 

deduced from the elongations of the outer satellite, taking into consideration 

the extreme difficulty of observing these elongations, and the uncertainty of the 

estimated value of the ellipticity of the orbit of the satellite. The comparison 

of the formulas given by the theory, with the observed oppositions of 

Jupiter, has not indicated any correction in the value of its mass [4061]. 

In fact, if we consider Pound’s observations, as given by Newton in his 

Principia, we shall see that they must give accurately the mass of Jupiter, 

whilst they will leave a little uncertainty in that of Saturn. Therefore 
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these formulas produce the same value of the mass of Jupiter, as those 

which are deduced from the observed elongations of the satellites; and it is 

curious to see the same result deduced from two methods so entirely 

different from each other.* I have endeavored to determine, in the same 

manner, the correction of the mass of Uranus, in which there is a greater 

degree of uncertainty than in the mass of Saturn. The observations have 

not indicated any sensible correction in the value of that mass ; but its 

influence upon Saturn’s motion is too small to trust wholly to this result. 

The oppositions I have just mentioned are very proper to determine the 

mean motions of Jupiter and Saturn; because the two great inequalities 

wTere at their maximum during the interval included by these observations,f 

and they must therefore have varied but little during that interval ; so that 

the uncertainty w;hich may still remain, as to the magnitude of these 

inequalities, could not have any sensible influence upon the mean motions 

deduced from these observations ; and I have had the satisfaction of finding 

that the formulas represent, as well as could be expected, the ancient 

observations mentioned by Ptolemy, and also the Arabian observations. 

We shall now give those formulas in which we have introduced the 

corrections of the elliptical elements of both planets, and the mass of Saturn, 

* (4103) Notwithstanding the confidence the author expresses relative to his estimate 

of the value of the mass of Jupiter [4061], it has been found necessary to increase it 

about a seventieth part, in order to satisfy the corrected measures of the elongations of the 

satellites by Airy, and the perturbations of the planets Juno, Vesta, &c., as we have 

already observed in [5980i, &c.] ; where it is shown that both these methods of 

ascertaining the mass of the planet, indicate an augmentation in the estimated value in 

[4061]. We may also observe that Bouvard, in the second edition of his tables, published 

in 1821, uses 126 observations of Jupiter, and 129 observations of Saturn, taken in the 

oppositions to the sun, and in the quadratures from 1747 to 1814; and that the result of 

these observations gives the masses of Jupiter and Saturn, which we have inserted 

in [4061cZ]. 

f (4104) Substituting the values [9128, 9129] in the argument of the great 

inequality [9134], it becomes nearly, 

5nv?— 2niv?+5sv—2siv-J-4* 30m 30s— t. 18s = 73* 48w 24s -f L23M 14s. 

Substituting t = —3 and t — 54, we find the arguments corresponding to 1747, 1804, 

are nearly 73* and 94*; and the sine of this argument passes the maximum during this 

interval, as in [9124]. 

VOL. IV. 

[9123] 

[9124] 

[9125] 

[9122a] 

[91226] 

[9122c] 

[9122c?] 

[9124a] 

[91246] 

165 
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[9126] 

[9127] 
Epoch of 
1750. 

Mean lon¬ 
gitudes. 

[9128] 

[9129] 

[9130] 

[9128a] 

[91286] 

[9128c] 

[9128rf] 

[9128e] 

[9128/] 

[9128g] 

[9128ft] 

[9128i] 

[9128ft] 

deduced from the equations of condition. In these formulas t represents 

any number of Julian years of 365^ days, elapsed from the midnight at the 

commencement of the first of January, 1750. 

FORMULAS FOR THE HELIOCENTRIC MOTION OF JUPITER. 

We have,* 

[Mean longitudes in the year 1750-ft.] 

Jupiter, nivt + siv = 3d 45TO 47s,5 +1.30*,348999 ; 

Saturn, n't-f sv = 23 D 21™ 53s,9-f/. 12^,221421 ; 

Uranus, nvitf-^'1 = 3\3d 34™ 14s,8 -j-1. 4d,284639. 

Coefficients, January 1, 1800. 

d m s d 
81 52 19,3 30,349084 

123 05 29,4 12,221148 

173 30 16,4 4,284890 

* (4105) The coefficients of t [9128, 9129,9130] agree nearly with those in [4077]. 

The values in [9132—9138'] agree nearly with those in [4407, 4408', &c.], or may be 

easily deduced from them. The expressions of qiv, qv [9137, 9138, &c.], correspond 

nearly with [4434, 4436, 4491,4494], changing the mass of Saturn, or the value of l-j-f^j 

as in [9121, &£c.]. The corrections in this theory, on account of the error in the signs of 

some of the terms, were made by the author after he had published the fourth volume, 

and were in fact subsequently printed, as an appendix to the third volume [5974, &c.]. 

In consequence of this error of the signs, it becomes necessary to apply the corrections 

CIV, Cv, he. [4434,4492], to the great inequalities given by the author in this chapter; 

it is also necessary to augment the perturbations of Jupiter, arising from the action of 

Saturn, on account of the increased value of Jupiter’s mass [5980m, &£c.]. This process, 

of correcting the elements of the orbits, may be considered as constantly in operation, on 

account of the additional observations which are daily obtained. For by combining these 

new observations with those previously known, we obtain more accurate means of 

ascertaining the correct values of the masses of the planets and the elements of their orbits. 

Pontécoulant, in his Théorie Analytique du Système du Monde, vol. 3, page 511, &.C., 

has given the elements of the motions of Jupiter, Saturn and Uranus, in the same form as 

in this chapter; making the corrections and alterations indicated in [9128c, d], and 

putting the epoch [9127] fifty years in advance, as in Bouvard’s new tables, so as to make 

it correspond to the midnight which separates December 31, 1799, from January 1,1800. 

In maMng these calculations he uses the same values of a, a, a", a'", aiv, av, avi ; 

n, n', n", n'", riy, nv, wvi, as are given by ha Place in [4079, 4077] ; also those of 

bT and its differentials [4085—4227]. As it will be more easy for reference to have 

the perturbations free from the corrections /g Civ, Cv [9128c, d], we have inserted the 

coefficients for the epoch of 1800, as given by Pontécoulant, in the same lines with those 

given by La Place, in [9128—9149] ; and it will be found upon comparison that they 

differ but very little from each other, except from the changes produced by /xv, Civ, Cr. 

For convenience in making these insertions, we have introduced, in [9133"—9135'], the 
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These three quantities are the mean longitudes of Jupiter, Saturn and 

Uranus, counted from the fixed equinox of 1750 [9127], and reduced to the 

midnight at the beginning of January 1, 1750. 

We also have, 

[Values corresponding to the year 1750-ft.] Coefficients, January 1, 1800. 

*iv = 10420-23',1-K. 6s,618603-f42.0s,0002001; 
d in s 

11 7 36 6,683122 
s 

—0,000235 

■av = 88'09”55’,9+l. 19’,354599+P.0’,0001608; 89 8 20 19,055044 0,000162 

0" = 97456"25’,4+1.34’,324429 ; 98 25 45 36,582330 

4V = 111*29*42',2-M.30',675510; 111 56 07 31,32131 

T = 5nvt—2rivt +5 sv—2 siv ; 

P' = P+4"30" 30’—1.78’,49+P.O*,01228 ; 3 40 59 —76,2770 —0,0012620 

Pv = T_[_4d32w45s— t77s,06-f*2.0s,01178 ; 3 38 32 —76,593 —0,001164 

^‘’ = (1205’,40-t.O',03618+C.0’,0000349).sin.Piv 
s 

1187,247 —0,04845 0,00000226 

—13s,17.sin.2Piv ; —12,21854 

A" = (-2952*, 10+1.0’,0887-12.0*,0000821 ).sin.P ’ —2906,661 0,11411 —0,00000052 

+(30*,69—1.0’,0017). sin.2P ■ 29,76156 

-f-31 s,03. sin. (3nvit ~nvt-j-3 svi-sv- 85d 34m 12s). 30,894 
d m 

—87 23 

rov, being the longitudes of the perihelion, and ôiv, ôv, the longitudes 

of the ascending nodes, counted from the same equinox [9131], and at the 

same epoch ; we shall then have, 

çiv = niyt -f siv + Aiv ; 

qy =nvt +sv -f Av; 

qvi = nvit + svi. 

The annual precession of the equinoxes being supposed equal to 50s, l, 

[3380a] ; the true longitude of Jupiter vlv, reckoned upon its orbit and 

counted from the mean equinox, will be, 

additional symbols T, P1V, Pv, *dfiV, Av, which are not in the original work ; by this means 

the formulas [9137, 9138] are given in an abridged form, instead of inserting in them the 

complete values of Air, JLr. 

[9131] 

[9132] 

[91328 

[9133] 

[91337] 

[9133"] 

[9134] 

[91348 

[9135] 

[91358 

[9136] 

[9137] 

[9138] 

[91388 

[9139] 

[91281] 
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Longitude 
of Jupiter. 

[9140] 

[Values corresponding to the year 1750 -ft.] 

Viv = qiv -f £.50s,l 

-}-(l 9833s,754^-0s,6269).sin. 

4( 595s,69+t0s,0376).sin.2.(ÿv—^iv) 

+ ^ 4( 24*, 81 -}-L(É,0Q23).sin.3. (qiv—wiv) 

4( ls,18+t0s50002).sin.4.(ÿv—®iv) 

4( 0s,06.).sin.5.((/v—sj1v) j 

— 805,14.sin.( qlv— qv— 1*09") 

+19 8s, 81. sin. (2qiv— 2qv— 1" 10w) 

-f- 16s,23. sin .(3giv—3gv) 

-f- { + 3s, 73. sin. (4g1 v—4gv) 

4- ls,68.sin.(5giv—5gv4 1U57m) 

4- 0 s,41.sin. (6giv—6gv) 

+ 0*,17.sin.(7giT—7gv) 

'-f( 13 Is,56+*.0S,0066) .sin. (giv-2gv-l 3d 15s,26) ' 

-f J+ 17s,18.sin.(2giv—4gv-f-57dr12m) 

.4- 3%39.sin.(5giv—10gv+51tf22’rt) 

c 4(82s,86 -1.0s,0045) .sin. (2giv-3gv-61d bQm~\~t.26s,32) 

+ p,57.sin.(4giv—6gv-}-54<?26m) 

-f- (160s,93—£.0s,0042).sin.(3giv—5gv455rf41”4-<-508,51) 

—15 s, 18. sin. (3giv—4gv—62d 49m) 

4* 12s, 18. sin. (3giv—2gv— 8<*49m) 

+ 9s,42. sin. (3gv— giv468" 12*) 

C 4- 10?,95.sin.( gv444d57w)) 

+ l— 5s,15.sin.(2gv445d42m)^ 

4- 10s,94.sin.(4giv—oqv-\-5Si 1") 

— 5%10.sin.(2giv—■ qy +15d25m) 

+ ls,21.sin.(4giv—3gv— 2<*41w) 

— 0s,87.sin.(5glv—6gv4 66^ 9m) 

+ Is,00.sin.( giv4 qv4 45*29") 

f— Is,05.sin.( glv— qvl)') 

4. ) 4 0s,43.sin.(2giv—2gvi) > ; 

( 4 0s,05.sin.(3giv—SqVi) ) 

Coefficients, January 1, 1800. 

50,2235 . 1 

19862,80 
S 

0,63242 2 

597,55 0,03807 3 
24,92 0,00240 4 

1,19 0,00016 5 
0,06 6 

—84,63 
d in 

—1 6 7 

209,10 -1 10 8 
16,32 9 
3,75 10 
1,69 12 11 11 
0,41 12 
0,16 13 

132,39 0,067 
d in 

—12 21 
s 

15,7 14 

17,29 57 12 15 
3,29 54 30 16 

83,45 —0,005 —60 54 27,1 17 
—1,58 54 26 18 
161,15 0,0014 58 11 45,31 19 

—15,28 —61 46 20 
12,27 —9 35 21 
9,50 69 45 22 

11,05 43 56 23 
—5,44 43 55 24 

11,12 59 23 25 
—5,13 —17 5 26 

+ 1,21 —3 28 27 
—0,88 —65 7 28 

+0,74 +67 4 29 

-1,14 30 

+ 0,59 31 

+0,05 32 



X. viii. § 23.] PERTURBATIONS OF JUPITER AND SATURN. 661 

qVl being equal to nvi + svi.* In the preceding formula, we have included 

between a parenthesis all the arguments which can be reduced to the same 

table. The reduction to the true ecliptic is made by the usual methods, 

[675 or 3800] ; it is here equal to, 

—27s, 15.sin. (2v iv—2 6iv). [—27s, 15] 

The radius vector of Jupiter riv is given by the following formula ; 

+ 

[Values corresponding to the year 1750-ft.] 

riv = 5,208735 +1. 0,0000003718 

+ (—0,249994—*.0,00000789 ).cos. (ÿWv) 

-j- (—0,006004-—*.0,0000003718).cos.2.(ÿv—TOiv) 

-f- (—0,000217—*.0,0000000206).cos.3.(ÿv-^iv) 

—0,000010. cos.4. (qiv—rtv) 

+ 0,00Q652.cos.( qiv— qv—ld 2Vn) 

—0,C02783.cos.(2çiv—2qv—V 02m) 

—0,000287.cos.(3qiv—3qv) 

—0,000074.cos. (4 qiv—4 qv) 

—0,000026. cos. (5qlv—5qv) 

—0,000010. cos. (6qiv—6qv) 

0,000264.cos.( qiv—2qv—22^ 24ra -fU 8s,8) 

■0,000096.cos.(2ÿv—4^v +5U 04m) 

—0,000879.cos.(2ÿv—3qv—62d60m +1.26%2) 

—f0,002008—L0,0000000502).cos. 5 3?n“D7v i 
v’ ' £+55*36m+*.50s,4 S 

+ ( 

V 

+ 

-j-0,000236.cos. (3ÿv—4çv—62d 09m) 

—0,000126.cos.(3ÿv—2f— 7d35m) 

c —0,000068.cos.( qv + 29d 13m) ) 

+ l + 0,000077.cos.(2j’ + 10*65") $ 

+ 0,000095.cos.(4çiv—5çv —14" 23”) 

—0,000264.cos.(5çv 09") 

Coefficients, Jan. 1, 1800. 

5,208760 0,0000384 1 

—0,250358 —0,0007964 2 

—0,006022 —0,0000384 3 
—0,000218 —0,0000021 4 

—0,000093 —0,0000000 5 
0,000647 

—0,002771 

angles 
d in 
1 21 
1 02 

omitted. 

6 

7 

—0,000289 8 

/■These throe terms 
1 are omitted ; also j 

J the coefficients of ( 
\ t in the arguments f 
/ of the rest of the V 
V terms. J 

9 

10 

11 

—0,000272 
d m 

—35 49 12 

omitted. 13 

—0,000919 —67 55 14 

—0,002020 58 7 15 

0,000238 —61 12 16 

—0,000129 —12 4 17 

—0,000065 29 13 18 

+0,000074 11 1 19 
+0,000091 —14 23 20 

—0,000292 —15 33 21 

* (4106) This value of i>iv is easily deduced from the formulas [4388—4446], 

corrected for the change in Saturn’s mass [9121, &lc.], and using the corrected values of 

eiv, similar to [4407]. The elliptical values depending on q[v—7Siv, and its multiples, 

166 

[9141] 

[9142] 

[9143] 

Radius 
vector of 
Jupiter. 

[9143a] 

VOL. IV. 
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[9144] 

Latitude 
of Jupiter. 

[91436] 

[9143c] 

[9143d] 

[9145a] 

SUPPLEMENT TO THE THEORY OF THE [Méc. Cél. 

Lastly, the heliocentric latitude of Jupiter, above the true ecliptic, is given 

by the formula, 

[Values corresponding to tlie year 1750 + L] 

siv = (4742s,8—2.0s,22606).sin. (vi,r—éiv) 

+ 0s,63.sin. ( qiy —2qy—54* * 16m) 

+ ls,06.sin.(2gIV -—3qy—54* 16*) 

+ 3s, 75. si n. (3ÿv —5qY +59* 30w) 

—0s,53. sin. (çv + 54* 16m). 

Coefficients, Jan. 1, 1800. 

4742,7 
s 

—0,22606 

0,6351 
d m 

—53 54 

1,0711 —53 54 

11,5986 +50 26 

—0,9978 + 53 54 

1 

2 

3 

4 

5 

FORMULAS OF THE HELIOCENTRIC MOTION OF SATURN. 

The longitude of Saturn in its orbit vv, counted from the mean equinox, 

is given by the following formula ; * 

being found as in formula [668], This has no difficulty except the length of the 

calculation, so that we shall not enter into any particular detail on the subject. The same 

may be observed relative to the radius vector [9143] ; the chief term of its constant part, 

5,208735, is given in [4451] ; other terms of r are in [4389,4393,4448,4450]. The 

elliptical terms depending on giv—+v, and its multiples, are found from [659], which, 

by means of the term £ e2, and its value, similar to that in [4407], increases the constant 

part before mentioned, and produces also the term 2.0,0000003718. Lastly, we get the 

heliocentric latitude [9144] by connecting the inequalities [4457—4458] with the chief 

term <p.sin.(i;iv—âiv), of its elliptical motion, <p being given in [4082] ; observing that we 

may, when necessary, use reductions similar to those in [4017—4021]. 

* (4107) The formulas for the motion of Saturn [9145—9148], are found as in the 

last note for Jupiter ; using the perturbations in longitude [4463—4505]. Those of the 

radius vector are given in [4464, 4467, 4470, 4471, 4507—4510] ; and those of the 

latitude, in [4511—4518]; the elliptical parts being found by the same formulas as for 

Jupiter. 
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[Values corresponding to the year 1750-j-t.] 

vv = qv + t.50%l 

+(23219s,52—t Is,2854).sin. (qy—O 

+( 816s,49—t. 0s,0905). sin. 2. (qy—+) 

+ l +( 39s,81 —A0s,0066).sin.3. (qy—+) 

+( 2s, 22—t. 0s,0005). sin .4. (qy-—wv) 

+( 0s,13 . . . . . ).sin.5.(^v—sjv) 

+ 28s,97.sin.( q[v— qy+78d03m) 

— 29s, 91. sin. (2qiy— 2qy— bd 42m) 

— 6s,57.sin.(3^iv—3+) 

+ ( — l%97.sin.(4giv—4 qy) 

— 0s,70.sin.(5ÿv—bqy) 

— 0s,27.sin.(6ÿv—6qy) 

— 0s,12.sin.(7ÿv—7qy) 

_|_(—418%33— *.0S,0221).sin.( qiv — 2qv— 14Æ49JB+i.lSs350) 

+ (—669s,68+ tf.0sj0155).sin. (2§,iv—4§,v +56*11M+*.49S;50) 

+ (— 48s ,29+ £.0S,0004) .sin.(3^ — ?iv+77* 50w—*.34s,55) 

+ (— 24s,57+t0s,0044).sin.(2+— 3jv+ 14d48™+U2s,39) 

+ 11s,28.sin.( qiy+8bd36m) 

—14s,93.sin.(4^lv'—9çv+ 51d 50m) 

+ 4s, 90. sin. (3çiv—4 qy—62d 47m) 

+ 39,01.sin.(2ÿv— qy+3ld%2m) 

+ 2s,94.sin.(3ÿv—5qy-\-b7d 9”1') 

+ ls,42.sin.(4ÿv—5qv—62d56w) 

[omitted] sin. (5+—6qv—6\d 53m) 

—• 9s,25.sin.( qv— qyi) 

+ 14s,45.sin.(2gv—2qy\) 

+ ^ + ls,91.sin.(3çv—3qyi—68d 27m) 

+ 09,31.sin.(4gv—4^vi) 

+ 0s,09.sin.(5çv—bqyi) 

+ 27s,37.sin. (2+—3gv+ 23<* 56m) 

+ 9s,86.sin.( qY—2qvl+72d I2m) 

+ ls,52.sin.(3^v—2qVl—88^ 09”1) 

+ Is,36.sin.( qyi—4P 38+ 

Coefficients, January 1, 1800. 

5 
50,2235 1 

23154,40 
s 

—1,2783 2 

811,96 —0,0901 3 

39,48 —0,0066 4 

2,19 —0,0005 5 

6 

29,40 
d m 
77 45 7 

—31,89 8 
—6,65 9 

—1,99 10 
—0,71 11 
—0,27 12 
—0,12 13 

—424,83 
s 

-0,0277 
d m 

-13 57 
5 

13,89 14 

—652,59 0,03817 59 34 -60,76 15 
—48,89 0,000366 78 4 -34,55 16 

—24,37 
d in 

20 45 17 

11,44 84 36 18 

—13,12 55 55 19 

+4,966 —61 45 20 

+3,06 +30 45 21 

+2.97 59 12 22 

+1,44 —61 57 23 

0,53 —61 53 24 

—10,07 25 

+ 15,73 26 

2,06 —69 6 27 

0,34 28 

omitted 29 

29,63 24 31 30 

10,71 73 11 31 

1,65 —89 8 32 

1,48 —42 36 33 

Longitude 
of Saturn. 

[9145] 
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[9146] 

[9147] 

Radius 
vector of 
Saturn. 

SUPPLEMENT TO THE THEORY OF THE [Méc. Cél. 

The reduction to the ecliptic is, 

—97s,83.sin.(2z>v—2év). [—97s,83] 

The radius vector of Saturn rv is given by the following formula ; 

[Values corresponding to the year 1750+ t.] 

= 9,557833—£.0,00000167 

+ (—0,536467+/.0,00002963).cos.( qv— O 

+ (—0,015090+^.0,00000167).cos.(2çv— wT) 

4- ( 4- (—0,000639-^.0,0000001 l).cos.(SgT —3<) 

—0,000032.cos.(4çv-^-4+) 

—0,000340.cos.(gv—10" 21*) 

4-0,00811.cos.( qiv— çv+3‘*58m) 

+0,00138.cos.(2ÿv—2 qv) 

4- ( +0,00032.cos. (3ÿv—3qv) 

+0,00010. cos. (4çiv—4 qy) 

+0,00004.cos.(5çIV—5qv) 

4- (0,00535 +/.0,00000027).cos 

4- (0,01520—tO,00000034).cos. 

q*-2q' 

—lU58w-f-n4s,7 

2qiv—4r/ 

+ 56* 0m 4-1.49s, 1 

4- 0,00117.cos.(3^v— ÿv—90* 12») 

—0,00138.cos. (3qY—2qw 4- 23" 19») 

—0,00022. cos. (4 qv—3qiv+61*21m) 

+ 0,00352.eos.(5çv—2çiv+13" 02m) ! 4-0,00015. cos. ( qv— qvl) 

—0,00040.cos.(2gv—2qvl) 

—0,00005.cos .(3qv—3qvi) 

—0,00061 .cos. (2gv—32vi+23d 44M). 

Coefficients, January 1, 1800. 

9,557777 0,0000167 1 

—0,534938 0,00002966 2 

—0,015005 0,00000167 3 

—0,000634 0,00000011 4 

—0,000032 5 

—0,000339 
d m 

—10 21 6 

0,00763 4 15 7 

0,00140 8 

0,00034 9 

omitted 
10 

11 

( 0,00542 - - - - t 
} d m 
{ —11 10 _S 

12 

( 0,01479 

i dm 
( 59 28 

—0,000000734 ) 

a ( 
—63,24 ) 

13 

—0,00)19 
d m 

—90 12 14 

—0,00155 38 55 15 

—0,00021 61 23 16 

0,00095 32 32 17 

0,00016 18 

—0,00043 19 

omitted 20 

—0,00066 +23 44 21 

The heliocentric latitude of Saturn, above the true ecliptic, is, 
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[Values corresponding to the year 1750 + (.] 

| (8990*,42—r.0’,15514).sin.(i)v—«v) 

[—0*,71.sin. (3»’—3«v) 

t— 3*,14.sin.( if—2r/v—5ii I 6") I 

+ ( — 9*,16.sin.(29"—4y+59“ 30”) } 

-f- 0s,52.sin.(2ÿv—3qv—54d 16“) 

+ Is,79.sin.( ÿv + 54d16M) 

—0s,66.sin.(2ÿv—3qvi—5W 9m). 

Coefficients, Jan. 1, 1800. 

s 
8990,3 

s 
—0,155137 1 

omitted 2 

—3,18 
d m 

—53 54 3 

—9,31 60 24 4 

0,53 —53 54 5 

1,81 53 54 6 

—0,67 —54 8 7 

The 104 oppositions before mentioned, are represented by these formulas 

with a remarkable degree of accuracy.* The greatest error does not amount 

* (4108) The method of quadratures by single integrals, which is found so useful in 

computing the perturbations of the orbits of the small planets and comets [7929], and in 

the development of the function [8908cfJ, may also be applied to many similar objects ; as, 

for example, to that of the development of u, r, v, in terms of nt, as in [657, 659, 668], 

and to other functions of the like nature. The same process, by means of a double 

integration relative to two unknown quantities, may be extended to cases of a much more 

complicated form ; as, for example, to that of the development of the function R [957], 

in terms depending on the angle i'n't—int-\-Jl [957viii], or to the expressions of Sv, Sr, 

&c., like those in [3809, 3821, &c.], depending on the same angle, and to others of a like 

form. This method of double integration by quadratures, which has the important 

advantage of including all the powers and products of the excentricities in the values of 

the terms which occur under the signs of integration, has been used by Hansen in the 

computation of the perturbations of the planets Jupiter and Saturn, as we may see in his 

treatise on the subject, entitled Untersuchung iieber die gegenseitigen Storungen des 

Jupiters und Saturns, which gained the prize of the Academy of Arts and Sciences of 

Berlin, in 1830. The manner of making such calculations has since been treated of by 

Poisson, in the Connaissance des terns for 1836, and also by Pontécoulant, in the work 

mentioned in [8919g]. This way of computing the inequalities of the motions of Jupiter 

and Saturn, is so entirely different from that of La Place, that it becomes a very important 

means of verification, not only of the great inequalities, but also of such others as require 

considerable care and attention in making the developments, when we wish to include 

every sensible quantity. We shall therefore explain the principles of this calculation, 

without entering into any numerical details, which have no other difficulty than their great 

labor. We shall also give, as examples of the process of single integration, the 

developments of u, r, v, mentioned in [9146a] ; observing that a similar method was 

used by the early geometricians, in treating of the problem of the three bodies, in the 

middle of the eighteenth century. 

vol. iv. 167 

[9148] 

Latitude 
of Saturn. 

[9146a] 

[91466] 

[9146c] 

[9146/] 

[9146c] 

[9146/] 
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[9148'] 

[9146g-] 

[9146A] 

[9146i] 

[91467c] 

[91467] 

[9146m] 

[9146»] 

[9146o] 

[9146p] 

[9146g] 

[9146r] 

[9146s] 

[91467] 

[9146m] 

[9146iï] 

[9146to] 

[9146.r] 

[9146t/] 

MOTIONS OF THE HEAVENLY BODIES. [Méc. Cél. 

to twelve sexagesimal seconds ; and it is not twenty years since the errors of 

If we put for abridgment nt = t, we shall have, as in [605', 606], for the elements of 

the elliptical motion, the following formulas, the longitudes being counted from the 

perihelion, by supposing s = 0, to = 0, p.= l; 

no2 — 1 ; 

nt = u —e.sin.w = t ; 

r = o.(l—e.cos.u) ; 

tang.£u = .tang.^w. 

These elements are developed, in [657,659, 668], into series of the following forms ; 

u—1= —t -j-./#2.sin.21 +^3-sin.3t . . . . -.sin.it -f-&c. ; 

r = 50-}-jS1.cos.t-j--B2.cos.2t-{--Sg.cos.St . . . . -[--Si.cos.it-j-&c. ; 

v—t = -J-Cj.sin.t 4-Qj.sin.2t -j-C8.sin.3t . . . .-f-Q*sin.ft-j-&c. 

Multiplying the second of these equations by cos.ft, and the two others by sin it, 

then integrating from t = 0 to t = t, we get, as in [8908m, /c], 

2 
At = - (u—t) .sin.it. cH ; 

Bi—^ r.cos.it.dt; 

Ci— - .f*(v—t).sinit.dt j 

B»= i-frrdt- 
These last expressions contain the three variable quantities t, u, v, and they may be 

easily reduced, so as to have only the excentric anomaly u, and its differential, with the 

constant elements a, e. For we have generally, 

f(u—t).sin.it.dt =— 4 .(«■—t).cos.it-j- 4 •f{du—dt).cosit ; 

as is easily proved by taking its differential and reducing. Now u—t vanishes when 

t = 0, or t = if, as is evident from [9146m] ; therefore if we take the integral [91467] 

between these limits, the term without the sign f will vanish. Moreover the term 

— 4-/cos.it.dt =— 4-.sin.f7, vanishes at the same limits, observing that the least 
i i2 

value of i, in [9146m], is i= 1 ; hence the integral [91467] becomes, 

yV(M_t).sinit.dt = j .Jï(±)M.it.dt ; 

and by substituting it in [9146y>], we get [9147a]. In like manner we get [91476] from 
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kft) /3 'M. 

X. viii. $23.] INTEGRATION BY QUADRATURES. 

the best tables of Saturn sometimes exceeded thirteen hundred sexagesimal 

[9146r], or we may obtain it more simply by derivation from [9147a] ; remarking that if 

we change u into v, in the value of Ai [9146/], it will become equal to that of Ci} 

[9146-r] ; and by making the same changes in [9147a], we shall get C, [91475] ; 

A‘=-h-fo’r(2}cos-itdt; 

The differential of the equations [91465, l], give, 

dt = (l—e.cos .u).du; or du = 
d t 

1—e.cos.w ? 

dv = t/l~c8 . du = r „ 
1—e.cos.w (1—e.cos.u)3 

d t ; 

observing that the first expression of dv [9147cZ], is easily deduced from the differential of 

the equation [7856], which is computed in [7884, See.], and given in [7885], supposing 

u} e, to, to be the variable quantities, and d.(y—w) = —cfa ; but to conform to the present 

question, we must put de — 0, and d.(y—w )—dv, which changes —d& into dv ; 

by this means [7885] gives dv [9147(5]. The second form of dv is easily deduced from 

the first, by using the value of du [9147c]. From [9147c, d] we obtain, 

1 /*\ — v/î- 
W (i- 

/ du \ ■e3 
e.cos.w)2 \dt J 1—e.cos.u 

Substituting the values [9147g], also t=w—e.sm.u, r=a.( 1—e.cos.w), 

dt = (l—e.cos.u).du [91465, k, 9147c], in the expressions [9147a, b, 9146(7,$], we 

obtain the following formulas, which contain no other variable quantity than the excentric 

anomaly u ; 

2 
Ai = — . fy.cos.ifu—e.sin.u).du ; 

17T J ü X 

2 a 
Bt = — (1—e.cos.w)2.cos.5(w—e.sin ,u).du ; 

n 2\/l_e3 /V cos.i.(«— e.sin.u) 

Ci = J « ~ -e.cos .u 
. du j 

B0 = — 1—e.cos.u)2.du = a.(l—J— Je2) ; 

the limits of these integrals relative to u, being the same as those for t ; because when 

t = 0 we have u— 0, and when t = ^ we have u — as is evident from the expression 

of t [91475], or from that of u—t [9146m]. The second form of B0 [9147m] is easily 

deduced from the first, by putting cos.2w = |-f-|.cos.2a, then developing and performing 

[9148"] 

[9146z] 

[9147a] 

[91476] 

[9147c] 

[9147d] 

[9147e] 

[9147/] 

[9147g] 

[91476] 

[91475] 

[91475] 

[91475] 

[9147m] 

[9JL47ra] 

[9147o] 
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[9148'"] 

[9147g?] 

[9147g] 

[9147r] 

[9147s] 

[91472 ] 

[9147m] 

[9147w] 

[9147m;] 

[9147a;] 

[9147a/] 

[9147z] 

[9148a] 

[91486] 

[9148c] 

[9148(2] 

[9148c] 

[9148/] 

[9148g-] 
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seconds. These formulas represent also, with as great a degree of accuracy 

the integrations. The general integral of the term under the sign f, in the second 

member of [9147fr], is, 

1 ... 6 . 
— • (1—e.cos.u).sin.i(u—e.sin.w)-7 ./sm.u.sm.i (u—e.sin.u) .du ; 
X X 

as is easily proved by taking its differential. Now at the limits îj = 0, u = tf, the term 

without the sign /*> in [9147q\, vanishes ; hence we find by substitution, that the integral 

[9147&], becomes, 

JB:—-;— . sin.w.sin.zfu—e.sin.u).du. 
%7C J U ' ' 

The differential of [9147i] relative to e, gives, 

sin.w.sin.i (u—e.sin.w) .du 

comparing this with the value of [9147s], we obtain, for all values of i except i — 0. 

the following formula, as it is given by Poisson ; 

y, ue f dtfd^ 

de 

whence we may very easily deduce the coefficient of cos .ini, in the expression of r, 

[659], from that of sin.int in u [657]. We may also, by developing the integrals 

[9147i, k, /], obtain the expressions of u, r, v [657, 659, 668], arranged according to the 

powers of e, as we may see in the paper of Poisson, mentioned above ; or we may find 

the corresponding numerical results by quadratures [7929a?], when e is so large that the 

terms of the series do not approximate with sufficient rapidity to render the calculation easy. 

We shall now show how a formula, adapted to double integrations, may be investigated, 

similar to that in [7929a?] for single integrations. This is done by an extension of the 

method given in [7929f, &c.], for computing the area of a plane parabolic surface ; to that 

of finding, by quadratures, the solid contents of a body whose upper surface is of a parabolic 

nature, its base a rectangular parallelogram, and its sides plane surfaces perpendicular to 

the base. We shall put as usual x, y, z, for the rectangular co-ordinates of the parabolic 

surface, the axes of x, y, being parallel to the sides of the base, and the axis of z 

perpendicular to the base, the origin of the co-ordinates being at one of the lower corners 

of the base. The ordinate z of the parabolic surface, is a function of x, y, which we 

may represent generally by z =f(x,y), and we shall suppose the greatest values of æ 

and y to be respectively x = a, y=b. Then we have by the usual formulas, 

f0af0bdx.dy.f(x,y), /or the solid contents of the parabolic body ; the integrals relative to 

x being taken from æ = 0 to x — a, and those relative to y, from y = 0 to y = b. 

To obtain this integral by quadratures, we shall suppose the side a to be divided into m 

equal parts, each of them being represented by w, so that we shall have mw — a. In 

like manner, we shall suppose the side b to be divided into n equal parts w, making 
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as that of the observations themselves, the observations of Flamsteed, those 

nw' — b. Through these points planes are to be drawn, perpendicular to the base, 

intersecting each other at right angles, and dividing the solid into mn parallelopipedons, 

each of them standing upon an equal base, whose area is represented by ww' ; but with 

variable heights corresponding to the ordinate z, which is a function of x,y ; so that if we 

represent by ziti, the value of z=f(x,y), corresponding to the ordinates oc = iw, 

y—i'w', we shall have the following table of the expressions of z, corresponding to the 

different values of i, i' ; 

TABLE OF THE EXPRESSIONS OF Z. 

1 

2 

3 

n 

n—{—1 

Each ol the w+l horizontal lines of this table contains m-j-1 values of z, corresponding 

to m parallelopipedons, each of them standing upon a base which is equal to ww'. Thus 

if we take into consideration only the terms in the line marked 1, in the margin of 

[9148m], the co-ordinates will be *0,o, *i,o-and if we suppose these to be 

an increasing series, the sum fif of the m corresponding parts or divisions of the parabolic 

solid, will evidently exceed the expression in [9148p], and will be less than that in [9148g] ; 

because the first series contains the least values of ar, corresponding to an inscribed series 

of parallelopipedons, and the second series the greatest values of z, relative to a series of 

circumscribed parallelopipedons. 

(*0,0 + 21,0 + 32,0 • ■ • • + *«i-2,o + *«r-i,o) .WW' J [inscribed parallelopipedons.] 

(*1,0 + *2,0 + *3,0 • . . • + Z in—1,0 | *«i,0 ^.WW , [Circumscribed parallelopipedons.] 

and it is evident, from the slightest consideration, that we shall obtain a more correct value 

of S by taking the mean of these two expressions, which gives very nearly, for S, the 

expression in [9148s, line 1]. In like manner, the expression in [9148m, line 2] produces 

[9148s, line 2] ; that in [9148m, line 3] produces [9148s, line 3]; and so on to the line 

marked n ; the whole sum being an approximate value of the solidity of the parabolic 

body ; 

i = 0 i = 1 i = m —1 i = m 
Val¬ 
ues 
of V 

2 0,0 2 1,0 =/(«>,0) ° • • 2 «1-1,0 =f[m—l.w,0) Zm, 0 =f{mw, 0) 0 

2 o,i =/(oy) 21,1 =f{w,w') * • • 2 m-1,1 =f[m—l.w,w') zm,i =f{mw,iv') 1 
2 0,2 =/(0,2«>') 21,2 =f{w£w') * * • 2 «î—i,2 =/{m—l.w,2w') 2 m,2 =f[mwy2w') 2 

2o,n-i=/(0,n-W) 

m 
• 

• • • 2w-i,n-i =f{m-1 .w,n-l .w') zm,n-i =f[mw,n-1 .w') n-1 

Zo,n —f{0,nw') 21 ,n =f[w,nw') • • » Zm-i,n —f{m—I.WJIW') zm,n =/{mw,nw') n 

[9149] 

[9148ft] 

[9148i] 

[9148ft] 

[91482 ] 

[9148m] 

[9148n] 

[9148«/] 

[9148o] 

[9l48p] 

[9148g] 

[9148r] 
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[9149'] of the Arabs, and those which are mentioned by Ptolemy. This agreement 

[9148s] 

(1*0,0 + *1,0 + * 2,0 • * *+ * 777—2,0 H *7)7—1,0 + l*7«,o ).ww'; 1 

+ (£*0,1 + *1,1 + *2,1 • * +*7)7—2,1 +*)) 1—1,1 + £ *777,1 )-wid ; 2 

+ (1*0,2 
• 

+ * 1,2 + *2,2 

• 

• * + *7)7—2,2 +* 7)7—1,2 
■ • 
« • 

| £*7)7,2 ) >WW , 
• 

3 

• 

+ (1*0,71- -2 + * 1,77- 

a 

-2 + * 2,77—2 • • • • + * 771—2,77—2 + * 7)7—1,77- 

• 

-2+ £*7)7,77—2) ‘U)W , 71-1 

+■ ( 2 * 0,7t- —1 + * 1,71- -1+ *2,71—1 • • • • T” * 7)7—2 , 77—1 + * 7)7—1,77- -1 + 2*7)7,77—l).W • n 

[9148f] 

[9148m] 

[9148 v] 

[9148iü] 

[9148a;] 

[9148a/] 

[9148z] 

Instead of commencing the calculation as in [9148n], at the top line of the table [9148m], 

and terminating in the line marked n, we may begin at the second line, marked 2, and 

terminate at the lower line, marked n+l. The effect of this change will be to form a 

second series of terms, similar to the first [9148s], and which can be deduced from it, by 

taking away from the first series its upper line, 

(£2o,o + 21,0 + *2,0 .... 2,0 + zm—1,0 + 

and inserting, as a substitute, the n-J-l line of the same table, namely, 

(2 *0,n + Z 1,71 '+ *2,77 .... —j— Zm—2,n | ' Zm——j— 2 Zm^i).WW . 

This second series of terms may be considered as appertaining to a circumscribed series, 

and the first series [9148s] to an inscribed series of parallelopipedons ; and if we take the 

mean of the two series, we shall obtain the following approximate value of the double 

integral ff z dx.dy ; supposing the limits of the integrals, relative to x, to be from æ = 0 

to x — a = mw ; and those relative to y, to be from y — = 0 to y= 

r*=> 

II 
0

 

II 

? 

fdfo’z dx.dy = Hh * 0,0 + *1,0 + *2,0 • * • + *7)7—2,0 + *7)7- -1,0 + £*7)7,0 ) .ww' 

+ (£ *0,1 + ®i,i + *2,1 • • ■ + *)«—2,1 + *7)7— ■1,1 + £*7)7,1 ).ww' 

+ (£ * 0,2 

• 

+ *1,2 

■ 

+ *2,2 

• 

• * * + *777—2,2 + *777— •1,2 + £ *7)7,2 ).ww' 

+ (1 

• 

*0,77- -2+ 

• • 

*1,77—2+ *2,77- -2 • • • "+ *7)7—2,77- -2+ *7)7— -1,71— -2 “l- h Zm,n- _2).imv' 

+ (* *0,77- -1+ * 1,77— -1+ *2,77- -!•••+ *7)7—2,77—1 + 
n* 

)77— -1,77- -1+" £ *7)7,77- 

+1(1 *0,77 + *1,77 + *2,77 • • • “I- *7)7—2,77 + -1,77 + 2 *7)7,77 ).ww'. 

This integral will be so much the more accurate as the number of parts into which a, b, 

are divided is augmented ; as is evident from the consideration that, by increasing the 

number of these elementary parallelopipedons, their sum will approximate more closely to 

the true form of the proposed parabolic solid. We must also take care to have the number 

of these sub-divisions great enough to enable us to dispense entirely with the consideration 

of the differences of every order ; otherwise the calculation becomes very complicated. 

These principles are the same as those in single integrals by quadratures [8014ig &c.], and 
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proves the stability of the solar system, since Saturn, whose attraction 

are so very obvious that it is unnecessary to enter into any further illustration or 

explanation of this part of the process. 

As an example of this method, we shall now apply it to the development of the function 

R [957], upon which the perturbations of the planets depend. The general term of the 

development of R is given in [961], where the mean anomalies are represented by 

nt-\-s—vf, s — zJ, instead of being counted from the perihelion, as in [9146f, &tc.] ; 

so that if we put for brevity, 

v = nt +e—ra ; v' = n't +s'—o' ; f= (g+i).«+ (g'—i') è ; 

Ki,i< — H.es. e'g'.(tang.4 <p)g''.(tang.-|cp/)g'''.cos./j 

K'i,? — H. es. e/g'.(tang.| <p)g". (tang. § cp')gl". sin./ ; 

we shall find that this general term of [961] may be put under the form, 

R= H.es. e'g'.(tang.|<p)g''.(tang.|<p',)g"'.cos.(/V—iv-—/) ; 

and if we substitute, 

cos.(iv'-—iv—/) — cos/.cos./'v'—iv)-]-sin/sin.(iV'—iv), [24] Int. 

and use the symbols [9149c, d], it will become, 

R = Ki}i,.cos.(i'v'—i vj-j-ÆT'i^/.sin .(i'v'-—iv). 

We shall now proceed to show how the expressions of Ki} vcan be obtained, 

by quadratures, for any integral values of i, i', positive or negative, including zero [954"]. 

Multiplying the expression of R [9149/] by dv'.cos.(iv'—iv), and reducing the 

products by [6,31] Int., we obtain, 

Rdv'.cos.(i'v'—iv) — %Ki}i'.dv'-\-%Ki)i'.dv'.cos.2(i'v'—iv)-{- .dv'.sm.2(i'v'-—iv). 

If we integrate this from v' = 0 to v'=2tf, the terms depending on cos.2(i'v'—iv), 

or sin.2(iV—iv), will be the same at both limits ; they will therefore vanish. The 

same must also occur with all the other terms of the development of R, which will produce 

only quantities depending on sines and cosines of similar angles, and having the same 

values at the limits of the integral. Therefore the expression [9149A, &c.] will be reduced to 

its first term, f0Z7r Rdv'.cos.(i'v'— iv) = %Ki}i,.2n = «.Ki}i,. Multiplying this by dv, 

and integrating from v = 0 to v = 2*, it becomes equal to 2tt2.W-, v ; then dividing 

by 2‘ff2, we get the value of Kiti, [9149A:]. In like manner, by multiplying the value of 

R [9149/] by dv.dv .sin.(iv iv), and making the integrations in the same order as 

before, we obtain the value of K'[9149?] ; 

Ri,i> — ~ Rdv.dv'.cos.(i'v'—iv) ; 

K'i,i’= ■Joilf?7r R dv.dv'.s\n.(i'v'—iv). 

[9149//] 

[9149a] 

[91496] 

[9149c] 

[9149c/] 

[9149c] 

[9149/] 

[9149g-] 

[91497t] 

[9149/ ] 

[9149*] 

[9149Z] 
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[9149'"] 

[9149m] 

[9149»] 

[9149»'] 

[9149o] 

[9149ip] 

[9149g] 

[9149r ] 

[9149s] 

[9149* ] 

[9149m] 

[9149»] 

[9149m;] 

[9149a:] 

[91493/] 

[9I49z] 

[9150a] 

[91506] 

towards the sun is about one hundred times less than that of the earth 

When i' — O, i — 0, the expression of R [9149/] is reduced to its first term R = K0j0; 

multiplying this by dv.dv', and integrating between the same limits, we evidently get, by 

dividing by 4tf2, 

Kw = / .fl?*J?’rRdv-dv' ’ 

which is just half the value which would be obtained, from the general expression of Ki}i/, 

[9149&], or from that of A [9149o], by putting i = 0, i'— 0. 

In order to make the calculations relative to v, V, more independent of each other, 

and in a convenient manner, we shall put, 

A — ~ . /*n2îr/2îr R dv.dv'.cos.iv.cos.i'v' ; 

v.sin.i V ; 

C = r—r . n*n*\R dv.dv'.cosi v.sin.i V ; 
2^7*2 u U U 4 

D—~ . Rdv.dv'.sm.iv.cos.i'v'. 
2<X* Jo Jo 

Substituting, 

cos .(i'v'-iv) = cos.iv.cos.iV-j-sin.iv.sin.tV ; sin .(i'v'—iv) 

in [9149&, l], and using the values [9149o—r], we obtain, 

Ki}il = A+B; 

=cos.i v.sin.iV-siniv.cosiV, 

K\v= C-D; 

so that the problem is finally reduced to the computation, by quadratures, of the four 

functions A, B, C, D ; which can be done in the following manner ; 

Taking in the first place the value of A [9149o], and comparing it with that of the 

general integral [9148a?], we find that we shall have, 

£ = v; y — v' ; 2 = jF(a?,y) — .R.cos.iv.cos.iV. 

Now if we put for brevity, 

2k 
m = — 

m n 
a 

. 2# 
im a ■ i'. 

m 

2rt 

n 
i'n. 

we must suppose, in the integrations relative to v, that the whole circumference is 

divided into in equal parts, each of the value m, corresponding to the m-f-1 values of v, 

[9150a] ; and, in the integration relative to v', that the whole circumference is divided 

into n equal parts, each of the value n, corresponding to the n-J-T values of v' [91506] ; 

so that we shall have successively, 

v=0; v — m; v = 2m; . . . . v = Xm; . . . . v = (m—l).m; v = 

v' — 0 ; v' = n ; v' = 2n; . . . . v' = X'n; .... v' = (n— l).n; v=?in; 
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towards tlie sun, has not however suffered, from the time of Hipparchus to 

supposing X to be any integral number whatever, of the series 0,1,2 . . . m\ and X' any 

integral number whatever of the series 0,1,2,3 . . . n. 

We shall represent by Rx,xf the value of the function R, when we substitute in it, for 

v, v', their values [9150n, J], corresponding to X, X', respectively, namely, v = Xm, 

v' — X'n ; which give iv = X.fm == Xci, iV=X'.f'n = XV [9149a:]. Then the 

corresponding value of z [9149w] will be represented by, 

zK,x' — x—ô . R^'.cos.Xa.cos.XV : 

and by putting w 
27T , . ivw' 

; —, w = —, which give — 
m n 2 w2 

[9148a:] will give the following value of A ; 

— , we find that the formula 
mn 

A = ■—.cos.O. £ hR0l0.cos.O-\-Rl!().cos.<x-\-R2l0.cos.2a.... -f4?m-i,0-cos.(m—.l).a-f-|J?OT)0.cos.ma? 1 
77X7X ' 

2 
-j-'—.cos.o.'. 5£l?0,1.cos.044/(1.cos.a.-f--R3jl.cos.2& ...-f-.Rw_1)0.cos.(m—l).a-4-^i2Wjl.cos.jnal 2 

77X71/ i. ' 

2 
-j—- .cos.2a'.[èiJo^.cos.O-j-jRi.o.cos.ci-j-^^.cos^a ... 4--K«i-i,2-C0S-(m—^l^+iSm^.cos.rna? 3 

77X7Z ^ 

• • • • • • 
• • • • « « 

^ • • • c • • 

-j- —. cos.na'. Ul?0!u.cos.O-j-l?i,w.cos.a4-R2,wcos-2o. • •. +^-iJwcos*(m’—U.a-f-i-Rm.n.cos.maJ. n+i 
7ÏL7L ^ * 

This may be put under a more abridged form, by computing w-j-1 quantities, 

C0, 0,, C2 . .. Cx • • . Cn, like those whose general expression is given in [9150Æ], 

corresponding to any integral number X, included in the series 0,1,2,3 ... n. Substituting 

these in [9150g], we get the value of A [9150m]. In like manner, by using the symbols 

S0, Slt Sz. .. Sx . . Sn, corresponding to the form [9150Z], we obtain the value of B, 

[9150?i], resulting from the expression [9149p]. In the same way we deduce the values 

of C, D [9150o,/], from those in [9149^, r] respectively; and then, by substitution in 

[9150g], we get Ki}i>, ; 

Cx = |i^oJx«cos.O-f--Ri,?l.cos.a-|-jR2!x.cos.2a •.. j^.cos^m-H.ad-J-R^.cos.mcL ; 

Sx — Ji^o^.sin.O-J-J^i^.sin.a-f-jRg^.sin^a .. . -j-jRTO_ii?,.sin.(m-l).a-|-|ROT)A.sin.ma ; 
2 

A — — •(iG0.cos.0-|-O1.cos.».''d-O2.cos.2a' ... -j-U^.cos^w—lJ.a'-f-JC^.cos.wa') ; 

2 
B = —'.(|6f0.sin.O sin.a' -fS3.sin.2a' .. . -|-iS'M_1.sm.(n—l).a/-f-i*S',l.sin.na/) ; 

V — ~*(èC0.s\n.O -f- Cj.sin.a'-]-C2.sin.2a/ .. .-{-Cn_i.sin.(w—l).a/-f-|Gw.sinaia') ; 

2 
H = —.(|*S'0.cos.O-|-»S'1.cos.a/-[-^2.cos.2a/ .. . -j-k<v_1.cos.(?i—^.a'-f-iC^.cos.na'). 

Ki,i> = A-\-B\ K'i} v— C D. [9149/, u\ 
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[9150s ] 

[9150*] 

[9150m] 

[9150m'] 

[9350v] 

[9150m;] 

[9150a;] 

[9150a/] 

[9150z] 

[9151a] 

[91516] 
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the present day, any sensible alteration from the action of bodies which 

The first term of the development of R, namely K0joj is obtained as in [914971'], by 

putting 7 = 0, i'= 0, in the value of deduced from [9150m]. In this case we 

have a = 0, a' = 0 [9149/ ; and the general expression [9150/ becomes, 

= 2-^0, X Hb Rl,h -J- • • • • -\~R m—1,K ~j~ 2-H»/ } 

and the value of deduced from [9150/»], gives, 

*o,o = (iC« + c. + c> • • • +«»-. + iC,). 

This quantity produces a term in the secular inequalities. 

In applying these formulas to numbers, Hansen recommends the use of some power of 

2, for the value of m or n ; as it tends to make the sines and cosines of several terms of 

the series [9150a, 6] equal to each other, and affords several very peculiar and convenient 

methods of computation and verification. Thus, if we put m = 8, we shall have 

m=45i; and the sines of the nine terms of the series [9150a], will be reduced to the 

three quantities 0, ±\/|, ±1. He finds it to be sufficiently accurate to assume 

777 = 32, n = 16, in the very important and delicate computation of the great inequalities 

of Jupiter and Saturn. In making these calculations relative to R [9149a], it is 

convenient to take separately into consideration the two terms of which it is composed, 

namely, 

yy H~zz ) ' [5755] 

m! 1 
because the part —■ — , or rather — - , is the same for both planets ; and we have 

seen, in [3832], that in calculating those great inequalities, the values of P, P' [3810], 

which take the place of Ki}i>, JT'*,*', in the expression of R [9149/], will be the same 

whether we consider the action of m on in', or that of m! on m. Instead of the rectangular 

co-ordinates x, y, z, x', y', z', which occur in [9150/, we may use the polar co-ordinates 

r, v, r, v, and put, as in [5849], y for the mutual inclination of the two orbits; taking 

the orbit of m for the plane of the co-ordinates, and the line of nodes of the orbit for the 

axis of x, or the origin of the angles v, v. Then we have, in [5852], /3 = 2.sin.2!y ; 

consequently, 

|3.sin.v.sin.t/ = 2.sin.2|y.sin.7;.sin.'y' = sin.2!y-cos.(/—v)—sin.2£y.cos.(i/+/ ; 

substituting this in [5853//], and making a slight reduction, we get, 

xx'-{-yy' -\-zz' = tt'.cos.^/.cos/t/—/-}-7T'.sin.2i-y.cos.(t/-j-/ ; 

p2 __ r2_|_r'2—2rr'.cos.^^,y.cos.{v'—v)—27r'.sin.2 Jy.cos.(//-j-/ ; 

hence the expression of R [9150/ becomes, by still retaining for brevity the symbol p, 

[91516], , 

R = ^ /cos.2!y.cos.(ff—v) -{-sin .2! y .cos. (/*-}-/ ] — ~ . 
T ” ^ r 

[9151c] 
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are foreign from our system. 

The angles v, /, are here counted from the line of nodes [9150?/], which is equivalent to 

the supposition that the longitude of the node is nothing ; but if we suppose this longitude 

to he represented, as in [8009s], by ê, each of the angles v, /, must be decreased by 6. 

This will not alter the angle v'—v, but will change cos.(/-j-/) into cos.(/-f ^—20), 

and its differential relative to Ô will be 2dô.sm.(v'-{-v—2$). Hence it is evident that in 

finding the differential of either of the quantities [9151a, 5, c], relative to Ô, we may 

consider cos.(/-[-u) as the only variable quantity, and put its differential equal to 

2d$.sin. (/-{-/) ; so that we shall have, from [9151c], the expression [9151g]. Moreover 

the partial differential of JR. [9151c], relative to y, gives [9151/], observing that if we 

consider y as the only variable quantity in the first member of [9151/], w7e shall have, 

cL{cos.2^y.cos.(/—u)-|-sin.2§ y.cos. (/-]-/] 

= —cfy.(2.sin4y.cos.| y).[£.cos.(/—v)—/cos./'-j-y)] = —£?y.sin.y.[sin.y.sin./}. 

The partial differential of R [9151c], relative to r, gives [9151A], by using [6089e]. In 

like manner we may obtain other similar differentials, relative to r, v', v, &c. ; 

2m/.nJ 
= .2.sin.2|y.sin.(/+®)-sin.2|y.sin.(î/-{-?;) 

P‘ 

("M 
m'.r . m'.rr1 ) . . 
qyy -\-> .sin.y.sm.y.sin.y; 

rdf) .dr J 
a ‘(^) =7? •{cos-2i?-cos-(^—,y)+sin.2 |y.cos./'+?;) } 

m\ y 
-j- -p- • {r—/.cos.2iy.cos.(/'—v)—/.sin.2Jy.cos.(/+«)]. 

It is unnecessary to point out all the peculiarities of these calculations, with the methods 

of abridgment, and the checks to prove the accuracy of the numerical process, as they will 

occur very readily to an experienced computer ; we shall therefore merely give a rapid 

sketch of the manner of proceeding, in computing the part of R depending upon P, P\ 

[3810, &c.], corresponding to the angle 5nt—2nt, or 5v'—2v, upon which the great 

inequalities of Jupiter and Saturn chiefly depend. In this case we have i — 2, i'=5, 

[9149/], and we must substitute these values in the expressions of A, B, C, D, 

[9149o—r], or in the equivalent formulas [9150k—y]. 

Supposing now, as in [9150/], that m— 32, n = 16, we shall have, as in [9149a], 

360Æ „ 360d 
ra= 32‘=U 15”; n = — 22^30m ; a = 2m=22*30M; a'=5n =112*30”; 

and the series of angles v, v' [9150a, 6], will become, 

v=0; v = lld 15m ; v = 22*30”; .... v =348d45”; v=360*; 

v'=0; v' = 22*30m ; v' = 45*; v' = 337*30™ ; v' = 360*. 

Each one of these values of v must be separately combined with each of the values of 

[9150"] 

[915 Id] 

[9151c] 

[9151/] 

[9151/] 

[9151 g] 

[9151/] 

[9151A] 

[9151*] 

[9151ft] 

[91512] 

[9151m] 

[9151n] 

[9151o] 
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[9150///] 

[915lp] 

[9151g] 

[9151r] 

[9151s] 

[915U] 

[9151m] 

[9151»] 

[9151m>] 

[9151a:] 

[9151y] 

[9151z] 

[9152a] 

[91526] 

[9152c] 

[9152c?] 

[9152c?'] 

[9152c] 

[9152/] 

[9152g-] 

[91526.] 

PERTURBATIONS OF THE HEAVENLY BODIES. [Méc. Cél. 

24. The principle which has conducted us, in the preceding article, to 

v', making in all 33X17 —561 combinations; and for every one of these combinations 

we must compute the corresponding value of R, which we may represent, as in 

[9150c', &c.], by jR0,0, Pi,o> 7?2}0, &c. ; R0,i, R 1,1, R^i, &c. ; using for this 

purpose the most correct tables of the motions of these planets, in finding the values of 

r, r', See. Then the values of C0, C± . . . C16 ; S0, Sq .. . Sie, must be calculated by 

means of the formulas [91506;,l], which become, in this case, of the following forms; 

Cx = J-Ro)^'Cos.O-j-jR],x.cos.a-f--R2>x.cos.2a .... 4-7?3i,\.cos.31a4-|R32,\-cos.32a; 

Sx ■—- 7}Rq}X'Sin.O —J—x-sm.cL —j—JR2j^.cos.2ü. .... —j—-R3i,\.sin.31cr —j-2-/?3i}\.sin.32cr, 

With these values we have, as in [9150m—q\, 

A = 

B = 

C = 

D= 

^ .[|-6,0.cos.O-f-C'1.cos.a'-|-C'2.cos.2a' .... -j-U15.cos.l5a'-[-|.C16.cos.l6a'| ; 

2 
f— .{iS0. sin.O +^. sin.a' +S3. sin.2a' .... -[->S'15.sin.l5a'+2''S'i6>sin*16a,'l ; 

2 
gô/rjÿ .{|-C'0.sin.O -}-C1.sin.a'-|-02. sin.2a' .... ~[-Cls.sin.l5a'-j-i-U16.sin.l6a'| ; 

2 
.&(S0.cos.O-}-*S'i*cos.ci'-}-iS^.cos.2a/ .... -|-^15.cos.l5a'-|-F'S'i6-cos*16a'| ; 

32x16 

5 — A -j- B ; K 2,5 C—D ; 

and by substituting the values a = 22rf30m, a' = 112rf30w [9151m], we easily deduce 

the values of ÜT2;5, A'2;5, which we shall hereafter represent simply by K, R'} for the 

sake of brevity. These values being substituted in [9149/], give, 

R — jfiT.cos.(5v'—2v)-|-IU.sin.(5v'—2v). 

This may be reduced to a form which is similar to that in [3810], namely, 

R = m'.P.cos.T+m'.P'.sin.T. 

For if we put T— 5n't—2w?+5s/—2s, and w = 5ra'—2-tf, the values of v, v' [91495], 

will give i'v—iv=(5n't—2nt-f-5s'—2s)—>(5^'—2tf)=T—w; whence we shall have, 

cos.(5v'—2v) = cos.w.cos.T-j-sin.w.sin.T; sin.(5v'—2v) = cos.w.sin.T—sin.w.cos. T. 

Substituting these in [9152a], we get, 

R = (JT.cos.w—jfiT'.sin.w).cos. T-j-(I£.sin.w-|—K7.cos.w). sin. T ; 

comparing together the two expressions of R [91526, e], we obtain, 

m'P = K.cos.w—A'.sin.w ; m’P' = K.sm.w-pK'.cos.w. 

It is evident that we may apply the same method of integration, by quadratures, to any 

function which is derived from jR, like those in [9151 g,g',h, See.], by computing these 

quantities for the different values of v, v' [9150a, 6], and using them for Ro,o> -R 1,0? &c., 

in the formulas [9150&—q]. Then having, as in [962, 1002, 954,951, &c.], 
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several sensible inequalities in the motions of Jupiter and Saturn, gives 

we shall get the values of 

the values of, 

5 

&.C. ; or, in other words, we shall have 

he. ; 

and from these we may deduce the values of [4422, 4475, &c.], by a 

process similar to that in [91526,/]. In this way we may compute the values of the parts 

of 5v, <5r, &c. depending upon particular angles, like those in [3809, 3821, &c.], which 

include the most important parts of the great inequalities of Jupiter and Saturn. We may 

also apply this method to any of the integrals in [8010/—m] ; as, for example, to those in 

[8010/, m], which can be obtained by the substitution of the values [9151g, /] ; and so 

on for others. 

To show the accuracy of this method of quadratures, with the values m =32, n— 16, 

[9151/], applied to the computation of a few of the most important terms of the great 

inequalities of Jupiter and Saturn, we have inserted, in the table [9152p—s], the results 

of several calculations of Pontécoulant, of the same terms, by quadratures, and by the 

methods of approximation given by La Place, in the third volume of this work. The terms 

in [9152p] represent the part of the inequality of Jupiter 5viy [4417], depending on P, P', 

but neglecting their first and second differentials dP, ddP, dP', ddP'. The terms in 

[9152r] represent the similar part of the inequality of Saturn 8vy [4483], depending on 

P/} P/ ; but neglecting their differentials. The terms in [9152/] represent the inequality 

8viy [4422] relative to Jupiter; and that in [9152s] the similar expression of 8vy [4475], 

relative to Saturn; the fractions of a second, beyond the first decimal place, being 

neglected ; 

By quadratures. By La Place’s formulas. 

Sviv — 1084s, O.sin.T— 64s,9.cos.T; li 
> 
‘lb 
*"0 1089s, S.sin.T— 55s,2.cos .T; 

ôviv = — 16s,3.sin.T-{- 5s,8.cos. T; n > 
,rfc> — 16%3.sin.T+ 6s,0.cos.T; 

I II 
> 2685s,4.sin. T-j-160s,9.cos.T; 8vy —■ —2678s,5.sin. T+l 56s,4.COS. T ; 

8vy = 52s,l.sin.T— 13s,6.cos.T; 8vy = 49s,4.sin. T— 13s,5 .cos .T. 

The near agreement of these results, obtained from such entirely different methods, is very 

satisfactory ; not only from its indicating that the usual methods of development, by series, 

are sufficiently accurate for all the purposes of astronomy to which they have been usually 

applied, but from its affording an independent method of verifying all these results ; and it 

is to be hoped that this process will be extensively employed. 

Instead of taking the mean anomalies v, V [91496], for the variable angles in the 

expression of R [9149/ &c.], we may use any other quantities ; as, for example, the 

170 

[9150*] 

[9152i] 

[9152Æ] 

[9152&7 

[9152Z] 

[9152m] 

[9152/ 

[9152o] 

[9152/ 

[9152/ 

[9152?-] 

[9152s] 

[9152/ 

[9152u] 

VOL. IV. 
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[9150* * * v] 

[9152 y] 

[9152u>] 

[9152*1 

[915%] 

[9152*] 

[9153a] 

[91536 ] 

[9153cj 

[9153;/] 

[9153cJ 

[9154a] 

[91546] 

also, in the moon’s motion, a small equation which we shall now investigate, 

using the same symbols as in the seventh book, where we have computed 

the following inequality in the moon’s mean longitude nt-\-e, in terms of 

the true longitude v ; * 

excentric anomalies u, u', which are found so useful in reducing the formulas [9147Ï—m\ 

to functions of only one unknown quantity u. In this case we shall have, in like manner 

as in [9146f, 91495], 

v = u—e.sm.u ; v' = v!—e'.sin.if ; 

dv = (1—e.cos.u).du — ndt ; dv' — (1— e'.cos.u').du' — n'dt. 

Substituting these values of v, v', dv, dv', in terms of u, u', du, du', in [9149k,l,n], we get, 

j/ = ~ R.cos.\i'(u'~ e' .sm.u')-i(u-e.sm.u)\ .(l-e.cos.u) .(l-e'.cos.u) .du.du' ; 

./**/?* R. sm.{i'(u'-e .sm,u')-i(u-e.sm.u) [.(l-e.cos.w) .[l-d .cos.u'). du. du' ; 

Kqo = —* • R.(l—e.cos.m).(1—e'.cos.u').du.du'. 

Developing these functions of u according to the powers and products of e, e', then 

performing the integrations relative to u, u!, we shall obtain the values of K\}i,, 

K0fi. Now it is evident that R can be expressed in a function of the sines and cosines 

of angles of the form i'u'—iu ; so that we shall have, 

R = 2i< .cos.(i'u'— iu) .Bi} i-.sin.(i'u'—iu) ; 

and by multiplying this by du.du'.cos.{i'v'—iv), or d u. du'.sm. (i'v—iv), and integrating, 

we get the values of in formulas similar to [9149fr, l, ft]. The function R, 

when developed in this way, has a peculiar and very remarkable property, that we can 

deduce from it directly the values of fdR, fdt.fdR, and other partial differentials of 

the function fRdt, which enter into the expressions of the variations of the elements of 

the orbit, in [5873—5879, &c.], without being obliged to substitute the values of u, u', 

in functions of the time before the integrations ; but this advantage is counterbalanced by 

the trouble of reducing the expressions of the elements which result from this process, in 

terms of the excentric anomaly, to those of the mean anomaly, which leads to very 

complicated calculations ; for this reason we shall not enter into any further discussion of 

this method, which is in reality not so simple as the process already explained, in 

[9149a—n, &.c.]. 

* (4109) We see in [4817,4831,4834], that mv—c'mv represents the motion of the 

sun’s perigee, so that mv—cmv-\-tx represents the real place of the sun’s perigee ; and by 

subtracting it from the moon’s longitude v, we get the moon’s distance from the sun’s 

perigee equal to v—mv-\-dmv—ts, being the argument of the inequality [9151] ; moreover 
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—13s,809.sin.(y—mv-\-c'mv—to'). [5220 line 22] 

This inequality may be considered as a true equation of the moon’s centre, 
referred to the sun’s perigee ; and it is analogous to the equation of the 
centre of the third satellite of Jupiter [7405 line 2], which corresponds to 
the perijove of the fourth satellite [7409] ; it must therefore produce in the 
moon’s motion an inequality similar to the evection, which will therefore be 
of the form, 

Af.sin.{2y—-2mv—(v—mv+c'mv—to')} ; [9154t/] 
or, 

AT. sin. (y-—mv—c'mv-\-^'). 

To determine AT, we shall observe that the coefficient —18s,809, of the 
small equation of the centre, is to AT, as —22677s, the coefficient of the 
great equation of the centre, is to —4681s, the coefficient of the evection ; 
which gives, 

AT= —3 s, 88. 

According to Burg, this coefficient is —2s,9 [5578 line 12], which differs 
but little from the preceding result. If we adopt Burg’s value of the 
coefficient of this small equation of the centre, —13s,5 [5576 line 15], this 
difference will be decreased, and we shall have, 

K = —2s,78. 

[9151] 

[9152] 

[9153] 

[9154] 

[9155] 

[9156] 

[9157] 

[9158] 

cv—to represents the moon’s distance from her perigee. Now the chief term of the moon’s 

equation of the centre, is —22677s,5.sin.(cv—-vs) [5574], and the evection is 

—4681s,5.sin.[2u—2mv—(cv—to)] [5575 line 3]; so that the argument of the evection 

is found, by subtracting the argument of the equation of the centre cv—vs from 2v—2mv. 

Therefore if we consider the inequality [9551] as an equation of the centre, whose 

argument is v—mv'-\-dmv—to', the argument of the corresponding evection will be, 

2v—2mv—(v—mv-\-c'mv—to') — v —mv—c'mv-J-to' ; 

consequently this evection can be put under the same form as that given by the author in 

[9154]. If we suppose, as in [9155], that the coefficients of the inequalities [9551, 9554] 

have the same ratio to each other as the numbers 22677s, 4681s [9155], we shall get the 

same value of K as in [9156] ; and by using Burg’s coefficient [9157], we shall obtain 

the reduced value of K [9158]. This does not however express the complete value of K, 

but only that part of it which has the relation to the coefficient 18s,809 [9151], which is 

assumed by the author in [9155] ; and the effect of the neglected terms might alter the 

value essentially ; as Plana has remarked in vol. 2, page 412, of the Memoirs of the 

Astronomical Society of London, where he reduces the value of K to 0s,13. We have 

not made any numerical calculations for finding the complete value of this coefficient, and 

we shall merely observe that it is found in exactly the same way as that in [5220 line 22], 

depending on sin.(u—mv-\-c'mv—to'). 

[9154c] 

[9154cfj 

[9154e] 

[9154/] 

[9154g] 

[9157A] 

[9154i] 
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[9159] 

[9160] 

[9159a] 

[91596] 

[9159c] 

CHAPTER IX. 

ON THE MASSES OF THE PLANETS AND SATELLITES. 

25. In the present state of astronomy, where both observation and 

theory have been carried to a great degree of perfection, one of the best 

methods of ascertaining the masses of the planets is to compare, with the 

analytical formulas of the perturbations, a very great number of observations, 

selected for that purpose in the most advantageous manner. In this way, 

the masses of Venus, Mars, Saturn, the moon, and the four satellites of 

Jupiter, have been determined. We may even add thereto the mass of 

Jupiter; for by comparing the best observations of that planet, with the 

great inequalities his action* produces on the motion of Saturn, no sensible 

correction has been found in the value of the mass which is given by the 

elongations of the satellites. It is evident that these masses will be known 

more accurately, in proportion as their effects are greater. We shall nowr 

collect together, so as to have at one view the values of these masses, 

determined by the methods we have just mentioned. 

* (4110) The mass of Jupiter now most generally used, is that found by Nicolai, from 

the perturbations of Juno; namely, ~ 1053924 > that of Mars is 

m!" = 5 given by Bessel, from a new discussion of the observations of Delambre. 

These are used by Pontécoulant, in the third volume of his Théorie Analytique, &ic., 

1 , 1 
together with the values of mv, mYl [406 Id!] ; he also puts m= 190Q7Qg 3 m — 401839 ’ 

ni' = —^which are very nearly the same as in [4061cT[. In calculating the 

perturbations of all the planets, he uses La Place’s values of a, a', a", a'", alv, av, ayi ; 

n, n', n", ul", riv, nv, nvi [4079, 4077] ; but in an appendix to the third volume of the 

same work, he has applied some slight corrections to these quantities, to make them conform 
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VALUES OF THE MASSES OF VENUS, MARS, JUPITER AND SATURN, THAT OF 

THE SUN BEING TAKEN FOR UNITY. 

Venus. . 

Mars . . 

Jupiter . 

Saturn . . 

m' — 

m'" = 

miy — 

mv = 

1 

356632 ’ 

1 

2546320 ’ 

1 __________ • 

1067,09 ’ 

1 

3534,08 * 

[4605] 

[4608] 

[4065, 9122] 

[9121] 

1 

[ These values were altered 

by La Place, as in [4061dJ. 

See also [9159/, g]. ] 
2 

3 

4 

Dividing these values respectively by those of the masses of Venus, Mars, 

Jupiter and Saturn, given in [4061], we obtain the values of the coefficients 

to the latest and most accurate astronomical tables. We have inserted these values in the 

following table, together with his latest computations of the other elements, adapted to the 

epoch corresponding to the midnight which separates December 31, 1799, from January 

1, 1800. 

TABLE OP THE VALUES OF THE ELEMENTS OP THE ORBITS OP THE PLANETS. 

Names of the 
planets. 

Masses of the planets, the 
sun’s mass being 1. 

Mean sidéral motions in 
365J days. 

Mean distances of the 
planets from the sun. 

Ratios of the exceniricities 
to the mean distances, 

January 1, 1800. 

Mercury 

Venus 

Earth 

Mars 

n = 5381016s,53 

ri = 210664P,42 

n!' = 1295977s, 37 

ra"' = 68905P,Q8 

rciv = 109256s,59 

nv = 43996s,00 

rcvi = 15425s,49 

e =0,2055149 

e' = 0,0068531 

e" = 0,01685359 
jh n rtnejonrti 

//«, - 19 0 9 7 0 6 

-- _1_ 
ui - 4ÏÏ1839 

__1_ 
uc - 3 5 6 3 5 4 

Vlf,f —: 1 

u - U,oo/Uycco 

a' = 0,72333228 

a!' = 1,00000000 

= 1,52369210 

a™= 5,20115524 

av = 9,53797320 

civi = 19,18251740 

Jupiter 

Saturn 

Uranus 

2680337 

™iv .—._1_ 
10 10 5 3,9 2 4 

= 35T2 

mV i- 1 
"L - 1 7 9" 1 8 

c — UjUyoouDl 

eiv = 0,0481621 

ev = 0,0561505 

evi = 0,0466108 

Names of the Longitudes of the perihelia, Inclinations of the orbits to Longitudes of the ascend- 
planets. January 1, 1800. Jan. 1, 1800 ; counted 

as in [8009r]. 
the ecliptic, 

January I, 1800. 
ing nodes on the ecliptic, 

January 1, 1800. 

Mercury s = 110*13™ 17s,9 a- = 74*21™ 4P <p = V 00™ 09s 6 = 45* 57™ 39s 
Venus s' = 145 56 52,1 73-' = 128 43 06 <p' — 3 23 29 o' = 74 52 39 
Earth s" = 100 23 32 ,6 vr" = 99 29 53 

o
 

o
 

o
 

o
 

o
 II 6" = 00 00 00 

Mars s'" = 232 49 50 ,5 ra-"' = 332 23 40 ?'" = 1 50 06 6'” =3 48 00 26 
Jupiter siv~ 81 52 10,3 73iv = n 07 36 <piv= 1 18 52 0W = 98 25 45 
Saturn £v = 123 05 29 ,4 srv = 89 08 20 ?v = 2 29 38 0V = 111 56 07 
Uranus svi = 173 30 16,6 73-vi 167 30 24 <pvi — 0 46 26 0vi = 72 59 51 

[9161] 

[9162] 

[91594] 

[9159e] 

[9159/] 

[9159g] 
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[9162'] 

[9163] 

[9164] 

[9165] 

[9166] 

[9167] 

[9168] 

[9167a] 

[91676] 

VALUES OF THE MASSES [Méc. Cél. 

1-fF 1-fa'", l-j-fdv? 1 -j-,av [4230'], which occur in the formulas of the 

sixth book. 

VALUE OF THE MOON’S MASS, THAT OF THE EARTH BEING TAKEN FOR UNITY. 

Moon’s mass = —^ . [4631] 
objO 

VALUES OF THE MASSES OF JUPITER’S SATELLITES, THAT OF JUPITER BEING 

TAKEN FOR UNITY. 

Mass of the First Satellite = 0,0000173281 ; [7162] 1 

» Second Satellite = 0,0000232355 ; [7163] 2 

« Third Satellite = 0,0000884972 ; [7164] 3 

“ Fourth Satellite = 0,0000426591 ; [7165] 4 

Jupiter’s mass =1. 5 

All these values, which may be considered as very nearly exact, can be 

corrected, when, in the course of time, we shall have ascertained the secular 

variations of the orbits of the planets and satellites. 

We have determined, in [4072], the earth’s mass by means of the sun’s 

parallax, and we have there remarked that the value of that mass must vary 

as the cube of the parallax, compared with the cube of the supposed parallax 

8s,8. Hence it follows, that a small error in the solar parallax is increased 

threefold in its influence upon the value of the eartlds mass* It is therefore 

advantageous to determine this mass by the effects of its action on other 

bodies ; and this action on the motions of Venus and Mars is sufficient to 

enable us to ascertain this mass, by means of a great number of observations, 

selected under the most favorable circumstances. Then we shall have the 

sun’s parallax so much the more accurately, as an error in the whole mass 

produces only a third part as much error in the parallax. 

*(4111) We shall represent the sun’s horizontal parallax by 8s,8.(l-{-Ap)> and the 

( X 1 (5 \ 
earth’s mass by ■ ; the mass corresponding to the parallax 8s,8, being 

329630 ’ 

[4072]. Then we shall have, by the rule given in [4073], 
1 .  1-1-6m 

329630 : : (8 ’S.i+ap) : 329630 ’ (8%8)£ 

whence we easily deduce (l-f~<5p)3 = l-f-5m, or by developing, and neglecting the 

second and higher powers of 5p, l-\-3.Sp = l+5m ; whence Sm = 3.Sp, as in [9167]. 
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ON ASTRONOMICAL TABLES. 

26. Each observation of a planet determines its geocentric longitude and 

latitude ; the differences between the observed longitudes and latitudes, and 

those calculated by the preceding formulas, will give two equations of 

condition between the corrections of the elements of the elliptical motion, 

and the disturbing masses. We may form in this manner a great number 

of equations of condition, and from them we can deduce the values of these 

corrections ; then using these corrected formulas, we can construct more 

accurate tables of the planet’s motion. Subsequent observations being 

compared with the primitive formulas, will furnish new equations of 

condition, which we must connect with the preceding, and after a sufficiently 

long interval of time we can obtain a large number of additional equations ; 

then we may again determine, by the whole body of these equations, both 

old and new, the corrections of the elliptical elements and of the masses ; 

and we can by this means form a more accurate set of tables than those 

which we first used. Continuing this process, we may successively render 

these tables more and more complete. The same method can be used in 

improving the tables of the satellites. Thus the labors of present 

astronomers, being constantly added to those which precede them, will 

finally give a great degree of accuracy to astronomical tables, and to the 

values of the elements upon which they are founded. 

[9169] 

[9170] 
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SUPPLEMENT 

• * 

TO THE 

TENTH BOOK OF THE MECANIQUE CÉLESTE. 

ON CAPILLARY ATTRACTION. 

We have considered, in the tenth book, the phenomena arising from the 

refractive power exerted by bodies upon light. This force is the result of the 

attraction of their particles ; but the law of this attraction cannot be determined 

by the phenomena, because the only condition required is that it must be 

insensible at sensible distances. All the laws of attraction, where this [9171] 

condition is fulfilled, will satisfy equally well the various phenomena of 

refraction derived from observation. The most important of these observations 

is that of the constant ratio of the sine of refraction to the sine of incidence, 

in the passage of light through diaphanous bodies. It is in this case only that 

corpuscular attraction has been submitted to an accurate analysis. I shall now 

proceed to lay before mathematicians another case, which is still more 

remarkable, from the variety and singularity of the phenomena depending 

upon it, and from its being susceptible of an equally accurate analysis ; the [9172] 

case alluded to is that of capillary attraction.* The effects of the refractive 

* (4112) This theory of capillary attraction was first published by La Place in 1806 ; 

and in 1807 he gave a supplement [9757—10520). In neither of these works is the repulsive [9173a] 

force of the heat of the fluid taken into consideration, because he supposed it to be 

unnecessary [10508]. But in 1819 he observed, that this action could be taken into [91736] 

account, by supposing the force 9 (/) [9229] to represent the difference between the attractive [9173c] 

force of the particles of the fluid A(f), and the repulsive force of the heat R(f) j [91734] 

so that the combined action would be expressed by, 

9 00=^(/)-*(/); 
172 VOL. IV. 

[9173c] 
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[9173] 

[9173/] 

[9173/] 

[9173g-] 

[9173/?] 

[9173i] 

[9173xv] 

[9173ft] 

[9173Z] 

[9173m] 

A 

[9173n] 

[9173o] 

[9173p] 

[9173g] 

[9173?’] 

a' 

[9173s] 

power correspond to dynamics and to the theory of projectiles ; those of 

capillary attraction correspond to hydrostatics and to the equilibrium of fluids, 

(/) and R(f) being functions of/, winch may be extremely great in comparison with 

their difference <p(/); and it is evident that <p (/) may become negative, if the repulsive 

force R (/) exceed the attractive. In this case, if the density is uniform, the calculation 

will not be in any wise altered, supposing the attractive force to decrease less rapidly than the 

repulsive, and to become the greatest of the two before it ceases to be a sensible magnitude. 

In 1830, Gauss published a work on capillary attraction entitled “ Principia generalia theories 

figures fluidorum in statu eequilibrii, etc., ” where, by means of the principle of virtual velocities, 

he obtains the figure of the capillary surface, and other theorems as they are given by La 

Place in this volume, and he also gives a more complete demonstration of the constancy of 

the angle of contact of the fluid with the sides of the tube. Finally, M. Poisson, in 1831, 

published his “Nouvelle Théorie de faction capillaire, etc.fi where he expressly introduces into 

the formulas the consideration of the change of density of the fluid at its surface atid near the 

sides of the tube in consequence of the corpuscular attraction. This circumstance had not been 

taken into account by La Place, in making his calculations, though he expressly mentions 

the subject in [10502', &c.]. This change of density at an insensible distance from the surface 

and from the sides of the tube, arises from the great inequality in the corpuscular action 

on opposite sides of any particle, in consequence of the very rapid change in the value of the 

function <p (/), which expresses the corpuscular force ; and in making the calculations of 

the effect of such a force, M. Poisson proceeds upon the principle that, in the state of 

equilibrium, each infinitely small stratum of the fluid is pressed equally, on its opposite sides, by 

a force which is equal to the repulsive force of the heat of the neighboring particles, decreased 

by their corpuscular attraction. In other words, any infinitely thin stratum may be 

considered as being supported by the part of the fluid on the one side, and compressed by the 

part situated on the opposite side ; and the degree of condensation will depend upon the 

magnitude of the compressing force. At a sensible distance from the surface of the fluid, 

this compressing force arises from a stratum of the fluid adjacent to the infinitely thin 

stratum, and which is of the same thickness in every direction ; the thickness being equal to 

the distance X to which the corpuscular attraction extends; and for this reason the interior 

density of the fluid is constant, neglecting the very small condensation arising from the action 

of gravity, which varies with the distance from the upper surface. But when this distance 

from the upper surface is less than the radius of the sphere of activity of the corpuscular 

attraction, the thickness of the stratum, situated above that which we have under consideration, 

will be less than this radius, and then the compressing force, arising from the superior stratum, 

decreases very rapidly with the distance from the surface, and vanishes entirely at the 

surface itself [10502'—10507], where this infinitely thin stratum suffers no other pressure 

than that of the atmosphere. Hence it follows, that the condensation of the fluid decreases 

according to some unknown law, as we approach towards the upper surface, and its density 

is very different at that surface from what it is at an extremely small distance X' below it. 
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which are elevated or depressed according to laws that we shall now attempt 

to explain. 

Clairaut is the first, and indeed the only person, who has hitherto reduced 

to a rigorous calculation, the phenomena of capillary tubes, in his treatise on 

the figure of the earth. After having shown, by reasons which apply equally 

well to all known systems, the vagueness and insufficiency of that of Jurin, 

he analyses accurately all the forces which may concur in elevating the water 

in a glass tube. But his theory, explained with all the elegance which 

characterizes his beautiful work, leaves yet without explanation the law of 

that ascension, which, by experiment, is in the inverse ratio of the diameter 

of the tube. This great mathematician contents himself with observing that 

there must be an infinite number of laws of attraction, wdrich, by substitution 

in these formulas, will give that result. The knowledge of these laws is 

however the most delicate and important part of this theory: it is indispensably 

necessary to connect together the different phenomena of capillary attraction, 

and Clairaut himself would have seen the necessity of it, if he had attempted, 

for example, to extend his investigations from tubes to the capillary spaces 

where it becomes very nearly equal to that of the fluid in the interior of its mass ; observing 

that, though the distance X' is insensible, it may be supposed much greater than the distance 

to which the corpuscular action of any one particle of the fluid upon any other particle of its 

mass extends. Similar remarks may be made relative to the change of density in the fluid 

near the sides of the tube. We shall see in [9260/, Sic. 9841c, See.], that this change of density 

produces a corresponding change in the value of the capillary intensity H [9262c] ; but as 

this quantity can be found only from actual experiments, and not from the analytical expression 

[9253', Sic.], it leaves the results of La Place’s theory unimpaired in all the formulas 

depending on this quantity; and the calculation of the effects of the capillary attraction is in 

almost every case the same as if the change of density had been noticed ; the slight differences 

which occur will be pointed out, wherever they happen to be found, with the methods of 

correction as in [9580/] ; and we may in this connection observe, that the first or greatest force 

spoken of by the author in [9184] is that which corresponds to the interior of the fluid, as 

computed by him upon the supposition that the corpuscular action <p (/) is always positive 

and the density uniform; it is also evident that this result might be very much modified near 

the surface of the fluid, by taking into view the repulsive force of the heat, and the change 

of density near that surface. For, in a stratum of variable density, at an insensible distance 

from the surface, we may conceive of such an arrangement of the particles of the fluid, as 

will render this action very different from that which the author supposes; making it there 

either large or small, positive or negative, according to the nature of the functions which are 

assumed, to express the corpuscular action [9173e] and the density in that part of the fluid.. 

[9174] 

[9175] 

[9170] 

[9177] 

[9173f] 

[9173m] 

[9173»] 

[9173tt>] 

[9173a:] 

[9173a/] 

[9l73z] 

[9174a] 
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included between parallel planes, in order to deduce from analysis, the ratio 

[9178] 0f equality, indicated by experiment, between the ascent of the fluid in a 

cylindrical tube, and its ascension between two parallel planes, whose distance 

from each other is equal to the semi-diameter of the tube ; which no person 

has yet attempted to explain. A long while ago, I endeavored in vain to 

determine the laws of attraction which would represent these phenomena ; 

but some late researches have rendered it evident that the whole may be 

[9179] represented by the same laws, which satisfy the phenomena of refraction ; that 

is, by laws in which the attraction is sensible only at insensible distances ; and 

from this principle we can deduce a complete theory of capillary attraction. 

[9180] Clairaut supposes that the action of a capillary tube may be sensible upon 

the infinitely thin column, which passes through the axis of the tube. Upon 

this point I differ wholly from him, and think, with Hawksbee and other 

philosophers, that the capillary attraction is, like the force producing refraction, 

[9181] and all the chemical affinities, sensible only at insensible distances. Hawksbee 

observed that in glass tubes, whether the glass is very thick, or very thin, the 

water rises to the same height, if the interior diameters are the same. Hence 

it follows that the cylindrical strata of glass, which are at a sensible distance 

from the interior surface, do not aid in raising the water, though in each 

one of these strata, taken separately, the fluid ought to rise above the level. 

It is not the interposition of the strata, which they include between them, 

[9182] which prevents their action upon the water ; for it is natural to suppose that 

the capillary attraction, like the force of gravity, is transmitted through other 

bodies; this attraction must therefore disappear solely by reason of the distance 

of the fluid from these strata ; whence it follows that the attraction of the 

glass upon the water is sensible only at insensible distances. 

Making use of this principle, 1 have determined the action of a fluid mass, 

terminated by a portion of a spherical concave or convex surface, upon a 

[9183] column situated within it, contained in an infinitely narrow canal, and directed 

towards the centre of that surface. By this action, I mean the pressure which 

the fluid, contained in the canal, would exert, by means of the attraction of 

the whole mass, upon a plane base situated within the canal, perpendicular to 

its sides, and at any sensible distance from the surface : this base being taken 

for unity, I shall show that this action is less or greater than if the surface 

were plane ; less if the surface be concave [9275] ; greater if the surface be convex 

[9184] [9276]. Its analytical expression is composed of two terms: the first, which 

is much greater than the second [9262a,c], denotes the action of a mass 

terminated by a plane surface ; and I think that upon this term depends the 
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suspension of the mercury, in a barometrical tube, at a height two or three times 

greater than that which is produced by the pressure of the atmosphere ; cdso the 

refractive power of diaphanous bodies, cohesion, and in general the chemical 

affinities. The second term denotes the part of the action, depending on the 

spherical form of the surface , or in other words, the action of the meniscus, 

included between that surface and the plane which touches it. This action is to 

be added to, or subtracted from, the preceding one, according as the surface 

is convex or concave. It is inversely proportional to the radius of the spherical 

surface ; for it is evident that the less this radius is, the greater will be the 

meniscus, near the point of contact. This second term produces the capillary 

action, which differs therefore from the chemical affinities corresponding to the 

first term. 

From these results, relative to bodies terminated by sensible segments of a 

spherical surface, I have deduced this general theorem [9302]. u In all the 

laws which render the attraction insensible at sensible distances, the action of a 

body terminated by a curve surface, upon an infinitely narrow interior canal, 

which is perpendicular to that surface, at any point whatever, is equal to the half 

sum of the actions upon the same canal, of two spheres which have the same 

radii as the greatest and the least radii of curvature of the surface at that 

pointT By means of this theorem, and of the laws of the equilibrium of fluids, 

we can determine the figure which a fluid mass must have, when it is included 

within a vessel of a given figure, and acted upon by gravity. It depends upon 

an equation of partial differentials of the second order [9318], whose integral 

cannot be obtained by any knowm methods. If the figure be of revolution, 

this equation is reduced to common differentials [9324], and may be integrated 

by a very approximate method, when the surface is very small. By this 

means I shall prove that, in tubes of a very small diameter, the surface of the 

fluid will approximate the more towards the form of a spherical segment, as 

the diameter of the tube shall be decreased [9342, &c.]. If these segments be 

similar in different tubes of the same matter, the radii of their surfaces will 

be in the direct ratio of the diameters of the tubes. Now this similarity of 

the spherical segments will appear evident by considering that the distance, at 

which the action of the tube ceases to be sensible, is imperceptible ; so that if, 

by means of a very powerful microscope, we should be able to make it appear 

equal to a millimetre, it is probable that the same magnifying power would give 

to the diameter of the tube an apparent length of several metres. The surface 

of the tube may therefore be considered as very nearly a plane surface, for an 

vol. iv. 173 
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extent which is equal to that of the sphere of its sensible activity ; the fluid will 

therefore be elevated or depressed near that surface, in almost the same manner 

as if it were a plane. Beyond this point, the fluid will be subjected only to the 

[9196] force of gravity and its own action on its particles; its surface will be very 

nearly that of a spherical segment, of which the extreme tangent planes, being 

those of the fluid surface at the limits of the sensible sphere of activity of the 

lube, will he very nearly, in the different tubes, equally inclined to their sides ; 

[9197] whence it follows that all these segments will be similar. 

The comparison of these results gives the true cause of the elevation, 

or depression, of fluids, in capillary tubes, in the inverse ratio of their 

diameters. If, in the axis of a glass tube, we imagine an infinitely narrow 

canal to be placed, which, after being continued downwards, in a vertical 

[9198] direction, a little below the bottom of the tube, is then turned in a horizontal 

direction below the tube, and afterwards in a vertical direction upwards, until 

it meets the horizontal surface of the water in the vessel, where the lower 

extremity of the tube is immersed ; the action of the water in the tube, upon 

this canal, will be less on account of the concavity of its surface, than the 

action of the water in the vessel upon the same canal ; therefore the fluid must 

[9199] rise in the tube to compensate for this difference ; and as it is, by what has 

been said, in the inverse ratio of the diameter of the tube, the elevation of 

the fluid above its level must follow the same law. 

If the interior surface of the fluid be convex, which is the case with 

mercury in a glass tube, the action of the fluid upon the canal will be greater 

[9200] than that of the fluid in the vessel ; the fluid must therefore sink in the tube, 

in proportion to this difference, and the depression will therefore be in the 

inverse ratio of the diameter of the tube. 

Therefore the attraction of a capillary tube has no other influence upon the 

elevation or depression of the fluid which it contains, than that of determining 

[9201] the inclination of the first tangent planes of the interior fluid surface, situated 

very near to the sides of the tube ; and it is upon this inclination that the 

concavity or convexity of the surface depends, as well as the magnitude of its 

radius. The friction of the fluid against these sides, may increase or diminish, 

a little, the curvature of its surface, as we see daily in the barometer ; and then 

[9202] the capillary effects increase or diminish in the same ratio. These effects 

increase in a very sensible manner, by the combined forces arising from the 

concavity of one surface and the convexity of the other surface. We shall 

see hereafter [9717, &c.], that we may thus raise the water in capillary tubes to a 
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greater height above its level, than when they are dipped into a vessel filled 

with that fluid. 

The differential equation of the surface of a fluid included within capillary 

tubes of revolution [9383], leads to this general result, namely; that if, in a 

cylindrical tube, we introduce a cylinder, having the same axis as the tube, [9203] 

and with such a diameter that the interval or space between its surface 

and the interior surface of the tube may be very small, the fluid will ascend, 

in the space between these tubes, to the same height as in a tube whose radius 

is equal to the interval between them [9410]. If we suppose the radii of the 

tube and cylinder to be infinite, it will correspond to the case of a fluid, 

included between two vertical and parallel planes which are very near to each 

other. The preceding result is verified at that limit, by experiments [9204] 

[9658, &c.] formerly made in presence of the Royal Society of London, 

and under the inspection of Newton, who has quoted them in his Optics, an 

admirable work, where that profound genius has put forth many original ideas, 

elevated far above the science of his time, and which have been confirmed by 

modern chemistry. M. Hauy has consented, at my request, to make some 

experiments near the other limit, with tubes and cylinders of very small [9205] 

diameters, and he has found the preceding result to be equally correct at this 

limit, as at the first. 

The phenomena observed in a drop of fluid, in motion, or suspended in 

equilibrium, either in a conical capillary tube, or between two planes a little 

Inclined to each other, are very proper for verifying this theory. A small [9206] 

column of water in a conical tube, open at both ends, and supported 

horizontally, flows towards the vertex of the tube : and we easily perceive that 

this ought to take place. For the surface of the fluid column is concave at 

both its extremities ; but the radius of the surface which is nearest the vertex, 

is less than the radius of the other surface nearest to the base ; therefore the 

action of the fluid upon its own particles, is the least on the side nearest the 

vertex, consequently the column must tend towards that part. If the fluid be [9207] 

mercury, then its surface will be convex, and its radius will, in like manner, 

be less near the vertex than near the base ; but, on account of its convexity, 

the action of the fluid upon its particles will be greatest towards the summit, 

and the column must therefore tend towards the base of the tube. 

We maj7 balance this action, by the weight of the column itself, and keep 

it suspended in equilibrium, by inclining the axis of the tube to the horizon. 

A very simple calculation shows, that, if the length of the column be small, [9208] 
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[9209] 

[9210] 

[9211] 

[9212] 

[9213] 

[9214] 

the sine of the inclination of the axis is then, very nearly, in the inverse ratio 

of the square of the distance from the middle of the column to the vertex of 

the cone [9475]. A similar result takes place, if we put a drop of fluid 

between two planes, which are inclined to each other by a very small angle, 

and are in contact at their horizontal borders [9550]. These results are 

entirely conformable to experiment, as we may see in Newton’s Optics 

(question 31). This great mathematician endeavored to explain them ; but 

his explanation, when compared with that which is here given, shows the 

advantages of an accurate mathematical theory. 

By calculation we also find, that the sine of the inclination of the axis of 

the cone to the horizon, is then very nearly equal to a fraction, having for its 

denominator the distance from the middle of the drop to the vertex of the 

cone, and for its numerator the height to which the fluid will rise in a 

cylindrical tube whose diameter is equal to that of the cone in the middle of the 

column [9474]. If the two planes, enclosing a drop of the same fluid, are inclined 

to each other by an angle, which is equal to the angle formed by the axis of 

the cone and one of its sides, the plane which bisects the angle formed by the 

two preceding planes, must have the same inclination to the horizon, as the 

axis of the cone, for the drop to remain in equilibrium. Hawksbee made 

very carefully an experiment of this kind [9709], which we shall hereafter 

compare with the preceding theorem ; the very little difference which is 

found, between this experiment and the theorem, is an incontestible proof 

of its accuracy. 

The theory furnishes an explanation, and the measure, of a singular 

phenomenon noticed in experiments ; namely, that, whether the fluid be 

elevated or depressed, between two vertical and parallel planes, dipped into the 

fluid by their lower extremities, these planes have a tendency to approach towards 

each other. It is shown by analysis [9580, &c.], that, if the fluid be elevated 

between them, each plane suffers a pressure, tending inwardly, and equal to 

that of a column of the same fluid, having for its height the half sum of the 

elevations of the fluid above the level, at the points of contact of the interior 

and exterior surfaces of the fluid with the plane, and for its base the part, of 

the plane which is included between the two horizontal lines drawn through 

these points. If the fluid is depressed between these planes, each of them, in 

like manner, will suffer a pressure tending inwards, and equal to a column of the 

same fluid, having for its height the half sum of the depressions below the 

level of the points of contact of the interior and exterior surfaces of the 
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fluid with the plane, and for its base the part of the plane included between 

the two horizontal lines drawn through those points* [9586]. 

The concavity or convexity of the surface of a fluid, included within capillary 

spaces, has heretofore been considered as nothing more than a secondary effect 

of the capillary action, and not as the principal cause of such phenomena ; so 

that but little attention has been paid to the curvature of these surfaces ; but as 

the preceding theory makes the phenomena depend chiefly on the curvature, it 

becomes interesting to determine it. Several experiments made very carefully, by 

M. Hauy, indicate that, in glass capillary tubes of a very small diameter, the 

concave surface of water and oil, and the convex surface of mercury, differ but 

very little from that of a hemisphere. 

Clairaut made this singular remark ; namely, that, if the law of the attraction 

of the matter of the tube upon the fluid, differs only by its intensity from the 

law of the attraction of the fluid upon its own particles, the fluid will rise above 

the level, so long as the intensity of the first of these attractions shall exceed the 

half of the intensity of the second. If the intensity of the first of these attractions 

be exactly equal to half f of the intensity of the second, it will be easy to show that 

the surface of the fluid in the tube will be horizontal, and that it will not 

rise above the level. If these two intensities be equal, the surface of the 

fluid in the tube will be concave, and of a hemispherical form ; then the 

fluid will be elevated in the tube. If the intensity of the attraction of the 

* (4113) We shall see in [9580ç, &tc.] that the values of the pressures here given require 

some modification, when the angles formed by the vertical planes and the tangents of the 

surfaces of the fluid near to them are different, on different sides of the same plane; as 

sometimes happens on account of the planes being more or less moistened on the one side 

than on the other. 

f (4114) This ratio of the intensities of the attraction of the tube and fluid, when the 

surface is horizontal, is computed upon the supposition that the density of the fluid is uniform, 

and that it does not vary near the surface of this fluid or near the sides of the tube. Now 

this is not the case, as the author himself has remarked in [10502'] ; therefore this demonstration 

is defective, as will more fully be seen in [9596/] ; but it is probable, however, that this ratio 

is nearly correct. We shall also see in [9626rt, &c. 9655a, &ic.], that the remarks made in 

[9218], for a concave hemisphere, and in [9219], for a convex hemisphere, are very nearly 

correct. Lastly, what is stated in [9219'], for concave or convex segments, may be considered 

as very nearly correct, except that in [9219'] we must not suppose that the ratio of the 

intensities at the limit of the surfaces, is strictly equal to one half, as the author asserts, 

though it is probably very nearly equal to it [95967c, &c.] 
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[9219] no^linë'> or insensible, the surface of the fluid in the tube will be convex 

and hemispherical; and then the fluid will be depressed. Between these two 

limits, the surface of the fluid will be that of a spherical segment ; and it will be 

concave or convex, according as the intensity of the attraction of the matter of 

[92190 the tube upon the fluid shall be greater or less than the half of the attraction 

of the fluid upon its own particles [9587—9655, 921Se], 

If the intensity of the attraction of the tube upon the fluid exceeds that of 

the attraction of the fluid upon its own particles, it appears to me probable that 

[9220] pien t]ie fluid, by attaching itself to the tube, forms an interior tube, which produces 

alone the elevation of the fluid, whose surface is concave and hemispherical. We 

have reason to suppose, that this is the case with water, and some kinds of oil, 

in a glass tube. 

The case of a fluid which rises up between vertical planes, forming with each 

other a very small angle, or that where a fluid flows out from a capillary 

siphon, affords several phenomena which are merely corollaries of this theory. 

In general, if we take the trouble to compare the numerous experiments of 

[9221] observers upon capillary action, we shall find that the results, obtained in these 

experiments, when they have been made with the proper precautions, may be 

deduced from the theory ; not by vague, and always uncertain considerations, 

but by a series of geometrical reasoning, which seems to leave no doubt about 

the truth of the theory. I hope that this application of analysis to one of the 

most curious objects of physics, may interest mathematicians, and excite them 

to increase more and more these applications, which unite the advantage of 

confirming physical theories and improving analysis itself, by requiring new 

processes of calculation. 
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SECTION I. 

THEORY OP CAPILLARY ATTRACTION. 

V 
a IT 

1. We shall suppose a vase ABC D (fig. 112,) to be filled with water, as 

high as AB, and that a glass capillary tube, NME F, open at both ends, has its 

lower end immersed in the water, which will 

rise up into the tube to 0, and the surface 

will form a concave figure MON; O being 

the lowest point of this surface. We shall 

also suppose that an infinitely narrow canal 

0 ZR V, composed of a single filament of 

water, passes through the point 0 and the 

axis of the tube ; then it is evident, from d 
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the principles of capillary attraction, which we have just explained, that the 

action of the water below the horizontal line 10 K, will be the same upon 

the column 0 Z, as the action of the water in the vase upon the column VB. 

But the meniscus MIOKN will act upon the column 0 Z upwards, and will 

therefore tend to raise the fluid. Hence it follows, that, in the state of equilibrium, 

the water in the canal 0 ZRV must be elevated higher in the tube than in the 

vase, so that it may compensate, by its weight, for the action of the meniscus. 

The law of this ascent, in tubes of different diameters, depends upon the 

attraction of the meniscus ; and in this case, as in the theory of the figure of the 

planets, there is a mutual relation between the figure and the attraction of the 

body, which renders the calculation difficult. In the investigation of this subject, 

we shall consider the action of a body of any figure, upon a column of fluid, 

contained in an infinitely narrow canal, drawn perpendicularly to its surface, and 

whose base we shall take for unity. 

We shall suppose, in the first place, that the body is a sphere, and we shall 

ascertain its action upon a fluid, contained in a canal, situated ivithout the sphere, 

and perpendicular to its surface. For this purpose we shall resume the analysis 

[9222] 

[9223] 

[9223'] 

[9224] 
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[9225] 

[9226] 

[9227] 

[9228] 

[9228'] 

[9229] 

[9229'] 

[9230] 

[9231] 

[9232] 

[9232'] 

[9233] 

[9233'] 

[9233"] 

[9229a] 

[9233a] 

[92336] 

given in [470xl, &c.] ; putting r for the distance of the attracted point, from the 

centre of a spherical stratum, whose radius is u, and thickness du ; also 6 for the 

angle which the radius u forms with the right line r, and ra for the angle which the 

plane passing through the lines u, r, makes with a fixed plane passing through the 

right line r ; then the element of the spherical stratum will be vMu. da. dù. sin.3 

[470xiii]. Now if we put/for the distance of this element from the attracted 

point, which we shall suppose to be situated without the stratum, we shall have, 

as in [471], 

f2 = r2 — 2ru. cos.d -f u2 — (r — u . cos.â/ -j- (%i. sin.ô)2, or 

r — U. COS.0 -j- \Jp—u2. sin.2t). 

We shall represent the law of attraction by 

9 (/) = the attraction of a particle at the distance f; this attraction being 

insensible when f has a sensible value.* 

The action of the element of the stratum u^du.d^.dô. sin.<9 [9227], upon 

the attracted point, being resolved in a direction parallel to r, and tending 

towards the centre of the stratum, will be represented as in [472], by 

u^du . da .dô. sin.d. t. 9 (/). 

We have, as in [473], 

r—11. cos.ô /df\ 

7 
substituting this in [9230], we get the following expression, being the same 

as in [474] ; 

u*du . dix . dô . sinJ . (pf\) • 9 (f) ? (a-) [Attraction in the direction n] 

We shall now put, 

c=f"df-*(f)î 

n (/)=/;#•• 9 (/) 

n (J") being a positive quantity, which decreases with extreme rapidity, as j 

increases f so as to become insensible, ivhen f has a sensible value [the density 

* (4115) When the repulsive force of the heat of the particles is taken into consideration, 

the function 9 (/) will represent the excess of the attractive forces over the repulsive forces ; 

and if the repulsive forces are the greatest, the function 9 (f) will become negative. 

f (4116) The value of n (/) [9233'], and that of-9 (/) [9241], may he much affected by 

the change in the value of 9 (/*) [9173e], arising from the consideration of the repulsive 

force of heat; and we must always keep in mind, that the author, in all his calculations, 

supposes the density of the fluid to be constant. 
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being supposed constant]. Then the expression of the attraction [9232] is 

evidently equal to the coefficient of dr, in the differential of the following 

function, taken relative to r ; 

u*du .drf.dô. sin J. [ c — n (f)}. 

Now as c [9232'] is a constant quantity, wholly independent of the variable 

distance f which occurs in r [9228'], we may neglect it, in finding the 

differential of [9234'], relative to r, and then this differential becomes equal to 

the coefficient of dr, in the differential of the following expression, taken 

relative to r ; 

-— u1 du. dm. dê. sin J. n (f). 

To extend this function to the whole stratum, we must first integrate it 

relative to ®, from ® = 0 to ® = % ; * being the ratio of the semi-circumference 

of a circle to its radius ; and then the integral becomes 

— 2#. 10du. dâ. sin.ô. n (f ). 

We must now integrate this expression, from è = 0 to 6 — #, For this purpose 

we shall take the differential of /2 [9228], relative to ô, and divide it by 2ru ; 

hence we shall obtain as in [476], 

. . fdf dô. sm J = — ; 
ru 

substituting this in [9237], and integrating, we get, 

— 2*. uQdu ./dô. sin.â. n (/) = — %c. . ffdf. n (f). 

We shall now put, in like manner as in* [9232', 9233, 9233'], 

c' —Jtfdf. n (/) ; 

* (/)=/;/#• n(/) 
= C-fffdf.Ji(f): 

* (4117) If we represent by X the limit of the distance at which the corpuscular 

attraction ceases to he sensible, we shall have <p (X) == 0, and the elements of the integral 

expression c—f™df.(p(f ) [9232'] will vanish when f exceeds X, so that we may put 

£ f fj ■ 9 («/*)} instead of c =f 0df. <p(y). In like manner the elements of the integral 

n(/) vanish when / exceeds X; and similar remarks may be made relative to the integrals 

[9240—9241']. Hence it is evident that, in all these integrals, it is only necessary to take 

the second limit at the point where f — X, instead of f= co . It is important to notice this 

circumstance, otherwise we could not suppose that IT (/), + (/), vanish when/exceeds X, 

since there are innumerable forms of the function <p(/) which would not satisfy this condition. 

Thus if the complete value of <p(/) contain the term —, depending on the common action 

vol. iv. 175 

[9234] 

[9234/] 

[9235] 

[9235'] 

[9235"] 

[9236] 

[9237] 

[9238] 

[9239] 

[9240] 

[9240q 

[9241] 

[924iq 

[9240a] 

[92406] 

[9240c] 

[92404] 
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[9241"] -4 (J) being a positive quantity, which decreases with extreme rapidity [9240a—/] 

[the density being supposed constant]. We shall have, by observing that the 

[9242] integral must be taken from d = 0 to 6 = «■ [476"], and that at these two 

[9243] points, f— r ~ u, and f— r -\-u [476"], 

[9244] — <%g. iPdu ./dû. sin J. n (/) = — ------- . {* (r — u) — * (r -j- u)}. 

Taking the differential of this function relative to r, we get the coefficient of 

[9244] ^ which represents, as in [9234], the action of the stratum upon the attracted 

point. But if we wish to obtain the action of the stratum upon a fluid column 

situated upon the line r, supposing the end nearest the centre of the stratum 

[9245] tQ pe at tjie distance b from that centre, we must multiply this coefficient by dr, 

and take the integral of the product ; which reproduces the preceding function ; 

to this we must add a constant quantity, which must be determined so that the 

[9246] integral may commence ivith r — b. Hence we obtain, for this integral, the 

following expression ; * 

[9240e] 

[9240/] 

[9240g] 

[9240h] 

[9240i] 

[9240fc] 

of gravity, it will produce in fdf. 9 (/) the term — — -j- — ; supposing this term to vanish 
d 

when f is equal to the constant quantity b ; then, putting f— 00, we get in ffdf. 9 (/) the term 

and by changing the first limit b into/, we get in or in Tl(/) [9233], the 

term -y*. This term of 33 (/) produces in ffdf.TL(f), the part ffdf. qr = fadf=af\ 
J J 

which vanishes when/=0, and when /= 00 it becomes infinite, making the quantity c' 

[9240'] infinite, at the limitf— 00, instead of adding to c', the insensible quantity ah, 
corresponding to the insensible limit of f in Tl(/). 

To give some idea of functions which have properties like those of 9 (/), Tï(/), without 

attempting to ascertain their actual forms, and merely for the purpose of illustration, the 

author, in [9790], puts cp (f) = ac~if -, where a is a constant factor, i a very great positive 

number, and hyp. log. c=l. In this case, f=0 gives 9(/) = a, and when /= 00 

we have 9(/) = 0j moreover the function afnc~if which may be put under the form 

afn 
afnc ~A— -d— «/“ 

c'f L + if+ &c. .... ~JrginJ n -j- hin+ifn+1 + &tc. 

[55] Int., always vanishes when /=q0, whatever be the positive integral exponent n, as is 

[9240£ ] verf eyl(lent from the last developed expression, where g, h, he., are used, for brevity, 

for the numerical coefficients of the terms of the developed function cf [55] Int. 

* (4118) For brevity we shall put r(r) equal to the second member of [9244], also 

[9247a] — r'(r) ; then we shall have as in [9244/] r'(r), for the action of a spherical 
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2 <lt.U(lu r /i \ si ? \ "i ["Action of the stratum upon part 
- . 5 * (0-U ) -- ffO+M of the external fluid column, 

(j l \ y \ y j I supposing the density = 1. 

—-—. {*(r — u) — ÿ[r -f- u){. 

Now * (6 -f- u) is always an insensible quantity, when b has a sensible value ; 

and if, as we shall suppose to be the case, r at the extremity of the column the 

most distant from the stratum, exceeds b, by a sensible quantity, *(r — u) will 

be insensible, and much more so ■*(/•-}- u) ; the preceding function [9247] will 

therefore be reduced to the single term, 

2^. 'll dll /7 \ F Action of the stratum upon | 
- • (0 ——■ I the external fluid column, sup- | 

b \ I posing the density = i. 

which will therefore express the action of the stratum upon the fluid contained in 

an infinitely narrow canal, situated upon the line r, so that its nearest extremity 

is at the distance b from the centre of the stratum. This action is evidently 

equal to the pressure which the fluid produces, in consequence of the attraction 

of the stratum, upon a plane base situated at that extremity, within the canal, 

and perpendicular to its direction, this base being taken for unity [9223']. 

To obtain the action of the whole sphere whose radius is b, we shall suppose 

b — u = z; and then this action will be equal to the integral* 

[9247] 

[9247'] 

[9248] 

[9248/] 

[9249] 

[9250] 

[9250'] 

[9251] 

stratum BTU, fig. 113, whose centre is C, interior radius CB = u, exterior radius 

CD = u-\-du, and density = 1, upon the fluid of the same density, situated in the [924/6] 

horizontal circular section of the infinitely narrow cylindrical tube at R, 

at the distance CR — r from the centre C: the axis of this tube OZ ^iyM3. [9~47c] 
JF z 03 

being on the continuation of the radius CO; the area of the circular 

section of the base being supposed equal to unity [9223'J. Multiplying 

this base by the altitude RS = dr, of an infinitely small part of the 

tube, we obtain the quantity of fluid it contains, which will therefore be 

represented by dr. Multiplying this by the action of the stratum r'(r) 

[9247a], upon a particle of its mass, we get dr. T(r) for the action of 

the stratum upon the part RS of the fluid in the tube. Integrating 

this, we get fdr. r'(r) = T(r) — r(6) [9247a]; the constant quantity 

— r(6) being added to make it vanish when r — CO —b [9246]. 

This integral r(r) — r(6) expresses the whole action of the stratum 

BTU, upon the fluid in the column OR; and it agrees with the 

expression [9247] ; the lower line being the same as r(r) [9247a, 9244] ; and the upper 

line the same as which is deduced fromr(r), by changing its sign, and putting r == b. ^ ^ 

[9247d] 

[9247e] 

[9247/] 

[9247/] 

[9247g] 

(4119) To obtain the action of the whole sphere, we must evidently integrate the 

expression [9249] from u = 0 to u = b, and if we change u into b — z, as in [9251], the 
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[9252] 

[9253] 

[9253'] 

[9254] 

[9255] 

[9256] 

2*-flb --dz. ■*(£); 

and if we put 
K= .fo dz. * (z), 

H = 2* .fQbzdz. * (z), 
the preceding action will become 

27" H 

J Values of K, H, supposing the 
I density of the fluid to be uni- 
| form, and equal to unity. 

[Action of a sphere on an 
external column. ] 

We must observe that K and H may be considered as independent of b ; for, * ([z) 

being only sensible at insensible distances, it is a matter of indifference whether 

we take the integrals [9253, 9253'] from z — 0 to z — b, or from z = 0 to 

z — co ; so that we may here suppose K and H to correspond to these last limits.* 

[92515] corresponding limits, relative to z, will be z = b, z = 0', so that the integral of [9249] will 

[9251c] become — 2* .fb° {b~^‘dz- .*(«), or 2* .f* ib~^'dz .*(*); and, by separating the terms, 

it becomes 2tf dz (z)-—. 2tf .fzdz. (z) ; then, substituting the integrals K, H, 

[9251d] 

[9253, 9253'], it becomes K-—, as in [9254]. 

[9253a] 

[9253a'] 

[92536] 

[9253c] 

[9253d] 

[9253c] 

[9253/] 

[925%] 

[92535] 

[9253Î] 

* (4120) In speaking of the second limit of z in these integrals, we must always keep in 

view the remark in [9240a—g], that it is not necessary to make z = co ; but that, instead of 

it, we may put z = \; X being of the same order as the radius of activity of the corpuscular 

action; so that, instead of the expressions K=2* -ftdz (s), H — 2* .fyzdz.* (z), 

[9253—9256], we may substitute 

K— 2* .f$dz (z), 
H=2rt .f^zdz. + (z). 

We shall hereafter want these integrals between the limits z = 0, and z — z\ and if we 

denote the corresponding values by the same letters K, H, with the index z below them, 

we shall have 

Kz — 2k .ft dz. ir (z), 

Hz = 2n .f zdz. * (z). 

The author enters into a discussion of the relative values of K, ~, in [10488—10499], 
0 

always supposing the density of the fluid to be uniform ; and by putting 

he obtains a result, in [10496Î], which may be expressed in the following manner ; 

e = — X by the elevation of the fluid in a capillary tube whose radius is b ; 

the value of s is supposed by him to be very great, and by an estimate founded on the 

Newtonian theory of the emission of light, he makes it more than ten millions of times the 
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We may also observe that [in a fluid of uniform density] — is considerably 

H 
less than K, because the differential of the expression of — [9253'] is equal to the 

differential of the expression of K [9253] multiplied by | ; and as the factor 

*(2), in these differentials, is sensible only when the value of — is insensible, 

the integral — must be considerably less than the integral K [9253g-—m\ 

The action of the whole sphere upon the fluid column which touches it, being 

K— y [9254], this quantity will also express the action of a sensible spherical 

segment, formed from the section of a sphere by a plane drawn perpendicular to 

the direction of the column ,** for the part of the sphere situated beyond this plane, 

being at a sensible distance from the column, its action upon this column will 

H 
be insensible; therefore K—■— [9254] will, for this reason, denote the action 

of any body terminated by the convex surface of a spherical segment whose 

radius is b, upon an external fluid column perpendicular to that surface. 

H 
In the expression K--, K represents the action of a body terminated by 

distance of the sun from the earth [10498'] ; and though he considers such a large value 

as highly improbable, yet he infers, from this calculation, that s must be extremely great 

[10500] ; and as the elevation of the fluid by the capillary action is small, it would follow 

that the value of e must be an extremely minute quantity. But we may observe, that, as the 

formula [9253K\ is founded upon the hypothesis that the fluid, throughout its whole mass, 

is of the uniform density unity, it must, on this account, as well as on that of the uncertainty 

of the theory of the emission of light, upon which it depends, be considered as essentially 

defective and unsatisfactory ; though it may serve the purpose of giving some idea of the 

vast difference there may be between the whole corpuscular attraction and that part of it 

which produces the capillary phenomena. 

* (4121) If this plane is represented in fig. 113, page 699, by ncm, drawn 

perpendicular to the axis CcO Z, so that the part c is at a sensible distance from the nearest 

point O of the tube, the action of the spherical segment n O m, upon the external column 

H 
OZ will be represented by K—y [9254] ; because the remaining part of the spherical 

mass nJVA Mm is beyond the limits of any corpuscular action on the mass O Z of the fluid 

in the tube. 

[9257] 

S- is 
b 

much less 
than K. 

[9257'] 
Action of 
a spheri¬ 
cal seg¬ 
ment. 

[9258] 

[9259] 

[9253&] 

[9253Z] 

[9253m] 

[9257a] 

[92575] 

VOL. IV. 176 
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H 
[9259'] a plane surface;* for then, b being infinite, the term — will disappear; therefore 

[9258a] 

[92586] 

[9258c] 

[9258c?] 

[9258e] 

[9258/] 

[9258g] 

[9258A] 

[9258i] 

[9258Æ] 

[9258? ] 

[9258m] 

[9258m'] 

[9258»] 

[9258o] 

[9258p] 

* (4122) The action of a spherical mass NOM, fig. 114, of a fluid of uniform density, 

upon an external cylindrical column OO1 of the same fluid, whose axis 00' is on the 

continuation of the radius CO=b, and whose base O is taken for unity, has been 

H 
computed in [9254 or 9258], and found to be equal to K-We may, in this hypothesis 

of a uniform density, suppose the height of the column OO' to be represented by the 

extremely small insensible quantity X, which expresses the greatest distance or limit to which 

the corpuscular action extends, because then the particles of the fluid, situated above the 

point O' will be beyond the limits of the corpuscular action of the spherical fluid NOM, and 

we shall have GO = b -j-X, When b is infinite, the surface NOM coincides with the 

horizontal plane KOI, and the pressure of the column OO, on the base O, arising 

from the action of the fluid below the plane KOI, becomes equal to K [9258c], The 

H H 
difference between the two expressions K—— [9258c] and K [9258g], which is —, 

evidently denotes, as in [9260], the action of the meniscus KOIMN, on the same 

external column O O', in the direction O'O. Now if we draw through O' the horizontal 

plane K O' I', parallel to KOI, we shall have, as in [9258g, or 9268], K for the action of 

an indefinite mass of the same fluid, situated above the plane KOI', upon the external 

column O'O, drawing upwards in the direction CO'; and this quantity K also expresses 

the opposite or downward action of an indefinite mass of the fluid situated below the same 

vlane KO I', upon the same column, because any point r of this column is attracted equally 

by the two masses in opposite directions, as the author observes in [9267], and which may be 

illustrated and rendered evident in the same manner as in [9258r'—s']. Moreover by 
H 

changing the radius CO = b into CO' = b + X, we get from [9258A] for the action 

of the meniscus K'O'I'M'N' upon the external column O'O, drawing upwards; and as 

\ is an insensible quantity, relative to b [9195], we may 

H 
neglect X, and denote this action by — drawing upwards, or 

-—— drawing downwards. Now the action of the whole mass 

below the plane K'OI', upon the column OO', is K [9258fc] 

drawing downwards, and if we take away from this the action 

of the meniscus, we shall obtain the action of the spherical 

mass of fluid NOM' upon the internal column OO ; 

therefore this action will be found by subtracting from K the 

h a 
expression —^ — ; whence we get Kf-~^ for the action of the 

spherical mass N'O'M' upon the column O O', as in [9273]. Again, the action of the mass 
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this last term 
H 

T denotes the action of the meniscus K OIMN, fig. 112, page 695, [9260] 

NOM upon the same column is A— — [9258c]; subtracting this from the expression 

2 jj 
[9258/?], we get — for the difference between the actions of the two spherical masses 

2jj 
NOM, N'O'M', upon the column OO' ; or in other words —expresses the action of 

the concentrical spherical stratum included between the surfaces N'O'M', NOM, upon the 
2fi 

internal column OOf. This expression vanishes when b is infinite, or when the 

concentrical surfaces change into the parallel planes KOI, K'O'l'; whence it follows that 

the action of the fluid of uniform density included between the two parallel planes KOI, 

KO I', upon the column OO’, situated between them, is equal to nothing ; which is also easily 

proved by a geometrical method. For if, on the parallel and equal lines OO', KK, we 

take the four points Z, Y, Z', Y', so that OZ= KZ', OY = KY', and place two equal 

parts of the fluid at Z, Z, and two other equal parts at Y, Y' ; it will be evident that the 

upward action of the particle Z' upon Y, will exactly balance the downward action of Y' 

upon Z\ and this will happen throughout the whole space between the two parallel planes; 

therefore the action of the fluid between these planes upon the fluid in the column OO' must 

be equal to nothing ; hence it is evident that the downward pressure of the fluid in the column 

OO, at the base O, when the surface is the horizontal plane KO I, must arise from the 

action of the fluid which is situated below the plane KI\; and this action is represented by 

K [9259]. 

In the preceding calculations, when referring to fig. 114, we have supposed the surface 

of the fluid N'O'M' to be convex ; but if it be concave, as in fig. 112, we shall have, as in 

H H 
[9258n], — for the action of the meniscus drawing upwards, or —— for the action of the 

same meniscus drawing downwards, and, by adding this last expression to the quantity K 

[9258/], which denotes the downward action of all the mass which falls below KO I', 

H 
we shall get K-—, for the downward action of the fluid, terminated by a concave spherical 

surface, upon the internal column O O', at its base O. We may here remark that the 

expression [9258m] may be derived from [9258p], by merely changing the sign of b, which 

represents the distance of the centre C of the spherical surface NOM from the point O ; 

this centre being below the line KOI, in the case of a convex surface, corresponding to 

fig. 114, where we may consider the value of b as positive; but this centre falls above the 

line KOI, and on the side of the negative values of b, when the surface is concave ; so 

that the sign of b must be different in the two cases. 

In the second supplement to this work [9812—9S45], the author gives another method 

of computing the formula [9294, or 9301], being essentially the same as that which is used 

by M. Poisson in pages 9—15 of his Nouvelle Théorie, he. [9173Î], where he obtains, 

[9258g] 

[9258r] 

[9258/] 

[9258s] 

[9258s'] 

[9258J] 

[9258/] 

[9258m] 

[9258v] 

[9258m>] 

[9358*] 

[92582,3 
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[9261] 

[9258z] 

[9259a] 

[92596] 

[9259c] 

[9259d] 

[9259e] 

[9259/] 

[9259g-] 

[9259ft] 

$259; ] 

[9259ft] 

[9259Z] 

[9259m] 

[9259n] 

[9260a] 

[92606] 

[9260c] 

[9260c;] 

[9260e] 

[9260/] 

formed by the spherical segment and the tangent of the surface, to raise the 

column OZ; therefore this action is inversely as the radius b of the surface 

MO N, supposing it to be spherical.* 

in page 14 of Ins work, the same formula for a convex surface as that in [9301, or 9845]. 

The values of K, H, given by M. Poisson in pages 12, 14, in the hypothesis of a uniform 

density, and marked (1), (2), are 

K= i*7>2 ./oVdr. <p (r), 

.//iAdr. 9 (r). 

These expressions of K, H, appear to be different from those given by La Place in 

[9253, 9253'], but they are easily reduced to the same form, by putting the density 

p=lj and integrating by parts relative to 2-. For by this process [9253] becomes 

.ffidz. (2) = 2tt6 . * (b) — 2rf .fo zdz. ; and as the limit b may be extended 

to 6=oo,the term2*A.*(6) will vanish [9240Æ] ; so that we shall have K—— 2Tr.f^zdz 

—^—J= — 2.n(.2); hence K= 2tf .f^z^dz . IT (2). Again 

integrating by parts, we get K—^b3. * (b) —frf ./05z3dz. l and, by rejecting, as 

before, the term depending on b3.*(b), it becomes K= — §* .f06z3dz. Now 

substituting (J~^ = — 9 (z) [9233'], we finally obtain K—%n .f^ddz. 9(2) ; being the 

same as in [9259a], changing the symbol z into r, and the limit b into 00. By a similar 

process with the quantity H [9253'], and making the same substitutions as in [9259e, A], 

we get successively, 

H= 2* ./> zdz .*(z) = TlK*(b) — ,r ./} zHz. = — «• . (^~) 

= *■ -fo^dz. n (z) = izV .n(b) — {T .f}z*dz. ~~i’r 

= %7r .f£zAdz. 9 (s'). 

Now putting b— go, and z = r, in [9259m], we get the same value of H, as that in 

[92596], given by M. Poisson. 

* (4123) In all the preceding calculations, the density of the fluid in the sphere N'O'M', 

fig. 114, page 705, is supposed to be uniform, and it has been proved, in [9258p], that, in 

this case, the action of the sphere upon the internal column of the fluid OO, at its base 
H H 

O, is represented by and by using e— — [9253^], it becomes 

K+f = K+Ke-, [The density being supposed uniform.] 

and this represents the downward pressure at O, in the column O'O; e being considered by 

La Place as a very small quantity [9253A;]. 

We shall now examine, in a brief manner, the effects of the variations of density [9173i, &tc.], 
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We maj here observe that the function K is analogous to that which is [9262] 

which occur in the surface of the fluid ; that is, where the fluid is in contact with the air, or 

is wholly free from any pressure at its surface, as in a vacuum ; and we shall again resume 

the subject in [9841c, &c. 9977r, &z,c.], after we have discussed the second method which the 

author has used in estimating the effects of the capillary action ; 

and we shall then give a more detailed computation of the 

effects of the change of the density in the fluid, near its surface 

and near the sides of the tube. We have not here attempted 

to do it, in so full a manner, because it requires the use of 

formulas, like those which are investigated in [9937, &.C.], and 

which are too long to be repeated here, out of the regular 

course in which they have been given by the author. 

The stratum of fluid near the surface, which is of a variable 

density, is of an insensible thickness, and if we suppose the 

point O to be situated beneath the lower surface of this 

stratum, and distant from it by the insensible quantity X, which expresses the limit of the 

distance to which the corpuscular action is sensible [9258c?], the whole length of the column 

00' = X', will yet be of an insensible length. We may consider the stratum of the fluid, 

contained between the two limiting spherical surfaces N'O'M', NOM, to increase in 

density, from the point O', where it is nearly equal to nothing [10502', &;c.], to the lowest point 

O, where it is very nearly equal to the internal density of the fluid, which we shall represent 

by unity; then, taking any point Z of the column O'O, and putting OZ=z, we may 

suppose the density D of the spherical stratum, of the thickness dz, included between the 

surfaces which correspond to « and zf-dz, to be a function of z; and the mass of the fluid 

contained in the part dz of the column OO', will be represented by the product of the two 

quantities D and dz, which is Ddz, and this also will be a function of z. Moreover the 

action of the whole spherical mass of the fluid N'O’M', upon a particle at z, may be 

represented by a function of z, which we shall denote by r(s). Multiplying this by the 

mass Ddz of the column [9260m\, we get Ddz. r(,s), for the action of the whole sphere 

N'O'M' upon the part dz of the column O'O; and its integral ff Ddz .T[z), or, as it may 

be written, ff Ddz . T(z) [9240a], represents the whole action of the sphere N'O'M' upon 

the fluid of a variable density in the column O'O. When b=œ, or e = 0 [9260c], the 

spherical surfaces N'O'M', NOM, change into the horizontal planes KOI', KOI, and 

the pressure at the point O, in the case of the uniform density 1 [9260dT|, becomes equal 

H 
to K, which is independent of — or e [9260c] ; and the slightest consideration will make 

it manifest, that, when the density varies, in these horizontal strata, from the upper surface at 

O' towards the lower surface at O, the pressure at this last point, which we shall represent 

by K, will also be independent of e. Now in order to compare together the pressures at the 

base O of the column O'O, in the case of a variable density D, with that w’hich corresponds 

vol. iv. 177 

[9260g-] 

[9260g-q 

[92607i ] 

[9260ft'] 

[9260i] 

[9260Æ] 

[9260ft'] 

[9260Z ] 

[9260m] 

[9260n] 

[9260o] 

[9260p] 
[9260?] 

[9260r] 

[9260s] 
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[9262'] denoted by the same letter, in the theory of astronomical refraction explained 

[9260*] 

[9260u] 

[9260a] 

[9260w] 

[9260x] 

[92607/] 

[9260z] 

[9261a] 

[92616] 

[9261c] 

[9261c*] 

[9261e] 

[9261/] 

[9261g-] 

[92616] 

[9261»] 

to a constant density 1, the surfaces in both cases being supposed to be the horizontal 

planes KO' T, KOI, we shall suppose, in the first place, that the density D [92602/], and the 

attraction r (z) [9280»] correspond to the fluid of a variable density between these two 

parallel planes, and that T (z) changes into ^(z), when the fluid is of the uniform density 1. 

Then we shall have, from [9260/, r,s], 

fo Dds. r (z) = K, 

f™dz.Tt(z) — K. 

[When the fluid in the column O'O is of the variable density 
D, and is terminated by the plane surface K’O' I. 

[When the fluid in the column O'O is of the uniform density 
1, and is terminated by the plane surface K'O' I'. 

In the case of uniform density, the integral function f™dz.T/(z') is expressed by the symbol 

K [9260a], if b = oo, or if the terminating surfaces be the planes KO I', KOI; but the 

same integral function f^dz .r^z) is expressed by K-\-Ke [9260/J, when b is of a finite 

magnitude, or, in other words, when the limiting planes K'O'T, KOI, change into the 

limiting spherical surfaces N'OM', NOM, respectively. Hence it appears that, when the 

density of the fluid is constant, the effect of changing the infinite number of horizontal strata, 

parallel to K'O'T, and of the thickness dz, into the same number of infinitely near 

concentrical spherical strata, of the thickness dz, and described about the centre C, is merely 

to add a term of the order e [92532:], to the function f^dz.T^z) ; or, in other words, the 

function 1^(2) may be supposed to be increased by a term of the order e. A similar change 

must evidently obtain in the expression with a variable density [9260m], when the 

horizontal strata are changed into a spherical form. For, as in the preceding case, r,(;r) must 

be increased by a term of the order e ; and the density D, which depends on the variations of 

the compressing force [9173m], will also vary in consequence of the change of pressure, in 

taking the spherical form, as has been already shown, when the density is uniform [9260d], 
where AT changes into K-\- Ke, in consequence of this change of form ; so that, by neglecting 

terms of the order e2, which, according to observation, are not of sufficient importance to be 

retained, we may consider the function Dxr(z) [9260m] as being augmented by a term 

of the order e, and this will increase the value of K, by a term of the same order as e, which 

we shall represent by Ke. Therefore the expressions of the pressure on the point O of the 

column O'O, will be finally reduced to the following forms, in the case of the spherical 

surfaces N'Q'M', NOMj 
f$dz . r (2) = K. ( 1 -f- e) ; [In the ease of uniform density 1.] 

f*Ddz . r (2) = K . ( 1 -{- e). [In the case of a variable density B.] 

Hence it appears that the only effect of the variableness of the density of the fluid is an 

alteration in the value of the symbols K and —=Ke [9260c], which express the effect of 

H 
the corpuscular and the capillary attraction, changing them respectively into K and — = Ke. 

This produces, however, no alteration in the calculations of the effects of the capillary attraction, 

because K, H, can be determined by observation alone, and not by analytical deductions, the 

law of attraction being unknown. Similar remarks may be made in case the surface is 

concave, and the effect will be as in [9258s—iu], merely to change the signs of e, e. 
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in the tenth book* * [8168]. 

2. It is easy to deduce from what has been said, the action of a sphere \of 

uniform density^ upon an infinitely narrow column of fluid, situated within the 

sphere, and perpendicular to its surface. Suppose two equal spheres MON, 

POQ, fig. 115, to be in contact at the point 0; that 

10 K is a plane touching both spheres in that point, and 

that OS is the fluid column. The particle q of the 

lower meniscus IOQPK will act upon the column OS, 

to elevate it. For if we draw the isosceles triangle 

Oqr, it is evident that the attractions of the particle q 

upon the part Or of the column mutually destroy each 

other; but the action of q upon rS tends to elevate 

the fluid, in the same manner as a point q' similarly situated in the upper 

meniscus IOMNK. The two meniscuses act, therefore, with the same force to 

elevate the column of fluid ; and we have seen, in the preceding article, that the 

action of the upper meniscus, in producing this elevation, is — [9260] ; there¬ 

fore this quantity also expresses the action of the lower meniscus. 

Now the action of an indefinite mass above OS, and terminated by the plane 

I OK, is the same upon the column OS as that of a mass situated below, and 

terminated by the same plane; for any point r of this column is equally attracted 

by both masses, but in opposite directions, since it is in equilibrium in virtue of 

these attractions [9258/, &c.]. And as Kdenotes, by the preceding article [9259], 

[9262"] 

[9263] 

[9264] 

[9265] 

[9266] 

[9267] 

[9267'] 

[9268] 

Finally we may remark, that, in almost all the formulas of the author, where he uses the 

symbols K, H, as appertaining to the calculation of a fluid of uniform density, we can [9261ft] 

use the same formulas, supposing the fluid to vary in density near its surface, considering his 

values of K, H, to be the same as those we have named K, H, in the present article. For [9261Ï ] 

example, the general equation of the surface of the fluid [9318], corresponds to the case of 

a variable density, by using for H the value resulting from actual observation, which must [9261m] 

necessarily be the same as H of the present article ; and we shall use the author’s formulas [9261n] 

in this way throughout these notes. 

* (4124) The quantity K, in the interior of the fluid mass, where the density is equal to 

unity, is supposed by La Place to be much greater than — [92537c, g], and he seems to [9262a] 

consider this value of AT as a representation of the corpuscular intensity in the interior of the [92626] 

fluid mass; while H is proportional to that part of it upon which the capillary intensity [9262c] 

depends [9360, &.c.]. At an insensible distance from the surface of the fluid, the quantity [92624] 

K may be extremely small, or negative, as has been observed in [9174a]. 
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[9269] 

[9270] 

[9271] 

[9272] 

[9273] 

[9274] 

[9274'] 

Action of 
a spherical 
segment. 

[9275] 

[9276] 

[9277] 

[9278] 
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the action of the superior mass upon the column OS, it will also denote the 

action of the inferior mass upon that column, drawing downwards; now this 

action is composed of two parts, namely, that of the sphere P O Q, and the 

action of the meniscus IOQPK; therefore, by putting S for the action of the 

sphere, and observing that the meniscus attracts the column upwards [9258m], 

H 
and that its action upon it is —, we shall have, 

or, by transposition, 

S—^=K; 

s=k+t 

[This is correct even when we' 
notice the change in the den¬ 
sity of the fluid near its 
surface. 0 

[This is correct even when we 
notice the change of density 
in the fluid near its surface ] 

Hence it follows, that the action of a body terminated by a sensible portion of a 

convex spherical surface, upon a fluid column placed within it, and perpendicular 

H 
to the middle of that surface, is represented by K-p--, drawing downwards 

from 0 to S. 

If the surface of the body, instead of being convex, is concave (as in fig. 112, 

page 695), then the action of the mass MEFN upon the canal OZ will be, 

as we have just seen, equal to K-— [9258m] ; therefore the action of a body 

terminated by a sensible portion of a spherical surface [9274', 9274], will be 

H 
K-— = the internal action of a concave spherical segment ; 

b 
H 

KJr— = the internal action of a convex spherical segment. 

These expressions are 
correct even when we 
notice the change of 
density near the surface 
of the fluid, as is seen 
in [9261c, &.C.], or in 
[9842d, &c.] 

3. We may now determine generally the action of a body terminated by any 

curve surface, upon a column situated within it, and contained in an infinitely 

narrow canal drawn perpendicular to any point of that surface. If we suppose 

an ellipsoid to be drawn through this point, so as to touch the surface, its 

action will be very nearly the same as that of the solid, since, this action being 

supposed to extend only to insensible distances, the meniscus which represents 

the difference between the solid and the ellipsoid, will have no sensible action 

upon the column, at the points where these two bodies differ sensibly from each 

other. We have seen in [9260], that the action of the meniscus which is 

formed between the sphere and its tangent plane, is —, and that, [in the case 

z 
of a fluid of uniform density,] it is of the order - [9257], relative to the 

action K of this solid, 2 being equal to, or less than, the radius of the sphere of 

[9279] 
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sensible activity of the body. It is evident, for the same reason, that the 

action of the meniscus which is the difference between the ellipsoid and the body, 

Hz " [9280] 

will be relative to the action — of the order * -, therefore it may be neglected 
u 

in comparison with — ; we shall therefore determine the action of this ellipsoid 

upon the column. One of the axes of this ellipsoid is in the direction of the 

column, and this axis we shall put equal to 2a. If we suppose two planes to be 

drawn through this axis and the other two axes of the ellipsoid, their sections 

will be two ellipses, each of which will have 2a for an axis, and we shall 

represent the other two axes by 2a' and 2a". The radius of curvature of the [9282] 

first ellipsis, at the point of contact of the body with the ellipsoid, will be f 

a'2 . . a"3 
—, and that of the second at the same point will be — ; and by putting these 

radii equal to b, b', respectively, we shall have b = b' = —. Through the ^9283-* 

same point of contact and the axis 2a, if we draw a plane, which is inclined 

by the angle â to the plane passing through the two axes 2a and 2a', the section [9284] 

* (4125) If we refer to the general expression of the value of z (9769), corresponding 

to the meniscus, we shall have, as in [9770], z— A . x3 \. xy-f JB .y3, for the part of Z [9280a] 

comprised in the ellipsoidal or parabolical part of the meniscus ; and the remaining terms of 

z, namely, C ,x3D .x3y-\- Szc. [9769], for the part of z corresponding to the difference [9280&] 

between the meniscus and ellipsoid ; and this last part may be considered as of the order 

— relative to the first part, or of the order - [9240a] ; therefore this part must be so very [9280c] 

small, that it may be neglected in comparison with the other part. 

f (4126) In the ellipsis whose axes are 2a, 2a', if we take a very small absciss z, counted 

from the vertex, corresponding to the coordinate y, we shall have, when z,y, are infinitely 

small, by the nature of the ellipsis [379c, 3785], — = p = —- ; and if we suppose r to be the [9283a] 

radius of curvature corresponding to this absciss and ordinate, we shall evidently have, from 

the properties of the circle, 2rz — z3 = y2, or, on account of the smallness of z, ~ ™r ; hence [9283Z>] 

a'2 , a"2 
we have ? = —, as in [92b3]„ In like manner, we get —■ for the radius of curvature at the [9283c] 

vertex, in the ellipsis whose axes are 2a, 2a". These axes are represented in [9283] by 

b,b, respectively; so that we shall have b=~-, b' = which are evidently the greatest [9283c/] 

and the least radii of curvature of all the ellipses formed by the sections of the ellipsoid by 

a plane passing through the axis a. 

VOL. IV. 178 
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[9285] 

[9286] 

[9287] 

[9288] 

[9289] 

[9290] 

[9291] 

[9284a] 

[9284&] 

[9284c] 

[9284c?] 

[9284e] 

[9292a] 

of the ellipsoid, by this last drawn plane, will be an ellipsis, having 2a for one 

of the axes ;* and the other semi-axis, which we shall denote by A, will be 

given by the following formula ; 

A2 
a'V2 

a'2. sin.2 Ô a"2c os.21 
or 1 1 • 2, = —. sin. d 

A2 a a '2 
. COS.2^ 

The radius of curvature of this ellipsis at the point of contact, being 
jp J i 

represented by B, we have B = —, or — = a . — [9284e] ; and, by 
CL x/ A2 

substituting [9286, 9283], we successively obtain, 

-i- = a. 5 -i . sin.2H—\ .cosJb 
h fa* a2 

1 . 1 
= 7.. sin.2-f-. cos.2d. 

b ‘ b 

The action of an infinitely small portion of the ellipsoid formed by the plane 

which passes through the axes 2a and 2A, and by another plane which is 

inclined to this by the angle S, and passes through the axis 2a, will be very 

nearly the same as that of the like portion of a sphere whose radius is B ; and 

as the action of this sphere is, by what has been said [9273], equal to , 

-s 1 C jH ) 
that of the infinitely small portion in question will bef —. dè .\K-\- — > ; 

( JLJ ) 

therefore the whole action of the ellipsoid upon the canal will be 

# (4127) Changing a, p, y, into a, a!, a■ to conform to the present notation, we get 
^2 y2 

the equation of an ellipsoid [1428J], under the form —= 15 x, y, z, being 

the rectangular coordinates of the surface of the ellipsoid, whose semi-axes, parallel to those 

coordinates, are a, a', a", respectively ; the centre of the ellipsoid being the origin of the 

coordinates. If we now suppose a plane to be drawn through the axis 2a, so as to form the 

angle êy with the axis of y, the section of the ellipsoid will be an ellipsis whose axes are 

2a, 2A [9285] ; and the coordinates of the extremities of the semi-axis A will evidently be 

# = 0, y = A. cos.ô, z = A. sin.d. Substituting these in the equation of the ellipsoid 

[9284a], we get + ~~ = 1 ; which being mult,plied by 

gives [9286]. The radius of curvature, corresponding to this ellipsis, at the point of contact, 

is found, as in [9283], by changing, in the expression of b, a' into A ; by this means it 
jp 11 

becomes, as in [9287], B = — , or — ==a. —. Substituting the expression [9286], we 
CL JJ Jp 

get the first value of ^ [9288]. The second of those expressions is deduced from the 

first, by using the values of b, b' [9283]. 

H 
f (4128) The whole action of a sphere of the radius B being — [9290], that of 
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%* -fdè T* * cos-2é + W • sin-2 

the integral being taken from è = 0 to 6 = 2*, which gives for that action the 

following expression ; 

AT+ I H 
[Action of an ellipsoid, which is 

correct even when the density 
of the fluid is variable near its 
surface. ] 

If the surface he concave, we must suppose b and h' negative. If it be in part 

concave, and in part convex, like the circumference of a pulley, we must suppose 

the radius of curvature corresponding to the convex part to be positive, and that 

corresponding to the concave part to be negative. 

Putting B, E, for the radii of curvature of the sections of the surface of the 

body by two planes inclined to each other by a right angle, we shall have, by what 

has been said [9288], 

= i;.sin.2d-}-i.cos.2d; 
Bo b 

hence we find, by changing ê into j -f- 6, which changes B into E, 

consequently * 

cos.2d4--. 
Q 

sin.2d; 

'I, ±_I , I 
B ^ E b^br 

Therefore the preceding action [9294] may also be put under the following 

form; 

K+V+X- 
^2 

[Action of any body upon an internal column,-1 
the rectangular radii of curvature being B, B'. j 
This is correct even when we notice the change I 
of density near the surface of the fluid. J 

that is, the action of a body, of any convex form, upon a fluid contained in 

an infinitely narrow canal, perpendicular to any point whatever of its surface, is 

equal to the half sum of the actions of two spheres whose radii are respectively 

equal to the following ones, namely, the radius of curvature of any section of the 

a, section of the sphere corresponding to the angle dô, will be found by multiplying it by 

dô . 1 
—, as in [9291]. Substituting the variable value of — [9288], and prefixing the sign of 

integration, we obtain the whole action of the ellipsoid as in [9292], This is reduced to the 

form [9294], by observing thatwe have, as in [1544a], f^dè . cos.2é = a-; fi^dô . sin.20 = 'ir'; 

also EKdô = %7r. 

* (4129) Adding together the expressions [9297, 9299], and putting sin.2é -j-C03.2é =s 1, 

we get [9300] ; substituting this in [9294], we get [9301]. 
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[9293] 

[9294] 

[9294'] 

[9295] 

B, S' 
[9296] 

[9297] 

[9298] 

[9299] 

[9300] 

[9301] 

General 
theorem. 

[9302] 

[92926] 

[9292c] 

[9300a] 
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[9303] 

[9304] 

[9305] 

[9306] 

[9307] 

[9308] 

[93080 

surface by a plane drawn perpendicular to the surface through that point, and 

the radius of curvature of the section formed by a plane perpendicular to the 

preceding plane .* 

4. We shcdl now determine the form of the surface of water included within 

a tube of any form. We may, in this investigation, as is well known, use either 

the principle of a curvilinear canal terminated at two points of this surface, or 

the principle of the perpendicularity of the force at the surface. In the present 

question, the first of these principles has a great advantage over the second, 

because it requires only the determination of the two actions K and 
H 
2 ' 

[9294], and in fact only the last of these two forces, since the first K disappears 

from the equation of the surface [9318], as we shall soon see. Although the 

force which produces this second action, is, at the surface, incomparably greater 

than gravity ; yet, as it acts only upon an insensible interval, its action upon a 

fiuid column of a sensible length, may be compared with the force of gravity 

upon the column. But if we wish to make use of the principle of the 

perpendicularity of the resultant of all the forces, at the surface, we must consider 

H /I 1\ 
not only the action which produces the forces K and —. which are 

perpendicular to the surface, but also the force of gravity, and the force which 

arises from the attraction of the meniscus corresponding to the difference 

between the ellipsoid and the body ; for, although the action of this part upon 

a fluid column is insensible, because it acts sensibly only at an insensible 

distance, yet it is of the same order as gravity. On account of the difficulties 

in estimating all these forces and their directions, it is much more convenient to 

use the principle of the equilibrium of the canals.f 

[9301a] 

[93016] 

* (4130) The actions of the two spheres whose radii are B, B', are respectively, as in 

TT ft H H 
[9273], AT-f -, K, whose half sum is AT-}-— + — ; being the same as the 

action of the ellipsoid of curvature [9301], as in [9302—9303]. If the surface be concave, 

we must put b, U, negative, as in [9294'j; consequently B, B', [9297, 9299], will be 

negative, and then the action [9301] will become K— 

f (4131) La Place has used this second method in his supplement to this theory 

[9309a] [9812—9845], and it serves to prove, a posteriori, the identity of the two results. 
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We shall suppose 0, fig. 116, to be the lowest 

point of the surface À OR of the water contained in 

the tube, and we shall use the following symbols ; 

z, the vertical coordinate OM; 

x, y, the horizontal rectangular coordinates of any 

point N of the surface ; 

R the greatest, and R! the least, radius of curvature of the surface, at the 

point Nf then R, R\ will be the roots of the following quadratic 

equation ; 

* (4132) We have x, y, z, for the rectangular coordinates of the point N of the surface 

for which the radius of curvature is to be computed; and we shall suppose that, for 

another extremely near point of the surface, these coordinates become respectively 

x-\-h, y + fc, z-\-l; then, from Taylor’s theorem [610], we shall obtain the value of 

z-\-l [9310e], neglecting terms of the third order, which are not wanted in the present 

computation. We shall now suppose that the same symbols, accented, namely, 

oc', y', z', p', q', r', s', t', correspond to the oscillatory sphere at the point N, without 

altering the increments h, A; hence wre shall have the expression of z' -\-V [9310/"], which 

is similar to that of z -f-1. Lastly, by putting a, (3, y, for the coordinates of the centre of 

the osculatory sphere, parallel respectively to the axes of x, y, z, also R for the radius of 

the sphere, we shall have the equation of this osculatory spherical surface at N, as in [9310g], 

being conformable to [19e] ; 

z -f- 7 = z -{- (pA -j- qA) -f~ i (rA2 -f- 2shk -J-1A2) ; 
Y + V = * + (p'A q'k) + 4 (r'A2 + 2s'Kk + f A:2) ; 

R*=(*' - «02 + (y' - e)2 + V - r)2- 
Taking the differentials of the equation [9310g], considering R, a, (3, y, as constant, we 

get, by successive reductions, the following values of f, f, r', s', f, relative to the spherical 

surface ; 

{x'-qf -(1+p'a), 
[z' — yf z'—y 3 

(Y-ebp' _ P'q' 
[z'—yf z'—y’ 

(Y-3)2 -n+q'2) 

(z'-?)3— z'-y * 

* 

Now if we compare the expressions [9310e,f], we shall find that, when h — 0, 7c = 0, we 

must put z' = z, to make the spherical surface pass through the point N, whose coordinates 

are x, y, z. Moreover if we put p' —p, q'=q, we shall find that the terms pA-f-qA, 
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[9311] 

[9312] 

[9313] 

[9310m] 

[9310n] 

[931Oo] 

[931Op] 

[93I0g] 

[9310r] 

[9310s] 

[9310* ] 

[9310m] 

[9310»] 

[9310w>] 

Rü. (rt—;s2)—R.{(l+q9)r_2pqs-f(l-j-p2). t}+(l+p2+q2)2 0 ; 

in which the symbols are, 

p7t-[-q'& [9310e,/], depending on the first power of h, 7c, become equal to each other; 

hence the values [9310À] become, for this point N of the curve surface, where z' — z, 

f—Vj x'==x, 
{x-a) 

q; 
(y—t3) 

z — y 1 - % — y 

and it is very evident that these equations express the condition that the spherical surface is 

tangent to the proposed surface at the point jV, whose coordinates are x, y, z. Substituting 

the values [9310Z'—n] in [9310/’], and subtracting the result from [9310e], we get [9310p], 

which is reduced to the form [9310^], by putting k-=^mhy 

l - V = * .[ (r + ££) ■ V + 2 (s + . m + (t +]±tf) . Jc*} 

= i‘h? ■ h + + 3m . [s + + m3 . (t + • 

Now if we put the coefficient of |A2 equal to nothing, we shall have the equations [931 Or], 

and then Z — V — 0 ; so that the osculatory sphere at N will coincide with the proposed 

surface, as far as terms of the second order in 7i, 7c, inclusively ; 

0 = r + i±f + 2M.(3+^) + rf.(t + [±f> or 

Z' 
Cl + p2 + 2pqm+(l + q2)m2£ 

/ r -{- 2sm -}- tm2 5 * 

y equal to M, and then we shall have, from For brevity we shall put this value of z 

[9310», £], _ 

z— y = M ; y — (3 ==— AZq j oc — & —• -—Aîp ; R —» M \/i -|- p2-[- q^ • 

If we give to m various values, there will arise an infinite number of values of R} and the 

maximum or minimum of these values will be found by putting or = 9 > 

because the factor ^/i-j-p2_|-q2, which occurs in the value of R [9310s], does not contain 

m. Now the expression of z — y or M [9310r], being multiplied by r2sw-f tm2 

gives (r -f 2sm + tm2) M= — {1 + p2 + 2pqm + C1 + fi2) 1 and % putting for brevity 

X -f- p2 -f- iVZr == JL, pq + Ms — D, 1-}-q2 + Alt = iV, it becomes L-{-2JDmNm? = 0. 
/dM\ 

Then taking its differential relative to m, dividing by 2dm, and putting ^J = 0, we 
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Therefore we shall have* 

1 i 1 = (i + q2)-r —2pqs +(l + p2).t 

R^~ R (1 4- p2 -f- q2)§ 

This being premised, if we imagine any infinitely narrow canal NSO (fig. 116, 

page 713), to be formed, we must have, by the law of equilibrium of the fluid 

contained in this canal,f 

get D -}- Nrn = 0, or m = — — ; substituting this in the last equation in [931 Ota], we 

2Z>2 jD2 
get L——= 0, or NL — _D2 = 0; resubstituting the values of JV, L, D 

[931 Ota], we obtain (1 -f p2 + M'). (1 + q2-f- Alt) — (pq -j- Afs)2 = 0. Developing this, 

and arranging according to the powers of M, we finally obtain 

Al2(rt — s2) -j- {(1 + q2)r — 2pqs -f- (1 -f-p2)t] . M-}- 1 -f- P2 + q2 = 0* 

Multiplying this by l+p2-f-q2, and substituting M. s/l-\-^^-cp=zR [9310s], we get 

[9311]. 

* (4133) Dividing the equation [9311] by R2. (I 4 P2 T q2)2j we get 

1_l(l + q2)r — 2pqs4-(1 + P3)tl I j rt —s2 __ 0 
i?a (l_|_p2_pq2)| • r‘T“(14_p2^q2)2 u- 

Putting for brevity n equal to the coefficient of — and ni for the term which is 

independent of R, we get — — n . ^ -f* n! = 0, which is a quadratic equation in ^, 

whose two roots are ^ = hn + Virfi—n', yp = in — y'in^—n', and their sum is 

11 1 
= n being the coefficient of — ~ in [9314a]; and by substituting it, we 

get [9314], 

f (4134) The point N, fig. 116, is situated above the level of the point O by the 

quantity OM = z, and the gravity of the particles contained in this column is equal to 

g X z, or gz. This being added to the corpuscular action at N, namely K—~r(~ 
2 \R R'J 

H /1 1 \ 
[9317], ought to balance the corpuscular action at O, or K— — ( —4 Ï7 ) [93010, 9300] ; 

this agrees with [9315], Rejecting the terms K, which mutually destroy each other, in 
2 

each member of the equation, then multiplying by —— , and substituting the value of 

1 l 
y, 4 4 [9314], it becomes as in [9318]. We have already remarked, in [9261m], that 

this equation is the same whether we consider the fluid as variable in density near its surface, 

or homogeneous, using the value of H depending on observation, when applying it to the 

case of nature. 

[9314] 

[9310a:] 

[9310t/3 

[9314a] 

[93146] 

[9314c] 

[9315a] 

[93156] 

[9315c] 

[9315d] 
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[9315] 

b, b'. 
[9316] 

g- 

[9317] 

[9318] 
General 
equation 
of the sur¬ 
face of the 
fluid. 

[9319] 

[9319'] 

[9320] 

[9321a] 

[93216] 

[93216'] 

[9321c] 

[9321d] 

[9321e] 

b and b' being the greatest and the least radii of curvature [928Sd~\ of the 

surface at the point O, and g the force of gravity. For the action of the 

fluid upon the canal, at the point N, is, by what has been said [93016], 

H C 1 1 

K 2 'IR+B! 
moreover the height of the point N above 0 is 2 [9309]. 

1 . 1 
The preceding equation gives, by substituting the value of w+i [9314], 

JLt jft 

(1 + q3) .r — 2pqs-f (1 -f p2)t = 1 ,12^ 

(1 —[— p2 —{— q2)§ b^b'^ff' 

“General differential equation of the- 
concave surface of a fluid in a 
capillary tube. This is correct 
even when we notice the change of 
density of the fluid near the surface 

_and sides of the tube. _ 

This equation is of the second order of partial differentials ; and, by integrating 

it, we shall have two arbitrary functions, which we must determine by the 

equation of the surface of the sides of the tube in which the fluid is contained, 

and by the inclination of the extreme planes of the surface of the fluid ; this 

inclination, as we have seen, being the same for all the planes [9197]. 

When the surface is formed by the revolution of a curve about the axis z, the 

preceding equation can be reduced to common differentials ; for z then becomes 

a function of \/æ2 -f if- ; and if we put 

u — \f x* -}- y2, 

we shall have* 

* (4135) z being a function of u, and u=zfx^-\-y% we have dz — • du, 

and ddz = • dv? -j- . ddu. From these general values of dz, ddz, we easily 

obtain the partial differentials relative to x, y, as follows ; 

/dz\ (dz\ /du\ (dz\ /rfz\ fdu\ /ddz\ /ddz\ (duf . /dz\ 

\dx) \du) ' \dx ) ’ \dy) \da) ‘ \dy) 9 \dxy \dv?) * \dx) \du) 

ddu\ ' 

~ch?) 9 

’ ddz \ (ddz\ /du\ (du\.(dz\ / ddu\ /ddz\ /ddz\ (diA 2 /dzN (ddu\ 

dxdy) \du2/ \dx) \dy) ’ \du/ \dxdy)’’ \dy2/ \du%) \dy) \du) \dy2) 

_y_y. 
\/x '2-\-y '2 u> s/£2T 

x (du 

\dy 
Now having u — f x^g-y^, we get ~ 

substituting these in [93216], they become as in [9321]. Again from 

/du\ x ( ddu\ i x ( du\ 1 x2 ?/9 
[—) = -, we get —- = ----s =•-s ; and in like manner by 
\dxj u9 ° \dx2J u it? \dx/ « u3 u3 y J 

. . , , (ddu\ x2 , / ddu\ x f du\ xv 
changing x into y, and the contrary, (^—j = _;also, = = 
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/dz\ x clz 

\dx J u du ’ 

ddz 

'dz\ 

■dy) ~ 

•2 dz 

y_d_z. 

u du ’ 

xz ddz y* — ^ 

dx2 J uz du~ u3 du ’ 

ddz \ xy ddz xy dz . 

dxdyj 

/ ddzN 

îi2 * c?«2 3 * du 5 

r 

W 

Æ* dz 
+ ~3 • 2T du \ch/2 y Î42 ’ dw2 

Therefore the preceding equation [9318] becomes* 

dz 
i i -i-) ^ 

l 

ddz 1 

du2 u du 

)+sf 

iî ’ 
(P) 

General differential equation of” 
the concave surface of a fluid 
in a capillary tube, formed by the 
revolution of a curve about the 
axis of z; which is correct even 
when we notice the change of 
density near thé surface and 

—sides of the tube. 

Substituting these in the preceding values of [93216, 6'], they 

become as in [932F—9323]. 

* (4136) We shall put for brevity ^=P, ^=Q; then, by comparing the 

expressions of p, q, r, s, t [9312, 9313], with their values in [9321—9323], we get 

q=-.P; M u ' 
X T> p . X 1 u 

o_°yy n_.a p. 
S-„,2 * hi „,3 • r 7 

xy 
Q J-£ P • _ 

*tl3 * “ ^ «3 *r 7 “ «2 * ^ «3 * ' 7 " «2 

£ QlXl p 
T" w3 • * • 

Substituting these in the first member of [9323e], we get its second member; and as the 

terms depending on PZQ mutually destroy each other, it may be put under the form 

[9323/]; and as y2 + x2 = u2, y4 -f- Zxhf -j- x4 = w4 [9320], this may be successively 

reduced to the forms [9323g, A] ; 

(i+ÿ)r-2pqs+(i+rt.t=(i+f.p/(IJ.«+5.p)-2f.^.(|.Q-|.r) 

+(i+S-iK)-(S-«+S-p) 

= S • if + *2) + r, • (f + *2) + ^ • (f + %2*2 + *4) 
p3 

id U3 Up 

= Q + « + TT = Q + Ü * ^ • C1 + PS) M 

ddz 1 dz 

did ‘ u du (■+=)• 
180 

[9321] 

[932V] 

[9322] 

[9323] 

[9324] 

[9321/] 

[9323a] 

[93235] 
/ 

[9323c] 

[9323d] 

[9323c] 

[9323/] 

[9323g-] 

[9323ft] 

VOL. IV. 
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for, at the point O, b is equal to b', when the surface is of revolution. In case 

[9325] the surface is a circular crown, b and b' being unequal, - will then denote the 

sum of the two fractions which have unity for their numerators, and for 

[9325q denominators respectively the greatest and the least of the radii of curvature, at 

the lowest point of the surface. We may also observe, that, in the equation 

[9323i] 

[93234] 

[9323Z] 

[9323m] 

[9323n] 

[9323o] 

[9323p] 

[9323?] 

[9323r] 

The second member of this last equation is the same as the numerator of the first member of 

[9324], and its first member is tbe same as the numerator of the first member of [9318]. 

The values of p, q, &c. [93236, d, a], give 

i + ps+q2=i+f .<y>+y2) = i+^=i + gb 

hence the denominator ( 1 —{— p2 q2)^ of the first member of [9318] is represented by 
/ dz^ \ 2 

1 -f p-f\ > as [9324], Again, as the surface is supposed, in [9319*], to be formed by 

the revolution of a curve about the axis of z, we shall have 6 = 6': hence 7 -4- - 
b b 

[9318] becomes -, as in [9324]. 

The form of the equation [9324] may be simplified, as the author has shown, in 

[10164, 10264, &c.], by changing tbe origin of the ordinate z, from the lowest point of the 

surface O, to the level of the surface of the fluid in the vase ; and as the difference of these 

H 
levels is q [9353], we may put z~z — q = z— — [9354], the new coordinate being 

represented by z. In this case, the second member of [9324] becomes 5 "f' — b~)’ 

2gz 
or simply —pp ; and the whole equation is reduced to the form 

ddz .ldz / dz9\ 

dû? + U • • V 1 difi) 

fl+-f V ~ duf 

z 
H 'Z' 

Instead of using the symbol a [9328], we may put, as M. Poisson has done, 

we shall have 

g 1 O 1 
fl=a==S’ or “2=u 

n 
H' «2 

and 

and then the equation [9323n] becomes 

ddz 

du9- 
4-1 — /1 1 

u du V ' du9) 2z 

1 " 
1 + 

dz9- \| 

du9) 

which is the same form as is given by M. Poisson, in page 108 of his Nouvelle Théorie, fyc. 

changing u into t, z into z, and a into a, to conform to his notation. 
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[9324], we shall have * 

ddz 

du? 

^1 -f~ 
dz2\h 

du2 ) 

1 dz 

u ‘ du 

1+*? 
~du2 

1 

R; 

1 

R ’ 

[R, R', are the greatest and least—| 
radii of curvature of the point I 
of the surface whose coordi- I 
nates are z, y, z. A 

R = the radius of curvature of the surface, at a point whose coordinates are 

n, z, and in a plane passing through the axis of revolution ; 

R! = the radius of curvature drawn perpendicular to the surface, at the same 

point, and continued till it meets the axis of revolution,! 

* (4137) It is shown in [1584c], that, if a, 6, are rectangular coordinates of a plane 

curve, whose arc is s, and radius of curvature r, we shall have \ = ~ , ds being 

constant [1584c—d]. To conform to the present notation, we must put a = z, b = u, 

r — R\ and then ~ — - YY This may be put under the form 4 = 
R ds, du j r R du \dsj 

without considering any differential as constant. If we now suppose du to be constant, 

and substitute for ds its value ± \/dz2 -/• du2, we shall get 

1 1 , 
— = dr t* • d, 
R du 

Developing this differential, it becomes 

R==± 

ddz 

du2 

o+sr 
as in [9326], neglecting the double sign, which may be 

(dz^ \ 3 
i 4- — j. 

du2/ 

f (4138) In the annexed figure 117, which is similar to 

fig. X16, we have OM = z, MN==u [9320] 5 we shall 

also put the arc ON=s, and the differentials of these 

quantities are NL = dz, KL — du, JSK=ds. Now 

if we draw ND perpendicular to the arc NK, and continue 

it, to meet the axis OM, in D, the line NB will 

represent the radius R [932T], and we shall have, in the 

mg.117. 

similar triangles NLK, NMD, NL(=dz) : NK{=ds) : : RM(=u) : ND(==R') ; 

[9326] 

Radii of 
curvature 

R,R'. 

[9326'] 

[9327] 

[9327'] 

[9327a] 

[93276] 

[9327c] 

[9327d] 

[9327e] 

[9327/] 

[9328a] 

[93286] 

[9328c] 
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We shall now put 

[9328] = S or g = H&; 

and then we shall have by integration. 

dz 

* 

[9329] 

[9330] 

[9331] 

%( • y 2 
= y + 2ci .fzudu + constant. 

1 + 
d& h 
du? 

The integral fzudu being supposed to commence with u, the constant 

quantity will be nothing. If we now put 

u' = U + .fzudu, 

the preceding equation will give f 

hence B! =u . — ; and by substituting ds = f dz%du? [9327c,] we get 
QfZ 

[9328d] jf=,yg+g=».^.'/i.Lg, 
dz dz V ' du? 

which gives ~/f as in [9327']. 

* (4139) Multiplying [9324] by udu, and using cl [9328], it becomes 

uddz 

[9329a] 
du 

dz 0+-') V ~ duy 

(1 + 

dz2\| 

duy 

= -4- 2a. zudu. 
b 1 

Integrating this, we get [9329], as is easily proved by differentiation. 

[9332a] 

f (4140) Putting in [9329] the constant quantity =0, and multiplying by 

we get 

, dz 

l-Ju 

1+ dz? 

du% 

= u -f- . fzudu ; 

(fe2 
which, in [9331], is put =m'. Squaring this expression, and multiplying by 1 -f- ^ > we get 

7_ dz1* , <fe2\ , . , ,_ . . <fe2 v!' 
[93326] iz. — = m2. f 1 -J- — )> or odz = u \/du^-\-dz^; whence we obtain = 

whose square root, being multiplied by du, gives [9332]. 

;/2 

u 
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In the case of «, = 0, 

[9332] we get * 

consequently, 

u!. du 

V/ja —„'2* 

we shall have v! — u 

z = 6 —. — u2 ; 

[9331], and then from 

[Approximate equation or equation! 
of the spherical surface of the fluid. J 

2cib 

u 
.fzudu — 

a b 

u 
\bv? -j- -J. (Id — — -§63 J. 

The differential of the second member of this equation is, as in [93366, c], 

easily reduced to the form 

odd du. (3i*2 -j- 262) 

3^2 

2a6. du 

3 vd 
.(6a + 2 vd). 

dz-. 

(4141) 

udu 

's/ÿâZ^,2: 

Putting a = 0 in [9331], we get vl ==u) then [9332] becomes 

whose integral is as in [9334]. Substituting this value of z in .fzudu, 

oJ) 
it becomes — .f\2budu— 2udu .\/b2~u^}, whose integral is as in [9335], always 

XI 

completing the integrals so that they may vanish when z — 0 and u — 0 [9330]. By 

altering the arrangement of the terms in [9335], we have 

a 62 

3 u 

2a b _ 7 
— . zudu: 
u J 

(3 vd W|-V. ■t,y 

and its differential gives [9336] ; observing that the two portions into which the second 

member of [93366] is divided produce respectively the two portions of the second member 

of [9336]. 
p* 

We may here observe, that the numerical value of the quantity a — jj [9328], which 

is neglected in [9333], is given in [10303, &c.], and from this we obtain -= 15rai' for 
CL 

water ; the radius of the tube, used in making the experiments, being rather less than 1“!- 

[10305, 10309] ; and in such experiments, we may consider z, u, b, as being less than a 

millimetre, which we shall take for the unit of measure. In this case, a quantity of the order 

odzu, or a6w2, will be less than db '■> hence we perceive that the equation [9334] must 

differ but very little from the truth ; and this equation is evidently that of a circle whose 

radius is 6, sine u, and versed sine z. 

If we suppose, in fig. 117, page 719, a tangent OK' to be drawn through the point 

O, parallel and equal to M.N, also the line NK parallel and equal to MO, so as 

to make it similar to fig. 112, page 695, it will be evident that the volume of the 

annulus described by the revolution of the figure OK'N about the axis OM will be 

represented by 2* . fzudu. For the circumference described by the line NK, in 

VOL. IV. 181 

[9332] 

[9333] 

[9334] 

[9335] 

[9336] 

[9336a] 

[93366] 

[9336c] 

[9336d] 

[9336e ] 

[9336/] 

[9336g-] 

[93366] 

[9336i ] 
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[9337] 

[9338] 

[9339] 

[9340] 

[9336/c] 

[9336/ ] 

[9336m] 

[9336n] 

[9336o] 

[9338a] 

[9338&] 

[9341a] 

If we neglect quantities of the order a* 2, we ma y change u' [9331] into u, 

in the function [9336] ; and then we shall have, by taking the differential of the 

value of w [9331 ],* 
2cjl b 

du = du . [1 — o-62) T- • du'. [ (b~ -f- 2u—u'% — 63 j, 
OIA 

which gives 

dz - + 24^• \b> + 2u"- 
V/^a—Li'2 ' 3a‘ 

Now putting u' = b . sin.d, we shall have f 

s/bz-u'K 

its revolution about the axis AfO, is 2-jtm ; multiplying this by NR' = z, and by 

LK=du, we get 2v . zudu for the element of the volume, whose integral is as in 

[9336c]. If we suppose ON to be a circular arc described with the radius b and the 

centre D, the integral 2v.fzudu will be of the same form as that in [9335], and may 
U 

be derived from it, by merely multiplying [9335] by jt.—, which gives 

2jr ,f0uzudu = it. [ bu? -j- § (ô9 — ti2)^ — §b3\. 

If we suppose the angle formed by the vertical line NK', and the tangent to the curve 

NO, at the point N, to be represented by vs, we shall have the angle D N M— vs, and 

NM—DN. cos.DNM; or in symbols u = b,cos.vs, whence b2 * — w2 = 52. sin.2w. 

Substituting these values in [9336/], we get 

2v ./QZiidu = v . b3 . [cos.2^ -f- §. sin.3ra — §| 

== * .-— • [cos.2 vs -f- f • sin.3 vs — §} < 

[Volume of a T 
spherical annulus. J 

COS.3’CJ 

This expression will be of use hereafter. 

* (4142) Transposing the last term of [9331], and then taking its differential, we get 

du = du' — d.^— .fzudu j. Substituting the differential [9336], and changing in it u 

into u\ as in [9337], it becomes 

7 7 t ojfi.dv! | 2c\.b.av/ <—-- j 

du = du!-g^a J + -^T • /&2-^2 • (6 7 * + 2u )’ 

u 
which is easily reduced to the form [9338]. Multiplying this by 

value of -75==, or dz [9332], as in [9339]. 
y b2—u 2 

it gives the 

f (4143) This value of u! gives 

y/pHTÿâ = b . cos.t), du' = bdô . cos.ô, 
u ’du' 

y/62_tt'2 
bdô. sin .& 
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dz 7o\ , 2a52 7 C . sin.4$ ) 
— = dl. sin.ê. (1 — a52) -]——- . dè. < sin.24-— >, 
b y J 1 3 l cos.iôy 

which gives by integration, 

z 4aô2 
— = (1  Ci62) . (1  COSJ) -j- — . (1 cos.24) “j—— . log.cos.^ 

Putting the semi-diameter of the tube equal to l, and observing that this 

semi-diameter is very nearly equal to the extreme value of u, because the 

extreme planes of the surface of the segment under consideration are, as we 

have before shown [9196, &c.], at an insensible distance from the tube, we 

shall have for the extreme value * of v! 

U1 = l -f- a . bH — ■§ a . -f- |a . ~ . cos.3P, 

in which we have put 

ê' = the extreme value of è near the side of the tube; and this value is the 

complement of the angle which the extreme parts of the curve AOB 

(fig. 116, page 713) make with the vertical sides of the tube; f [being 

the same as the angle 9(P-~-w, in the notation [9892]. 

substituting these in [9339], it becomes 

7 n. ■ a 19\ i 2a& dè.cosA dz — bdê . sin.â . (1 —a£r) H-. -—r—t— 
v 1 1 3 sm.â 

or, by reduction and dividing by 6, 

l&2 
&2 -) 

-f- 262. sin.2â —-- > ; 
1 coa.â ) 5 

Y = dù. sin.â . (1 — ci.62) .dô . <| 2 sin.L cos.$ ■ 
b o ( 

(1 — COS.fl) 

sin.â 

which, by using [31,42', 34'], Int., becomes as in [9341]. Its integral, taken so as to vanish 

when z = 0, or u — 0, becomes as in [9342]; observing that u — 0 gives v! = 0 

[9331, 9330], and then also 0==0 [9340]. 

* [4144) Substituting in [9331] the value of the integral [9335], we get 

u' = u-f + f .(i* —— 

Now uf differs from u [9345a] only by quantities of the order a, and if we neglect a2, we 

may put u — b.sm.ô [9340], or (62— M2)i = b. cos.t), in the terms multiplied by a, 

in the preceding value of v! ; and as the extreme values of u, 6, are u = /, ô = ôf 

[9343, 9346], we shall have, for the extreme value of u, the expression [9345]. 

[9341] 

General 
value of 

Z. 

[9342] 

l 

[9343] 

[9343/] 

[9344] 
Value of 

u'. 

[9345] 

g 

[9346] 

[9346'] 

[93416] 

[9341c] 

[9345a] 

[93456] 

t (4145) Using fig. 117, page 719, where the line NDC is drawn perpendicular to 

KNj so as to make NC = b; also CM' and VKV perpendicular to the horizontal [9346a] 
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We then have for the extreme value of u', 

[9347] v! = b. sin.T. 

By comparing these two values of u\ we shall obtain, 

[9348] ' - ' - °"b< 

Value of 

Value of 

near the 
tube. 

[9350] 

l cl.62Z 

0 = ^7 + 
sib./ sin a 7/ + 

a64.cos.3 / 

6. or, very nearly. 

[9349] 

* 

/.sin./ 1 3* l. sin.T ’ 

ad3. cos.3/ l , a.I3 s a.Z3 

sin./^sin.3/ 3 'sin.5/i~ 3 ' sin.5/ 
ue01 l r T 
« which gives for the extreme value ot z,j 

P. (1 — cos.3/) 
z = l. tang.AT. < 1 — -|a,. 

sin.4 / + 
2 CL . I3 . 4cl.l3 

3. sin./ 3.sin.3â 
7 . log.cos.A/, 

[93466] 

[9346c] 

[9346d] 

[9346e] 

[9346/] 

line NMM'î we shall have, as in [93326] 

. 7 dz -, NL 
; = o . • u ,_—= = 6.-=b.cos.KNL—b .cos.CNM' ==b .sm,N CM'=b .sm.ô [9340]. 

\/ difi -p dz% NK L J 

Hence we have N CM' = 6, or NKL — Ô ; so that Ô represents the complement of the angle 

NKV, which the vertical line KV makes with the arc KM", and at the side of the tube 

where é becomes / [9346], this angle will be the complement of the angle which the arc KJS 

makes with the side of the tube, supposing it to be vertical ; and then the general value of v! 

[93466] becomes w' = 6.sin.T, as in [9347]. Putting this equal to the value of it 

[9345], and then dividing by sin./ we get 6 [9348]. In the second supplement [9S92], 

the author uses the angle to instead of /, supposing « to be the angle formed by the extreme 

side of the curve at A, with the line drawn parallel to BO, in a downward direction; so that 

we shall have -ej = 9(F—/. 

[9348a] 
* (4146) Neglecting terms of the order a, we get 6 = 

sin./ 
[9348] ; and if we neglect 

terms of the order a2, wTe may substitute this value of 6 in the terms of [9348] containing 

the factor a ; hence we get [9349]. 

[9350a] 

[9350a/] 

f (4147) We have in [9342], for the extreme value of z, corresponding to ô = ô', 

z = 6 . (1 — cos./) — cl63 . (1 — cos./) . (1 — cos.2/) -j- |a63. log.cos.|/. 

Substituting, in the first term of this expression, the value of 6 [9349], and in the rest of the 

terms 6 = ——7,, we get, by neglecting quantities of the order a2, 
sin.fl 

C_Z_aZ3 

Z c.si’M7 sin.3/ 

aP , „ aP.cos.3/^ 4/n 
’/ I 3 • R „/ C * COS.Ô ) 

sin.5$ sin.5/ 
£3 ^3 £3 

a . (1 — cos./) -7-7- -f* |cl. (1 — cos.2/) . . , -j- • —— .log.cos.^/. 
v ' sin3./ sm.30 sin.3/ 0 d 

[93506] 
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and * 
1 sin.ô' ^ cl.Z2 /.. 9 (1—cos.34')\ ^ 

6 V “~T*“ sin.sâ' “)\' 

It is evident that these expressions of 2 and ^ hold good when the surface of 

the fluid is convex ; only z must then be counted downwards, from the most 

elevated point of the surface.f 

[9351] 
Value of 

1 

b 

[9352] 

a.Z3 

sin.% / > mutually destroy The second and fifth terms of these terms, having the factor 

each other ; the rest may be arranged in the following order ; 

*=1 ■ “S*-3,in.^ • “SS- + Ü5S • + 3-^i? • los-cos'^ ’ [9350c ] 

Now we have, as in [42', 1], Int., 

J—cos.y , 
—:—-— = tang.iâ , 

sin.é & 2 

and by substitution in [9350c], we get [9350]. 

1—cos.2<f 2.sin.2y 

sinks' ~ sin.2y “ ’ 
[9350c? ] 

* (4148) The expression of b [9349] may be put under the form 

?)]■ sin.ô c sin.9y \ 
2 
F * 

(1 —cos.5 Ô') 

sin.2$ 

Dividing unity by this, and neglecting terms of the order a.2, we get [9351]. 

[9351a] 

f (4149) If we examine the calculation [9328—9351], we shall find that it will not be 

altered if we suppose the surface to be convex, as in fig. 118, 

instead of concave, as in fig. 117, page 719. We may also TSicj.118. 

consider the subject in the following manner : Suppose the 

curvature in fig. 117 to decrease gradually till the point O 

falls in P, and then to become convex as in fig. 118. In 

this case, the positive value of z will decrease to nothing, and ^ 

then become negative; the angle NCM' = Ô will also 

decrease to 0, and then become negative ; and in the same 

manner the quantity will decrease to 0, and then 

become negative. Hence we see that, when the surface 

changes from concave to convex, the signs of the quantities z, ô, Ô', - or h, will change ; and 

by this means the signs of every one of the terms, in both members of the equations 

[9350, 9351], will be changed ; and, as this does not alter the values of the equations, we 

may suppose the expressions of z, — [9350, 9351], to conform either to a concave or to a 

convex surface. 
VOL. IV. 

[9352a] 

[93526] 

[9352c] 

[9352c'] 

[9352d] 

[9352e] 

182 
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[9353J 

9 

[9354] 

[9355] 
Elevation 
ç of a 
fluid in a 
tube 
whose ra¬ 
dius is l. 

[9356] 

[9355a] 

[9355Z» ] 

[9355c] 

[9355d] 

[9355e] 

[9357a] 

[93576] 

[9357c] 

[9357//] 

[9357c] 

[9357/] 

5. We shall now consider the capillary tube MNFE, fig. 112, page 695. 

The action of the meniscus MIOKN to elevate the fluid of the canal O Z, is, by 

H 
[9260], equal to If we put q for the elevation of the point 0 above the 

level of the fluid in the vessel ABCD, we shall have, by the preceding articles,* 

S9> or ï = f=S P328], 

Therefore, by substituting for ^ its value, found in [9351], we shall have 

very nearly, 

H 

b 

II sin.tF (- 
q = — .—7—. < 1 

oi2 

sin.2 â' * g I 

To determine a, we shall observe that a 

H sin.t)' 

1_J_ 
1 3 * 

(1 — COS.3^)' 

sin 2 a/ 

~ [9328], and we have very 

nearly, q = 
Sl 

; hence we get f 

* (4150) The capillary action at O is K— — [9254] ; and if we add to this the 

gravity of the column O Z, fig. 112, page 695, which is equal to g X O Z, we get the 

H 
whole action at Z, in the column OZ, equal to K—y-f-.g'X OZ. In like manner, from 

[9259], we have for the action at R in the column ER, the expression K g X VR. Putting 

these two expressions equal to each other, because the columns ought to balance each other, 

H 
also observing that OZ=zVR-\~qi we get K—~ — -f- g X {VR <?) = H~bg X VR; 

H H 1 
whence we easily deduce —=gq, or q — ~- [9354]. Now substituting the value 

O o O 

of p [9351], we get [9355]. 

and, by putting d'=9(P — w, 

will be of use hereafter. 

If we neglect terms of the order a, it becomes as in [9360]; 

as in [9346'], we get very nearly q = ~r •—-—, which 
o k 

f (4151) Neglecting terms of the order a, we get from [9355] as in 

o* sin 
[9356]; hence we deduce a, = j^==~- [9357]; and if we neglect a2, we may 

substitute this value of a, in [9355], and then it will become as in [9358]. If we suppose 

— to be very small, we need retain only the first term of q [9358], and then it will become 

q — anc| ky [9359] p)e coefficient of ^ is constant, so that q becomes, as in 

[9360], inversely as the diameter 2/ of the tube. If we substitute a —a~2 [9323/?], in 

[9357], we get Z^ = a2. sinT; substituting ô, = £it, corresponding to a glass tube with 

water, or alcohol [9362'], it becomes lq = cd, which will be of use hereafter. 
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a 
sm.t 

H 
consequently, 

H si ni 

'g'~T 

11 
i 

q. sin.ô' 

(1 —cos.3 F)''' 

sin.2F 

j Elevation q of a fluid 1 
I in a tube whose radius ! 
| is h J 

H 

g 
is a constant quantity [9253', 9255], whatever be the diameter 21 of the 

tube ; and ê' is, as we have seen [9346, 9197], a quantity independent of that 

diameter;* moreover if l is very small, the fraction ^ may be neglected in 

comparison with unity ; therefore we shall have very nearly, 

H sin.S'" 

g l 

constant 

~~2l 

[Approximate elevation q 
of a fluid in a tube whose 
radius is l. 

0 

that is, the elevation of the fluid is very nearly in the inverse proportion of the 

diameter of the tube, which is conformable to experiment. 

* (4152) We have seen in [9346c], that Ô — angleNKL = 90d — angleNKV^ fig. 

117, page 719, supposing KV to be a vertical line drawn parallel to the inner surface of the 

cylindrical tube, and NK an infinitely small arc of the curve surface AKNO. The extreme 

value of the angle Ô, at the border A of the vertical tube, is represented by Ô' in [9346], and 

by 9(F — to in [9346] ; and as it has been shown, in [9197], that this angle to = 9(F—é' 

is very nearly constant, it must be independent of the diameter of the tube, as in [9359]. 

We may remark that the analysis in <§> 4, 5, is not restricted to the case of a cylindrical tube, 

but may be extended to any tube whose inner surface is a figure of revolution about the 

vertical axis z. For example, if we suppose that the figure is a frustum of an inverted 

cone, whose side is inclined by the very small angle i to the vertical axis z; the angle to, 

which is formed near A, by the side of the tube and the tangent of the surface of the fluid, 

will remain unaltered ; but the angle which is included between the vertical line and this 

tangent will be augmented by the angle i, and will become i]-®; so that, instead of having 

ot=90<*—Ô', as in [9359c], we shall have to-f- i = 9(F—Ô', or d'==90Æ—to — i, 

always supposing that Ô' represents the extreme value of the angle NKL at the point 

A. Substituting this value of 6' in the formulas [9345, &tc.], we shall get the values 

corresponding to a tube of the form of an inverted frustum of a cone, and by changing the 

sign of i, we get the corresponding values for the frustum of a direct cone. These results 

may be extended to a capillary tube formed by any figure of revolution about the vertical 

axis s, by referring the case to that of the osculatory cone having the same vertical axis z, 

and touching the surface of the tube at the point A, supposing the side of this osculatory cone 

to form the angle i with the vertical axis z. Now it is found by experiment, that, if water, 

alcohol, &.c., be elevated in a glass capillary tube, we shall have to = 0 [9631, 9743, &c.], 

and then the general value of â'==9<T — to — i [9359g], will become t)'^90*— i 

[9357] 

[9358] 

[9359] 

[9359'] 

[9360] 

[9361] 

[9359a] 

[93596] 

[9359c] 

[9359c?] 

[9359e] 

[9359/] 

[9359g*] 

V* 

[9359/c] 

[9359i] 

[9359Æ] 

[9359$/] 
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[9362] 

[93620 

[9363] 

[9364] 

[9365] 

[9366] 

[9359Z] 

[9359/n] 

[9359»] 

[9359o] 

[9359/] 

(9359?] 

[9359r] 

[9363a] 

[93636] 

[9363c] 

[9366a] 

To estimate the degree of approximation which we obtain by putting 

H ^in Ô' 
q — — . —[9360], we shall suppose 6* to be equal to a quarter of the 

circumference, which appears to be the case with water or alcohol in a glass 

tube; the term which we then neglect is* ■—or —7 • ^ 

we suppose l to be equal to a millimetre, or the diameter of the tube equal to 

two millimetres, we shall have by observation, as we shall see hereafter [9675], 

relative to water in a glass tube, q = Qm'-,784; consequently the fraction 

J- then becomes ~n j—- ; therefore it may be neglected in comparison with 

unity. In a tube of less diameter, this fraction decreases in proportion to the 

square of f Z, because q varies inversely as Z. Hence we see that, in a capillary 

Substituting this in [9351], and neglecting the very small terms depending on a, we get 

COS. t 
- = —f , or b = l, secant i, nearly ; so that, if we suppose l to be given, we shall find that, 

as i increases, the radius of curvature b of the surface will increase ; consequently the 

curvature of the surface will decrease. When i=0, the formula [9359m] gives b=l, 

and the surface is nearly of the form of a concave hemisphere. When i — 90d, we shall 

have 6' = 0 [9359Z;'] ; then z = 0 [9350], ^- = 0 [9351], and the surface ON A 

will be nearly horizontal. If i exceed 90d, the expression of b [9359m] will become 

negative, and the surface convex ; moreover as i increases, the convexity will increase, till 

t=180d, and then b — — l nearly [9359m], so that the surface becomes a convex 

hemisphere nearly. We shall have occasion to treat of a case of this kind in [10012a, &,c.], 

where the fluid is supposed to flow over the top of a capillary tube. 

* (4153) The part of q [9358], neglected in [9360], is 

H. sin.fl' C l /  2 (1 — cos.3é7\ > # 

gl iq.sin.y \ 3‘ sin.2y / 

H sin ^ 
and, by putting for the factor —-—— its approximate value q [9360], it becomes 

gl 
(1 — costs') 

sin.2^ 
■h — ~r— .(l — §.'—.■ --■) ; and since ^ = 90d [9362] makes 1 — f. 

smp V sm.2 ô ) L J 
ll 

this part becomes simply —- = — y.— [9363] ; and, by using q [9364], it changes 
O OCJ 

into —- ^r- , so that the part of q, neglected in [9360], is about one twentieth part. 

f (4154) The chief term of q [9360] is the same as the first term, or first factor, of the 

general value of q [9355] ; and the remaining terms of q [9355], which are neglected in 

[9360], have the factor Z2, contained in the part between the braces, as in [9365]. 
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tube, we may suppose, without any sensible error, as in [9360], 
COllStant F Approximate value of the ele- j 

n - - * I vation of a fluid in a capil- I 
2 2 / 7 I m tube w^ose radius is l- 

that is, the height of the fluid above the level is in the inverse ratio of the diameter 

of the tube. 
If the surface of the fluid within the tube be convex, we may suppose, as 

before, that an infinitely narrow canal is drawn through the axis of the tube, 

then bent under it, and finally turned upwards, till it comes to the surface of the 

fluid contained in the vessel. In this case, the action of the fluid in the tube 
jj 

upon the included canal will be, by [9276], equal to K-\-~. The action 

of the fluid in the vessel upon the outer branch of the canal, will be equal to 

K [9259], But if we put q for the elevation of the exterior fluid above the 

fluid in the interior branch of the canal, we must add to the action K the 

weight gq ;* therefore we shall have, by the condition of the equilibrium of the 

* (4155) Proceeding as in [9355a, &c.] for a concave surface, we must add to the 

quantities Z-|-y, and K [9370, 9371], the values gXOZ, gXVR, fig. 112, page 

695, representing respectively the gravities of the columns O Z, VR’, and as these sums 
H 

must be equal to each other, we shall have K-\-— -j-gX OZ= K -f- gX VR. Now in 

this case, the fluid in the tube is depressed by the quantity q [9371], so that VR=q -f- OZ‘, 
and by substituting it in the preceding expression, we get 

K+^ + gxOZ = K+gq+gxOZ. 

If we reject g X OZ from both members, it becomes as in [9372] ; and if we also reject 

K, and divide by g, we shall obtain q [9373], which is of the same form as [9354]. Now 

substituting j [9351], it becomes as in [9355], which may be easily reduced to the form 

[9358], agreeing with that in [9374] : finally, an approximate expression of this equation maybe 

obtained, by retaining only the first or most important term of its second member, as in [9379]. 

We have supposed, in [9372a], that the density of the fluid is 1; but if its density be D, we 

must change g into gD, in [9372a], to get the gravities of the columns OZ, VR, and the 

same change must be made in the rest of the calculations. 

When the fluid is water or alcohol, which completely wets the tube, the surface of the 

water in the tube becomes hemispherical [9216. &.c.] ; and then we have â' = 90Æ [9346], 

consequently cos.T = 0, sin.d'=l. Substituting these in the expression of the elevation 

or depression q of the fluid in the tube [9358 or 9374], it becomes 

[9367] 

[9368] 
Elevation 
ofthe fluid 
is inverse¬ 
ly as the 
diameter 
of the 
tube. 

[9369] 

[9370] 

[9371] 

[9371'] 

[9372a] 

[93726] 

[9372c] 

[9372d] 

[9372c] 

[9372e'j 

[9372/] 

[9372g] 

VOL. IV. 183 
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[9372] 

[9373] 

[9374] 
Depres¬ 
sion q in a 
tube 
whose ra¬ 
dius is l. 

fluid contained in the canal, 

which gives 

consequently 

9 = 
H sin.d' 

g l 

K+gq 

9 = 
H 

gV 

q . sin.â' 

(1—cos.3âON 

sm 2 O' 

[9372g-'] 

[9372à] 

H 
If we put, as in [9323o], — = 

o 

, ... <x2 «2 a2 
we shall get q=. ———-, or q2—— , 

t tjQ l 

or 
3 f 

Mr C y/ l2') 
whence §' = — .^1 -{- 1 — -|. — ^ ; and, by developing it according to the powers of 

—a, neglecting terms of the order — , on account of their smallness, we shall obtain 

[9372i] 

[9372Æ] 

[9372;] 

a-1 
-u- 

1 Z3 

9 *«a* 

M. Poisson has computed from the fundamental equation [9324], or rather from the 

equivalent equation [9323^], a formula similar to [9372Z] ; and if we change his symbol k 
into q, and a into l, substituting also -J (hyp.log.4—1)=Q,129, to conform to the 

present notation, the formula given in page 112 of his Nouvelle Théorie, fyc.} will become 

«2 is 
2=7 7^“h05l29. — . 

[9372m] 

[9372n] 

[9372o] 

[9372p] 

[9372g] 

[9372r] 

[9372s] 

Comparing the formulas [9372Z, I], we find that the two first terms agree, but the third term, 

13 
which is of the order —- , differs, as might be expected, because La Place avowedly neglects 

a2 
terms of that order, which are extremely small ; as appears from the experiments of Gay- 

Lussac, quoted by M. Poisson in his work, and also by La Place in [10303—10311]. For 

we have in the first experiment [10305, &c.], ç = 23™,1634, 1= 0™',6472; and from this 

M. Poisson deduces the value of a2 = 15,1299 square millimetres, or a = 3™’,88972. Tn 

a second experiment of Gay-Lussac, the radius of the tube was l — 0mi',9519 [10309]; 

with this and the preceding value of a, M. Poisson computes from the formula [9372Z] 

q = 15™',5829. A similar process with the formula of La Place [9372/î], gives q~ 15™,5729 

nearly. The actual elevation found by Gay-Lussac was 15™,5861 [10310], agreeing 

remarkably well with these calculations. The difference between the observation and either 

of the calculations is far within the limits of the errors to which such observations are liable; 

because they sometimes differ very much from each other, as is shown in [10322a—-gy&çe.]. 

If we use the preceding values 1= 0mi',6472, a— 3mi-,88972, we shall get, for the third 

term of M. Poisson’s formula [9372Z], the expression 0,129. = 0“i,G023 ; and for that 

of La Place’s formula [9372Î], — 7 • — 0rai,0019 ; now terms of this order may be 
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He nee it follows, that, in very slender tubes, the depression q of the fluid ivithin 

the tube below the level of the exterior fluid, is inversely proportional to the 

diameter of the tube 2/, which is confirmed by experiment. 

If the tube be inclined to the horizon, the surface of the included fluid will be 

very nearly the same as if the tube ivere vertical ; it will be, in both cases, very 

nearly that of a spherical segment whose axis is that of the tube ; because the 

action of gravity only introduces into the result of the calculation some terms 

multiplied by * a ; and we have just seen, that, with very slender tubes, these 

considered as wholly undeserving of notice in experiments of this nature, where the errors of 

the observation may amount to several millimetres. Hence we may conclude that it is 

wholly unnecessary to carry on the development farther than La Place has done, and we 

may therefore restrict ourselves to the degree of accuracy he has attained in the formulas 

[9358, 9374] ; and instead of the formula [93727J, we may write simply, 

U? 7 
J — èh 

for the elevation of a fluid in a capillary tube whose radius is l. If we correct the observed 

elevation q, by adding to it one third of the radius of the tube l, and call the corrected value 

qt, we shall have, from [9372m], 

q,=*q + H=y- 

Multiplying this by 21, and resubstituting a2=a-1 [9323p], we get 

2 
- — 2a9 = 2lqt— (the diameter of the tube) X (by the corrected elevation qf 

H H 
If we substitute a2 = — [9372g''] in [9372a?], it becomes q-\-Xl = —^ the density 

being 1 ; but if we suppose the density to be D, we must change g into gD, as in [9372e'], 

H 
and we shall have q -{- — —— , or 

gDl 

H • (? + &0 
H 

'fl'’ 

the same change of g into gD being made in [9323p], we shall get 

=gDa?. 
a 

These formulas will be of use hereafter. 

* (4156) If the tube be inclined to the horizon by the angle V, as in [9467], the 

effect will be to resolve the vertical gravity gz [93156], into gz. sm.V, in the direction 

of the axis of the tube z ; and this will change g into g. sin. V, in the equations 

[9315, 9318, &tc.]; so that the term , in the second member of [9318], will be changed 

[9375] 

[9376] 

[9377] 

[9372*] 

[9372w] 

[9372m] 

[9372m;] 

9, 

[9372a:] 

[9372X] 

[9372y] 

[93722/] 

[9372z] 

[9372zy] 

[9379a] 

[93796] 
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[9378] 

[9379] 

terms may be neglected. Therefore, putting q for the vertical height of the 

fluid above the level, or its depression below the level, we shall always have, from 

[9360, 9374, 9375], 

H sin.Ô' I Approximate elevation 
I or depression q, 

tube whose radius : I 

evation I 
0 in.-a 
us is l. I 

[9380] 
Elevation 
between 
two cylin¬ 
drical sur¬ 
faces. 

[9381] 

[9382] 

which agrees with observation. 

6. We may extend the preceding analysis to the case in which a cylindrical tube 

has a cylinder of the same matter inserted within it, both having the same axis. 

The fluid will rise in the space included between the inner sides of the tithe and 

the outer surface of the cylinder ; and, if this space is capillary, we may determine 

the equation of the surface of the included fluid in the following manner. 

We shall resume the differential equation [9324]. The term - of its 

second member here denotes the sum of two fractions [9325'], which have each 

unity for a numerator, and for a denominator the greatest or the least of the 

radii of curvature of the surface of the fluid, at the lowest point, which is the 

origin of* z; this equation gives by integration, as in [9329], 

[9379c] into — .sm.V, or — — ^§.(1— sin.V).z; consequently that second member will be 
J H H H 

[9379d] decreased by the term yy.(l—sin.V).z, or 2a.(1 — sin.V).z [932S], of the order 

a, as in [9377] ; and we have seen, in [9365, 9336c/, &c.]> that terms of this kind are so 

small, that they have but very little effect on the result. 

[9383a] 

[9383fe] 

[9383c] 

[9383d] 

[9383d'] 

* (4157) Let P QRG, fig. 119, be the tube, LMNE the 

cylinder, KD their common axis, N'NfîJSF the surface of the a_ JW jr Jÿ 

fluid between the tube and cylinder, O its lowest point, and N, 
any other point corresponding to the coordinates z, u. These 

coordinates are found in the figure by drawing O C, fyB, 
perpendicular to the axis of the tube KD ; and then we have 

CB — z, BN=u, DE= 4 DG — V [9385, 9388.] 

Through i\£ draw the radius Nfl', perpendicular to the surface 

at the point Nt, and continue it till it meet, in C', the line FOC, 

drawn through O parallel to the axis DK. Then the angle N/C'0 = ô represents the 

acute angle which the small arc N,K' makes with either of the horizontal lines BNt, K’L' ; 

the similar angle at the side of the tube at N', or at the cylinder M', being denoted by 6', 
in conformity with the symbols adopted in [9346, 9328a, 6]. Now if we take the infinitely 
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u. 
dz 
du u“ 

1 + 

— 2a .fzudu — — -[-constant. 

du2 

0 

Equation of the surface 
of a fluid between two 
cylinders. 1 

To determine the constant quantity, we shall observe that, at the point where 

the fluid touches the surface of the cylinder, we shall have, as in [9383g-], 

[9383] 

[9383'] 

small arc NyK', and draw EK', respectively parallel to O C', O C, we shall have 

the angle NJKfL'=N/C'0 = 0, and its sine is represented by -ç/====; but 

. tyL' 
tang.0==-^—, N/L'=dz, EK'—— du\ hence tang.d = . 

dz 

du ’ 
consequently 

■ sin.d = 

dz 

du 

v/ 1+ 
df* 
difi 

suppose these radii to be equal to each other, and to a quantity which, for distinction, we shall 

112 
denote by b, we shall have, b = b'= b, and as in [9325]; and this 

2 
expression - is used in the reduced form of the differential equation of the surface [9324]. 

Therefore, if we wish to apply the equation [9324] to the present problem, where b, b', have 

2 11 
different values, we must change - into - T ÿ ? observing that, to avoid confusion in the 

symbols, we have inserted the symbol b in [9381—9404], instead of b, which is used by 

the author. Now the surface of the fluid being formed by the revolution of the curve 

M'ON' about the axis DK, the point O must describe a horizontal circle; hence it is 

1 2 
evident that the radius b'—. oo ; substituting this in the equation [9383Zf], we get - = -, 

b b 

or b = 26 ; which expresses the value of b, to be used in all the formulas where it occurs 

in [9381—9404]. If we now substitute the expression of the first member of [9384] in 

[9383], we shall get —u.smô'—2a .fzudu =— -f- constant, the integral being supposed to 

commence, as in [9385, 9383'], at the point where the fluid touches the tube ; then, putting, 

as in [9385], u~l, we get the value of the constant quantity [9386], and by substituting 

it in the formula [9383], we finally obtain [9387]. 

vol. iv. 184 

[9383e] 

[9383/] 

[9383g-] 

[93836] 

and at the point N', where Ô changes into Ô', this becomes as in [9384]. 

We shall now suppose that b represents the radius of curvature of the arc M'ON' at its 

lowest point O ; and b' the radius of curvature of the arc dratyn through O, perpendicular 

to the plane of the figure ; then we shall have for the terms depending on 6, b', in the second 

1 1 
member of the differential equation of the surface [9318], the quantity tTï7* If we [9383i] 

[93836] 

[9383Z] 

[9383m] 

[0383n] 

[9383o] 

[9383p] 

[9383?] 

[93S3r] 

[9383s] 
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[9384] 

[9385] 

I 

[9386] 

[9387] 

[9388] 

V. 

[9389] 

[9390] 

[9391] 

ëz 

du 

14 
dz2 

= — sin.<f, 

du2 
dz 

the negative sign being prefixed to sin.d', because at that point — is a 

negative quantity. If we commence the integral fzudu at that point, and put 

l for the radius of the cylinder, or the value of u at that point, we shall 

have 

constant = — l. siir.4— 
If 

b ? 

which gives 
dz 

U'du ‘ - , #— P , . 
— 2a .fzudu = —--1. snU . 

y/1+ 
dz? 
du2 

We shall at first suppose that a = 0 ; and we shall put V for the radius of 

the inner surface of the tube ; l' will be the value of u at the point where the 

fluid touches the side of the tube. At this point we have * 

dz 
du 

y/l+ 
therefore, at this point, we shall have 

dzf 
du2 

= sin.0'; 

7/2 _ 72 

V, sin.â' = —--l.sin.ô', 

which gives 
1 

b 

b 

sin.ô71 

This being premised, we shall have f 

* (4158) This is the same as [9384], except in its sign, which is taken positive, because 

[9389a] dz, du, are both positive on the arc QM', or near the point M'. Multiplying this by the 

value of u near the point M', namely l', and substituting the result in [9387], we get 

[9390], by neglecting a, as in [9388]. Transposing the last term of [9390], we get 

[93896] (Vf T). sin.fl'= 1 } , dividing by V9- — l2, or (Vfl).(l’ — l), we get [9391]. 

f (4159) Neglecting the term of [9387] depending on a, substituting — [9391], and 

/ chfi \ 
[9392a] reducing, it becomes as in [9392]. Squaring this, and multiplying by (V— If. f 14fc"2f 
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whence we deduce 

dz = 
(w2— U') . du . sin.ô' 

If. Ma_(M2_uy. sin.so' 

an equation whose integral depends on the rectification of a conic section. 

If we do not suppose a = 0, we shall have * 

1 sin.d' 2a j 
b = V—l. ~ (7Û- l).{l'+l) 'Jzudu * 

the integral Jzudu being taken from u == l to u — l1; we also havef 

Jzudu — pirz — i .Jiddz. 

If we neglect quantities of the order a, we may substitute the value of dz 

[9393] in the second member of [9396], and we shall get 

[9392] 

[9393] 

[9394] 

[9395] 

[9396] 

we easily get dz*, whose square root gives dz [9393], which is of the form 

7   (d/d-p,v?).du 

V 5 

treated of by Le Gendre in Vol. I., page 3 or 4, of his Fonctions Elliptiques, where it is shown 

to be dependent on the rectification of the conic sections ; but as this integral is not required in 

the course of the work, it was thought to be unnecessary to enter into the details of the 

reductions, which have no other difficulty than the mere labor of the computations. 

[93926] 

[9392c] 

* (4160) By neglecting a, as in [9388], we have reduced the first member of [9390] 

to the form Z'.sin.d' [9390] ; if we now retain the term —2&.Jzudu [9387], the equation 
l> 2 _ p, 

[9390] becomes ^.sin.T—Zofzudu — ———Lsin.6'. Transposing Z.sin.0', and dividing 

by V2—h, or (/'-}- T) .(l'—l), it becomes as in [9394], or, as it may be written, 

1 

b 

sin.y 

V-l‘ 

2a 

(Z—j—• sin.^ 

[9394a] 

[93946] 

t (4161) Integrating zudu by parts, we obtain [9396], as is easily seen by differentiation; 

substituting in this equation the value of dz [9393], we get [9397] ; multiplying this by 
2a 

— > and substituting the product in [9394], it becomes as in [9398], the 

constant quantity sin.d', in the numerator, being brought from under the sign of integration. 

This expression of - [9398] is evidently correct in terms of the order a; and by neglecting 

terms of that order, it becomes as in [9401]. 

[9398a] 

[93986] 
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[9397] 

[9398] 

[9399] 

[9400] 

[9401] 

[9402] 

[9403] 

[94041 

[9405] 

(ft2—II') .du.sm.Ô' ] p (ft2—ll').ifidu. sinJ' 
fzudu = -k^2. r 
J “ •/ V/(Z'—02.u2-(m2—?Z')2.sin2ô' * v/(^—Z)V— ( 

Therefore we shall have, by neglecting quantities of the order a! 

1 sin./)' \ cut2 ~i> (ft2—IV).du a (m2—lV).vPdu 

(Z'-H) lf.u*—{v£—iU'y^inïô' {V+f) Jl VW—Vf.u2—(tt2_r)2.gin.^ * 

These integrals can be determined by approximation only ; but it will suffice 

here to observe that, & being very small, when the distance between the tube 

and cylinder is very small, we may, without any sensible error, neglect the 

terms multiplied by a, as we have seen in [9359', 9366, &c.], that it may be 

done in a very narrow tube. Then wTe shall have very nearly, 

1 sin.é' 

b = I'—l ' 

7. We shall now suppose that an infinitely narrow canal is drawn through 

the lowest point of the surface of the fluid included within the capillary space, 

parallel to the axis of the tube, and passing below it, and then is bent upwards till 

it meets the surface of the fluid in which the tube is dipped. The action of the 

H 2 
included fluid upon the canal, will be * K-— ; because - being, by what 

has been said in [9381], the sum of the two fractions which have unity for a 

numerator, and for denominators the greatest and the least radii of curvature 

of the surface at its lowest point, the action of the included fluid will be, by 

the theorem [9294, 9294'], K—±H.^. Therefore this action will be, by 

the preceding article [9401], 
T, H.sm.ô' 

[9403a] 

[94036] 

[9403c] 

2 .11 
* (4162) The term - [9324, 9325], is equivalent to, and used instead of, - + - 

[9383ft] ; b and V being, as in [9383A], the greatest and the least radii of curvature ; so that 

the action of the fluid between the tube and cylinder is, as in [93156], K— £H. -f~ , 

or, according to the present notation [9381], 

2 H 
K—iH.-, or K— —, 

^ b b 

as in [9403,9404]. Substituting the value of - [9401], it becomes as in [9405]. We 

may remark that the canal spoken of in [9402, &c.] is similar to that which is explained by 

fig. 112, page 695, to which we may refer for illustration. 

< 
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If we put q' for the elevation of the fluid in the interior branch of the canal, 

above the level of the fluid in the vessel, and add gq' to the preceding action, 

the sum will be in equilibrium with the action K of the fluid in the vessel upon 

the canal ; therefore we shall have * 

which gives 

K-^-gq' 
H. sin.â' 

Z'- l ~ 

sin.â' 

W1 

[Elevation q' of a fluid between 
two cylindrical surfaces, whose 
radii are 2', l. ] 

We have found, in [9379], that the elevation of a fluid above its level, in a 

tube whose radius is V—Z, is equal to this value of q'; therefore the fluid 

ascends in the capillary space to the same height as in a tube whose radius is 

equal to the width of that space. 

If the surface of the fluid be convex, the preceding expression of q' [9409] 

will denote the depression of the fluid below the level, and the fluid will then sink 

in the capillary space, in the same manner as in a tube ichose radius is equal to 

the width of that space.f 

* (4163) The calculation in [9408] is made in the same manner as for a tube in 

[9355a, &,c.], and requires no particular explanation. From this we easily deduce the value 

of q' [9409]. 

t (4164) This will be evident by making the calculation in like manner as in [9372—9409], 

the effect being merely to change the signs of q'f', as in [9352/ Sic.], which does not alter 

the value of q' [9409]. Therefore the elevation q' of the fluid when the surface is concave, 

or its depression when the surface is convex, is given very nearly by the formula [9409], 

being, as in [9410], the same as the elevation or depression in a tube tvhose radius is equal to 

the width of the capillary space M'N', fig. 119, page 732. In all the calculations of <§> 6, 7 

[9380—9412], it is supposed that the tube and cylinder are of the same substance, or that 

the angle Ô' [9346] is the same for both of them ; so that the fluid is either elevated by the 

combined action of the tube and cylinder, or is depressed by the combined action of both of 

them. In this case, if the distance M'N' or EG be small in comparison with a, the section 

of the surface M'ON' may be supposed to coincide very nearly with the circle of curvature 

at the point O, whose radius is b, as in the similar case [9336g] relative to the surface in 

a capillary tube, as is evident from the equation [9401]. For if we put for brevity 

J — Z = 2>,, and substitute b = 2b [9383//J in [9401], we shall get, by a slight reduction, 

5.sin.$=X; which gives the same expression of X as would be found if we were to 

suppose MON to be a circular arc, described with the radius C'0 = b, making the 

angle OC'N'= OC'M'=ê', and its sine EF=FG = \. 

Instead of supposing the angle Ô' to be the same at the points N' and M', we shall now 

vol. iv. 185 

737 

q'. 

[9406] 

[9407] 

[9408] 

[9409] 
Elevation 
of a fluid 
between 
two cylin¬ 
drical sur¬ 
faces. 

[9410] 

[9411] 

[9408a] 

[9410a] 

[94106 ] 

[9410c] 

[9410d] 

[9410e] 

[9410/] 

[9410g-] 

[9410h] 

[94107] 
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[9412] 

[9413] 

[9410Æ] 

[9410J ] 

[9410 m] 

[941 On] 

[941Oo] 

[941Op] 

[9410?] 

[9410r] 

[94105] 

[9410*] 

[9410n] 

[9410a] 

[9410«>] 

[9410a;] 

If we suppose the radii of the tube and cylinder to be infinite, we shall obtain 

the result of the capillary action upon a fluid between two vertical and parallel 

planes situated very near to each other; therefore the preceding theorem holds 

good in this case. We shall, however, investigate this theorem, in the following 

article, by a particular analysis. 

8. We shall suppose, in fig. 116, page 713, that AOB is the section of the 

surface of the fluid included between the two planes, by a vertical plane drawn 

take Ô' for its value at the point N', and 0/ for the corresponding angle at the point M'; 

putting also EF=u', FG = u/, u'Jru/—2\ and considering M'ON' as a circular arc 

whose radius is b, as in [9410g-]. Then we shall have, in the same hypothesis relative to 

the nature of the fluids, as in [9410e], 

u'=b.sin.é', m/= b. sin.d,, w'-|-2A ; 

so that, if 2A, ô', è], are given, we may determine the values of b, u', ur If we suppose 

è'=ô/=90d, the equations [9410m] will give u'=.u = b = \ which correspond to the 

actual form of the figure 119, where the extreme points M', N', appear to be upon the 

horizontal line M'C'N', passing through the centre C of the circular arc. We may, 

finally, remark that the equations [9410m] are similar to those which are given by M. Poisson, 

in page 114 of his Nouvelle, Théorie, &fc. 

These calculations are limited to the case where the fluid is acted upon by both 

surfaces in the same manner; but it may happen, when the tube and cylinder are of 

different substances, that the fluid may be elevated near one of the surfaces, and depressed 

near the other, so that there may be a point of inflexion of the surface, as is observed between 

two parallel planes in [10158, &c.]. In the case of two parallel planes, the surface 

may be concave in one part NOO, fig. 112, page 695, and convex in the other part OM, 

the point of inflexion being O, which, we shall soon see, is on a level with the fluid in the 

vessel AV Bthe point O falling in JY; the fluid being elevated above this level in the 

part ON, and depressed below the level in the part OM'. For the capillary action, at 

any point O' of the concave surface NO O, will be represented, as in [9294, 9294'], by 

K — lTT. Q -j- ; V and b being the greatest and the least radii of curvature corresponding 

to that point; and we shall evidently have, as in [9383o], b'== co ; so that this force becomes 

K— — , instead of which is used in [9355a] ; and if we make the calculation as 
26 - b 

in [9355a—c], we must change b into 2b, to conform to this alteration in the expression of 

the capillary action. By this means the expression of q [9354], or q1 in the present 

notation, becomes qf=—.— ; and by putting, as in [9323o], — = a~, we shall get 

q'=^. This value of q' expresses the elevation Q0 of the fluid in the concave part 

NO of the capillary surface, above the level A VB of the fluid in the vessel; it becomes 
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perpendicular to these two planes; if we put OM — z, NM=y, z will be 

a function of y only. Moreover, b and br being the greatest and the least 

radii of curvature of the surface of the fluid at the lowest point 0 [9316], 

b will be infinite, and b' the radius of curvature of the curve AOB, at the 

point 0. Hence we shall have, in the equations of partial differentials " 

[9312, 9313], 

negative in die convex part OM' [9411, &tc,] ; and we may in both cases use the same 

expression of q'=^ [9410a?] ; considering the radius of curvature b to be positive in the 

concave part of the surface NO, and negative in the convex part OM'. If we suppose the 

radius of curvature b, corresponding to the point O, to become infinite, we shall have from 

[9410a?] q'= 0, or HO = 0; so that the point O will then fall to the level ABB of 

the fluid in the vessel ; and O will be a point of inflexion, because it is the part which 

separates the positive from the negative values of the radii of curvature; or, in other words, it 

is the part which separates the concave part NO from the convex part OM' ; this agrees 

with what we have stated above in [9410s, &c.]. 

* (4165) As z does not contain x [9413], the values of p, r, s [9312, 9313], must 

vanish, and those of q, t [9312,9313], become q=^—t = iff) ‘ Substituting 

these and 4 = 0, also £ = cv [9328], in [9318], we get [9416]. Multiplying this by 
o H 

dz, and taking its integral, we obtain [9417]. At the point O, where 2 = 0, we also have 

dz 
— = 0, because the tangent at O is parallel to the horizon; substituting these in [9417], 

we get —1 = constant; and by substituting this last expression in [9417], we obtain 

which, by changing the signs of the terms, and making a slight reduction, becomes as in [9419]. 

We may here remark, that the author supposes, in this article, that the angle Ô' is the same 

for both planes, so that the fluid is either elevated near both planes or depressed near both. 

The case where the fluid is elevated near one of the planes, and depressed near the other, is 

treated of in [10158—10257]. 

The author simplifies the equation [9416], by taking, as in [9323m], the origin of z at 

the level surface of the fluid in the vase, instead of at the point O, fig. 116, page 713 ; or, 

in other words, by changing 2 into z———- ; for by this means the differential equation 
J ° ° 2a6 

[9416] changes into the following, which is the same as [10164] ; 

[9413'] 
Elevation 
of a fluid 
between 
two paral¬ 
lel planes. 

[9414] 

[9415] 

[9410y] 

[941 Oz] 

[9411a] 

[94116] 

[9411c ] 

[9415a] 

[94156] 

[9415c] 

[9415(1] 

[94l5e] 
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[9415'] 

[9415/] 

[9415g-] 

[9415fc] 

[9415i] 

[9415fc] 

[9415Z] 

[9415m] 

[9415»] 

[9415n'] 

[9415o] 

[9415p] 

[9415?] 

hence the equation [9318] becomes 

ddz 

dy2 2a z. 

Multiplying this by a2, and putting aa2=l, as in [9323/], it becomes 

„ ddz 

dV*  

(l + dyV 

2z, 

being the same as is used by M. Poisson, in page 174 of his Nouvelle Théorie, fyc. 

Multiplying [9415g*] by —dz, integrating, and adding the constant quantity b, we get 

rv^ 
: = b - Z*. 

1/ 1 + 
dz2 

Putting h for the elevation of the point O above the level of the fluid in the vase, we shall 

0, a*= b — h2 [9415i], or b = a2-|-/i2; substituting have, at this point, where — 
. dy 

this in [9415i], we get 
of 

V 1 + 
dz2 

¥2 

a- + **■ 22. 

Deducing the value of dy from this equation, we obtain 

dy = 
■ y/(z2_ P). [h? + 2a2 — Z2) 

which is of the same nature as the equation [10172], and is easily integrated by means of 

elliptical functions. It is rather remarkable that these functions are not mentioned by La Place 

throughout his whole work, which can be accounted for upon no other principle than his 

dislike to Le Gendre, the great promoter and improver of this calculus; since there are many 

parts of the Mécanique Céleste where it would have been very advantageous to have used 

this method of integration. The process of reduction to elliptical integrals, in the present 

case, is easily obtained from what Le Gendre has published on the subject, and we shall here 

give the calculation, with all the necessary details. 

We shall assume for s2 an expression of the form [9415/], which, by dividing the 

numerator and denominator by cos.2<p, or multiplying by 1 -f-tang.2<p, gives [9415/]; 

whence we easily deduce the value of tang.2<p [9415r]. 

q {Jl2-\-2u2).h2 

% /t2-j-2a2.cos.2? 

(7t2-j-2m2).h?. ( 1 -J-tang.2?) 

tang." ç = 

-j- 2m2) -4- Ifi. tang.29 

(7i2 -j- 2a9). (z2 — 7z2) 

W. (/i2 -j- 2m2 — z2) 
[9415r] 
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ddz 

dy2 

■+©* 

2« = i. 

The limits of the value of the first member of [94157] being a2 and 0, it follows from the 

second member of the same equation, that the limits of z2 must be A2 and a2 -f- A2 ; so that 

the limits of z2 — A2 must be 0 and a2; therefore the value of tang.29 [9415r] must 

be always positive, and 9 a real angle. Now substituting the value of z2 [9415p], in the 

first member of [9415r<], we get, by a slight reduction, its second member; and by using 

this in [9415a], it is reduced to the form [9415ia], The square root of the product of the two 

expressions [9415u,w] gives [9415a:], using for brevity the symbol iv = \/Ifi q-2a2. cos.2<p. 

2a%2— 2 a2h2. cos .2cp 2«26.2. sin.-9 
A2 = 

A2 -f 2 a2 — z2 = 2a2 — (z2 — A2) 

w2 IÜ2 

2 2a26.2. sin.2 9 2a2 • ( A2 -J- 2a9. cos.2 9) — 2a262. sin.2 9 

îü~ 

2a2A2.(l— sin.2 9)-j-4a4. cos.9 9 2a2.(6.2-j-2a2).cos.29 

U>2 " * ■w/- 

[/(z2—2a2 — z2) = 
2«%. (A9 -(- 2a2)^. sin.9. cos.9 

W2 

Substituting w [94157] in [9415p], and taking the square root, we get 

z — (A2 -f- 2a2)L A. w ,-i 

whose differential is 

and as the differential of 

[94157] is 

we shall have 
dz — (A2 -j- 2a2)*. iv~~3.2a2A. dep. sin.9. cos. 9. 

Dividing this by [9415a?], we obtain 

dz dtp dtp 

dz = —(A2-j-2a2)L hw 2dw\ 

W2:== h2 _j_ 2<x2. cos.2 <p 

2 ivdiv = — 4a2. dp. sin.9. cos.9, 

\/(z2—7i2) .(/i2+2 a2-—z2) w yA2 -(- 2a2. cos.2 0’ 

f7.2_i_2a2i 7i2 
multiplying this by a2-(-A2 — z2 = a2-|-/i2— -———1— [9415p, 7], we get the value of 

dy [9415?»], under the following form ; 

(a9+A2).d<p 
dy = 

(^2-|-2a2) A2.c7<p 

(7i9-(-2a2. cos.29)* (/i9+2a2.cos.2cp)i * 

To reduce the radical y/A2-j-2a2.cos.29 to the usual form of the elliptical functions 

2a9 
y/l—c2.sin.29 [8910Î, &z.c.], we may put cos.29 = l— sin.29, and c2 = — ---- ; then 

from this value of c2, we easily deduce 

ft2 
1 

W -[- 2 a2 ’ 

VOL. IV. 

2 — c2 — 

186 

2,(q2+ft2) 

7i2+2a9 5 
A2= 

7t2 -j- 2a2 

2a2. (1 — c2) 

[9416] 

[9415s] 

[94157] 

[9415w] 

[9415a] 

[9415m;] 

[9415z] 

[9415y] 

[9415z] 

[9416a] 

[94166] 

[9416c] 
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[9416/] 

[9416//] 

[9416e] 

[9416/] 

[9416g-] 

[9416fc] 

[9416*] 

[94l6fc] 

[9416/ ] 

[9416m] 

Multiplying this by dz, and integrating, we shall get 

„ , „ a2.(2-c2) 
a2 4- A* =--- 

2 «2 
A2-f 2a2 = ^ 

c2 

Now substituting cos.2(p = l— sin.2q? in [9416a], and using the values [9416&, c, d], we 

get 
(2 —c2).a dcp 2(1 — c2).« dtp 

dy = 
C.\/2 \/l — c2.sin.2cp C.y'2 (1 — c2.sin.2<p)“ ’ 

ein.<p.cos.£p 
, we shall If we put for a moment, for brevity, A = p/i — c2.sin.2p, and X — 

have, by taking the differential of X, and dividing by dtp, then putting cos,2<p = l—sin.2 9, 

fdX\ cos.2?—sin.2<p , c2.sin.2(p.co9.29 1—2sin.2qo ( c2.sin.2qo — c2. sin.49 

l dp)~ A ‘ A3 = A ' A 3 ? ( 
adding 

1—c2 

C2.A3 

A3 

to both sides of this equation, and making successive reductions, we get 

fdX\ 1 — c2 1 — 2sin.2 (1 — c4.sin.4<p)—c2(l — c9.sin.29) 

\d<p) *" c2.A3 " Â ' c2. A3 ” 

1—2sin.2qp (1 — c2.sin.29).(l-)-c2.sin.29— c2) 

= " A ' c2. A3 

1 —2sin.2qp ( 1 —c2. sin.2 9— c2) c2.(l — 2sm.2(p)-f-(l-|-c2. sin.2<j3—c2) 

A ' c2. A c2.A 

1 — c2.sin.2qo A2 A 

c2. A 

2 ac. dcp 

c2. A 

Multiplying this by —> anc^ transPos’ing the first term, we obtain 

2(1 —&).ci.dcp 2« , a i ^ ,v 
~ C.\/2.A3 ~-cyg.dp.A + ac.v/2.dX, 

substituting this in [9416e], it becomes, by resubstituting the values of A, X [9416/], 

dy- 
(2—c2).i% dcp 2a * , ,_=_, /- 7 / sm.cp.cos.cp \ 
-7— » T^7 0 -----—-7= • dp . y 1 — c2.sin.2œ -p uc.y2'd. I • /: . -r J 
c.y/2 /1—c^.Bin.cp c.[/*2 Y v v \ v \v/l— c2.sin.V 

Integrating this expression, and using the elliptical symbols [S910&, ?], we get 

y 
(2 — c2).ct ^ f ^ ^ 2q _L ac.^/2.sin.(p.cos.(p . i—c* .a , . « -, I ac.yu. 

^•F(c’?) +-$= e2. sin.2 93 

no constant quantity is added, because we have y = 0, at the point O, where z—h 

[94l57r], which corresponds to 9 = 0 in [9415r] ; multiplying the value of y by 

and making a slight reduction, we finally obtain 

1/1/0 m^ , v 2 ^ , . . 2 c. sin./p. cos.ç) 

which is the same as the equation (3) of M. Poisson in page 177 of his Nouvelle Théorie, 

^•c., changing cc into y, to conform to his notation. 

[9416»] 
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— az2 ==--]- constant. [9417] 

Substituting cos.®p = l — sin.2<p in [9415jn], then dividing the numerator and 

denominator by A2-|-2a2, we get, by using c2, A2, A2-j-2a2 [94166, c], 

2a2. (1 c2) 

Z c2. (1 — c2. sin.2 cp)5 

wliich is the same as the equation (4) page 17T of M. Poisson’s work. Hence we see that 

the values of the coordinates y, z, may be ascertained in functions of the angle 9, by means 

of the formulas [9416m, o]. From these expressions w?e may trace the form of the curve 

surface, and the relation of the coordinates. If we suppose, as in [9346/], that to is the 

acute angle formed by the lower part of the plane and a tangent to a point of the section 

placed at the limit of the sphere of sensible activity of the first plane, we shall have, by the 

usual differential formulas, 

sin.^ = y/dtfTfdzZ = t /~TM5 

w 1 ~r dip 

and if we suppose the value of z near the fixed plane to be z = q, we shall have, by 

substitution in [9415/], a2 .sin.TO = a2 -f- A2 — ; hence we easily deduce the expression 

of q2 [9416s], and by substituting the value of A2 [9416c], we get [9416/] 

/ — A2 -j- a2. ( 1 — sin.TO) ; 

a2 
o2 — — . (2 — c2 — c2. sin.to). 

The first of these values of qQ gives 

q*•— A2 = a2. (1 — sin.to) ; A2-}- 2a2 — q* = a2. (1 sin.to). 

Now if we suppose © to be the value of 9, corresponding to z = q, we shall have, by 

fc2+2a2 1 
substituting these values in [9415r], and reducing by means of ^ 

(h? 2a2). a2 • (1 — sin.TO) 

[9416c, d], 

tang.2 © =3 
h?. a2. (1 -j- sin.TO) 

-sm.TO 

(1 — c2).(l-}~ sin.TO) 

If we suppose that y = cy corresponds to z=q, and to 9 = ©, near the first plane, 

we shall have, by substitution in [9416n], 

a,.\/2 2 — c2 „\ 2 2 e. sin.©, cos.© 
J-z— —-1 (c, ©)—-.Etc,©)-]---/-—_ , . 

a c v y c ' J y 1 — c2sm.2© 

If we denote by & and to' the distance and angle relative to the second plane, 

corresponding respectively to a, to, for the first plane ; we shall get the following equation, 

which is similar to [9416y], and may be deduced from it, by changing cy into cd, © into ©', 

and to into to'j 

[94160] 

[9416p] 

[9416?] 

[9416r] 

[9416s] 

[9416/] 

[9416/'] 

[9416m] 

[9416»] 

[9416«>] 

[9416a:] 

[94162/] 

[9416z] 
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[9418] 

[9419] 

v. m 
At the point O, — = 0 ; therefore constant = — 1 ; 

dz2 
+ — 

consequently 

[9417a] 

[94176] 

[9417c] 

[9417c/] 

[9417e] 

[9417/] 

[9417g-] 

[94176] 

[9417/ ] 

[94176] 

[9417/] 

[9417m] 

[9417»] 

ct'y/2_2—c2 
c 

2 c. sin.©', cos.©' 

a 
. F (c, ©') — ;. E (c, ©') + . 

v ’ ‘ C v J / I y'l — ca.sm.2©' 

Adding these two equations, and putting cy-j-cdt — 2l for the distance of the two planes, as 

in [9443e, 10236], we get 

= î=f. j F (c, 9) + F (c, 0') S — l. {E (c, e) + E (c, ©') | 
a c c 

2c.sin.©.cos.© 2c.sin.©/.cos.©/ 

‘ \/l — c2.sin.2© y/1 — c2.sin.2©' ’ 

Hence it appears that, if c, vs, vs, are given, we may deduce ©, ©', from the value of tang.2© 

[9416 m;], and the similar value of tang.2©' [9416^] ; substituting these in [94175], we 

obtain the distance of the two planes, 21. If this distance be given instead of c, we may 

deduce, by an inverse process, the value of c from the same three equations ; but this is 

a much more laborious process than the preceding one, where c is given ; and it will be 

necessary to form a little table, giving the expressions of 21 for values of c, increasing by 

small differences, which is easily done by means of Le Gendre’s elliptical tables ; and by 

entering this table, we may find by inspection the value of c, corresponding to any proposed 

value of 2/; a being considered as a given quantity. We may remark that the equations 

[9416/, iv, y, 94175], are equivalent to the equations (5), (6), (7), (8), in pages 177, 178, 

of M. Poisson’s Nouvelle Théorie, &fc. The equation [9416rt] being subtracted from 

[9416y], gives, by putting &—y = y, 

yy/2_2—c2 
a 

F(«,e)-F(c,9)i-*.SE(C)®)-E(C,»)l 

2c.sin.©.cos.© 2c.sin.<jp.cos.(3P 

‘\/l — c2.sin.2© [/1 — c2. sin.2gp ’ 

y being the distance from the first plane to the point of the surface corresponding to the 

angle cp, and © being the value of <p at the first plane. In like manner, if y' be the distance 

from the second plane to the point of the surface corresponding to the angle cp, and ©' be 

the value of cp, at the second plane, we shall have, from [9417Ï], by changing y into y', 

© into ©', and considering the angles cp, ©', as positive, 

ZVl = . \ F (c, e') - F (c, I § - L E (c, ©') — E (c, <?) * 
cc c 

2 c. sin.©', cos.©' 2c.sin.qp.cos.(p 

v/l — c2 sm.2 ©' \/\—c2. sin.2 (p 

When the second plane is at an infinite distance from the first, the equation of the surface 

[9417/] comes under the case which is treated of in [9435], and integrated by means of 

logarithms in [10208]; the elliptical functions which occur in [9417i] being, in this case, 

reduced to common logarithms, as is seen in [10208]. 
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Now putting 

we shall have * 

V- 
b' 

<X22 , 

dy = 
Zdz 

s/l — Z*' 

and this is the equation of the elastic curve, as ought to be the case, since, as in 

the elastic curve, the force which depends upon the curvature is inversely 

proportional to the radius of curvature.f At A, fig. 116, page 713, the most 

dz 
elevated point of the curve ANO, we have Î — = tang.d', 6' being, as in 

* (4166) Transposing the terra az3 [9419], and substituting [9420], we get 

= Z, or l = Z.V/i + £; 
\ / , dz* 
V 1 + dy* 

squaring and reducing, we get the value of dy [9421]. 

f (4167) Substituting [9326] in [9416], after changing u intoy, we get ^ — 2az = ^; 

and if we put for brevity e = ^—it may be put successively under the forms 

6/ 7 . e-j-z 
- = l + = — ; 

and, as the curvature at any point is inversely as the radius of curvature, it is evident that 

the curvature at any point N, fig. 116, page 713, will be directly as the quantity e-f- z, that 

is, directly as the absciss z, augmented by the constant quantity e, being the principle upon 

which the properties of the elastic curve are founded in [9422]. 

| (4168) This is similar to [9383/], changing u into y, and taking dy positive, because 

y and z increase together. Substituting this value of dz=. dy .tang.é' in [9421], dividing 

by dy, and reducing, we get 1 — i'T3 = Z2.tang.2â/, or Z3. (1-f- tang.2é') =1 ; whence 

Z— cos.d', as in [9425]. Substituting this in [9420], we get [9426], and then dividing 

by 
11 2 

•a, we obtain z3 -j—-/.« = -.(! — cos.tf) = -.sin.2^'. From this quadratic 
a b' a 

equation we get z [9427], and when b'= oo, it becomes as in [9429]. Now from [9430] 

g sin.y 2sin.^ y. cos.J ô' 2sin.9è/ .  2sin.^ 0' 
we have a = TT= —— =-:-= ;—:-—, ; hence we get \/2a= 

H lq lq lq.tang.^â'7 ° * /iç. tang.£ ’ 

Substituting this in [9429], it becomes as in [9431]; and if in this we put ?=lra1-, 

y = 6mi‘,784, 6'=90'*, or tang.^â'—1, we obtain z — \/6mi-,784 = 2™,6046, as 

in [9433]. 

Substituting a = — [9323p] in [9429], it becomes z=a.\/â.sin.^/, which is the same 

VOL. IV. 187 

[9420] 

[9421] 

[9422] 

[9423] 

[9421a] 

[9423a] 

[94236] 

[9425a] 

[94256] 

[9425c] 

[9425/j 

[9425c] 

[9425/] 

[9425g-] 

[94256] 
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[9424] 

[9425] 

[9426] 

[9427] 

[9428] 

[9429] 
When the 
parallel 
planes are 
at a very 
great dis¬ 
tance 
from each 
other. 

[9430] 

[9431] 

[9432] 

[9433] 

[9434] 

[9425Î] 

[9425Æ] 

[9435a] 

THEORY OF CAPILLARY ATTRACTION. [Méc. Cél. 

[9346], the complement of the angle which the extreme side of the curve makes 

with the plane ; therefore we shall have, at this point, 

Z = cos .0 ' [94256], 

which gives, to determine the extreme value of z [9420, 9425], 

V 

2-1_f- 
“ 2ab' ^ 

a-Z" cos.0 or 

SsinAit)' , 
+ 

1 

a 4a26/2 * 
[Extreme value of z J 

If the two planes are at an infinite distance from each other, b' will be infinite, 

and we shall have 
2sin.y<f 

V/2 a 

[“Extreme value of z, when the! 
Ldistancc of the pianos is infinite. J 

We have ~ = a [9323]; moreover, in a capillary tube whose semi-diameter 

sy* sin ^ ^ 
is l, we have ~ = [9379], q being the height to which the fluid in 

the tube rises above the level [9378] ; therefore we have 

~    . /—j 7 [“77 rExtreme value of z, when the T 
~ y tang.ijo • Ldistunee of the planes is infinite. J 

If we suppose è' to be equal to aright angle, which appears to be the case for water 

[and alcohol] relative to glass, l being a millimetre, we shall have q = 6mi-,784 

[9364], which gives for the height to which the water is elevated, by a glass plane 

dipped vertically into a vessel filled with that fluid, 2mi,,6046 [9425g]. This 

ought to be rather less by experiment, because the point which we take for the 

origin of the curve can become sensible only by being at a distance from the 

sides of the tube ; it must therefore be a little below the point A, fig. 116, page 

713. We may observe that, by the extreme point A, we always mean the point 

nearest to the tube, but situated without its sphere of sensible activity; and as this 

point is at an insensible distance from the tube, it may be supposed to touch the 

tube. 

In case the two planes are at an infinite distance, the differential equation of 

the curve becomes * 

as is given by M. Poisson, in page 184 of his Nouvelle Théorie, fyc., changing z into l, 

and Ô' into p., to conform to his notation. When the fluid wholly moistens the plate, as is 

the case with water, we shall have ô'=9(P [9362], and y/2.sin.|A'=:l ; whence z—u, 

which represents the elevation of the fluid near the sides of a plate which is perfectly 

moistened by it. The same is found in another way in [10281n], 

* (4169) When the planes are at an infinite distance, and b'— go [9428], the 

expression [9420] becomes Z = l—-as8; whence 
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(1-tt.22) . dz 

z.\/a• y‘2 —u.2 ■ 

["Equation of tlie surface, when the"! 
Lplanes are at an infinite distance. J 

Thus in fig. 120, PQ being the line of level of the fluid, we have PV = z, 

and by making VN—y\ we shall have dy' = — dy; the differential equation 

of the curve ANQ, which the fluid forms near the plane AP, will therefore 

be 

gives, by using the formula * [629], 

y = 1 _ Z— 0.b’\(1 — Zf + . (1 — Zf — 5a.3. b'\(1 — Z)4+&c. ; 

[/l — Za —- [/2<xza—ixpz4 = z ,\/2a . t/l — è az2 j 

hence [9421] becomes as in [9435]. Moreover, by continuing the line MN=y, fig. 116, 

page 713, to meet the vertical line A V in V, we have VN = AP—NM, or y'=AP—y 

[94139436] ; and as AP is constant, while the point N varies, the differential will be 

dy' — — dy, as in [9436]. Substituting this in [9435], we get [9437], which is here left 

by the author without integration, but it is done in [10181a—v], by means of logarithmic 

functions, and also in [10208]. 

* (4170) If we put in [9439], it becomes u'—\— Z—cl&'V2, which may 

be solved by means ot the formula [629a, 629] ; but to avoid any confusion in the symbols, we 

shall suppose the letters u, x, t, z, a, Z, to be accented in [629a, 629] ; then, comparing the 

expression ol u' [9440a], with the general form x'=(p (P-{- dz') [629a], we get x'=u', 
9 = 1, u '2 . ; and the expression u,= -^(x) — -\’\y{t'-\-dz')\ 

[629a], becomes simply u'= t'-\~ or 49 = 1; moreover, u being the value of u', when 

a = 0, we have u = 1—Z\ hence ^—^=1. Substituting this in [629], we get 

u'= u <x' Z'. — 4- — 
df ^ 1. 

,2 d.(Z'Kd~1 

.2 dV 
df) l8 , , Of* d.Z'2 , „ 
--f &c. = u + ttZ . dt, + Sz.c. 

Now substituting a.'= —a&'s, Z' = u2 [9440c], we get 

[9435] 
Two 
planes at 
an infinite 
distance 
from each 
other. 

[9436] 

[9437] 

Elevation 
of a fluid 
between 
two very- 
near par¬ 
allel 
planes. 

[9438] 

[9439] 

[9440] 

[94356] 

[9435c] 

[9435d] 

[9440a] 

[94406] 

[9440c] 

[9440d] 

[9440e] 
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[9441] 

[9442] 

[9443] 

[9444] 

[9445] 

[9440/] 

[9440g-] 

[9443a] 

[94436] 

[94436'] 

[9443c] 

[9443d] 

[9443e] 

whence we deduce 

dz = — b'dZ.\\ — 2a6'2.(l — Z) + &c.j ; 

consequently 
dy __ ZdZ. {1 — 2a5/2. (1 — Z) + &c.} 

\ZT=z* * 

Putting Z = cos/, we shall have * 

= dô. cos/. 11 — 2a6/2. (1 — cos/) + &c.} ; 

whence, by integration, 

| = sin/—&b'2. (2 sin/ — è — \. sin.2âj ; 

in which we must 

a2.6'4 d.u4 a3. 6'6 d2.u6 

w/=u — aJ2-u2+ 1.2'*"^" ‘“1.2.3* d/2 

put u = t' [9440ff], and we shall get 

-|— 8iC., 

u'=t'_a»».<'».+ — — &tc. — t'— a.&'2.t'2-[- 2a2£>'4. t'3— 5x3b'ùko. 
‘ 1.2 dt' 

Lastly, substituting u'=- [9440a], and t'= 1 — Z [9440c], it becomes as in [9440]; 

multiplying this by V, and taking its differential, we obtain [9441]. Multiplying [9441] by 

V \J\ Z2 ’ we Set the expression °f y7 [9421], as in [9442]. 

* (4171) The assumed value of Z [9443] gives /l —Z2 = sin/, whose differential 

is == dô.cos/ ; also 1 — Z= 1 — cos/ ; substituting these in [9442], we get 
v/i—.Z2 

[9444], and by using 2cos.2â = l-|-cos.2ô [6] Int., it becomes 

^_dô. cos/—a 6'2. (2c/. cos / ■— 2dô. cos .2 6)=dô. cos /—a/2. (2 dô .cos.ô—dô-dô.cos.2ô). 
b' 
Its integral gives [9445] ; and by substituting [j-sin.2$ = sin/.cos/ [31] Int., it becomes 

Now substituting 

= sin/. \ 1—-2c*i/2.fl — —-—s-cos/^. 

ô = ô' [9446], and dividing by l, we get 

1 

V 

sin./ 
« 

l 
1 — 2a6'2 

Ô' 

2 sin./ 
i-COS/'^ . 

1 sin./ . 
If we neglect terms of the order a, we get very nearly — using thlS and a 

[9446], we get ^■ (Ap)"= ’ substituting this in [9443c], we obtain 

[9447] ; observing that l is the distance of the lowest point of the surface from either of the 

planes, so that the distance of the planes is 21. 
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therefore, by supposing the extreme value of y to be l, that of ô to be ô', and 

sm,<5 [9425e], we shall have using the value of a = , 
b Iq 

1 sing7 

b,=~ 
1 — 

21 
1 —ô—- 4. cosg' 

2sin.â/ 2 I { g'.sin.â7 

and as l is very small relative to q, when the planes are very nigh to each 

other, we shall have nearly 

1 _ sing' 

b'-~T' 

In the case of ô' equal to a right angle, the fraction 

21 6' 

q.sin.Ô ! * 1 — 
2sing' 

•i-COSg' [9447] 

becomes 
26 \ 
-.(l-H. 

If / = lmi-, we shall have for water 9 = 6mi,,784 [9432], and this fraction 

will become 
2.1. 

. (1 — i*-), or t^q i ^ may therefore be neglected in 
6,784 v 4/7 15,8 

comparison with unity. 

The preceding value of ^ [9447] gives, for the elevation q1 [9406] of a 

fluid between two vertical and parallel planes, distant from each other by 21, 

the following expression 

H sing / oill.V C _ 21 
q =-. -xr. ] i-- 

g 21 ( q. sin .T*0 

ô' \ ) —-- IrCOS.Ô ) > , 
2sm.ô' 2 JS 

[Elevation 5' of a fluid""] 
between two vertical 1 
and parallel planes I 
whose distance is 21. I 

which is also the expression of the depression of the fluid below its level, 

(417*2) Putting b = ao [9414], in the expression of the capillary action on a 

H 
concave surface [93156], it becomes K—— ; adding this to gq', the sum must be equal to 

H 
K, as is evident from the reasoning in [9355a, &c.] ; hence we have K — —-|-gq'—K, 

or q — 
H J_ 

g‘2b1 
and by substituting - [9447], it becomes as in [9453] -, which is nearly 

Ti sin./)7 
equal to — [9454], when l is very small. Moreover it is evident, from the reasoning 

in [9369, &tc.], that this same expression [9453] will also denote the depression of the fluid 

below its level, when the surface of the fluid is concave ; the effect being merely to change 

the signs of q, ô', q' [9353, 9424, 9452], as in [9352d, &ic.], which does not alter the 

value of q' [9453], as is evident by inspection. 

vol. iv. 188 

[9446] 

[9447] 

[9448] 

[9449] 

[9450] 

[9451] 

[9452] 

Elevation 
between 

[9453] 
two verti¬ 
cal planes. 

[9452a] 

[94526] 

[9452c] 
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[9454] 

[9455] 

[9456] 

[9457] 

[9458] 

[9459] 

[9460] 

[9461] 

[9461'’] 

[9462] 

[9463] 

between the same planes, ivhen the interior surface of the fluid, instead of being 

concave, is convex ; and when the distance of the planes 21 is very small, it 

becomes very nearly 
H sinT 

being inversely as that distance 21. 

If the two parallel planes, instead of being vertical, are inclined to the horizon, 

the surface of the interior fluid, and its position relative to the planes which 

include it, are very nearly the same as if the planes were vertical, as we have 

seen in [9376] relative to inclined tubes. The vertical height q' of the fluid 

above the level is therefore the same, whatever be the inclination of the planes. 

9. We shall now consider a small column of fluid, contained within a conical 

capillary tube, open at both ends. 

We shall suppose ABCD, fig. 121, _zp 

to be the tube, and MM’N’N the 0 

column of fluid; and we shall at first N 

suppose the axis OE of the tube to 

be horizontal, 0 being the summit of the cone, or the intersection of the lines 

CA, DB, if they were continued to O; we shall also suppose that the 

surfaces of the fluid MpN, M'p' N', are concave. It is evident that, the tube 

being narrower at p than at p', the radius of curvature of its surface will be 

less in the first point, than in the second. Representing these radii by b, V, 

respectively, we shall have for the action of the fluid at p, upon an infinitely 

narrow canal pp', in the direction pp', the expression K-— [9254] ; and 
JTT 

in p' this action will be K— — , in the opposite direction p'p ; and as 

b' is greater than b, this action will be greater in p' than in p ; consequently 

the fluid, contained in the canal, will tend to move towards the summit 0 of 

the cone. The contrary will take place, if the surface of the fluid be convex ; 

H H 
for then these forces will be respectively üf-f —, and jST-f- — [9276]; 

consequently the action of the fluid upon the canal will be greater at p than at 

p'; therefore the fluid tends to move from p towards p\ 

To determine the radii of curvature b, b', we shall put 

a = the line Oq, or the distance from the vertex O of the cone to the 

middle pointy? of the drop, or to the middle of the line pp' ; 

a = the half-width of the drop pq or qp' ; 

zi = the very small angle MOp, being the angle formed by the side of 

the cone and its axis ; 

6' = the complement of the inclination of the extreme side of the arc pM 

to the side of the cone OM [9346]. 
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Then, if we suppose the curves Mp N, M'p'Nto be circular, it will be easy 

to prove that we shall have * 

^ (a—a), sin.® _(a T a), sin.® [9464] 

sin.6f-(- sin.® ’ sin.V—sin.® 

* (4173) We have changed tang.® into sin.® in all the formulas [9464—9482], to 

correct a mistake of the author, in the original 
'IK 

work, in the values of b, b' [9464]. The 

correctness of this change is easily perceived 

by referring to fig. 122, which is similar to 

fig. 121, the angle at O being enlarged so as 

to make the lines more distinct. In this figure, 

C is the centre of the surface MpN; MA is 

perpendicular to CM, MB perpendicular to 

Op. Then OMC — è', MOC — -&, MCB — è'-\-v> ; and as MC—b, we shall have 

MB = MC.sm.MCB = 5.sin.(â'-j-'zÿ) j C'Z? = 5.cos.(V-f_'z3) ; 

Bp= Cp — CB — b — b .cos. ($'-{- ®). 

Now OB=Oq—pq— Bp —a—a—\b — 6.cos.(V-J- ®)[ multiplying it by tang .MOB, 

or tang.®, we get MB —(a — a).tang.® — &.tang.®-f“6.tang.®.cos.(d/-f- ®). Putting 

(a — a), tang.® 

[9463a] 

[94636] 

[9463c] 

this equal to the value of MB [9463c], we get b — . 
L J ^ sm.(ô~}-®) — tang.®,cos.(â-p®)-f-tang.® 

Multiplying the numerator and denominator by cos.®, and substituting in the denominator 

cos.®.sin.(V-f-®) — sin.®.cos.(ô'-{-®) — sin. f (V-{-®)—®|=sin.ô/, it becomes, as in 

[9464], b = ^ ; but differs from the original value of b [9464] by changing 

tang.® into sin.®. 

We may find in the same manner the value of b'= CM', fig. 122, corresponding to the 

surface M'p'N', the tangent being M'A', and the perpendicular M'B'. In this case, we 

have C'M'm = ô', C'Ojf=®, M'C'B'=Ô'~ w; hence M'B' = b'. sin.(V—®), 

C'B'—b'. cos.(V—'®), p'B'—b'—b'. cos.(V — ®); adding this to Op'=Oq-\~qp'=a-\-a, 

we get a-f b'—-b'. cos.(P—®). Multiplying this by tang.®, we get a second 

expression of M'B'= (« -j- a) .tang.®-f- 5'.tang.®—■ b'. tang.® .cos.(â'—®). From these 

(a —{— a.). tang-.-scT 

[9463d] 

[9463e] 

[9463/] 

[9463g] 

two expressions of MB', we get b'= . Multiplying [9463A] 
sin.($'— ®)-|~tang.® .cos,(V— ®) — tang.® 

the numerator and denominator by cos.®, and substituting in the denominator 

sin.(V—®) .cos.® -{- cos.(V—®) .sin.®=sin. j (é'.— ®) -j- ®]=sin.ô', 

we get, as in [9464], differing from that in the original work, in [9464], 
sm.0—sin.® ° b L J 

by having in it sin,®, instead of tang.®. 

[9463%] 



752 THEORY OF CAPILLARY ATTRACTION. [Méc. Cel. 

[9465] 

[9466] 

V. 
[9467] 

which gives * 

H_H 

b b': 

H.s'm.ô' 

sin.-tf 

2a , 2a3 , p ) , 2iT , 2JY.a2 , p 
— 4- — + &c. M--ô-h &c. 
a2 1 a4 1 S a a3 

If we now elevate the point A, so as to incline the axis OE to the horizon by 

an angle V, the weight of the column pp' will be f 2ga.sin.F', g being, as 

in [9316], the force of gravity; and when the column remains suspended in 

[9465a] 

[94656] 

[9465c] 

H H.sm.ô' , 
* (4174) Dividing H by the value of b [9464], we get — = ■ _ N oiy~ + 

H 

a- b (a—a).sin.ra; 

which can be developed according to the powers of -, as in [9465a] ; in like manner, by 

dividing H by the value of b' [9464], and developing, we get [94656], and their 

difference is as in [9465c] ; 

H 

b 

H 

b : 

H 

b'~' 

H 

' v: 

H. sin.y 

sin.w 

H. sin.y 

sin.-EJ 

H. sin.y 

sin.vr 

1 , a, , a2 . . } , H 

s+ÿ+^+8ïC-s + »' 

H. a , H. as , 0 
—q-+&c.; 

a2 a3 ' 

1 a a2 0 ■} H , H. a H. a2 

2a3 

Szc. ; 

;2a , 2a3 , o 7,2H . 2R.a2 
-b--b&c. > +----b&c. 
a2 a4 ' ) a a3 

This last expression agrees with that in [9465], where, for greater accuracy, we ha,ve changed 

[9465c?] tang ^ int0 sin<Wj as 4 [9463/, i] ; and we have also changed La Place’s symbol a into a, 

to avoid confusion, as a is used in another sense in [9328, &c.]. 

[9467a] 

[94676] 

[9467c] 

[9467c?] 

f (4175) We shall suppose the axis of the 

tube OE, fig. 123, to be inclined to the 

horizontal plane OH, by the angle HOE=V, 

instead of being exactly horizontal, as in [9456] ; 

and shall then take into consideration the fluid 

in a cylindrical canal, formed about the axis 

pp'=2&, its base being extremely small, and 

represented by unity. In this case, the volume 

of the cylinder is represented by 2a, its gravity 2ga [9316], and its pressure in the direction 

pp' equal to 2iga.sin.F. This is to be added to the capillary action in p, in the same 

H 
direction pp', namely K— — [9457]; so that the whole column presses in that direction 

H 
and when the fluid is in [9467e] with a force which is represented by K——-f-2(ga.sin.?z; 

equilibrium, this force must be equal, and contrary to the capillary action at p', namely 

[9467/] K — —, [9458]; hence K—g-\-2ga.sin.V=K—consequently 2ga.sin.F=y—p. 

Substituting the value of the second member of this expression [9465], and neglecting terms 

of the order a2, we get [9469]. 
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equilibrium, by means of this action, this weight must balance the force — — p, 

by which it is urged towards the point O in consequence of the attraction of 

the fluid ; we shall therefore have, by neglecting the insensible terms, 

2ga. sin. V 
H,sinJ' 2a 2H 

- * 9 “I- 5 
sin.# ar a 

. T H sin.à' 1 H 1 
or sm. v — —— -j—.— . 

g sm.# a2 g a a 

We shall put l for the height to which the fluid is elevated, in a cylindrical 

tube, whose interior semi-diameter or radius is a. sin.#, which is equal to the 

nearest distance of the side of the tube from the centre of the drop q ; we shall 

have, by using [9360],* 

, H.sm.ô' , H.sm.ô' 
gl = —;—, or l =-:— ; 
° a. sin.-c* ga.sin.-ro 

therefore we shall have 

. TT l , l. sin.# 
Sin. F = -fl-r—7. 

a a.sm.t) 

Sine of the inclination V of the I 
axis of the cone to the horizon, ] 
when in equilibrium. I 

Lsin.sr l a. sin.# . M1 , 
I he term —-—- may be put under the form ——7 ; it will be very 

a.sm.fr " a a.sin.ô' 

small, relative to the term ^ , if ft.sin.^ [9470'] be very small relative to a 

[946 F], or if the length of the little column be much greater than the width of 

the cone at the point q ; in this case, we shall have very nearly, by neglecting 

that term in [9472], 

. I 
sm. V = -. 

a 

Approximate value of the sine j 
of the inclination Vof the axis | 
of the cone to the horizon. 

* (4176) If we draw qq' perpendicular to OM', fig. 123, it will represent the radius 

of the tube [9470'j ; which will therefore be expressed by Oq.sin.w, or a.sin.w. If 

we put this for l in [9360], we shall obtain q, the elevation of the fluid in a cylindrical 

tube whose radius is a.sin.-za; and the value of q, which is the same as l, in the present 

notation [9470], will be 1 = 
H. sin.i 

hence we obtain gl [9471], or H= 
gla. sin.# 

ga. sip.#' ^ L J' sin.0' 

Substituting this in sm.V [9469], we get [9472]. We may remark that we have supposed 

the line qq' to be drawn perpendicular to the side of the cone OC, instead of being 

perpendicular to OE, as in the original work; this is done to avoid the use of tang.#, which 

is changed into sin.#, in [9463/] ; terms of the order of the difference of these quantities 

being omitted in [9469, &C.] ; so that this cannot be considered as making any essential 

alteration. 

[9468] 

[9469] 

[9470] 

[9470] 

[9471] 

[9479] 

[9473] 

[9473] 

[9474] 

[9471a] 

[94716] 

[9471c] 

[94714] 

VOL. IV. 189 
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[9475] 

[94750 

[9476] 

[9477] 

[94770 

As l [9471] is inversely as a, - will be in the inverse ratio of * a2; and 

as V is a small angle, it follows that this angle is then very nearly in the inverse 

ratio of the square of the distance of the middle of the drop from the summit of 

the cone. 

The term 
/.sin.to 

a.sin.à' 
[9472] depends upon the difference in the number of degrees 

contained in the arcsf MpN, M'p'Nand this difference arises from the 

circumstance that the concavity of one of the arcs is turned towards the summit 

of the cone O, and the convexity of the other. The term depending upon this 

difference may therefore be neglected without any sensible error, when the 

length of the column is much greater than its thickness, or the diameter of the 

cone at the point q ; and then we may suppose that the two curves MpN and 

M'p'N' are similar. 
We have supposed the two surfaces of the fluid column to be spherical; but 

this supposition is not accurate, and we see in [9351, &c.], that, on account of 

the action of gravity, the value of ^ will be decreased by a small term of the 

[9475a] 

[94756] 

* (4177) 

as a2, as in 

Dividing the value of l [9471] by a, we get 

[9475] ; substituting this in [9474], we get 

l H. sin.y 1 . . . . 

« = ieinsmversely 
. H. sin.y 1 . , 

sm.F=—:—. — : and when 
g. sin.TO a2 

F” is small, it becomes very nearly V= 
H. sin.y 3_ 

g.sin.TO ’a2’ 
as in [9475']. 

f (4178) We have in fig. 122, page 751, the angle MCB = è' -f ^ [94636], the angle 

M'C'B'—ô'— to [9463g] ; hence MCB — M’C'B1 —2to; and as the quantity -to occurs 

[9476a] in the term —AN. ;t ^^4 seem, at the first view, that, when is small, this term must 
a.sm.9' 

be nearly proportional to the difference 2-ro of the angles MCB, M'C’B'; but we ought 
, _ sin.TO 

to observe that, if we multiply the value l [9471] by —:—we shall get 
ci » sm.$ 

[94766] 
l. sin.'TO #11 

a.sin.y S a a’ 

[9476c] which depends on the constant factor —, and on the lines Oq = a [9461], pq— a 

[946 F], without containing explicitly, which seems to be contrary to what the author 

supposes in [9476]. 
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1 O' 
form* -, ; Q being a coefficient independent of 6. Likewise — 

will be decreased by the term i.Q.^.6'2; the difference ^~ will 
6 Jd bo 

therefore be increased by Qg*(b‘—6), or very nearly —. The 

value of sin.L will therefore be increased by the term . Without 
Sltl.t 

determining Q, we see that it must be a small number, and there is reason to 

believe that it is less than unity, as in the expression of ^ [94786], where it is 

only i, when V is a right angle.f The value of V will therefore be increased 

from this cause by a very small angle which is much less than ® ; so that we 

may, without any sensible error, neglect this increment. 

1 sin A* 
* (4179) Neglecting terms of the order a, we get from [9351] — =——, or 

U J/ 
l=b.sin.ô'; substituting this in the part of [935i] containing a, and putting for brevity 

Q=i—#• 
(i — cos.sy) 

sin.' 
we get — 

sin. 

I 
-. Q.a62, as in [9478], observing that 

&=~ [9328]. In like manner 
HL o' 

sin.y 1 „ 1/9 
- — , 4 . Hence the terms depending on 

V 

H H cl 1 h 
Q will produce in — — — the quantity H.< — .Q.<xb/a—-. Q .a62 £ =jHgl. Q. (V—6); 

and by substituting H&=g [9478c], it becomes Qg.(6'— 6), as in [9480]. But, sin.® 

being small in comparison with sin.T, we have nearly, from [9464], 6— (a—a).~r~*, 

sin.Trf 7I , n sin.® . 
b = (a-j-a). ——— , o —- o=2a.w^; consequently the preceding expression Qg.(b ~-b) 

sin.â' 

becomes very nearly 3 as in [9480]. This increment of —■ 
sm„ 

H 
— ought to 

be added to the second members of [9465, 9469] ; and as the last of these expressions 

represents the value of 2ga.sin.V [9467/*], its increment will be ■ '—; dividing 

this by 2o-a, we get the increment of sin.F", equal to } as in [9480]. We may 
sm.0 

finally observe, that, when the surface of the fluid in a tube is spherical, we have îf = 6.sin.ü 

[93456] ; and at the side of the tube where u — l, ô==ô'} it becomes Z = 6.sin.T, or 

sin ^ 1 
-==■—y~, which differs from the general value of - [94786] by the terms depending on 

Q; therefore the terms depending on Q arise from the variation of the figure of the surface 

from a spherical form. 

t (4180) When ô'=90d, the value of Q [94786] evidently becomes Q==y, and 

then the increment of sin.ff [9478g] is -g-sin.®, or a® nearly. 

755 

[9478] 

[9479] 

[9480] 

[9481] 

[9482] 

[9478a] 

[94786] 

[9478c] 

[9478c?] 

[9478e] 

[9478/] 

[9478g] 

[9478A] 

[9478i ] 

[9481a] 

f 
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[9483] 
Figure of a 
clropof flu¬ 
id between 
two paral¬ 
lel planes. 

[9483'] 

[9484] 

[9485] 

[9486] 

[9485a] 

[9485&] 

[9485c] 

[9485c?] 

[9485e] 

[9485/] 

[9485g-] 

[9485g'] 

[9485/t] 

10. We shall now consider, in the same manner, a drop of fluid between two 

planes, which meet each other at their border, or line of intersection, supposing 

this line to be in a horizontal position. The drop will assume, between these 

planes, a form nearly circular, and similar to a pulley. We shall first determine 

the figure it would have between two horizontal planes which are very near to 

each other. The surface of the drop will be that of a solid of revolution about 

a vertical axis passing through its centre of gravity. Therefore, by taking this 

point for the origin of the vertical ordinates z, and of the horizontal ordinates 

u, we shall have, as in [9315, &c.],* 

ddz 1 dz 

du9 u d u 
. ^1 + 

c/m2/ 

' c^y 

‘did) 

, 2gz 

+ TT 
l 

V 

l 

b5 
Equation of the figure of a drop! 

between two parallel planes. J 

mrj.teZh 

TL 
TJ 
IT 

\ \> - « 
T) 

C 

* (4181) Let AA'O'B'BOA, fig. 124, 

be a section of the drop, by a vertical plane 

passing through its centre of gravity G; AOB, 

A'OB', the surface of the drop; A A', BB ', 

the planes. The coordinates of any point N of 

the surface being denoted by QD — z, DN=u, 

C is the centre of curvature of the point O of 

the surface; so that CO — b [9488], and it is 

evident that GO = A [9487]. The radius of curvature of the arc ANO, at the point 

jV, is R ; the other radius of curvature of the arc passing through the same point N, 

perpendicular to the plane of the figure, is R'. In the calculation of the equation [9315], 

the external surface is supposed to be concave ; and to conform to the present case, we must 

change the signs of R', b', as in [9301a, 6], and then [9315] becomes 

Bf 

Rejecting K from both sides of the equation, and then multiplying by —. 

1 1 2gz 1 1 

R' ~ * 

we get 

Now we have 

1 

R' 

1 dz 

u du 

i/: 
dz2 

[93269; also, in [9327e], -= — 

1 . dz 

du’d'du 
dé* Y 

1 ’ 

l+w l,1 + dUy 
observing that the sign of this expression is negative, being different from that in [9326]. 

The reason of this difference in the signs is, that, in computing ^ [9326], the curve ON 
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b'= the radius of the circumference formed by the section of the drop with [9487] 

a horizontal plane drawn through its centre of gravity ; 

b — the radius of curvature of the section of the surface of the drop by a [9488] 

vertical plane passing through the centre of gravity, at a point where 

z is nothing. 

We have given to the fractions 7,)-., contrary signs in [9486], because the 
b b [9488'] 

surface is concave towards the centre of gravity in a horizontal direction, and 

convex towards the centre of gravity in a vertical direction. 

If we neglect the action of gravity g, as we have done in [9333, 9334], 

the equation [9486] will give, by multiplying by udu, and then integrating,* 

fig. 116, page 713, is supposed to pass through the origin of the coordinates O, with its 

concavity upwards, or in the direction of the positive values of z ; being the same as if a 

curve was to pass from G to N in fig. 124, with its concavity upwards; but in the present 

case, the curve ON A has its convexity upwards ; hence it is evident that the differential 

diZ 
of —, on which the curvature depends, must have a different sign in fig. 124 from that in 

fig. 116. Substituting the values [9485g-'], in [9485g-], and reducing the two first terms to 

the same denominator, we get the differential equation of the surface [9486], being under 

the same form as it is given by M. Poisson, in page 202, Sic. of his Nouvelle Théorie, fyc. 

When the point N falls below the plane OGO', as at N', z will become negative, and 

equal to —zn zt being considered as positive, and the equation [9485g-] becomes 

1 1 Zgzt 1 1 

R' ~~' R ~ IF = b‘’ ~~ b ’ 

[9485i] 

[9485Æ] 

[9485/] 

[9485m] 

and as the signs of R1, R, remain the same at N', N, the arc AOB being supposed 

concave to C, it follows that the radical in the values of [9485g-], 

must also change its sign, when we change 2 into — zt ; hence it will follow that the only 

difference in the equation [9485g-, or 9486], when applied to the lower part of the curve at 

N, will be to change the sign of the term -f—r [9486], so as to make it — —, and 
H. H 

then read zt for z. 

[9485n] 

[9485o] 

[9485p] 

# (4182) Neglecting the term depending on JL in [9486], multiplying the rest of the 

{"9489fil 
expression by udu, and then integrating, we obtain the equation [9489], the process being 

similar to that in [9329]. Its first member may be put under the form 

u 

[94896] 

VOL. IV. 190 
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[9489] 

[9490] 

[9491] 

[9492] 

[9493] 

[94938 

dz 
U . — 

du 

1/1 + 
c/s2 

difi 

Iti2 M2 
constant __+_. 

To determine the constant quantity, we shall observe that, when 2 = 0, we 

shall have — = co, and u = br [9487] ; hence we deduce 
du 

6'2 6'2 
constant = ^ + w, 

consequently 
dz 

u. — 
du 

1 + 
dz2 

du2 

6'2 —M2 6'2-fU2 
+ 

26 26' 

6'9—m2 , 6'2+îi2 

âT~*— 

We shall now put 

and then we shall have * 

dz = du ~ s/i£ — U2 ' 

The integral of this differential equation depends on the rectification of the 

conic sections ; and, by taking the integral, we get z in terms of u. We 

shall put 

U.du dz 
or — = 

U 

and at the point O, fig. 124, page 756, where u=b', and — =0, it becomes equal to 

&'2 b'2 
[9489c] 6and then the equation [9489] changes into 6'= constant — ~ + which gives the 

constant quantity as in [9490] ; substituting this in [9489], we get [9491]. 

[9493a] 

* (4183) Substituting [9492] in [9491], we get 

squaring, and multiplying by du2-{-dz2, we easily obtain dz [9493], which is similar to that 

in [9393], and like it can be integrated by means of elliptical functions, or by the 

rectification of the conic sections [9392c]. 
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2h == the distance of the two planes between which the drop is included, so 

that h is the extreme value of z ; 

f= the extreme value of the horizontal radius u ; then the integral of the 

equation [9493] will give h, in terms of /, b, b'; 

Ô1 = the complement of the angle which the extreme side of the vertical 

section of the surface makes with the horizontal plane ; this notation 

being similar to that in [9346] ; then we shall have, at this point,* 

therefore 

dz cos.é' 
_ , _ • 

du sin.T ’ 

cos.ô' U 

sin/ = ’ 

[9494] 

[9495] 

[9496] 

[9496'] 

[9497] 

Substituting / for u, in the second member of the equation [9492], we obtain, 

as in [9496c], 

COS.Ô' = 
2fb 2b ~ 2b' ^ 2fb' * 

[9497'] 

[9498] 

If we substitute in the expression of h in terms of/ b, b' [9495], the value of/ 

deduced from the equation [9498], we shall have an equation between h, 6, 

and 6', from which we may deduce b in terms of h and b'. 

If we suppose b' to be considerably greater than h, or, in other words, if the 

thickness of the drop be very small in comparison with its width, as is supposed ^94"^ 

* (4184) This is similar to [9383/], changing the sign of L'K' from negative to positive, [9496a] 

to conform to fig. 124, page 756, and observing that, in this case, 6' represents the angle 

PAa, formed at A by the line AP and the tangent Aa of the arc at A. Substituting 

this in the second equation [9493], we get [9497]; and from the second form of this 

equation we easily deduce cos.é'—sin.T^^/\ — ^. This value of cosJ' gives [94966] 

U=u.cos.T, which is to be substituted in the first member of [9492] ; then, putting u=f [949gc] 

[9497], and dividing by /, we get [9498]. We ought to remark, that the author supposes, 

throughout this calculation, that the two planes are of the same nature, or have the same action [9495^] 

on the fluid ; or, in other words, that the extreme angle of inclination of the fluid to the plane 

Ô' is the same for both planes ; it is, however, very easy to modify his calculation so as to [949^ j 

take up the case where these angles differ from each other, as we shall show hereafter, in 

[9514e, &c.]. 
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[9500] 

[9501] 

[9502] 

[9503] 

[9504] 

[9505] 

[9503a] 

[95036] 

[9505a] 

[95056] 

[9505c] 

[9505c?] 

[9505e] 

[9505/] 

in the preceding article [9473'], we can determine 2 by a converging process. 

For this purpose we shall put 

1 1 _ J_ 
b b'~W' 

u — b'-{- ur, 

u' being very small in comparison with 6'; and we shall then have* 

u '2 

U = V! — 

We shall now put 

u' — u" ■ 
U "2 

26 / 5 

U ! a 
and we shall have, by neglecting quantities of the order f — , 

* (4185) Substituting the value of u [9501] in [9492], we obtain successively, by 

using [9500], the same value of U as in [9503] ; 

u=- 

uf 
2b"' 

f (4186) Substituting u! [9504] in [9503], we get successively 

Now as 6' is much greater than 6, the quantity — [9500] must be of the same order as 

that is, b, b", must be of the same order; consequently 6" must be small in comparison with 

b'. Again, it follows from [9504], that u" is of the same order as u' or b [9501, &c.]. 

1 2 u"3 1 263 
Hence the term -7-.—— is of the order —/5or — , which is to the first term 

26" 26 26 26 26 
6' 62 6 

of U [9503], namely —. b" or b', as — to 1, and, on account of the smallness of -, it 

may be neglected. Moreover the last term of [9505a] is of the order —, in comparison 

with that just considered, and it must therefore be smaller, and, like it, may be neglected ; and 

then the last value of U [9505a] will become as in [9506]. We may observe that, when 

z = 0, u becomes equal to b' [9487], and u' [9501] becomes u'—O; moreover, at this 

point, the value of u" deduced from [9504], is w"=0, and then tve find the assumed 

value of Ô, at the same point, to be 6 = 0, as is evident from the equation [9508] ; these 

values are used in [9510]. 
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which gives * 

u"-w^. 

We shall now put 

*=6"-0+f)’ 

u" — B.(\—cos.d) , 

and we shall have very nearly f 

* (4187) Substituting the values of u, U [9501, 9506], in m2—Î72, we get [9507a], or, 

by reduction, [95075] ; and by using the value of u' [9504], it becomes as in [9507c]. 

Neglecting the terms containing u"3, w"4, on account of their smallness, we obtain the first 

form of [9507d], which is easily reduced to the second form, as in [9507] ; 

h> 2 

w2— C72=:(5'2 + 26V+m'2)——.(5"2 —2&V'+w"2) 
0 “ 

2&'2 y 2 
"2 

6" 2 

y 'wy 
,2&'3 , 

= (2b'u"—u"*)-f 

f (4188) Substituting the expressions [9508, 9508'], in the equation [9507], it becomes, 

by successive reductions, 

w2—C72=^.\2B2. (1—cos.d)—B2. ( 1 -cos.é)2} .B21—cos.2ô\ =4^. B2.sin.2Ô ; 
6 "2 

whence —172=—.R.sin.ô. From [9501,9504], we obtain w=5'-|-w/'—^7, 

whose differential is du=du"—•— multiplying this by U [9506], we get 

Udu=du".h-.(^ 1 — y) • {b "—u"). 

Substituting du"= B.dô.sm.ô [9508'], and dividing by s/u* — U%, we get the expression 

of dz [9493], under the following form; 

Now the value of u" [9508'] gives 

aU2—Z?2.(l—2cos.â-j-cos.2$) = B2.(f—'2cos.0-f-0-cos.2d) [6], Int.; 

VOL. IV. 191 

[9506] 

[9507] 

[9508] 

[9508A] 

[9507a] 

[95076] 

[9507c] 

[9507c?] 

[9509a] 

[95096] 

[9509c] 

[9509c?] 

[9509c] 
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[9509] 

[9510] 

[9511] 

[9512] 

é". 

[9513] 

dz — b"dô. Zcos.i 
w+k'-cos^l- 

Integrating this expression, and observing that z vanishes at the same point as 

u", and therefore also with ô [9505f], we get 

C . b" b" 
z — b". <sin.0— —r..6 -j-777• sin.2d 

( 2b' 4b' 1 («) 
Putting h for the extreme value of z, and ô" for the corresponding value of 6, 

we shall have 
C h" Ô" h" 

/i==6".sin.ô". ] 1 — ——. — — -j- —7-.cos.â" v ; l 2b sm.d 2b' y 
whence we deduce very nearly * 

[9509/] 

[9509g-] 

[9509A] 

[9509Î] 

[9509&] 

substituting these in [9509d], we obtain 

dz = b"dô. 

= b"d6. 

If we neglect terms of the order b"3, in this value of dz, we may neglect those of the order 

b"ü, in the terms between the braces in [9509g*] ; and in this case, the value of B [9508] 

B b" B b" B% b" 
will give — = 1 -f- — j -= — > —,=^7. Substituting these in [9509g], and neglecting 

the terms which destroy each other, we get 
c b" b" 

dz = b "dô .< — —4- cos.d 4- . cos.2 Ô ! / * w 2 V 
, asm 

[9509], whose integral is given in [9511] ; and by substituting sin.2â = 2sin.Lcos.é [31], 

Int., and then changing Ô into ô", and z into h, we get [9513], corresponding to the 

extreme point of the curve. 

[9514a] 

[95146] 

[9514c] 

[9514c?] 

[9514e] 

[9514/] 

* (4189) As — is small [9505&], the expression [9513] gives very nearly h = b". sin.ô", 

and the value of z [9511] will be nearly 2 = ô".sin.0, corresponding to a circular arc 

whose radius is b", and sine z ; therefore the surface A.OB, fig. 124, page 756, must be 

nearly circular. The value of h [9514a] gives b"= , ■■■—; substituting this, in the terms 
sm.O 

Detween the braces in [9513], we get very nearly 

h = b" .sm.ô". < 1 
h. cos.ô" 

// I 01/ Mt C ? 26'‘sin.2*/ 26'.sin.â 

dividing this by hb", we obtain [9514]. 

All the calculations which have been made in this article are founded upon 

the supposition that the two planes are of the same materials, and that the angles 6' 

corresponding to them are equal to each other. We shall now point out briefly the 

modifications which must be made when these angles are different. We shall still refer to 
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1 sin.d" C .. h ô" h.cos.ô'1 > 

b" h ç 26'* sin.2d" 2ô'.sin.â" ) 
[9514] 

fig. 124, page 756, supposing the horizontal line OGO' to be drawn through the points 

O, O', where the tangents to the curves AOB, A'O'B', are vertical; and taking, as before, 

the middle point G as the origin of the coordinates z, u ; the positive values of z being taken 

above the line OGO', and the negative values below that line. Then, instead of the notation 

in [9494—9496], we shall suppose that the symbols h,f\ Ô1, correspond to the upper plane 

AHA', and that the same letters, with a inark below them, ht,f, Ü', represent respectively 

the similar quantities for the lower plane BIB' ; h, being considered as a positive 

quantity; so that HI—h-]rhi represents the distance of the two planes; and we have 

GO~GO'=b', HA=f, IB=ft, angle HAa = 90d—Ô', angle IB b = 90Æ — ô't; 

lastly we shall suppose, as in [9488], that b is the radius of curvature of the curve AOB at 

O, or of the curve A1 O'B' at O'. Then the whole calculation in this article, from [9486] 

to [9525], may be considered as appertaining to the part of the drop which is situated above 

the plane OGO'', and the calculation relative to the lower part of the drop is perfectly 

similar. For we have merely to repeat the calculation, altering the sign of the term — in 
H 

[9486], and then writing zt for z, as in [9485^], zt being considered as positive [9485?] ; 

changing also, as above, h into ht, f into ft, Ô' into é', without altering the symbols b, b', b" 

[9514?, k, 9500], or B, Ô [9508, 9508']. Then we shall get, as in [9511], 

C . b" b" . } 
z. = 6//.] sin.d — r— .6 —.sin.2t)> . 

‘ ( 2b' 4 b' ) 

Taking, in like manner as in [9512], ht for the extreme value of zn and Ô'J for the extreme 

value of 6, we shall find, as in [9513], 

b" .sm.ô tf 

l * 

The same changes may be made in the symbols in the formulas [9516—9524] ; but, for the 

sake of brevity, we shall not repeat these formulas with their additional accents. If b or b" 

b" 
be so small, in comparison with b', that the terms of the order — may be neglected, we 

shall have, from [9513, 9514^], 

h ~ b".sm.ô", A/=6/,.sin.ô'/'; 

b" 
and, by continuing to neglect quantities of the same order - , we may also put b"=b 

[9500], ^'=sd' [9521], and in like manner ô"/ = ô'/; hence [9514s] become 

h"b. sm.ô', h/== b.sin.Ô], 

whose sum gives the thickness of the drop A-j-ht — b. [sm.â'-J-sin.ô'} ; and from this we 

get which is similar to the expression given by M. Poisson in page 206 

of his Nouvelle Théorie, fyc., changing h-\-ht into k, he., so as to conform to his notation. 

[9514g-] 

[9514ft] 

[9514*] 

[9514ft] 

[9514?] 

[9514m] 

[9514n] 

[9514o] 

[9514p] 

[9514?] 

[9514r] 

[9514*] 

[9514?] 

[9514m] 

[9514©] 

[9514to] 

[9514*] 
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[9515] 

[9516] 

[9517] 

[9518] 

[9519] 

[9520] 

[9521] 

[9521a] 

[95216] 

[95216'] 

[9521c] 

We may determine ô" by means of the angle ô', the complement of the inclination 

of the extreme sides of the curve to the two planes [9496]. At the extreme 

points of the curve, we have, as in [9497], 

U 

u u 

u 
being, in this case, its extreme value, which is therefore — = cos.ô', as in 

[94966]. Then we have, at these extreme points, as in [9508', 9512, 

9506, 9501, 9504], 

u" = B.( 1 COS.ô") , 

u = b' + u' = b'-\-u"- 
u n 2 

26'* 

Hence we easily deduce * 

ô" — ô' — ^-.sin.ô'; 

■ (4190) Dividing the value of U [9519] by that of u [9520], and substituting for 

u" 
its value cos.ô' [9517], we get [9521a]; if we neglect the square of -, on account 

of its smallness, it will become successively, as in the last form of [9521a], 

U 

u 

cos.d'= 

b'u" 

" b" 

u' 

l-F 
u"2 

5'+“"-2v 

uT u"2 

T V < 26'2 

Now from [9518, 9508], we have 

(l-f^.(l_ cos.é,/), or ^=(1 — cos.O") + (1 — cos./') ; 

whence 

1 — — — cos.ô’1—jy.(l—cos.d") ; 

. 6" 
substituting this in [9521a], and neglecting the square of —, we get 

b" u" 
cos.ô '=cos.ô " — -. ( 1 — cos.ô") — —. cos.ô" ; 

and in this last term, we may put simply 6".(1— cos.ô") for u" [95216], and it will become, 

by successive reductions, 
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therefore we shall have * 

cos./=cos.0"—^-.(1— cos.0") — ^-.(1 — cos.0").cos.0" = cos.0"—^-.(1 — cos.20") 

b" 
= cos.0"— 7-. sin.2 è". 

0 

Now if we put we shall have, as in [61], Int., cos,0'=cos.0"—<Lsin.0"; 

Putting this equal to the last expression in [9521d], neglecting the terms cos.fl", which 
b" 

mutually destroy each other, and then dividing by —sin.0", we get <5 = —.sin.^'; 

consequently 
h" V b" 

6'=îè"— .sin.0"; whence ê"—ô'——.sm.ô", or ê"=6> — — .sin.0' 

very nearly, as in [9521]. 

* (4191) Taking the sine of the value of Ô" [9521], we get 

b" 
sin.ô"=: sin.d'-— —. sin.ô'. cos.ô' 

sin./‘ 
nearly; and as we have very nearly b” ■■ 

preceding expression becomes very nearly, by successive operations, 

6" 

[9514c], or 6"=^7 neariy’ the 

sin ,d"=sin.0'. jl—'j7. cos.0'^ =sin.0'. \ 1 — • 
lb') l b'. sin.é ) 

Dividing this by h, we get the factor, without the braces, in the second member of [9514] ; 

substituting this, and changing 0" into 0', in the small terms of [9514] depending on h 

between the braces, it becomes 

1 sin.é' C Ti.cos.0' ^ C h è' . h.cos.Q' 

b" h c b'.sin.ô'j C 26'*sin.2/}/ * 26/.sin.â'S * 

Multiplying together the two factors of the second member, neglecting terms of the order h% 

we get [9522], or, as it may be written, 

( V -j_icosA 

b" h &' \2sin.y ' 2 ’ / 
[9524], 

agreeing with [9523]. 

In all these calculations, V is supposed to be much larger than h [9499] ; and if we 

b" 
suppose it to be so large that we may neglect terms of the order — in [9511], it will 

become 2 = &".sin.0; moreover [9508] will give B — b", and from [9508'], we have 

b"—u"—b" .cos.6; and then, from the sum of the squares of these two equations, we get 

z2-f~ (b"—m/,)2 = &"2, which is the equation of a circle whose radius is b" ; therefore the arc 

AOB, fig. 124, page 756, will be nearly circular when the height of the drop is extremely small 

relative to its width ; agreeing with M. Poisson, in page 205 of his Nouvelle Théorie, fyc. 

vol. iv. 192 

[9521'] 

[9521of] 

[9521e] 

[9521/] 

i 

[9522a] 

[9522a'] 

[95226] 

[9522c] 

[9522d] 

[9522e] 

[9522/] 
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[9522] 

[9523] 

[9524] 

[9525] 

I 

V 
sin.d' 

~h~ 
or 

putting 

i-A. 
26' sin.2( 

1 

b" 

sm. Q. 
v 

Q 2sin.d 
/ -jCOS.^ 

h.cos.ê' ‘ 

26'.sin.â'' 

When é' is equal to a right angle, or i*, Q will become equal to 

We shall now consider a drop of fluid, suspended in equ ilibrium between two 

[9525'] planes, which touch each other in a horizontal line at their two edges ; and we 

shall put * 

[9526c] 

[95266] 

[9526c] 
mg,126 

[9526d] 

[9526e] 

[9526/] 

[9526g-] 

[95266,] 

[9526i ] 

[9526Æ] 

* (4192) To illustrate this description, we have given 

the adjoined figures 125, 126. The first is on the 

intermediate fane passing through the centre of the drop 

C; the second figure is drawn through the same centre, 

perpendicular to the intermediate plane, and this we shall 

call the second plane. The corresponding points in these 

two figures are marked with the same letters. MM' is 

the intersection of the two glass planes, CM the line 

drawn perpendicular to that intersection. In fig. 125, the 

curve GLHl represents the curve formed by the drop, 

where it is intersected by the intermediate plane ; and the ^ 

curve KIkF represents the curve formed from that of 

the outer surface of the drop, where it intersects the 

glass plane by projecting it perpendicularly upon the 

intermediate plane. CLK is drawn perpendicular to 

CM. Then CM is the axis of x, CK the axis of y, the axis of z being perpendicular to 

the intermediate plane; and if through any point B of the curve GLHl, we draw BA 

perpendicular to CM, we shall have CA=x, CM=a, MA—a — x, AB—y, also 

HG = <2a. These same values correspond to fig. 126, in which F',B',Ar,l', &ic., represent 

respectively the points whose projections in both figures are F, D, A, I, &,c. Moreover 

F'GF", I HI", represent the sections of the surface by the second plane; these sections are 

almost circular, and the radii nearly equal to 6", when the planes are but little inclined to 

each other, as is shown in [95146] ; and if we draw F'f tangent to the curve at F', also F'c 

perpendicular to F'f, to meet MC in c, we shall have nearly F'c — b" [95146], also the 

angle A'Ff=9Qd—Ô' [9496, &c.]; and as cF'f—90d, we shall have MF'c = ê', 

also F'Mc=F"Mc =;« [9526]. Hence F'cFz=F'Mc + MF'c=z6'+vs. Lastly, h, as 

in [9494], represents the distance of the point E from the glass plane, measured on a line 

EE' drawn perpendicular to the intermediate plane, and this line is evidently equal and 

parallel to DID', so that we have h^DD'—EE'* 
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2^ = the angle which these two planes form with each other. Then, 

having drawn an intermediate plane, which divides this angle into 

two equal parts, we shall put 

V — the inclination of the intermediate plane to the horizon. 

The section of the surface of the drop by the intermediate plane, will be very 

nearly a circle, supposing, as we have just done, that the width of the drop is 

considerable in comparison with its thickness. We shall also suppose that, from 

the middle of this drop, through any part of the section, a plane is drawn, 

perpendicular to the intermediate plane ; then the section of the fluid surface 

by this plane will be very nearly expressed by the equation [9511]. In defining 

the curve which is formed by the section of the surface of the drop by the 

intermediate plane, we shall use the rectangular coordinates x, y, whose origin 

is in the centre of this curve, or centre of the drop, putting, 

For the axis of x, the line drawn from the centre of the drop perpendicular 

to the line of intersection of the two planes ; 

For the axis of y, the line drawn from the centre of the drop parallel to 

the line of intersection of the two planes ; 

a = the distance from the centre of the drop to the line of intersection of 

the two planes ; 

2a = the width of the drop, measured in the direction of the line a, or in a 

direction perpendicular to the line of intersection of the two planes ; 

a—£ = the distance from the line of intersection of the two planes to the 

point of the curve whose coordinates are x, y. 

Then it is evident that we shall have very nearly* 

[9526] 
Figure of 
a drop of 
fluid be¬ 
tween two 
inclined 

[9527] 
planes in- 

[9527'] 
tersecting 
each other 
in a hori¬ 
zontal 
line. 

[9528] 

[9528'] 

[9529] 

[9530] 

[9531] 

[9532] 

[9533] 

* (4193) The glass planes being nearly parallel, the curves GLHl, FKIlc, fig. 125, 

will be nearly circular, having the common centre C. Through this centre C suppose a 

plane to be drawn perpendicular to the intermediate plane, and cutting it in the line CBE ; 

this plane will cut the extreme part of the drop in the point E', situated perpendicularly over 

the point E, so that the coordinate z will be represented by EE'—DD'—h [9526&], or 

[9494], Moreover CB(= a) nearly [9532], andin the similar triangles CAB, CDE, 

we shall have Cj8(=a): CA (=æ) : : BE(=zFG) : AB~FGx |. Now the arc F'GF'\ 

fig. 126, being nearly circular, we have 

FG=^Gc — Fc= Gc — F'c.co$.F'cF=:b"—5".cos.(0*-h to) 

nearly [9526£]; hence A,D = -.b".\ 1—cos.^'-]*^)} ; if in this we neglect on 

account of its smallness, and substitute for 1 — cos.6' its value 2sin. 2^' [1], lot., we shall 

get AD = ~.h",2sin.2|0'; but from [9523], we have nearly —■ 
sin./)' 2sin.J/)'.cos.j|y 

ft 

[9534a] 

[95346] 

[9534c] 

[9534c?] 

[9534e] 

ft 
[9534/] 
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[9534] h — (a—x—^.tang.i^'Vtang.^, or h — (a—x). tang.to 
x J 

1 -f- - .tang.J-â .tang.ro 

which gives * 

[9535] t _ 
1 + ; .tang.^â'. tang.ro 

(a — x) .tang.ro 
=-4- --( 14--. tang.^L tang-ro^ 4- &c. 

«.tang.ro a2.tang.ro \ a b 2 b / 

[9534g- ] 

[9534A] 

[9534i] 

[9534&] 

[9534Z] 

[9534»n] 

[9534n] 

[9534a] 

sin 
[31], Int. ; hence we get ô/'.2sin.2£â,= h.—= A.tang.£<5', and by substituting it, in the 

COS, 5$ 

preceding value of AD, we get AD — — .tang.^d'. Subtracting this from MA—a — x 

hx 
[9526e], we get MD—a—x—— .tang.^d', and by multiplying it by tang.D'MD, or tang.ro 

[9526], we obtain for DD' or A [9534c] the expression 

h — (a — x — “ .tang.^é'^ .tang.ro. 

The value given by the author is A = ^a— x—. tang.ro, the factor tang.^d' being 

omitted by mistake. To remedy this defect, we have altered the original work, by changing 

a into   —, in the formulas [9534, 9535, 9540, 9542, 9547], where a occurs. This 

[9534p] 

[9534g] 

tan 

correction is of no importance with fluids which, like water, alcohol, Sic., completely moisten 

the planes, and make d'=9(P, because in this case tang.^'=l. To preserve a symmetry 

with the formulas for a cone [9469, 9472, Sic.], we may suppose, in like manner as in 

[9471c, d], that the lines EE', DD', he., fig. 125, page 766, are drawn perpendicular to 

the upper plane, instead of being perpendicular to the intermediate plane. In this case, we 

must multiply MD [9534A] by sin.ro instead of tang.ro [9534i], to obtain A [9534Ï], which 

will become 

hx , A . , (a — a:), sin.ro 
• — .tang.4d .sin.ro, or h —- , 

a 6 / 1 . tang, i Ô'. sin.ro ’ H a —x- 

instead of the value in [9534]. The effect of this modification will be to change tang.ro 

into sin.ro, in all the formulas where it occurs from [9534] to [9549], as well as in 

the corresponding notes. 

[9535a] * (4194) The expression of A [9534] gives -, as in the first formula in [9535], or, as 

it may be written, 

[95356] 
( 1 —f- ~ • tang.^ Ô '. tang.ro ( 

A a.tang.ro 
a 

Developing this, according to the powers of x, and neglecting Æ2, &c., it becomes of the 

same form as the second expression in [9535]. 
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We shall suppose a canal to be so situated in the intermediate plane, that one 

of its extremities is at the point of the section whose coordinates are x, y, the 

other at the point of the section through which the axis of y passes; the 

equilibrium of the fluid in this canal will give the equation * 

placing one accent below the letters relative to this last point. But we have, by 

what precedes f [9523], 

1 sin.â' Q 1 sin.â' Q 

Vl==~Ji V9 K^^h, V,' 

b' being, in this case, the radius of curvature of the curve formed by the 

intersection of the intermediate plane with the surface of the drop. Moreover,]! 

1 l a? 
h a.tang.itf aLtang.-za 

1 1 
— ——. ___________ • 

A, a.tang.ztf’ 

a 
+ -.tang.iô', tang.TO 

[9536] 

[9537] 

[9537'] 

[9538] 

[9539] 

[9540] 

[9541] 

* (4195) We shall suppose, in fig. 125, page 766, that BaL is an extremely narrow [9537a] 

canal, of uniform diameter, passing along the intermediate plane, and terminated at the points 

B,L ) and that the radii of curvature at B are b' for the arc GBL, and b for the arc 

passing through B, perpendicular to the plane of the figure; also b',, bt, for the radii of the [9537&1 

similar arcs at the point L. Then the capillary action at B upon the canal BaL, is as in 

[9485/], equal to —and at L, this action is Now [9537c] 

the point B is elevated above L by the quantity CAx sin.F [9527], or x.sm.V. [9537d] 

Multiplying this by g, we get the pressure of the column of fluid, to be added to the action 

at B, to obtain that at L, when in equilibrium, as in [9485e, &c.]. Hence we get 

r+2-(^~l)+S'Æ-Sin'F==Ær+f-(?-'61)- Subst!tut!nS \~\=b [9500], and [9537e] 
111 ' ' 

the similar expression --— it becomes as in [9537]. [9537/] 

t (4196) The first equation [9538] corresponding to the point E, fig. 125, page 766, 

is the same as [9523], which is found by a calculation similar to that in [9486—9523], [9538a] 

using, instead of/ A [9495, 9494], the values CE, EE' [9526i—*]. When the point E falls 

in K, the quantity A changes into h/ [95377], and the value of ^ [9538] changes into [95385] 

that of ~ [9538]. ' 

$ (4197) The equation [9540] is the same as [9535], and at the point L, fig. 125, 

page 766, where æ = 0, and A = A, [9537'], it becomes as in [9541]. [9540ol 
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[9544] 
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[9546] 
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[95426] 
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therefore we shall have* 

Hx.sm.Ô' 

2as. tang.to 
. ^1 +^-tang.|â'. tang.ro^ -j-gx.sin.K= 0. 

As the section differs but little from a circle, b' is very nearly equal to the half 

width of the drop a; b" is, by what has been said [9522, 9514c], very nearly 

equal to anc^ A is half the thickness of the drop; b' is therefore very 

large in comparison with b"; consequently ^ is very small in comparison with 

therefore the difference ~^ may be neglected in comparison with 

~ — This may be done with more propriety, since, b\ being a mean 

between the extreme values of 6', the greatest value of the difference -—^ 

is only about half of the difference of the extreme values of i. Moreover, 

the figure of the drop being very nearly circular, as is found by experiment, the 

difference i ^ is nearly insensible. We may also, in the preceding 

equation, neglect the fraction -.tang.iô'.tang.ro, in comparison with unity; 

because, 2a.tang.ro being the thickness of the drop whose width is 2a, this 

fraction does not exceed the ratio of the thickness of the drop to its width, 

which ratio, by hypothesis, is very small. This being premised, the preceding 

equation will give f 

* (4198) Transposing all the terras of [9537] to the first member, we get 

iH- +g*-sin.F=°; 

and by substituting the values [9538], it becomes 

fff.sin.é'.^- — ^ -fgæ.sin.F=0. 

Now if we subtract [9540] from [9541], we get 

1 • tanæjjfl'. tang.ro £ ; 
1 

K 

1 

Y «2. tang.ro 

and by substituting it in [95426], we obtain [9542]. 

t (4199) Neglecting the second and third terms of [9542], on account of their smallness 

Hx sin.0 ^ 
[9546, &c.], it becomes —2a2 ‘ta~ngro‘s‘n‘^" 0dividing this by gx, and 
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sin.V= 
H.s‘m.61 

2a2.g .tang.# ’ 

Thus the angle Fis very nearly in the inverse ratio of the square of a, as in a 

drop suspended in equilibrium in a cone [94756]. Comparing this expression 

of sin. F with that of the preceding article, we see that, the angle formed by 

the two planes [9526] being supposed equal to the angle formed by the axis 

of the cone and its side [9462], the sine of the angle F relative to the 

intermediate plane, is equal to the sine of the angle relative to the axis of the 

cone.* * We ought not, however, to forget, in comparing the results of this 

analysis with experiments, that the expressions of sin. F are only approximate 

values. 

11. The preceding analysis furnishes an explanation and the measure of a 

singular phenomenon discovered by experiment ; namely, that, whether the fluid be 

elevated or depressed between two vertical and parallel planes, dipped into a fluid 

at their lower extremities, the planes will tend towards each other ; so that, if two 

small glass vases, in the form of a parallelopiped, floating upon water or mercury, 

happen to approach near to each other, they will immediately unite together. 

To prove that this must take place, we shall consider the two planes MB 

transposing the first term, we get [9549]. Poisson, in computing this problem in his Nouvelle 

Théorie, fyc., uses the same fundamental equation as in [9318], carrying on the approximation 

so as to include some terms which are neglected by La Place, as being within the limits of 

the errors of the observations. These terms are, however, omitted by M. Poisson, in his final 

expression of sin.F, which is nearly the same as that given in [9549], as may be seen by 

changing, in his formula (10), page 258 of that work, the symbols a2, c, i, 6, vs, into 
H 
—, a, vs, F, d'-f-90d, respectively, in order to conform to the present notation ; putting also, as 

in [9534g'], sin.'# for tang.#, in [9534, &c.] ; this last change being within the limits of the 

degree of accuracy aimed at by La Place, throughout his whole calculation ; so that, instead 

of [9549], we may put very nearly sin. V~ Sm,g ^« 

* (4200) If we suppose that the angle formed by the axis of the cone and its sides 

is 2#, instead of vs [9462], we shall find that the expression [9475a] will become 
î H. sin.y 
a — gin ^ nearly, because, on account of the smallness of vs, we have sin.2# = 2sin.# 

nearly. This being equal to the expression [9549/], proves the correctness of the remarks 

in [9551], 
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and NR, %. 127, and shall suppose, in the 

first place, that the fluid is elevated between 

them. The infinitely small external part of 

the plane NR, situated at R, below the level 

VP, will be pressed by a force which may be 

thus estimated: Imagine a canal VSR, of 

which the branch VS is vertical, and the branch 

SR horizontal; then the force acting upon the 

fluid in the canal VS is equal to g-VS, s 

augmented by the force acting in V, either by 

the action of the fluid upon the canal, or by the pressure of the atmosphere. 

The first of these two forces is represented by K [9259], and we shall suppose 

that the pressure of the atmosphere is P ; then the whole force of the column 

VS will be Pg-Kg-g.VS. The action, with which the fluid in the canal 

RS is urged, is composed of two parts. First, the action of the fluid upon the 

canal, which is equal to K [9259]. Second, the action of the plane upon the 

same canal; but this action is destroyed by the attraction of the fluid upon the 

plane, and there cannot arise from this source any tendency in the plane to 

move. For, by considering only these reciprocal attractions, the fluid and the 

plane will be at rest, the action being equal and contrary to the reaction ; these 

attractions can produce only an adhesion of the plane to the fluid, which need 

not be noticed. Hence it follows that the fluid presses the point R with a 

force equal to P~pK-\-g.VS—K, or simply P-j-g. LbS. 

We shall now determine the corresponding internal pressure. For this 

purpose, we shall suppose the canal OQR to have a vertical branch OQ, 

terminated at the surface O, and a horizontal branch QR. The force with 

which the fluid is urged in the branch O Q, is equal to g.OQ, increased by 

the pressure of the atmosphere P, also by the force with which the fluid acts 
H 

upon the column OQ; and this is, by what has been said,* equal to K— 

b being the radius of curvature at 0. Therefore the force with which the 

H H 
* (4201) This force is represented in [93156] by K— — — — ; and as b'=cc 

H 
[95586] for reasons similar to that of putting 6 infinite in [9414], it becomes K— —, as in [9452a]. 

In the original work, it is erroneously printed K—y ; to correct this mistake we have 

changed b into 26, in all the formulas [9559—9578], 6 being the radius of curvature at O. 
[9558c] 
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* H 
fluid O Q is urged, is P + K—^ ^ow, w^iat ^as been sa^ 

S^g.OP. 
2b 6 

Therefore the force of the canal OQ is P + K-{-g .P Q. The force of the 

canal QR is equal to K [9259] ; the point R will therefore be pressed on 

the inner surface by the difference of these forces, which is P -\-g.P Q, or 

P ~\~g. VS. Thus the plane is pressed with equal forces [9557, 9562] on the 

outer and inner surfaces, and it will therefore be in equilibrium in virtue of 

these pressures. 

The exterior fluid rises as high as Z, forming a curve VZ' Z\ and between 

the planes, it rises as high as N, forming the curve ON'N. The parts of the 

plane extremely near to Z and N, and similarly placed at a distance from Z and 

N equal to or less than the sensible sphere of activity of the plane, are equally 

pressed within and without;! because the surfaces of the fluid, comprised 

within this sphere, and near the points Z, N, are very nearly of the same form. 

Besides, the extremely small difference, which may exist between the internal 

and external pressures of the fluid, being limited to an insensible extent, we 

may neglect it, and notice only the pressure exerted by the fluid at the points 

where the action of the plane upon the surface ceases to be sensible. Therefore 

let Z' be one of the points of this surface, and suppose the horizontal canal Z' q 

H 

2 R’ 
to be formed. The force in Z' will be t P + K- R being the radius 

* (4202) The expression [94526] gives ~=g.qand in like manner, in the 

H 
present case, we get, as in [9560], —=g.OP, by changing b' into b, and q' into OP, 

to conform to the present notation. Substituting this in [9559'], it becomes 

P+K+gfoq~OP)=p+K+g,pq, 
as in [9561]. 

f (4203) If the angle Ô' [9346] is the same on both sides of the plane, as the author 

supposes in this article, the part of the pressure here spoken of will be the same on both 

sides of that plane; but if there is a difference in the value of this angle, on account of the 

plane being more or less wet on the one side than on the other, or being made of a different 

substance on opposite sides, the pressures may be unequal, as we shall see when treating of this 

subject in the second supplement [9983itg &c.]. 

u 
J (4204) The capillary action, which in [9558'] is called K—— , here becomes 
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of curvature in Z'. If we put TZ' = x, the equilibrium of the fluid in the 

canal Z'LFV will give, by using [9416],* 

H 

ZR . - 

The point V being placed at a distance from the plane, such that the radius of 

curvature of the surface in V may be considered as infinite, the external 

pressure in q will be 
P-j-PT—gx. 

The corresponding internal pressure will be f 

P + K-fb+g.(OP-x), 

or P + K —gx ; therefore the internal and external pressures are equal through 

the whole extent of ZG. 

We shall now consider the pressure above the point Z. The external pressure 

is reduced to P [9554']. The internal pressure upon a point R' is determined 

by considering a canal OQ'R', Q'R' being horizontal. The pressure of the 

A— —, because the radius of curvature b changes into R at the point Z'. Adding to 
2 R 

this the atmospherical pressure P [9558], and we get the whole external action at q, equal to 

P-j-A—as in [9566], 

* (4205) Substituting ^ [9326] in [9416], we get 2abut at the point V, 

we have 6'=œ, or |,=0 [9558a, 9568'], also a=| [9328]; hence p—2.|.s = 0, 

or H = gz) and by changing « [9309] into a? [9567], to conform to the present notation, 

it becomes as in [9568]. Substituting this in [9566], it becomes as in [9569]. 

j- (4206) This is found in precisely the same manner as in [9559], supposing the line 

Z'q to be continued till it meets O Q in Q", For then the action at q, on the canal Q q, 

is found by adding together the atmospherical pressure P [9554'] ; the gravity of the column 

OQ", which is equal to g.OQ"; and the capillary action at O, which is equal to 

K— j| [9558']. The sum is P + A—+ g. QQ"; and as 

OQ"= OP — PQ"= OP— TZ'— OP — x [9567], 

it becomes as in [9570]; and by using ^=g.OP [9560], it becomes P-\-K—gx, as 

in [9571]. 

[9570c] 
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column OQ' is* * * § PfK—-pfg-OQ', or P -f- K—g .OP-gg.O Q', or, 

lastly, P -f- K—g.PQ'. The contrary pressure of the canal R'Q' is K [9259], 

so that the point R' is pressed at its inner surface by the force P —g-PQ1; 

therefore the plane is pressed inwards, at that point, by the force f g.PQ'. 

H 
In the part NN'O, the pressure at N' is Î PfK——,, b1 being the 

radius of curvature in N'; and by supposing the horizontal canal N'p' to be 

H 
formed, the interior pressure in p' will be P — —. Now putting x' for the 

height ol the point N' above IK, we shall have, from [9416],^ 

If 
2V 

H 

26 
+gx' = g.Gp'; 

* (4207) This is the same as [95706], changing OQ" into OQ', and then substituting 

H 
— =g.OP [9560]; for by this means it becomes P -J- K— g-OP +g.OQ', as in 

[9573], 

t (4208) The difference between the internal pressure P—g-PQ' [9575], and the 

external pressure P [9572], is g-PQ', as in [9575], in the direction R'Q'. 

t (4209) This is similar to the force at Z1 [9566], changing the radius R, relative to 

the point Z', into b' [9576], corresponding to the point N'. The force of the canal N'p1 
at p’ is K [9259], and by subtracting it from the preceding value [9576], we get the 

H 
pressure in p’, in the direction N'p' equal to P — —, as in [9577]. 

§ (4210) The equation [9416] is, in [9568a], put under the form —; — 2az — \ m, 
R b 

R, b', being the radii of curvature corresponding, in the present case, to the points N', O, 

respectively [9326, 9413']; and to conform to the notation here used, we must change them 

into 6', 6 [9576, 9559]; also z [9309] must be changed into x' [9577], and then the 

preceding equation will become ——2ap=-. Substituting ^ — [95686], multiplying 

H H 
by and transposing the second term, we get -gx', as in [9578]. 

Substituting the value of - [9560], it becomes ~g,=g-{OP + x') =g, Gp', as in the 

second form of [9578]. Substituting this in the function P—[9577], denoting the 
2 o L J 

internal pressure at p', it becomes P—g. Gp' taking the difference between this and the 

external pressure at p', namely P [9572], we obtain the whole inward pressure g.Gp’ 

[9579], in the direction p'N'. 
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therefore the plane at the point p' will be pressed inwards, in the direction p'N 

by the force g. Gp'. 

Hence we easily perceive that the force which presses the plane NR inwards 

is equal to the pressure of a column of fluid whose height is ^.(GiV+GZ), 

and whose base is the part of the plane included between Z and * N. 

* (4211) From what has been proved in [9575, 9579], it follows that, at any part of the 

line ZN, as at R', the pressure will be as g. GR' ; and by putting GR'=w, it becomes 

g.w; therefore the whole pressure on the part dw of to, will be gwdw, whose integral, 

supposing it to commence at the point Z, will be ^g-(w^— GZ2) ; and the whole pressure 

upon ZN is found by putting w — GN; hence it becomes 

ig.(GNz—GZZ)=lg.(GN+GZ).(GN-GZ) = ±g.(GN+GZ).NZ, 

which is evidently equal to the pressure of a column whose base is NZ, and height 

jr(GNfGZ), as in [9580]. 

In all these calculations, it is supposed, as in [9434, &c.], that the point N, which is taken 

as the extreme point of elevation of the fluid near the plane, is not in fact the actual point of 

contact with the plane, or with the upper surface of the fluid, but is distant from it by an 

insensible quantity of the order X, corresponding to the radius of the sphere of activity of 

the corpuscular attraction, or to the distance between the upper surface nom of the fluid, and 

the assumed surface NOM; the fluid varying in density, from the upper surface nom, 

where the density is very small or nothing, to the lower surface NOM, where the density 

is the same as that of the internal fluid mass, which is represented by unity. We may also 

remark, relative to the actual measures of the elevation of the point N above the horizontal 

level of the fluid in the vase, which we shall represent by GN—k, that it is a matter of 

perfect indifference whether we consider that point as being situated in the surface nom, or 

in the surface NOM, the interval between these surfaces being wholly insensible to our 

senses, on account of its smallness, so that the one may be used for the other without any 

appreciable error. Similar remarks may be made relative to the surface of the fluid on the 

outside of the plane at Z, supposing its elevation above the level of the fluid in the vase to 

be represented by GZ—kr 
The values of k, k, [9580Î, to], being substituted in the difference of the pressures on the 

opposite sides of the plane [9580c], it becomes 

%g.{k* — Tc*) =the difference of the pressures computed in [9580]. 

We shall see, in the second supplement to this book [9983to, &c.], that this expression of the 

pressure requires some modification when the planes are of a different nature, or, in other 

words, when the angle is [9346'] corresponding to the inner side of the plane at N, differs 

from the similar angle vs, relative to the outer side of the plane at Z ; the correction of this 

pressure being Ig.a2. (sin.is— sin.?/) ; so that we shall have, as in [9983to], 

1 /7 9 L2\ ! 1 /• _ cm _ Ç The corrected differences of the pressures > 
* Ve — "'i / i • (Sin.Tff Sill. £5^ ^ on 0pp0SRe sides of the plane OJST. I 

This expression is the same as that given by M. Poisson, in page 172 of his Nouvelle 

Théorie, fyc., and it is reduced to a much more simple form in [9984/]. 
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A similar result holds good for the plane MB ; thus ive have the force with 

which the two planes tend towards each other, and we see that this force increases 

in the inverse ratio of their distance from each other A 

In a vacuum, the two planes will also tend towards each other ; the adhesion 

of the plane to the fluid produces then the same effect as the pressure of the 

atmosphere. 

We may prove in the same manner, that when the fluid is depressed between 

two planes, the pressure which each plane suffers in an inward direction, is equal 

to the pressure of a column of the fluid whose height is the half sum of the 

depressions below the level, at the points of contact of the internal and external 

surfaces of the fluid with the plane, and whose base is the part of the plane 

included between the two horizontal lines drawn through those points.f 

# (4212) When the planes are very near to each other, we shall have GZ^ very small 

in comparison with GN2; and then the whole pressure [9580c], ?g-(GN2—GZ%), is 

nearly equal to £g.GN2; and as GN is nearly in an inverse ratio to GX [9454], the 

whole pressure will be very nearly in the inverse ratio of the square of GX. Moreover, if 

we divide the whole pressure g.GN2 [9582è], by the height GN, we shall get |g.GN, 

for the mean pressure on any given point of the column ZN, which will therefore be 

inversely as the distance of the planes G X. 

f (4213) The annexed figure 128 is similar to fig. 127, 

but is adapted to a convex surface NOM, depressed below 

the level FX of the fluid in the vessel; in this case, the 

demonstration is nearly the same as in [9552—9578], merely 

changing the signs of the terms. Thus upon the principles 

mentioned in [9276, 9294'], we must change the sign of b, 

in [9559'], and by this means it becomes 

P g. OQ. 

Also, in [9560], we must change the signs of b, OP ; and we 

H 
get, as in that formula, — —g. OP. Substituting this in the preceding expression, it 

becomes P -\-K + g.(OPO Q)=P A~K-{-g.P Q, as in [9561] ; and the rest of the 

calculation [9561,9562] is not altered ; so that we find, as in [9562], that the opposite actions at 

P, and of course upon any point of the plane NR below N, mutually balance each other. The 

same takes place on the part GZ, the pressures of the atmosphere on opposite sides mutually 

destroying each other. It now remains to examine the action upon the part NZ. To determine 

this, we shall draw through any point R', a narrow horizontal canal R'F, which is bent upwards 

in FV to meet the level surface of the water in V. Then the pressure at V is P K’, and at 

R this will produce a force similar to that computed in [9557], namely, P -{- K~\~g. VF-—K, 
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Fit;, 131. 

12. It now remains, in order to complete this theory of capillary attraction, to 

inquire into what produces the concavity or convexity of the fluid contained in the 

tube or between two planes. The principal cause is the reciprocal attraction of 

the tube and fluid, compared with the action of the fluid upon its own particles. 

We shall here suppose that these attractions follow the same law, with respect to 

the distance, both for the particles of the tube and for those of the fluid, and that 

they differ only by their intensities at the same distance ; moreover we shall put 

P = the intensity of the action of the particles of the tube upon those of 

the fluid ; 

p'= the intensity of the particles of the fluid upon each other. 

This being premised, we shall suppose, in fig. 131, that 

the lower part of the vertical tube AB CD is dipped into 

the fluid contained in the vessel, and that MN is the line 

of the level of the fluid in the vessel. We shall also 

suppose that the whole surface of the fluid in the tube is 

plane, and at the same level. The point 0 of this surface 

included within the sphere of the sensible activity of the 

tube, will be attracted both by the tube and by the fluid 

contained within it. The attraction upon this point, 

produced by the part of the tube below MN, may be 

resolved into two forces, namely, 

A vertical force, in the direction of gravity, and represented by px; 

A horizontal force, in the direction Op, and represented by py. 

The attraction of the upper part of the tube upon the same point 0, may, in 

like manner, be resolved into the following forces ; 

A vertical force, in the direction of gravity, and represented by —px; 

A horizontal force, in the direction Op, and represented by Ply. 

We have prefixed the sign — to this last vertical force [9592], because its 

direction is opposite to that of the force [9590], produced by the attraction of 

FT 
7> 

J) 

O 
V 

[9586i] 

£9586*] 

or simply P~\~S' VF, pressing in the direction FRf‘, this is partly balanced by the pressure 

of the atmosphere P, which acts between the planes, and reduces it to g. VF, or g.G R , 
in the direction FW this is of the same form as the pressure mentioned in [9o80a] ; and by 

following the same method as in [9580a—c], we obtain the whole pressure on ZN, namely, 

^JGN4-GZ).(GN—GZ)^g.{GN+GZ).NZ, 

which agrees with what is said in [9585, 9586]. This is to be corrected for the terms 

depending on • (sin.# — sin.^), as in [OSSOy, &ic.]» 
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the lower part of the tube. To determine the action of the fluid upon the 

point 0, we shall take Op' equal to* Op ; then it is evident that the attraction 

of the part pp'rD of the fluid will be 

A vertical force, in the direction of gravity, which we shall represent by p'z. 

The attraction of the part rp'qC of the fluid differs from the attraction of the 

lower part of the tube by its intensity only;f it may therefore be resolved into 

the two following forces ; 

À vertical force, in the direction of gravity, and represented by p'x ; 

A horizontal force, considered as in the direction Op, and represented by — ph/» 

* (4214) In taking Op'= Op, the author supposes the fluid to be homogeneous, and 

neglects the consideration of the change of density, &c.,near the surface pOp' of the fluid, 

and near the side ApD of the tube. If we notice this circumstance, we may suppose that 

Op' is taken of such a magnitude, in comparison with Op, that the horizontal action of the 

fluid OpDs upon the point O may just balance the horizontal action of the fluid sOp'r 

upon this same point, and by this means the whole action of the fluid pp'rD is reduced to one 

vertical force pz' [9595]. 

f (4215) The author, in supposing that the action of the tube and that of the fluid differ 

only by their intensities, neglects wholly the consideration of the variations of the density, as 

well as the corresponding variations in the action of the fluid near its surface and near the 

side of the tube; and upon this principle he deduces the vertical force of the fluid [9596] 

from that of the tube [9590], by supposing them to be in the ratio of the intensities p, p' 

[9588, 9588']. In a similar way he obtains the horizontal force [9597] from that in [9591]. 

The forces p'x, —p'y [9596, 9597], will be changed when we suppose the density to be 

variable ; and then we shall represent them by 

A vertical force, in the direction of gravity, and represented by p'x; 

A horizontal force, in the direction Op, and represented by —p’<py; 

p'/5 pa, being functions depending on the nature of the fluid, on that of the tube, on the 

laws of their corpuscular attraction, and on the action of heat [9173e]. These are to be 

used instead of p'x, —p'y, in [9598—9600]; and we shall obtain, instead of the whole 

resulting forces [9599, 9600], the following expressions ; 

The whole vertical force — p^x -J- p'z ; 

The whole horizontal force = (2p — pg).y. 

To make the horizontal force vanish, we must have p[, = 2p, instead of p/=2p, which is 

given by the author in [9601]; and as pg differs from p', it is incorrect to state, as the 

author has done in [9601, &c.], that, when p' = 2p, or the intensity of the action of the 

tube is half of that of the fluid, the surface will be horizontal; for this is true only when the 

density of the fluid is considered as uniform, or p'—pv 

[9595] 

[9596] 

[9597] 

[9595a] 

[95955] 

[9595c] 

[9596a] 

[95965] 

[9596c] 

[9596d] 

[9596e] 

[9596/] 

[9596g] 

[95965] 

[9596i] 

[95965] 

[95961] 
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[9598] 

[9598'] 

[9599] 

[9600] 

[9601] 

[9601'] 

[9601"] 

[9602] 

[9603] 

Hence the point O will be acted upon by the following forces, namely, 

The vertical forces px, —px, p'z, p'x [9590, 9592, 9595, 9596]; 

The horizontal forces py, py, —p'y [9591,9593, 9597]. 

Connecting together the expressions [9598], we get the whole vertical force 

[9599] ; and in like manner the sum of these in [9598'] gives the horizontal 

force [9600], namely, 

The whole vertical force = p,xf-p'z; 

The whole horizontal force = (2p — p') .y. 

This horizontal force will vanish if p' = 2p, or if the intensity of the attractive 

force of the matter of the tube is the half of that of the fluid [of uniform density] 

[9596/]. Then the point O will be subjected only to the vertical force; and as 

this is perpendicular to the surface of the fluid, it will maintain it in equilibrium. 

We shall now consider a vertical plane CAB, fig. 132, 

whose lower extremity is dipped into the fluid contained in 

the vessel MNB, supposing AR to be the section of 

the surface of this fluid, by a vertical plane drawn 

perpendicular to the first plane CAB, and the line AD 

to be a tangent to the curve AR at the point A; putting 

6= angle BAD p being the angle which is called vs in 

9346', &c.]. Then the lower part AB of the plane 

CAB exerts upon a particle of the fluid which touches 

it at A, a force which can be resolved into the two following forces, namely,* 

A vertical force, in the direction AB, and represented by pK; 

A horizontal force, in the direction AM, perpendicular to AB, and 

represented also by pK. 

In like manner the upper part AC of the plane exerts upon the same particle 

of the fluid at A, a force which can be resolved into the two following forces, 

namely, 

[9602a] 

[96026] 

[9602c] 

[9602rf] 

* (4216) On account of the excessive smallness of the radius of the sphere of activity 

of the corpuscular action, we may suppose the lower part of the plane to be a prism, formed 

by planes drawn through AM, AB, perpendicular to the plane of the figure, and extending 

infinitely above and below it. Then, as the angle MAB is a right angle, it is evident that 

the action of this prism in the direction AM is the same as that in the direction AB, both 

being represented by pK, as in [9602, 9603]: changing p [9588] into p' [9588'], we get, 

upon the supposition that the fluid is of the uniform density unity, p'K for the vertical action 

of the fluid in the rectangular space BAN, which agrees with [9605']. 
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A vertical force, in the direction AB, and represented by —pK\ [9604] 

A horizontal force, in the direction AM, perpendicular to AB, and represented [9805] 

by p K. 

The particle A will also be attracted by the fluid BAD, and it is evident 

that as p'K represents the vertical action of the fluid [of uniform density], if the 

angle BAD be a right angle [9602d], we shall have, when this angle is ê, a 

force which may be resolved into the twTo following forces, namely, * 

A vertical force, in the direction AB, and represented by p'R. sin.d ; [9606] 

A horizontal force, in the direction AN, perpendicular to AB, and [9607] 

represented by ?'K. (1 — cosF). 

For p'K.d^. cosJt, and p'Af.dUsin.^, will be the elementary attractions of the 

infinitely small part pAp1, in which d\= the angle pAp', d;= angle BAp; [9607'j 

and by integrating them from ^=0, to è = b — BAD, we shall obtain the 

preceding expressions [9606, 9607]. 

* (4217) We shall suppose the lines Ap, Ap', to be- drawn infinitely near to 

each other, and shall put the angle B Ap — èn the angle BAD = 0, and the angle 

pAp’—dôp, observing that, to avoid confusion, we have inserted the symbol é, in [9607'], 

instead of Ô, which is used by the author. We shall also suppose that planes are drawn 

through the lines Ap, Ap', perpendicular to the plane of the figure, and continued indefinitely 

above and below it, so as to include a portion of the fluid, corresponding to the angle dôf, 

whose action on the point A, in the direction of Ap or Ap’ is M.dôn M being a quantity 

depending on the nature of the fluid ; and if we suppose, with the author, that the fluid is of 

uniform density, this quantity AT will evidently be wholly independent of ôr Multiplying this 

force by cos .BAp, or cos.^, we get Mdôr cos.ô-, for the vertical action of this wedge; 

and its integral M.sin.^, represents the action of the whole wedge BAp, in a vertical 

direction. In like manner, the force Mdôt [9606c], resolved in a horizontal direction, is 

MdÔrs\üA; its integral,supposing it to commence with 0/9 is M. (1— cos.^), and this represents 

the whole horizontal action of the wedge BAp. When Ô, becomes equal to 90Æ, both these 

forces, M. sin.0/5 M. ( 1—cos A), become equal to M, and as they are represented by p K in 

[9602c, d, fac.], we shall have M=p'K; substituting this, in the preceding expressions 

of the horizontal and vertical forces, they become respectively p'K.smJ,, p'K.(l — cos.éj ; 

and when êf becomes 6 [9606c], they change into p'K.sin.â, and p'K.{\—cos.â), as in 

[9606, 9607], which correspond to a fluid of uniform density. When the fluid varies in 

density near its surface, and near the side of the plane, we may suppose the vertical force 

[9606J to change into p3. K. sin .ê, and the horizontal force [9607] to change into 

/4.K.( 1 — cos.A ; p/3, p'4, being functions of p', Ô, depending on the nature of the fluid 

and plane. The same change of p' into p;2, must be made in the vertical forces 

[9610, 9614] ; and p' must be changed into p'4, in the horizontal forces [9611, 9615]. 

vol. iv. 196 

[9606a] 

[96066] 

[9606c] 

[9606d] 

[9606e] 

[9606/] 

[9606g] 

[96066] 

[9606&] 

[9606Î] 

[9606*] 

[9606/ ] 

[9606m] 
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The part of the fluid [of uniform density] intercepted between the tangent 

AD and the curve AR, will act upon the particle A with a force which we 

[9608] shall denote by Q, whose direction we shall suppose to be AQ. Now if we 

put the angle QAB = to, we shall have for the action of the fluid DAR, the 

two following forces ; 

[9609] A vertical force, in the direction AB, and represented by Q. cos.to; 

[96097] A horizontal force, in a direction AN, perpendicular to AB, and represented 

by Q . cos.TO. 

Then the particle at A will be acted upon by the following forces, namely, 

[9610] The vertical forces pK,—pK, p'K.sin.ô, Q. cos.to [9602,9604,9606,9609]. 

[96H] The horizontal forces pK, pK, —p'K. (1 — cos.fl), —Q.sin.TO [9603, 9605,] 

[9607, 9609']. 

The sign — is prefixed to the two last, because they act from A towards N, or 

[9612] in a contrary direction to the two first horizontal forces, which act from N 

towards A. 

Combining together all these forces, we obtain a single force AV, which must 

[9613] ke perpendicular to AD; and we shall put this resultant equal to R. If we resolve 

it into two others, the one vertical, the other horizontal, we shall have,* 

[9614] 

[9615] 

R. sin.4 = p'jST.sin.d-]- Q. cos.to1; 

R.cos.ô =2pK—p'K-\- pbSf.cos.ô — Q.sin.TO. 

I-When the density of the fluid is' 
I not uniform, p‘ must be changed 

into p'a in [9614], or into p\ in 
[9615], as in [9606ro]. I; 0 

[9616] 

Hence we deduce [for a fluid of uniform density] f 

Q.cos.(to — a) = (2p — p').K.sin.a ; [ Change p' into p'6 [9615o-] for a 
variable density. ] 

[9614a] 

* (4218) We have the angle VAB = 90d — 6, and the force in the direction AV is 

represented by R. We may resolve this force into a vertical force R.sm.ô, in the direction 

AB, and a horizontal force R.cos.ô in the direction AM. Putting the first of these forces 

equal to the sum of those in [9610], vve get [9614]; putting also the second of these forces 

equal to the sum of those in [9611], we get [9615]. 

f (4219) Multiplying [9614] by cos A and [9615] by —sinJ, then taking the sum 

of the products, we get 

[9615a] 0 = —■2pJY.sin.0-f--p/ir. (sinAcos.â — sin.é.cos.â-f-sin.â) T Q. (cos.TO.cos.dfl-sin.TO.sinJ). 

Rejecting the terms which destroy each other, and putting for the coefficient of Q its value 

[96156] cos.(to —-(5), [24], Int., it becomes 0 = — ^pÆT.sm.ôsin.dQ.cos.(to ô) = 0, 

which is easily reduced to the form [9616], corresponding to a fluid of uniform density. 
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Q. cos.(to— ô) and sinJ being positive when the curve is concave, we see that 

2p—p' must be positive, and p will then exceed ffp', [supposing the density of 

the fluid to be uniform, 9618a, &c.]. 

If the factor 2p—p' vanishes, the surface of the fluid [of uniform density] 

will be horizontal, as we have seen in [9601, 960F]. This value of 2p— p' 

satisfies the preceding equation, because Q is then equal to nothing.* * 

The curves AR relative to the different fluids, which are successively used 

to fill the same tube, differ from each other. To prove this, we shall consider a 

point /, placed in all these curves at the same distance from the tube, and 

within its sphere of sensible activity ; the action of the tube upon this point will 

be the same and horizontal. If all these curves coincide, the action of the 

fluids upon the point / will have the same direction, but will vary from one 

When the fluid varies in density, we must change, as in [9606m], p' into p3 in [9614], and 

p' into p4 in [9615]; by this means the quantity depending on p', in [9615a], becomes 

equal to 
K. (pg.sin.é .cos.d — p4.sin.â.cos.â-ff p4.sin.<9) ; 

and if we put pg = p3.cos.U—p4.cos.é-ffp4, it becomes p^.A.sinJ; and then the equation 

[96156] becomes 0 = — 2pA.sin.Uff pff A.sin.0-ff Q. cos.(to— Ô) ; whence 

Q. cos.(to — ô)=s (2p — p'5). K. sin.é, 

which is to be used instead of [9616] ; so that, to make the equation [9616] correspond to a 

fluid of variable density near its surface and near the side of the tube, we must change p' into 

p'5, p'5 being a function depending on the nature of the fluid, on that of the tube, on the 

law of the capillary attraction, and on that of the repulsion of heat ; and it will follow from 

[9615/], that 2p —pg must generally be of the same order as Q; observing that Q must be 

much smaller than 2pA, because Q [960S] depends on the action of the very small meniscus 

RAD, fig. 132, whereas pK or p'5 K depends on the action of the matter in the whole quadrantal 

space MAB or NAB. This change of p' into pg in the equation [9616] obviates the 

objection made to it by Dr. Young ; but, at the same time, it takes away its important character 

in determining the relation between the quantities p, p', and the angle Ô, which will hereafter 

be illustrated in a different manner. 

* (4220) In this case, the curve AR coincides with the horizontal line AN, so that the 

attracting fluid, included in the space NAR vanishes; consequently ^ [9608] becomes 

nothing; and as we then have zs — e = 90d, the equation [9616] becomes 0 = (2p— p').K, 

or p* = 2p, for a fluid of uniform density, as in [9601]. When the fluid varies in density 

near the surface and near the side of the tube, the preceding equation becomes 

0=s=s(2p—pîffA [9815/]; but when e — 90d, we have pg — p4 [9615e]; hence 

Q — (2p — p4).A== 0, or p4 = 2p, which is similar to [9596?i]. 

[9617] 

[9618] 

[9619] 

[9620] 

[9615c] 

[9615d] 

[9615e] 

[9615/] 

[9615g-] 

[9615 A.] 

[9615i] 

[9615Æ] 

[9618a] 

[9618&] 

[9618c] 
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[9621] 

[9622] 

[9623] 

[9624] 

[9625] 

[9626] 

[9627] 

[9627'] 

fluid to another, in proportion to the respective intensity of the action of these 

fluids. This action, being combined with the horizontal action of the tube, will 

therefore produce a resultant whose direction will differ in the different fluids. 

This resultant ought to be, by the condition of the equilibrium, perpendicular 

to the surface ; therefore the inclination of the planes of that surface will not be 

the same for the different fluids, which is contrary to the hypothesis. Thus the 

curves AR differ according to the ratio of the respective intensities p and p'. 

Their extreme sides, at the limit of the sphere of sensible activity of the tube, 

have different inclinations relative to the sides of the tubes. This inclination 

determines, as we have seen, the magnitude of the segment of the spherical 

surface, which the surface of the fluid included in a very narrow tube assumes, 

beyond the sphere of sensible activity of the tube ; and this magnitude 

determines the radius of that surface, the inverse ratio of which determines the 

ascent of the fluid in the tube [9368, &c.]. 

In proportion as the ratio p to p' increases, the curve AR becomes more 

and more concave; and when p is equal to p', the surface of the fluid in the 

tube is a concave hemisphere. To prove this, we shall suppose, in fig. 133, that 

the cube is of the same matter as the fluid, and that its surface 

ABC is a hemisphere; we shall also suppose that the whole 

spherical surface ABCS is completed, and that the fluid fills the 

upper part of the tube " RASC. Neglecting the force of 

gravity, as we may do in very narrow tubes, it is evident that, by 

reason of the homogeneousness of the matter of the tube and of 

the fluid, all the points of the concave surface ABC will be 

affected, in consequence of the attractions of the tube and of the 

fluid, by equal forces perpendicular to the surface, which suffices 

JJiq/133< 

* (4221) The tube being filled with a fluid of uniform density, having the same intensity 

[9626a] °f action as that of the tube, and the effect of gravity being insensible [9627], it is evident 

that, in noticing the conditions of the equilibrium of the spherical surface AB C S, we 

[96266] may neghct the consideration of the action of the fluid contained within that surface, 

because this action is perpendicular to that surface. Then the equilibrium of the surface ABCS 
[9626c] will be sustained by the combined action of the tube, of the upper part RAS C T, and of the 

lower part MAB CN, of the fluid; and it is in this way that the author considers the 

[96264] gubject in [9625—9629], and finally demonstrates that, in this case of p=p', with a fluid of 

[9626e] uniform density, the surface ABC in a capillary tube is a concave hemisphere, making the 

[9626/*] angle tf — O; -us [9601"] being the angle formed by the line AM and the tangent of the 

surface drawn through A in a downward direction. 

A little consideration will make it evident, that the same result must very nearly obtain, 
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for the equilibrium of the fluid. Now if we take away the upper fluid RASC, 

there can be produced only insensible changes in the magnitudes of the forces 

which act upon the different points of the surface ABC, and in the directions of 

these forces. For, AR being a tangent to the spherical surface, it is evident 

that the action of the part RAS of the fluid upon the point A, is incomparably 

less than the action of the tube upon that point, since the attraction becomes 

insensible at any sensible distance;* therefore the equilibrium of the lower 

fluid ABCNM, will not be affected by the suppression of the upper part 

RASC; whence it follows that the surface of the fluid is a concave hemisphere 

when p is equal to p'. 

If the intensity of the attraction of the tube upon the fluid exceeds that of the 

attraction of the fluid towards its own particles, it appears to me probable that, 

in that case, the fluid, by attaching itself to the tube, forms an interior tube, which 

alone produces the elevation of the fluid in the tube, whose 

surface thus becomes concave and hemispherical [9629]. 

I suspect this to be the case with water [alcohol] or oil in 

a glass tube. 

We shall now consider the case, in which the surface 

of the fluid, instead of being concave, is convex; and we 

shall suppose BAG, fig. 134, to be a vertical plane, whose 

lower extremity is dipped into a fluid contained in the vessel 

MNC; AR a section of the surface of the fluid, by a 

when we notice the change of density of the fluid, arising from the corpuscular action. For 

when p = p/, the action of the tube upon the fluid is the same as the action of the fluid 

upon its own particles; therefore the fluid will not vary in density near the sides AM, CN, 

of the tube; so that the particles of the fluid near the points A, C, must be very nearly in 

the same state as if the density of the whole fluid was equal to unity. For the action of the part 

of the surface of variable density near B, where this variation of density is the greatest, is 

insensible at A, on account of its distance ; and the same is very nearly true for the other 

parts of the surface BA, until we approach quite near to A; so that we may suppose the 

fluid on the surface between B and A, to have the same uniform density unity without 

altering sensibly the action near A, or changing the corresponding angle of inclination, 

which must therefore be very nearly represented, as in [9626/], by zs = 0, if p = p', even 

when we take into consideration the change of density at the surface of the fluid from the 

corpuscular action, &c. 

* (4222) Observing that the angle of contact between the curve A S and the tangent 

AR is infinitely small. 

[9628] 

The sur¬ 
face of the 
fluid is a 
concave 
hemi¬ 
sphere 
when p, p', 
are equal. 

[9629] 

[9630] 

[9631] 

[9632] 

[9626g-] 

[9626fc] 

[9626i] 

[9626fc] 

[9626/ ] 

[9626m] 

[9626n] 

[9628a] 
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[9633] 

[9634] 

[9635] 

[9636] 

[9637] 

[9637] 

[9638] 

[9639] 

[9640] 

[9634a] 

[96346] 

[9634c] 

[9634c?] 

[9634e] 

[9634/] 

[9637a] 

[96376] 

[9638a] 

[96386] 

plane perpendicular to the first plane; AD a tangent to the curve AR; and we 

shall put the angle BAD — b. Then the vertical attraction of the fluid DAN 

[of uniform density] upon the point A, will be, by what has been said,* 

— p'K.(1 — sin/), dowmvards, or in the direction AC; and the horizontal 

attraction will be p'K. cos/, from A towards N. To obtain the attraction of the 

fluid RAN, we must subtract from the preceding attractions those of the 

segment DAR. We shall put Q for the action of this segment DAR upon 

the point A, and AQ for its direction, and w7e shall also put the angle 

BAQ = zs. Then the vertical attraction of the segment DAR is —Q.cos.w, 

in the direction AC; and its horizontal attraction, in the direction AN, is 

Q.sin.w. Hence the vertical attraction of RAN becomesf 

Q. cos. * — p'K. (1 — sin/), Vertical force in the direction j3C.] 

and its horizontal attraction will be 

— Q.sin.^-f-p'if.cos /. [Horizontal force in the direction -/3 JV.] 

The vertical attraction of the fluid NAC is p K, and its horizontal attraction 

is the same.f Lastly, the vertical attraction of the plane BAC is nothing, and 

* (4223) It is shown in [9606, 9607], that the action of the fluid, of uniform density, 

contained between the planes BA, DA, fig. 132, are p'K.sin.BAD, in the direction AB, 
and p'K. (1 —cos.B AD), in the direction AN. In like manner, in fig. 134, the action of 

the fluid, corresponding to the space DAN, is p'K.sin.DAN, in the direction AN, and 

p'K. (1 — cos.DAN), in the direction AB; and by putting, as in [9633], DAN=90d — Ô, 
these forces become respectively pAT.cos/, in the horizontal direction AN, as in [9635], and 

p'K. (1 — sin/), in the direction HR, or—p'ÆT.(l — sin/), in the direction H C, as in [9634]; 

the vertical action being always reckoned downwards, or in the direction A C. Moreover 

the force Q, in the direction AQ, produces the force — Q.cos.-tf, in the direction A C, and 

the force Q.sin.'tf, in the direction AN, as in [9637]. If we wish to notice the change of 

density of the fluid, we must, in like manner as in [9606/, m], change the forces 

— p'K.(l—sin/), p'K.sin/, into —p'6ÆT.(l — sin/), plAT.sin/, respectively, p'6, pt,, 

being functions similar to pg, p'4. 

f (4224) Subtracting the vertical action of the part DAR [9637] from that of DAN 
[9634], we obtain the action of the part RAN, as in [9638]. In like manner, by subtracting 

the horizontal action Q.sin.w [9637'], corresponding to the part DAR, from that of DAN 
[9635], we obtain that corresponding to RAN, as in [9639]. 

f (4225) This is proved in [9606A] ; it may also be deduced from [9638, 9639] ; for, 

by putting ttf = 0,J = 0, Q = 0, the space NAR becomes NAB, and the expressions 

[9638, 9639] become respectively —p'K, p'K, representing the whole action of NAB in 
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its horizontal attraction is* * —2pAT; therefore the fluid will be acted upon 

by the vertical force 

Q.cos.v — PYT.(1 — sin-O + p'-E or Q. cos.w + pX.sin.'fl, [vtSfe] 

and by the horizontal force 

— Q. sin.* + p 'K. cos .6 + p 'K— 2 pAT, 

We shall suppose AV — R to be the resultant of these forces, which we shall 

suppose to be perpendicular to AD; then we shall havef 

R. sin .è = Q. cos.v* -f - p 'AT. sin.d, 

22. cos.$ = — Q..sin.TO-f- p'ATi, c@M + (p'—2p). K\ 

whence we deduce [for fluids of a uniform density] 

q.cos.(v— 6)=(P'—2?).K.sïa.ô; 

sin.d, Q, and cos.(tf—â), being positive, when the curve AR is convex; the 

a vertical or horizontal direction respectively. That of NA C will evidently be the same, 

except in the sign of the vertical force — p'AT, which must evidently be changed into -j-p'A, 

as in [9640]. 

* (4226) The vertical forces of the two parts of the plane AB, AC [9602, 9604], 

represented by p K, —pK, mutually destroy each other. The horizontal forces of each of 

these parts is also equal to pK [9603, 9605], in the direction AM; or —-pK, in the direction 

AN, in which the horizontal force is reckoned in [9634c, 9639]. Connecting together the 

vertical forces of the fluid and plane [9638, 9640], it becomes as in [9642] ; also the 

horizontal forces [9639, 9640, 9641], being connected together, give the whole force [9643]. 

f (4227) The force R, in the direction A V, produces the vertical force R.cos.CAV, 

and the horizontal force R. sin. CAR; and as BAD=Ô, DAR—90d, CAR— 90d — Ô, 

these forces become 22.sin.0, and R.cos.ô; so that, by putting them respectively equal to 

the forces [9642, 9643], we obtain the equations [9645, 9646]. Now multiplying [9645] 

by eos.fi, also [9646] by •—sin.fi, and adding together the products, we get, by neglecting 

the terms which destroy each other, 0= Q. (cos.w. cos.fi-[-sm.TO. sin.fi)— (p'—2p) .XT.sin.fi; 

and as the coefficient of Q is cos.(sj — ô), it is easily reduced to the form [9647], which 

corresponds to a fluid of uniform density. The case of a variable density may be considered 

as in [96067, m, 96152, &.C., 9618c]; and the final result will be, that we must change, in 

[9647], p' into a function of p', p, fi, which we shall denote by p§; so that [9647] will 

become Q.cos.fct— fi) = (2p— pg).2T.sin.fi; observing, as in [96152—2], that 2pK} pgK, 
are much greater than Q, and (2p —• p§) .K is generally of the same order as Q. 

[9641] 

[9642] 

[9643] 

[9644] 

[9645] 

[9646] 

[9647] 

[9638c] 

[9639a] 
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[9648] 

[9649] 

[9650] 

[9651] 

[9652] 

[9652'] 

[9653] 

[9654] 

[9655] 

factor p'—2p will be positive, or the intensity p will be less than -|-p' [the density 

of the fluid being supposed uniform]. 

If we compare this result with the preceding [9617], we shall see that the 

surface of the fluid in a tube will be concave or convex, according as p is greater 

or less than ±p' [the fluid being supposed of a uniform density']. 

The tube being capillary, the surface will approach so much the more towards 

the form of a convex hemisphere, as p shall be diminished ; and if p be nothing, 

or insensible, this surface will be a convex hemisphere. To prove this, we shall 

suppose, that this surface ASC, fig. 133, page 784, is a hemisphere, and we 

shall continue it below A, so as to complete the whole sphere ASCB. Then, 

if we suppose the fluid ABCNM to be suppressed, and neglect the force of 

gravity, it is evident that all the points of the surface ASC, will be urged by 

equal forces perpendicular to that surface ; therefore the fluid will be in 

equilibrium. If we now replace the suppressed fluid, it is evident that, AM 

being a tangent to the sphere, the action of the fluid MAB upon the point A 

will be incomparably less than the action of the sphere upon this point; we 

may therefore neglect it, and with much greater reason we may neglect the 

action of the same fluid upon the other points of the surface ASC ; therefore 

the equilibrium takes place when the convex surface of the fluid is hemispherical A 

Between the limits p = 0 and p = |p', the surface becomes less and less 

convex [9649]. It is horizontal when ? = [9618]; when it exceeds ^-p', 

[9654a] 

[96546] 

[9654c] 

[9654d] 

[9654e] 

[9654/] 

[9654g-] 

[96546. ] 

* (4228) The surface will be very nearly that of a convex hemisphere, if the action of 

the tube on the fluid is nothing, or p = 0, even when we notice the change of density of the 

fluid near its surface and near the sides of the tube. For as the tube has no action on the 

fluid, the part of the fluid which is situated about the point A, fig. 133, page 784, must by 

very nearly in a similar situation to that which is in contact with the atmosphere at the suiface 

AS C ; because the atmosphere has been found, by observation, to have no sensible effect 

on the capillary phenomena; therefore we may suppose the thin stratum of vaiiable 

density at A and C to be very nearly the same as at $ ; and we may suppose that this 

stratum is continued round the lower part of the spherical surface ABC, without producing 

any sensible effect on the fluid in the upper surface ASC, on account of its great distance, 

in comparison with the radius of the sphere of activity of the corpuscular attraction, as is 

supposed in [9652']. Now with a spherical mass ABCS, whose exterior part is 

formed of concentrical strata, varying in density from one stratum to another, the equilibrium 

will hold good as in the case of uniform density, as is evident from the process of reasoning 

which is used in [9650—9654] for a sphere of uniform density. We shall also prove by 

another method, in [9980a;], that, when p = 0, the surface of the fluid is that of a concave 

hemisphere. 
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the surface becomes more and more concave [9617] ; and lastly it is that of a 

concave hemisphere when p = p' [9625].* 

* (4229) We have seen that, in all the calculations of this article [9587—9655], the 

author supposes the whole mass of the fluid to be of the same uniform density, and neglects 

wholly the consideration of the change of density near the surface of the fluid and near the 

sides of the tube. The subject is resumed by him, in a different manner, but upon the same 

principles, in his second supplement; and he finally obtains the formula p = p'.cos.%vs [9935], 

for the relation between the intensities p and p'; supposing vs = the angle BAD, fig. 132, 

page 780, to represent the angle contained between the vertical line AB, and the tangent 

AD to the curve AR, at the point A. When vs — 0, this formula gives p = p', as in 

[9625]; when vs<f90d, it becomes p]>§p', or 2p—p' positive, as in [9617]; when 

■35 = 90^, itbecom.es p=£p', or 2p—p'=0, as in [9618] ; when •ro^>90d, it becomes 

P<V, as in [9648] ; lastly, when to=180°, it becomes p = 0, as in [9650]. 

These results require some modification when we notice the change of density in the fluid. 

For we have seen, in [9654a—g], that, when p = 0, the surface of the fluid in a capillary 

tube is a convex hemisphere, and the angle ot=180'j. This is the situation of water in a 

capillary tube whose internal surface has been well covered with an oily substance. We have 

also found, in [9626»], that, when p= p', the surface of the fluid in a capillary tube will be very 

nearly that of a concave hemisphere corresponding to vs = 0. Hence it appears that, while 

p varies from p = 0 to p = p', the angle vs varies from 180^ to O'*. The mean between 

these extreme values would give p = |p/, corresponding to vs=90d, or to a horizontal 

surface ; which is found to be true in [9601], when the fluid is supposed to be of uniform 

density; but we cannot infer that, when 3j = 9.Q<i, we shall have p = £p', if we notice the 

change of density of the fluid as we have already observed in [9596/] ; though it may be 

considered as an approximation towards the true value of p, which cannot be accurately 

determined till the law of the corpuscular attraction is known. Finally, when p exceeds p', 

the fluid attaches itself to the side of the tube, as in [9630, 9631], and forms an interior 

tube, of the same matter as the fluid itself, and which will correspond to the case of p=p' 

[9655A] ; then the fluid in a capillary tube will have very nearly, for its surface, that of a 

concave hemisphere [9655/]. 

vol. iv. 198 

[9655'] 

[9655a] 

[96556] 

[9655c] 

[9655d] 

[9655e] 

[9655/] 

[9655g) 

[96556] 

[9655/ ] 

[9655Æ] 

[9655Z] 

[9655m] 

[9655n] 

[9655o] 
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SECTION II. 

COMPARISON OF THE PRECEDING THEORY WITH OBSERVATION. 

13. We have seen, [in 9379,9409—9411,9454], that, by the theory, a fluid 

[9656] is elevated or depressed in capillary tubes, of the same kind, in the inverse ratio 

of their diameters ; that, between two vertical and parallel planes, which are 

very near to each other, the fluid is elevated or depressed in the inverse ratio of 

their distance ; lastly, that the elevation or depression of the fluid between these 

[9657] planes, is the same as in a tube whose interior semi-diameter is equal to the 

distance of the planes [9410]. All these phenomena have been observed for a 

long time by philosophers, as may be seen by the following passage in Newton’s 

Optics, question 31, vol. 4, page 253, of Horsley’s edition of Newton’s works. 

“ If two plane polished plates of glass (suppose two pieces of a polished 

looking-glass) be laid together so that their sides be parallel, and at a very 

small distance from one another, and then their lower edges be dipped into 

water, the water will rise up between them. And the less the distance of the 

glass is, the greater will be the height to which the water will rise. If the 

[9658] distance be about the hundredth part of an inch, the water will rise to the 

height of about an inch ; and if the distance be greater or less in any proportion, 

the height will be reciprocally proportional to the distance very nearly. For 

the attractive force of the glasses is the same, whether the distance between 

them be greater or less ; and the weight of the water drawn up is the same, if 

the height of it be reciprocally proportional to the distance of the glasses. And 

in like manner, water ascends between two marbles, polished plane, when 

their polished sides are parallel, and at a very small distance from one another. 

And if slender pipes of glass be dipped at one end into stagnating water, the 

[9660] wa{er w]]] rise up within the pipe ; and the height to which it rises will be 

reciprocally proportional to the diameter of the cavity of the pipe, and will 

equal the height to which it arises between two planes of glass, if the 

semi-diameter of the cavity of the pipe be equal to the distance between the 
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planes, or thereabouts. And these experiments succeed after the same manner 

in vacuo as in the open air (as hath been tried before the Rojal Society), and 

therefore are not influenced by the weight or pressure of the atmosphere.” 

Messrs. Haiiy and Tremery have been willing to make, at my request, some 

experiments of the same kind. In a glass tube whose internal diameter is two 

millimetres, they have found the elevation of the water, above the level, to be 

6lul-,75, and that of oil of orange, 3mi-,4. 

In a second glass tube, -f of a millimetre in diameter, the elevation of the 

water was 10 millimetres, and that of oil of orange 5 millimetres. 

In a third glass tube, f of a millimetre in diameter, the elevation of the water 

was 18mK,5, and that of oil of orange, 9 millimetres. 

If the elevation of any fluid is in the inverse ratio of the diameter of the 

tube [9379], the product of this elevation by the corresponding diameter of the 

tube, must be the same for all the tubes ; and this product reduced to square 

millimetres, and divided by one millimetre, will give the ascent of the fluid in a 

tube whose diameter is one millimetre. Thus, by multiplying each of the 

preceding elevations by the corresponding diameter of the tube, wre shall have 

the three following results for the ascension in a tube whose diameter is 

1 millimetre ;* 

First tube, 

Second tube 

Third tube, 

The near agreement of these results, both as it respects water and oil of 

oranges, proves the accuracy of the law of ascension of these fluids, in the 

inverse ratio of the diameter of the tube. The mean of the results in 

[966/, 9668, 9669], gives for the elevation of these fluids, the following 

quantities ; 

Water. 

13mi-,50; 

13mi-,333 ; 

13mi-,875 ; 

Oil of Orange. 

6mi-,8. 
6mi-,667. 

6mi\75. 

Elevations reduced to" 
that of a tube whose 
diameter is lmi-; being 
the same as the values 

of —, or 2a2. a 

# (4230) The quantities [9867] are deduced from the numbers (9662), thus, 

2X 6rai,,75=13mi-,50, 2x3rai',4 = 6mi-,8. In like manner [9668, 9669], are deduced 

respectively from the numbers [9663, 9664], respectively. The results of a much more accurate 

set of experiments on the ascent of water, alcohol, and oil of turpentine, by Gay-Lussac, who 

took great care in previously wetting the tubes, are given in [10304—10348]. The 

expressions [9670,9670], represent, as in [9372y], the values of —, corresponding to water 

and alcohol, as deduced from these experiments of Haiiy, who was not careful in wetting the 

tubes. The results of Gay-Lussac’s experiments [10308, 9702/r], are nearly twice as great 

as those in [9670, 9670']. 

[9661] 

[9662] 

[9663] 

[9664] 

[9665] 

[9666] 

[9666;] 

[9667] 

[9668] 

[9669] 

[9669q 

[9667a] 

[96676] 

[9667c] 
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[9670] 

[9670'] 

[9671] 

or - = 2o,2= 131TU,,569j ; 

[9672] 

[9673] 

[9674] 

[9674'] 

[9675] 

[9676] 

or = 2a2 = 6mL,7389 
a 5 j '1. 

Elevation of water, 13rai ,569, in a tube whose diameter is lrau 

Elevation of oil of oranges, 6mi',7389, in a tube whose diameter is lm" 

The two first tubes of which we have spoken, whose diameters are 

2 millimetres, and \ of a millimetre, were made use of to determine the 

depression of mercury below the level. For this purpose they were placed in 

a basin of mercury, at a depth which was accurately measured. Then, a very 

smooth plane, which prevented the fluid from running out, having been slid under 

the bottom of the tubes, they were taken out from the basin, and the heights of 

the columns of mercury above the plane were measured. The differences between 

these heights and the lengths of the immersed part of the tube, give the 

depressions of the mercury below its level. In this way was found 3ml‘ f- for 

the depression, in the tube whose diameter is 2 millimetres, and 5mi-,5 for the 

depression in the tube whose diameter is of a millimetre. Each of these 

experiments gives 7mi',333 for the depression of the mercury in a tube whose 

diameter is a millimetre ;* therefore we see, in this case, the accuracy of the 

law of the depression of the fluids, in the inverse ratio of the diameter of 

the tubes. 

Messrs. Haüy and Tremery have also observed the elevation of water between 

two vertical and parallel plates of glass, distant from each other by 1 millimetre. 

They have found it to be 6mi-,5, which differs but very little from the elevation 

of water in a tube whose radius is a millimetre; for this last elevation ought to 

be, by the preceding experiments, equal to the half of 13“',569, or 6rai',784.f 

Thus the result of the theory by which water ought to ascend between these 

planes as much as it would in a tube whose radius is equal to that distance 

[9410], is conformable to this experiment. We have seen, in the passage 

quoted from Newton’s Optics [9658], that, when the two planes of glass are 

at the distance of a hundredth part of an English inch, the corresponding 

[9677] elevation of the wTater is one inch. The product of these two quantities 
I*. . (liQ-)2 (25mi-,3918)2 

[9678] is —. An English inch is 25m,‘,3918 ; hence —— =-^ » or 

[9679] 6mi-,4474. Dividing it by lmi-, we obtain 6mi-,4474, for the ascent of the water 

[9673a] 

f (4232) From [9670], the elevation of water in a tube whose diameter is one millimetre, 

[9675a] is 13mi’,569 ; and if its radius be 1"% or diameter 2ml, the elevation will be, from [9361], 

---= 6m'-,784, as in [96/5]. 

* (4231) Thus 3|X2 = 7K%333, and 5,5X§ = 7mi,333, as in [9673]. 

2 
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between two parallel planes, distant one millimetre from each other, which differs 

but little from the preceding result [9674/]. 

We have seen, in [9410], that, if we introduce into a cylindric tube a cylinder 

having the same axis as the tube, the elevation of the water, in the circular space 

included between the interior surface of the tube and the surface of the cylinder, 

is equal to the elevation of the water in a tube which has for its radius the 

width of this circular space. One of the limits of this general case is the [9681] 

particular case, where the radii of the tube and cylinder are both infinite ; this 

corresponds to the case of two parallel planes which are very near to each other. 

We have just seen, in [9674—9677], that the general result at this limit is 

verified by experiment. The other limit is that where the radii of the tube and 

cylinder are very small. To verify, in this case, the result of analysis, [9682] 

M. Haüy took a glass tube, of uniform caliber, whose interior diameter was five 

millimetres, and placed within it a glass cylinder, whose diameter was three 

millimetres, with all the necessary precautions to make the axis of the tube 

coincide with that of the cylinder. Then, dipping into the water the tube [9683] 

and cylinder thus prepared, he observed the elevation of the fluid within 

the circular space to be very nearly seven millimetres, but rather below it. The 

width of the circular space being in this case one millimetre, the water ought, 

by the theory,* to rise as it does between two parallel planes at the distance of 

one millimetre; therefore this elevation ought to be 6mi-,784 [9675], which [9684] 

agrees perfectly with experiment. Thus the general result of the theory upon 

the elevation of water between the circular space included between a tube 

and an included cylinder, is verified at both its limits. 

The result of any experiment will vary a little with the temperature, and we 

may consider the preceding observations as being made when the temperature 

was at ten degrees of the centigrade thermometer. All these experiments 

require particular attention relative to the caliber of the tube and the exact 

measure of its diameter; care must also be taken to prevent the surface from 

being either too dry or too wet. In measuring the elevation of the fluid, we [9686] 

must keep the tube dipped into the fluid ; for, by taking it out, the drop which 

is formed at the bottom of the tube will rise the fluid in the tube [9717, &c.]. 

We must also measure these elevations from the level of the fluid in the vessel 

to the lowest point of its surface in the tube, if the fluid be elevated ; or to its [9687] 

highest point, if the fluid be depressed. 

14. One of the most interesting of the capillary phenomena, and the most 

* (4233) This appears by comparing formula (9409) with the remarks in (9412). 

vol. iv. 199 
[9683a] 
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proper to verify the preceding theory, is that of the suspension of a drop of fluid 

in a conical capillary tube, or between two planes which form a very small angle 

[9688] with each other. We have given the analysis of it in [9472, 9549], and we 

shall now proceed to compare it with observation. Hauksbee very carefully 

made an experiment of this kind with a drop of oil of oranges suspended 

between two glass planes ; his account is nearly as follows : 

[9689] “ I took two rectangular glass planes, each twenty inches long and three inches 

wide ; that which I used for the lower plane had its surface parallel to the 

horizon. These planes touched at two of their narrow borders, and the axis from 

which the distances of the drop were counted, was on the opposite narrow 

[9689'] border of the lower plane. The* planes being very clean, they were rubbed 

with a linen cloth dipped in oil of oranges : then, a drop or two of the same oil 

being let fall upon the lower plane, near the axis, the other plane was laid upon 

it; and as soon as it touched the oil, the drop spread itself considerably between 

both their surfaces. Then, the upper plane being raised a little at the same end 

by a screw, the oil immediately attracted itself into a body, forming a globule 

contiguous to both surfaces, and began to move towards the touching ends. 

When it was 2 inches from the axis, an elevation of 15 minutes [sexagesimal] 

at the touching ends stopped its progress, and it remained there without motion 

any way. The planes being let fall again, the drop moved forward till it was 

four inches from the axis; then an elevation of 25m- was required to give it a 

fixed station. At 6 inches, it required an angle of 35m‘ ; at 8, of 45m< ; at 10, a 

degree. At 12 inches from the axis, the elevation was ld- 45m>, and so on, at 

the several stations, as they stand in the annexed table. This, after numerous 

trials, I take to be the most correct, though the others succeeded very nearly the 

same. It is to be observed, that when the globule, or drop, had arrived to near 

17 inches on the planes from their axis, it would become of an oval form; and 

as it ascended higher, so would its figure become more and more oblong; and 

unless the drop was small, on such an elevation of planes as was required at 
[9690'] 1 . . 

such a progress of the drop, it would be parted, some of it descending, and the 

rest of it running up to the top at once ; but on a drop that separated there, I 

found the remaining part of it, at 18 inches, would bear an angle of elevation 

equal to 22d> to balance its weight. Higher than that I could not observe. 

[9691] The planes were separated at their axis about T1T of an inch. I found but 

* (4234) The rest of this paragraph [9339—9691/] is copied from the account given by 

[9689a] Hauksbee in the Philosophical Transactions for 1712, and differs a little from that given by 

La Place. 
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little difference between small and large drops of oil, in regard to the experiment. 

The angles were measured by a quadrant marked on paper, of near 20 inches 

radius, divided into degrees and quarters. 

Distance from the axis in inches. 

2in- . . 
Angles of elevation in sexagesimal degrees and minutes. 

.... 15m- 

4 

6 

8 

10 

12 

14 

15 

16 

17 

18 

. . 25m- 

. 35ra- 

. . 45ra- 

ld- ora- 

. T- 45ra- 

2d* 45m- 

. 4d- 

6d- 

10d- 

22d- 

Hauksbee does not say that the distances were counted from the middle 

of the drop ; but there is reason to believe that this was the case, from a 

passage in Newton’s Optics which we shall soon quote; we shall suppose this 

to be the case in the following calculations, since any inaccuracy in the 

supposition will have but very little influence upon the result. 

We shall put 

V = the inclination to the horizon of an intermediate plane, having a 

common intersection with the two planes which were used in the 

preceding experiments, and bisecting the angle which they form with 

each other ; 

h = the height to which the fluid would rise between two vertical and 

parallel planes, whose distance is equal to that of the two planes 

which were used in the preceding experiments, at the distance 

b from the common intersection ; 

a = the distance from the middle of the drop to the line of intersection of 

the two planes; 

then we shall have very nearly, from [9549, 9454, &c.],* 

sin. IX 
h bf 

b'aa* 

* (4235) The value of h [9895] is given in [9454] under the form h = ’ 

21 being the distance of die two planes [9452]. Now by [9526], the inclination of the two 

[969iq 

[9692] 

[9693] 

[9694] 

[9695] 

[9696] 

[9697] 

[9698] 

[9698a] 
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[9699] 

[9699'] 

[9700] 

[9701] 

[9702] 

[96986] 

[9698c] 

[9698c?] 

[9698e] 

[9702a] 

[97026] 

[9702c] 

[9702c?] 

[9702e] 

[9702/] 

[970%] 

[97027c] 

[9702?] 

[9702fc] 

In the preceding experiment, the planes were distant from each other T\ of an 

English inch, at 20 inches distance from their line of intersection [9691, 9689], 

or at their axis situated at the extremity of these planes. Therefore their distance 

from each other was only TV °f an inch, at the distance of 10 inches; and we 

shall suppose b [9696] to be equal to ten English inches. As a half millimetre 

of distance between two vertical and parallel planes, corresponds, by the 

preceding article, to an elevation of the oil of orange of 6m‘-,7389,* * we shall 

have 

(0,5x6,7389) square millimetres =(TV X&) square inches, 

planes is ; therefore the distance of these planes from each other, at a point whose distance 

from their common section is b, will be nearly 2Z=2&.tang.-æ, on account of the smallness 
n 7 . T T H* sïn.â' 

of the angle vs. Substituting this in the preceding value of h, it becomes h — ^ ^ 
& * * o' 

. . b bh H • sin. $ * « mr a m * tt 
Multiplying this by —, we get — =—---; hence, by [9549], —=sm. V, or, 

as it may be written, sin. V = -. — [9698]. In this demonstration, we might have used 

sin.ts instead of tang.-cï, by measuring the half interval of the planes, from the centre of the 

drop to either of the planes which are used in the experiment ; then the formula [9549/] 

would agree with [9698]. 

* (4236) The elevation of any fluid in a tube whose diameter is lmi-, or radius 0™-,5, is 

the same as between two parallel planes whose distance is 0rai ,5 [9410]. Now by [9670'], 

the elevation of oil of oranges in a tube of the diameter l™-, is 6™ ,7389; therefore, by the 

principle used in [9665, &c.], we must have 0mi’,5x6mi/7389, for the constant quantity 

representing the product of the distance of two parallel planes, by the elevation h of the oil 

of oranges between the two planes. To reduce the constant quantity [9702c] from square 

millimetres to square inches of English measure, we must divide it by the square of 

25rai’,3918, and then the constant quantity becomes as in the first member of [9704], which 

is to be put equal to the product of the distance of the planes, -g/ of an English inch 

[9699'], by the corresponding elevation of the fluid h ; hence we get the equation [9704], 

from which wre deduce the value of h [9705]. Substituting this value of A, and that of 

A = 10i,1‘ [9700], in [9698], we get [9706]. 

The quantity 6rai,7389 [9702c], deduced from the experiments of Haiiy, is much too 

small, from his not having well moistened the tubes. In an experiment made by Gay-Lussac, 

the temperature was 15°,5 of the centigrade thermometer, the diameter of the tube 

lmi-,296 = 2Z [9343], and the elevation of the fluid ç=10m,,4 [9353]. From these we 

get q=q-\- ^Z= 10™ ,616 [9372a?], and ~ = 2a9 = 2Z?,= 13mi-/758 [9372y], instead of 

6mi-,7389 found by Haiiy [9670'] ; and if we use this result in [9706], we shall have 
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h being estimated in English inches. We have seen, in the preceding article, 

that the English inch contains 25mi-,3918 [9678] ; therefore we shall have 

which gives 

0,5X6,7389 1 

(25,3918)2 32*^’ 
[Expressed in square inches.] 

. 16X6,7389 

1 ~ (25,3918) 2 ’ 

Hence the formula [9698] becomes 

[in linear inches.] 

16X6,7389 100 1,6723 

10X (25,3918)2* "«2" «2 

a being estimated in English inches. 

The angle formed by the two glass planes, in the experiment, having for its 

lin> 
sine -■—, this angle is 10ra- 44s-. The lower plane having been placed 

horizontally at the commencement of the experiment, it is evident that, to 

obtain the inclination V of the intermediate plane, we must decrease by 5m- 22s- 

all the inclinations of Hauksbee’s table. We must then subtract all the 

numbers of that table from 20in-, to obtain the successive values of a. This 

being premised, we shall have the following table : 

[9703] 

[9704] 

[9705] 

[9706] 

[9707] 

[9708] 

16X13,758 100 3,4142 

10 X (25,3918)2 * ~c& ~~~ «2 * 
[9702Z] 

This formula makes the sines of V more than double of those which are deduced from the third 

column of the table [9709] from the formula [9706], the ratio of their sines being as 

1,6723 to 3,4142, or as 1 to 2,041 ; and as the computed angles in the table are generally 

too large, it must follow that the results of Hauksbee’s experiments must differ very much 

from those derived from Gay-Lussac’s experiment in [9702?]. These differences arise chiefly 

from the difficulty of making accurate observations of this kind, and in part from the terms 

neglected in the expression of sin.T [9549, &c.] ; and we may add, that we have supposed, in 

the theory, that the drop is nearly circular, whereas by observation it is found to be oblong when 

a is small. We may finally observe that, instead of [9702?], Poisson uses, in page 260 of 

3 4117 
his work, sin. V = -L—— , as the result of Gay-Lussac’s experiment ; the difference between 

these formulas arises chiefly from his deducing the value of the numerator 3,4117 from the 

formula [9372?], instead of using that in [9372a] ; but the difference is of no importance in 

comparison wdth the much greater errors of the observation. 
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[9702m] 

[9702m] 
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Distances a, in inches, from the 
middle of the drop to the in¬ 
tersection of the planes. 

Observed values of V, in 
sexagesimals. 

Values of V, calculated by the 
formula [9706]. 

Difference between the calcula¬ 
ted and the observed angles, 
expressed in aliquot parts of 
the observed values. 

18in-. .9m- 38s-.. .17m- 44s-.. 
1 

16. . 19 38... . 22 21... 

.1)2* 

1 

14. . 29 38... . 29 20 ... I 

12. . 39 38... . 39 55 ... 

.9 9' 

1 

10. . 54 38... . 57 29 ... 

.14 0* 

1 

8. ... ld- 39 38 ... ... ld- 29 50... 

.1 9 * 

1 

6. 2 39 38... ... 2 39 45 ... 
1 

5. ... 3 54 38 ... ... 3 50 8 ... 1 

4. ... 5 54 38 ... ... 5 59 58 ... 
.5 2* 

1 

3. ... 9 54 38 ... .. 10 42 31 ... 

.6 7 * 

1 

2. .21 54 38... ..24 42 49... 
1 

*.7.8* 

The calculated values of V agree with the observed values, as well as could 

be expected in a formula which is only approximative, and in observations in 

[9710] which the fractions of a quarter of a degree were found by mere estimation. 

Towards the limits of the least and greatest distances of the drop from the line 

of intersection of the planes, the difference is the greatest, and it is evident, from 

^ 10, that this ought to be the case ; because, in the greatest distances, the drop 

has not sufficient width in comparison with its thickness ; and in the least 

[9711] distance, its width bears too great a ratio to its distance from the line of 

intersection. 

It is this experiment of Hauksbee which Newton refers to in his Optics, 

question 31. “ If two plane polished plates of glass, 3 or 4 inches broad, and 20 

or 25 long, be laid, one of them parallel to the horizon, the other upon the first, 

[9712] so as at one of their ends to touch one another, and contain an angle of about 

10 or 15 minutes; and the same be first moistened on their inward sides with 

a clean cloth dipped into oil of oranges or spirit of turpentine ; and a drop or 

two of the oil or spirit be let fall upon the lower glass at the other end ; so soon 

as the upper glass is laid down upon the lower, so as to touch it at one end, as 

above, and to touch the drop at the other end, making with the lower glass an 

angle of about 10 or 15 minutes; the drop will begin to move towards the 

concourse of the glasses, and will continue to move with an accelerated motion 

till it arrives at that concourse of the glasses. For the two glasses attract the 

l9/13] ^r0p^ an(j make R run that way towards which the attractions incline. And if, 

when the drop is in motion, you lift up that end of the glasses where they meet, 
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and towards which the drop moves, the drop will ascend between the glasses, 

and therefore is attracted. And as you lift up the glasses more and more, the 

drop will ascend slower and slower; and at length rest, being then carried 

downward by its weight, as much as upwards by the attraction. And by this 

means you may know the force by which the drop is attracted at all distances 

from the concourse of the glasses.” 

“Now by some experiments of this kind (made by the late Mr. Hauksbee), 

it has been found that the attraction is almost reciprocally in a duplicate 

proportion of the distance of the middle of the drop from the concourse 

of the glasses, viz. reciprocally in a simple proportion, by reason of the 

spreading of a drop, and its touching each glass in a larger surface ; and 

again reciprocally in a single proportion, by reason of the attractions growing 

stronger within the same quantity of attracting surface. The attraction, 

therefore, within the same quantity of attracting surface, is reciprocally as the 

distance between the glasses. And therefore, where the distance is exceeding 

small, the attraction must be exceeding great.” 

The explanation which Newton gives of the capillary phenomena, in this 

extract and in that we have before given, is very proper to show the advantages 

of the mathematical and precise theory explained in the first section. 

15. We have seen that the water rises in a capillary tube by the effect of the 

concavity of its interior surface. The effect of the convexity of the surfaces 

becomes sensible in the following experiments : 

If we dip a capillary tube into water to a small depth, and close the lower 

part of the tube with the finger, then draw it from the water, we shall find that, 

by taking away the finger, the fluid will descend in the tube, and form a drop of 

water at its lower extremity. But when it has ceased to descend, the height 

of the column will still remain greater than the elevation of the water in the 

tube above the level, when it was dipped into that fluid. This excess arises 

from the action of the drop of water upon the column ; for it is evident that, in 

this experiment, the concavity of the interior surface of the column, and the 

convexity of the external surface, or that of the drop itself, 

contribute to raise the water in the tube. 

ABC, fig. 135, is a curved capillary tube, whose branches 

are of unequal lengths. By dipping it vertically into the water, so 

that its shortest branch AB may be wholly immersed, the water 

will rise in the branch B C above the level to a height which we 

shall represent by FG. Then drawing the tube from the water, 

there will be formed at the extremity A, a drop ANO; and when the fluid is 
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[9719'] 

[9720] 

[9721] 

[9721'] 

[9722] 

[9723] 

[9724] 

[9725] 

stationary in the tube, we shall find that, by drawing through the summit N of 

the drop, the horizontal line NT, the height I'C of the water, in the longest 

branch, will exceed F G. If with the finger we wipe away successively the 

drops which are formed in A, this height will gradually decrease ; and when we 

have rendered the surface of the water at this point plane and horizontal, the 

elevation of the water in the branch B C, above the horizontal line A I, will be 

equal to F G. Lastly, if we successively apply drops of water at the extremity 

A, the surface of the water at this extremity will again become convex, and 

the fluid will rise more and more in the branch B C, so that the preceding 

phenomena will be produced again in an inverted order. The excess of the 

height of the column in the branch BC, above the height F G, appears in these 

experiments to correspond to the convexity of the surface ANO ; we must, to 

ascertain the exact correspondence, measure the width and the chord of that 

surface. But the great difficulty in taking these measures has prevented its 

being done. 

The effect of a greater or less convexity in the surface, is also sensible in the 

following experiment: ABC, fig. 136, is a capillary siphon 

which contains a column of mercury ABC. By inclining 

the tube on the side A, the mercury moves to the height A' in 

the branch AB, and to the point C in the branch BC. By 

raising up the tube slowly, the mercury of the branch AB will 

return towards A, whilst that of the branch BC will return 

towards C. Then we find that the surface of the mercury in 

the branch AB is less convex than that of the mercury in the branch BC; and 

if, through the summit of the first of these surfaces, we suppose a horizontal 

plane to be drawn, the summit of the second surface will be below this plane. 

This difference in the convexity of the two surfaces, arises from the friction of 

the mercury against the sides of the tube ; the parts of the surface in the branch 

AB, which return towards A, and which touch the tube, are retarded a little 

by the friction, whilst the parts in the middle of this surface, do not experience 

the same obstacle ; whence it follows that the surface must be less convex ; on 

the other hand, the friction must produce a contrary effect upon the surface of 

the mercury in the branch B C. Now as soon as the first of these surfaces is 

less convex than the second, it will follow that the mercury will suffer, 

by its action upon its own particles, a less pressure in the branch BA 

than in the branch BC, and therefore its height in the first of these two 

branches must exceed a little its height in the second, which is conformable to 

experiment; a similar effect is observed in a barometer, when it is rising or 

falling. 
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Capillary siphons also furnish some phenomena which are a consequence of 

the theory. They may be reduced to this general phenomenon deduced from 

experiment: If we dip into a vessel of water any siphon ABC, fig. 137, 

whose two branches are of equal or unequal widths, and then 

draw it forth, the water will not run out from the longest branch 

B C, if the difference of the two branches of the siphon be less 

than the height FG, to which the fluid would rise in a tube of the 

same width as the branch AB. To prove that this result is a 

consequence of the theory, we shall suppose that the fluid, whilst 

running from the branch C, has assumed the position oiaBC, the 

point a being very near the end A. Let q be the height of B 

above the surface aio; the pressure which the fluid suffers at i, 

the middle point of the surface aio, will be equal, first, to the 

pressure of the atmosphere, which we shall denote by P; second, to the action 

of the fluid upon its own particles, which is equal to K—g.FGfi g being the 

force, of gravity; third, to the pressure of the column q, taken with the 

sign —, or to —gq. Thus an infinitely narrow canal, passing from i through 

the axis of the siphon, will be pressed upwards by the force 

P TiT—g. F G—g q. 

q' being the height of the point B above the point C, the fluid at the point C 

will likewise be pressed upwards, by the force P + ^T—gq', if the surface of 

the fluid be plane in C, or by a greater force if that surface be convex [9276] ; 

and the one or the other of these two cases must take place, when the fluid 

runs from C, or has a tendency to run from it. In this hypothesis, this second 

force must be less than the preceding; their difference 

g’(q'—q—FG) 
must therefore be a positive quantity; consequently the excess q'—q of the 

longer over the shorter branch, must be equal to or exceed FG, which is found 

to be the case by experiment. 

*(4237) This action is, by [9258], equal to P——, but by [9354], j=g.q, q being, 

in this formula, the quantity denoted by FG, so that the capillary action at i is K—g.FG 

pressing upwards; from this we must subtract the gravity of the column iB=g.q [9727], and 

add the pressure of the atmosphere P, and it gives the whole action upwards as in [9731]. 

In the supplement to this theory [10005—10023, &c.], several additional cases are 

mentioned of the effects of the capillary action depending on the drop which forms at the 

extiemity of a tube as in [9717, &cc.], and in other similar ph enomena, 
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[9736] 

[9737] 

[9738] 

[9739] 

[9740] 

[9740'] 

[9741] 

[9742] 

Fig. 138. 

In genera], if we compare with this theory the different phenomena which 

have been carefully noticed by philosophers, we shall find that they appear like 

corollaries deduced from the theory. 

16. It now remains to give the experiments which have been made to determine 

the concavity or convexity of the surfaces of the fluids in capillary tubes. 

Philosophers having heretofore considered the curvature of the surfaces only as 

a secondary effect, and not as the principal cause of capillary attraction, they 

have taken but little pains to determine the curvature. Messrs. Haüy and 

Tremery have endeavored, at my request, to determine that of the surface 

of water. They introduced into a tube AB, fig. 138, whose 

interior diameter is two .millimetres, a column of water MmnN; 

and, after having closed the tube at both ends, they held it 

vertically, and then carefully measured the two lengths Mm 

and Ii ; / and i being the nearest points of the two surfaces 

MIN, min. The difference Mm — Ii, is equal to the sum of 

the two lines IP, ip ; and they found this sum equal to |-±. MN. 

According to the analysis in [9350, &c.], this sum must be equal 

to MN, if the angle which we have denoted by d', in [9346], be a right angle, 

or if the surface of the water be a tangent to the sides of the tube.* But we 

must observe, that, if we suppose them to be tangents, we cannot accurately 

observe the points of contact. That which has been taken for the point M, is a 

point where the surface of the water begins sensibly to quit the sides of the tube ; 

and it is easy to prove that, to make IP flip = jfl.MN, it is only necessary to 

take, instead of M, m, the points which aref 0rai-,0226 distant from the tube, 

which is not an improbable error. The preceding experiment seems, therefore, 

to indicate that the angle è' is a right angle, for water in a glass vessel. A 

similar experiment made with oil of oranges produces the same result. Thus 

* (4238) If we neglect the small quantity a in [9350], we shall have z = l. tang.|P; and 

[9739a] when â'=90d-, it becomes z — l, or IP = MP, fig. 138. In like manner we have 

ip=pn = PN; hence IP flip = MP flPN—MN, as in [9739]. 

[9741a] t (4239) Having IP = ip, MN=^2MP, the equation [9740'] gives IP — ^flMP. 
Now the surface MIN being supposed spherical, with the radius lmi', and arc MI=6f} 

[97416] we have JP=( 1—cos.é') = 2sin.2j0', MP = sin.ô'=2sin4â/.cos.|P [31, 1], Int. 

Substituting these in the last expression of IP [9741a], and dividing by 2sin.p'.cos.]p)', we 

get tang.^t3' = f|-= tang.40d,30m' ; hence |â'~40d-30m', or â'=81d-; consequently 

MP = sin.8ld —0,9877 = 1 — 0.0123; which is less than the radius by Qrai,0l23, instead 

of 0mi-,Q226 [9741]. 

[9741c] 
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we have reason to believe that the surfaces of water, oil, and generally of the 

fiuids which moisten glass, are very nearly hemispherical in capillary tubes. 

Determining, in the same manner, the convex surface of mercury in a very 

narrow glass tube, we have found that it is very nearly a hemisphere. If we 

compare this result with that which we have given in [9673], upon the depression 

of mercury below its level, in very narrow glass tubes, we may correct the effect 

of capillary action in the heights of the barometer. This effect is nothing in 

barometers with branches of equal diameters ; but in a barometer formed by 

a tube dipped into a large cistern, the capillary effect becomes so much the more 

sensible as the diameter of the tube is decreased. The barometrical height, 

counted from the summit of the column, is always less than that which depends 

upon the pressure of the atmosphere ; thus we see how inaccurate the method 

of those observers is, who measure the height of the barometer from the level 

to the points where the upper surface of the column touches the tube. To 

reduce the heights of the barometer to those which depend upon the pressure of 

the atmosphere, and thus to render different barometers comparable with each 

other, we must correct these heights for the capillary effect ; and we can do 

this by the approximate integration of the differential equation [9324]. 

Integrating this equation, we get * 

the ordinate z being counted downwards, from the summit of the surface of 
H 

the column. The quantity is the capillary effect,\ or what we must add to 

* (4240) This integral is given in [9329] ; and by substituting a [9328], and supposing 

the integrals to commence with w = 0, we get 

multiplying this by —, we obtain — [9748], 
U* 0 

f (4241) The effect of the capillary action is to alter the level by the quantity q [9353], 
H 1 

and this is equal to -, or — [9354], which is to be added to the height of the barometer, 

to obtain its height corrected for the capillary action, as in [9750], 

[9743] 
Surfaces 
of water, 
oil, &c. in 
glass tubes 
are con¬ 
cave and 
hemi¬ 
spherical. 
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the height of the barometer, to obtain the height depending upon the pressure of 

the atmosphere. Now we have, by what has been said,* * 
2H.sin.é' 
——— =g .7mi,333. > 4 4 ^ 

Let l be the semi-diameter of the tube, estimated in millimetres. At the point 

where u = l, we have 
dz 

du 

\/1 + 
dz2 

du3 

=s sm.? [9389]; 

H 
the value of -- [9748, 9750] will therefore be f 

o 
H 

gb 

lmi X 7rai,,333 2 
— — .f^Zudu. [Capillary effect in a barometer.] 

To obtain this integral, we must find z in terms of u. We may determine 

it by experiment, observing that 2^ .fzudu is the volume included between the 

surface of the mercury at the upper extremity of the column,f the surface of 

, , H.sm.ô' 
* (4242) If we multiply the first expression of q [9360] by g, we get - —gq, 

where Î represents the radius of the tube [9343], and q the corresponding elevation or 

depression [9353]. Now by [9673], we find, for mercury, that when Z=0mu,5, g, = 7mi,333; 

substituting these in [9751a], we get [9751]. 

f (4243) Substituting sin.O' [9752], in [9748], we get — = u.sm.ô>—|J-;fzudu. 

H H. sin,y 2 p 
Dividing this by g, and putting u=l [9752], it becomes — — j^-Jzudu’, but 

from [9751], we obtain 
H. sin.ô' lmi* X 7mi-,333 

gl 21 
H 

gb gl 

; and by substituting it in the preceding value 

of the capillary action upon a barometer — [97536, 9750], it becomes as in [9753]. 

JST 

| (4244) Let MIN, fig. 139, be the surface of the mercury, A. 1>E I gmg.139. 

meeting the sides of the tube in M,N; I its vertex; IBbA, the frc_ 

horizontal tangent drawn from the point /. Upon this tangent let 

fall, from the points C, c, M, of the curve IM, the perpendiculars CB, cb, MA. Then, 

if we put IB = u, Bb — du, BC — z, we shall have the space BbcC = zdu‘, the 

volume formed by the revolution of this space about the axis IP will be equal to the quantity 

zdu, multiplied by the arc 2which it describes; so that the volume will be 2x.zudu, 

whose integral c2*. fzudu evidently represents the whole volume described by the space 

IAMCI, in revolving about the axis IP. This agrees with [9754]. 

The subject of the capillary action in a barometrical tube is again resumed by the 
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the tube, and a horizontal plane drawn through the top of the column. This volume 

may be accurately measured by the weight of the mercury necessary to fill it. 

We may therefore form, either by analysis or by experiment, a table of the 

correction for the capillary effect in a barometer, relative to the different 

diameters of the tube [as in 104432:]. In this calculation, it is supposed that the 

tubes are of the same nature ; but there may be a slight difference in them ; 

moreover the action of the tubes upon the mercury must be very small, to render 

the surface of the fluid in very narrow tubes nearly hemispherical [9650]. This 

difference cannot, therefore, have any sensible influence upon the heights of the 

barometer. 

author in [10454, &tc.]. It is also treated of in the notes [10442a—10444a, 10456a—fr] ; 

and a table [104432:] is given, showing the depressions of the mercury for tubes of various 

diameters from 21'™' to 2mi'. This table is computed upon the supposition that the angle of 

contact of the mercury with the upper side of the tube is 48° = 43d’12ra'; and the numbers 

would vary if this angle were increased or decreased by its friction against the sides of the 

tube in its ascent or descent, or from any other cause. It was observed many years since by 

M. Casbois, professor of medicine at Metz, that, by boiling the mercury in a barometrical 

tube, the convexity of its surface will be gradually diminished, and that, by continuing the 

boiling a sufficient length of time, the surface will become plane, and finally concave ; and he 

suggested that this process might be used in obtaining a barometer with a plane surface. This 

experiment w?as afterwards confirmed by La Place and Lavoisier, who succeeded in constructing 

a barometer with a plane surface ; and they adopted the opinion of M. Casbois, that this change 

in the convexity of the surface was produced by the expulsion of the moisture from the 

mercury by the continued process of boiling. But M. Dulong has lately given a much more 

satisfactory explanation of this phenomenon, by observing that, in the operation of boiling, the 

mercury in contact with the air becomes oxydized, and that this part, by adhering to the sides 

of the tube, or by mixing with the other parts of the fluid, produces the change in the capillary 

action which had been discovered by M. Casbois. The correctness of this explanation has 

been verified in several ways, namely, by viewing wdth a microscope the sides of the tube 

where the particles of the oxyde were visible and of a reddish hue ; by agitating the barometer 

in an acid which decomposes the oxyde, since it was found that the surface of the mercury 

then resumed its convex form ; finally by boiling the mercury in an atmosphere of hydrogen 

gas, which does not oxydize the mercury; for it was then found that no change whatever was 

produced in the surface of the mercury, however long the boiling was continued. 
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SUPPLEMENT 

TO THE 

THEORY OF CAPILLARY ATTRACTION. 

The objects of this supplement are, to complete the theory which I have given 

of the capillary phenomena ; to extend its application ; to confirm its results by a 

comparison with experiment; and to present, in a,new point of view, the effects 

of the capillary action, so as to render more evident the identity of the 

attractive forces, upon which this action depends, with those which produce the 

affinities of bodies. 

. i 
ON THE FUNDAMENTAL EQUATION OF THE THEORY OF CAPILLARY ACTION. 

- r 

The equation of partial differentials, in this theory of capillary attraction, 

[9318, or 9324], is deduced from the principle of the equilibrium of canals. 

[9757] This principle consists in the supposition, that a homogeneous fluid mass, when 

acted upon by attractive forces, will be in equilibrium, if the equilibrium takes place 

in any canal wdiatever, whose extremities are situated at the surface of the fluid. 

We may prove it easily in this manner: Suppose, in the interior of the fluid, a 

re-entering canal, of uniform width, but infinitely small. If, from an attracting 

point,* taken as a centre, with any radius, we describe a spherical surface cutting 

this canal; and upon the same centre, with a radius which differs but infinitely 

[9758] little from the first, we describe a second surface ; each of these surfaces will 

cut the canal at least in two points, and will intercept at least two infinitely 

* (4245) This attraction may arise from any particle of the fluid, or from any other body ; 

[9757a] thus the earth’s centre, or rather the point to which bodies upon the earth’s surface tend, by 

means of the force of gravity, may be considered as one of the points here spoken of. 
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small portions of this canal. It is evident that the two columns of the fluid 

included in these portions, will be acted upon by equal attractive forces, and as 

they have the same height in the direction of these forces, they will be in 

equilibrium with each other.* Hënce we see that the whole canal will be in 

equilibrium by the action of the attracting body ; therefore it follows that the 

equilibrium will hold good, whatever be the number of these points. Suppose 

* (4246) To illustrate what is here said, let FLKI, fig. 140, be the tube or vessel 

containing the fluid of uniform density [9757], whose surface is 

F GB HI. The proposed canal is represented by GAHB, 

whose interior part is G AH, and the part which is bent upon 

the surface of the fluid is GBH. Then, if C be the attracting 

point; MIS OP, mnop, the spherical surfaces drawn about C 

as a centre, cutting off the parts of the canal in the places 

represented by MNnm, OopP; the action of the point C 

upon the matter contained in these two parts of the canal will 

be equal, and will balance each other. For if we suppose the 

uniform area of the base of the canal, measured perpendicularly to its sides, to be A, and that, 

the line CM forms the angle Ô with that base, the area corresponding to the spherical surface 

A 
MN, or m«, will evidently be 

sin. $ and this, being multiplied by the difference of the radii 

Cm, CM, represented by dr, will be the volume contained in the part corresponding to 
Adr 

MNnm, which will therefore be 
sin.t) 

Now the force at C, which we shall represent by 

F, draws in the direction M C, and when resolved in the direction Mm, it will evidently be 

Adr 
F.sm.S ; multiplying this by the volume 

sin.. 
we obtain the whole action upon the particles 

MNnm, in the direction of the canal Mm, equal to -—X F. sin J — A F dr ; and as the 
1 sin.$ ’ 

quantities A, F, dr, are the same at the point P as at M, the action upon the particles 

OopP will in like manner be represented by A F dr, the variable angle Ô having vanished 

from both these expressions ; hence the action at these two points must be equal, and opposite 

to each other, and they must therefore balance each other. The same may be proved in 

other parts of the canal ; so that the action of the force C upon the canal produces an 

equilibrium. In like manner we may prove, if the attracting point be at c', and the spherical 

surfaces cut the canal at the four points near Q, R, S, T, that the forces acting on the canal 

near Q, R, will balance each other, and in like manner those near S, T; whence we may 

conclude that the canal will be in equilibrium by means of the force c'. Lastly, if we suppose 

the force to be that of gravity, acting at c, we may draw about c, as a centre, the arcs 

M'P', m'p’, and then proceed as we have done with the force at C, and thus prove that the 

aetion of gravity alone produces also an equilibrium in the canah 
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now that a portion of this canal is situated in the surface of the fluid, and that 

it is there bent down in the direction of that surface; the equilibrium in the 

canal will still continue. Therefore, if we suppose that the equilibrium exist* 

separately in the interior part of the canal, it will also take place separately in 

the portion which is situated at the surface. This last equilibrium can be 

maintained in only two ways; either because, at each point of the canal, the 

force by which the fluid is urged, is perpendicular to its sides ; or because that, 

while the fluid is pressing in one direction at one end of the canal, this pressure 

is destroyed by a contrary one at the other end. But in this last case, there will 

not be an equilibrium in the part of the canal which is situated upon the surface, 

if the two ends of this canal are terminated in that part of the surface of the 

fluid which presses in the same direction. Therefore, upon the principle that 

there is generally an equilibrium in an internal canal whose extremities are at 

the surface of the fluid, if we suppose a re-entering canal to be formed, of which 

a portion is situated upon the surface of the fluid, the resultant of the forces 

which act upon the fluid in this portion, must be perpendicular to the sides of 

the canal. Now this cannot take place, for every direction of the canal, unless 

this resultant is perpendicular to the surface of the fluid ; for, by reducing it to 

two forces, the one perpendicular, and the other parallel to the surface, this last 

force will not be destroyed by the sides of a canal which are situated in the 

direction of that force. The equilibrium in any internal canal is, therefore, 

necessarily connected with the condition of the perpendicularity of the force to 

the surface; and this condition, if it be satisfied, assures the equilibrium of the 

whole fluid mass as we have seen in [138iv-]. The equations deduced either 

from the equilibrium of the canals, or from the perpendicularity of the force to 

the surface, must therefore be identical, or, at least, the one must be the 

differential of the other ; and it is evident that the second is the differential of 

the first. For the equation given by the equilibrium of the canals [9318, 9324] 

contains only differentials of the second order ; instead of which the tangential 

force, at a capillary surface [9308, &c.], arises from two causes, namely, the 

action of gravity, resolved in a direction parallel to that surface, and the 

attraction of the mass corresponding to the difference between the whole mass 

of the fluid and that of the osculatory ellipsoid; and it is evident that this last 

action depends upon differentials of the third order [9308] ; therefore the 

equation resulting from the condition that the tangential force is nothing, or, in 

other words, that the force is perpendicular to the surface, must contain 

differentials of the third order [9810] ; consequently it must be the differential of 

the equation given by the equilibrium of the canals [9810/i]. But it is interesting 
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to prove this à posteriori. It is what we shall now do, and the result will be a 

confirmation of the fundamental equation of this theory [9318], and wTill also 

be a simple method of obtaining that equation. 

We shall take for the origin of the rectangular coordinates x, y, z, any point 

of the surface of the fluid, which we shall denote by O ; and we shall define the 

axes of x, y, 2, in the following manner : 

For the axis of z, we shall take the line drawn through O, perpendicular 

to the surface of the fluid ; 

For the axes of x, y, we shall take two rectangular lines, drawn through the 

point O, perpendicular to the axis of z ; 

Then the value of z, considered as a function of x, y, will represent the 

equation of the surface of the fluid, and this value can be developed in a series 

ascending according to the powers and products of x, y, and of the following 

form :* 

2 = Ax2 -j- Key + By2 

+ Cx3 + Dx2y + Exy2 + Ftf 

+ &c. 

The three first terms of this expression of z, namely, Ax2 + Key 4- By2, 

correspond to the ellipsoid which touches the surface, or, to speak more strictly, it 

* (4247) If we put zi for the terms in the second member of [9769], it is evident that 

the general value of z, developed as in [610, 611], in a series ascending according to the 

powers and products of x,y, will be fully expressed by z—a -f- bx-\- cy -\~zr But the 

supposition that the ordinates x, y, z, commence together at the point O, will give, at that 

point, æ = 0, y = 0, s = 0; consequently 2^ = 0 [9769a, 9769], and then [97696] 

becomes 0 = a; hence the general value of z becomes z = ix-\~cy-\~zr Now the 

differentials of z, zt, give 

(l)-‘+(È> 
; \ 
-J = 2 Ax -f* \y -j- &c. ; 

cp 
dx 

Q-+& 
(fy)=='KyJr2By+hc-’ 

and at the point O, where æ = 0, y = 0, these partial differentials of zt vanish ; therefore 

fdz \ , /dz ' 
we have, at that point, 

dx 
= b, 

dy 
^J = c; but as the tangent of the surface at the point 

O, is taken for the plane of x, y, we must evidently have, at that point, ^^ = 0, 

hence we get 0 = 5, 0 = c; substituting these in the value of z [9769c], we finally obtain 

z = zn as in [9769]. 
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[9767] 

[9768] 

[9768'] 

[9768"] 

[9769] 

[9770] 

[9769a] 

[97696] 

[9769c] 

[9769d] 

[9769e] 

[9769/] 
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[9771] 

[9772] 

[9773] 

[9774] 

corresponds to the osculatory paraboloid. Now the attraction of this paraboloid 

upon the point 0, is evidently in the direction of the axis of z, since the solid 

is symmetrical on the opposite sides of this axis ; therefore the tangential force 

at the point 0, arising from the action of the whole mass, must depend wholly 

upon the attraction of the solid, whose surface is defined by the following 

equation ;* 

0 = Cx& + Dx9y -f- Exy9 -f- Ff 
+ &c. 

This solid is the same as the difference between the whole mass and the 

osculatory paraboloid. To determine the tangential force, depending upon this 

solid, upon the point 0, we shall put f for the distance of one of the elements 

of the solid from that point; also 6 for the angle which this right line makes 

with the axis of x. The attractions upon the point O being sensible only in a 

very small space, we may here consider the three right lines x, y,.f as being all 

in the plane which is a tangent to the surface in the point 0, and we may neglect 

the powers and products of x and y, superior to the third order. Thus we 

shall have, for an element or differential of this solid,! 

[9772a] 

[97726] 

[9772c] 

[9772d] 

[9772e] 

[9772/] 

* (4248) If the body attracting the point O is symmetrical about the axis z, that is, 

if the points are so situated that the value of z remains unaltered when x, y, are changed into 

— x, —y$ respectively, it will evidently produce no tangential force, because the particles 

similarly situated on opposite sides of the axis z, act with equal forces in opposite tangential 

directions, and thus mutually balance each other. Now if we change x into —x, and y 

into —y, in [9769], the powers and products of x, y, of the even dimensions 2, 4, 6, he., 

will remain unaltered, and will therefore be symmetrical, and may be neglected in computing 

the tangential force; and it will be only necessary to retain the uneven dimensions 3,5,7, &c. 

[9772]. Indeed, we may neglect the 5th, 7th, &c., dimensions, since, by a calculation similar 

to that in [9783, &c.], they will produce terms depending on ff6df.cp(f), Jf8df.cp(f), he., 

which must be incomparably smaller than the terms depending on ff4df.cp(f) [9780, &c.], 

depending on the third dimension of x, y, on account of the extreme smallness of the limit 

of f at which the attraction is sensible; so that we may put z — Cx^fDx^yfExy^fFy3, 

as in [9774, &c.], in computing the tangential attraction. 

f (4249) Let AOD, fig. 141, be the tangent plane; 

OA, OD, the axes of x,y, respectively; 

[9775a] AOB=^0, BOC=dô, OB=f, Bb — df, BC=fdô, 

[9775a'] and the area BCcb=fdf.dô, representing the base of the 

attracting particle, whose height is z [9772]. The product of 

[97756] this height by the base, gives the whole mass as in [9775]; 

multiplying this by <?(/)> we get its attraction, in the direction 
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fdf. dô. j Cx3 + Dxhy -f Extf -f Fif}. [9775] 

If we denote the law of attraction by °?(f), the attraction of this element upon 

the point O, resolved in a direction parallel to the axis of x, will be [9776] 

fdf. <p (/). dô. cos.t). {Cx3 + Dxf -j- Exy2 + Ff} ; [9777] 

and parallel to the axis of y, it will be 

fdf. <p (/). dô. sin .d. {Cx3 -j- Dx%y + Exif -f- Fy3 j. [9778] 

Moreover we shall have * * 

x = f. cos J, y —f. sin.d ; [9779] 

the tangential force of the peint 0, depending upon the attraction of the fluid 

mass, parallel to the axis of x, will be 

ff/W-9GO •dô.{C. cos.4ô4-D.cos.3d. sin.4-j- E. cos.2d.sin.2d-j-F.cos.d.sin.3d}, [9780] 

and parallel to the axis of y, it will be 

fff44f' 9 00 'dô.\C. cos.3 d. sin .6 -j- D. cos.2 ô. sin.2 d -}-E. cos.d. sin.3 6f-F, sin.4 d}. [9781] 

The integrations of [9780,9781], relative to ô, must be taken from d = 0 to 

6 = 2% * being the semi-circumference whose radius is unity; hence these 

expressions become respectively f 

. [ 3 C -f- E^ 'ff*df. (p (f ), [Tangential force in the direction z.] [9783] 

f . [ 3E E j ffflf. (f (jf). [Tangential force in the direction ÿ.] [9784] 

OB, equal to fdf.ç(/) .dô.\ Cx3-{-Dxy2-j-Exy2-j-Fyz\. To resolve this in the directions [9775c] 

OA, OD, we must multiply it respectively by cos.d, and sin.d ; and then it becomes as in 

[9777, 9778], We may here remark, that the principle adopted in [9774] is equivalent to [9775^] 

the supposition that all the particles of fluid, situated on the ordinate z, are projected on the 

tangent plane xy, in a single point, corresponding to the coordinates x, y. 

* (4250) In the triangle OBA, fig. 141, page 810, we have OA=OB.eos.AOB, 

AB=OB .sin.AOB; and by substituting the symbols [9775a, See.], we get the values of [9779a] 

x,y [9779]. Substituting these in [9777], we obtain [9780], and by the same means [9778] 

changes into [9781]. 

f (4251) From [8], Int., we have 

fdô. cos. Ô.—fdô. [ •§ -j— J cos.2d —(— ■Jcos.4d] -J- ^ sin, 2d -j— ^2-sm.4d. [9783a] 

This vanishes when 4 = 0; and when d = 2*r, it becomes ffdô.cos.4d = f .2^ = £tf ; [9783&] 

and by changing Ô into d —90% we get ffdô.sm.H = %«, Again, by using [31, 1], Int. 

we have 

fdô,CQS.2ô.sm2ô~fdô. (cos.d. sin.d)2 ==fdô, (|-sin.2d)2==fdô. (|—£cos,4d) = |d-~ ^.sin.4d, [9783c] 
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[9785] 

[9786] 

[9787] 

[9788] 

[9789] 

[9790] 

[9791] 

[9792] 

[9793] 

[9794] 

[9795] 

The integral relative to f may be taken from f= 0 to f= co, so that it is 

independent of the dimensions of the attracting mass [9240a—/]. This is what 

characterizes this kind of attractions, which, being sensible only at insensible 

distances, allows us to notice or neglect, at pleasure, the attractions of bodies 

situated beyond their sphere of sensible activity. We shall put, as in [9233'], 

n(f) = c—ftdf-v(f), 

the integral fdf.yÇf) being taken from f— 0, and c being its value when 

f is infinite [9232']. n (f) will be a positive quantity, decreasing with extreme 

rapidity [9233"] ; and we shall have, by taking the integrals from* f= 0; 

ffdf. f (f) = -fn (f) + Jtffdf. n (f). 

—-/4.n(/) is nothing when f= co ; for although f A then becomes infinite, 

the extreme rapidity with which n (f) is supposed to decrease, renders 

jf4.n(jf) nothing [9240&]. The functions <p(/) and n(/) may be very well 

compared with exponentials like c~if- [9240h, &c.] ; c being the number 

whose hyperbolic logarithm is unity, and i being a very great positive and 

integral number. For c-,/ is finite when f= 0, and becomes nothing when 

f is infinite; moreover it decreases with extreme rapidity, and in such a manner 

that the product fn. c~if always vanishes when f is infinite [9240&], whatever 

be the value of the exponent n. We shall now put, as in [924T], 

c' being the value of that integral when f is infinite [9240']. 'v (f) will also 

be a positive quantity decreasing with extreme rapidity [9241"]; and we shall 

have f 

which vanishes when 0 = 0; and when 0 = 2#, it becomes fpdô. cos.3 Ô.sin.3 0 = ^.2# = fa. 

L J Moreover, we have fdô.cos.3Lsin.0 =—fcos.3ô.d.(cos.ô)=%— £cos.4<5, which vanishes 

when 0 = 0, and also when 0 = 2#; so that we have ffdô. cos.3 ô. sin.ô = 0 ; and if we 

[9783e] cjjange $ into Ô — 90a’, we get f^dè.sin.3$.cos.O = 0. Substituting these integrals in 

[9780], it becomes as in [9783], and [9781] becomes as in [9784]. 

[9788a] * (4252) The differential of [9786] is d.Tlf) = —df.cp(f) ; substituting this in 

[9788&] the first member of [9788], we get ff4df.cp(f) = —ff4.d.Jl(f). Integrating by parts, it 

becomes as in the second member of [9788], as is easily proved by differentiation ; and by 

[9788c] neglecting the term —/4n(/) [9789], it becomes '.<?(/) = 4 .Pf3df.■ TL(f). 

f (4253) The differential of [9794] is fdf. ll(/) = — d. *(/) ; substituting this in 

[9796a] tjie jagt term ^9788[|, and then integrating by parts, we get successively 
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VfW- n GO —- ¥* * • » CO + aVf if. Y 00 • 

When f is infinite, becomes nothing; therefore we shall have, by 

taking the integral from f— 0 to f= co, 

¥o7W- n (/) = 8/JS/. t (f). 
Lastly, if we put, as in [9253a'], 

we shall have, 

fJW- ? 00 = ^ (/) = V ' 

Thus the two preceding tangential forces [9783, 9784], parallel to the axes of 

x and y, will become 
(8C + E).H, [Tangential force parallel to the axis of 2.] 

(3F -j- D) . H, [Tangential force parallel to the axis of 2/.] 

Now, by observing that the axis of z is perpendicular to the surface of the fluid 

[9768], we shall have at the point 0, as in [9769/], 

D- 
the expression of z being developed in a series, according to the powers and 

products of x, y, by means of the theorem [610, 611], becomes* 

/ddz\ a?2 

Z = \d?J-2 + 
(E£\ ™_li 

2 

*2 

+ 
/ d3z' 

\ dx3 y 

-j- &c. ; 

cr3 / d3z \ x*y / d?z \ xf A 
6 \dxzdy J 2 \dxdy2y 2 \ 

d3z\ 7/3 

rZt/3/ 6 

[9796] 

[9797] 

[9798] 

[9799] 

[9800] 

[9801] 

[9801'] 

[9802] 

[9803] 

[9804] 

4 IP df. Tl(f) = -4ff*.d.*(f) = - 4p. +(/) + 8\ffdf. *(/), [97966] 

as in [9796]. The part —4vanishes at the limits of the integral, as in [9796c] 

[9240Î, k, he.], and by neglecting it in the equation [97965], we get [9798] ; substituting it 

in [9788c], we obtain, by using ~ [9799], <?(/) = 8/0“/d/.*(/) = ^f, as in [97964] 

[9800]. Lastly, by substituting this integral in [9783, 9784], we obtain the tangential forces 

[9801, 9801']. 

* (4254) The general development of z [610, 611], contains the terms in [9804] ; the 

three first terms of the form a -J- bx -j- cy being neglected, as in [9769n—f]. Comparing [9804a] 

the expression of z [9804] with the assumed form [9769], we obtain the values of 

C, D, JE, F [9805, 9806]; hence the tangential forces [9801, 9801'], become as in [98046] 

[9807, 9807'], respectively. 

VOL. IV. 204 
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[9805] 

[9806] 

[9807] 

[9807'] 

[9807"] 

[9808] 

[9809] 

[9809'] 

[9809"] 

[9810a] 

[98106] 

[9810c] 

[9810c?] 

[981 Oe ] 

[9810/] 

which gives 

C = i f—') 
6 ‘ \dx y ’ 

E — ±(——^ 
2\dxdy *) 

2 \dx%dy ) 

F=x (dj?\ 

6 * WJ * 

Consequently the preceding tangential forces [9801, 9801'], will become, as in 

[98046], 

i it W <ff\ , ( d3z \ X 
1 \dx3 J \dxdy2) ) ’ 

[Tangential force parallel to the axis z.] 

iH. (^Z \ I f d3z \ 
Jf) \dx~dy ) 

[Tangential force parallel to the axis ,/.] 

We shall put g for the force of gravity, and —du for the element of its 

direction. Then the condition that the whole force acting at the surface must 

be perpendicular to it, or, in other words, that the resultant of the tangential 

forces is nothing, is reduced, as we have seen in [138, 138'], to the following 

formula, namely, that the sum of the products of each force, by the element of its 

direction, is nothing. Multiplying, therefore, by dx the force parallel to the axis 

of x ; by dy the force parallel to the axis of y ; and the gravity g by ■— du ; 

then taking the sum of these products, and putting it equal to nothing, we shall 

obtain the following equation : 

d3z \ .. / d3z \ 
sd^dyJ'dy^\dxdy^ 

'dz' 

i tf-KSW 
■gdu 0. 

From the formula [9314], we have at the point O, where* p 

q = (J) = ° [9312,9803], 

dx. 
= 0, 

* (4255) Substituting p = 0, q = 0 [9809', 9809"], in [9314], we get — -f- •—• = r-}-1 : 

and by substituting the values of r, t, [9313], we obtain "f" (ff) = Ï/ * ^he 

differential of this equation is the same as in [9810], observing that z being a function of 

x,y, we have, by the usual rules of differentiation, d. • dx -|- • dy ; 

gubstitutinS L981°] in [9809], we get [9811]; 

multiplying this by —, we get [98117]- Now the quantities K, b, b', which occur in the 

fundamental equation [9315], are constant; so that if we multiply this equation by-, 
H 

(1 1 \ 
—J—— .2 = constant; or by changing gz [9309] 

into gu [9807"], to conform to the present notation, — — .w—constant, whose 
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? 

R and R' being the greatest, and the least, radii of curvature at that point. 

Substituting this in [9809], we get the following expression : 

I TJ d JjL-L A 1 2n.a. <R-rR/i 

d 51 + i- 
\R^Rn 

■gdu = 0, or 

2 O* 

■ jj.du = 0; 

an equation which is evidently the differential of the fundamental equation of the 

theory of capillary attraction [9315, 9842p], 

We may in the same manner determine the action perpendicular to the surface. 

This action depends upon the part* Ax3-f xxy~J-By3, of the value of z [9769], 

We shall putf 

differential is as in [9811']. Hence it appears that the fundamental equation [9811'], deduced 

from this second method of investigation, is the same as the differential of that which is 

obtained by the first method in [9315], agreeing with what is stated in [9766]. 

* (4256) The chief part of the value of z [9769], corresponding to the surface of the 

fluid and to small values of x, y, is evidently that containing the terms of the second power of 

x,y; so that if we represent this b y s', as in [9813", 9823], we shall have very nearly 

P = Ax*-\-XxyBy*, as in [9812]; and if we change, as in [9772c], x into —x, y into 

•—y, the action corresponding to the attracting point in this second position will conspire with 

that in the first position, in producing a force perpendicular to the surface.- On the contrary, 

those depending on the third and other uneven powers of x, y, will have different signs, and 

their effects will generally have a tendency to counteract and balance each other ; so that, on 

that account, as well as because of their comparative smallness relative to the retained terms 

of the second order, they may be neglected. Lastly, the terms of the fourth and higher orders 

of terms in x, y, may be neglected on account of their smallness, and thus we shall have 

the same value of z or z' as in [9812a, or 9824]. 

f (4257) To illustrate these definitions, we shall refer to 

the annexed figure 142, in which Z is the attracted point; 

P the attracting point, whose coordinates are 

OA — x, AB = y, BP = z ; we have also ZP —f 

OB = [/OA2f-AB2 = s = 3/2, 

OZ—r, angle AOB==0. Then, if we draw ZK perpendicular 

to BP, we shall have ZK= OB=[9814], 

PK—z — r. Substituting these values in the equation 

ZP3== ZK^f-PK*, we get [9816]. 

[9810] 

[9811] 

[9811'] 

[9812] 

[9810g-] 

[9810*] 

[9812a] 

[98126] 

[9812c] 

[9814a] 

[98146] 

[9814c] 
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[9813] 

[9813'] 

[9813"] 

[9814] 

[9814'] 

[9815] 

[9816] 

[9816'] 

[9817] 

[9818] 

[9819] 

[9818a] 

[98186] 

[9818c] 
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r = the distance OZ from the origin O of the coordinates to any 

point Zof the fluid situated in the axis of 2, which is perpendicular 

to the surface at the point O [9768] ; 

f= the distance ZP from the point Z to a particle P of the fluid 

whose coordinates are x, y, 2; using for 2 the ordinate 

corresponding to any point whatever of the fluid ; 

f = the distance ZM from the point Z to a particle of the fluid 

situated at the point M of the surface whose coordinates are 

x,y,z'; using for z' the ordinate BM, corresponding to the 

point M of the surface ; 

s = — the hypotenuse OB of a right-angled triangle whose sides are 

x, y, situated in the plane of x y ; 

ô= the angle AOB which the line s forms with the axis of x; 

<p(f) represents, as in [9776], the law of the corpuscular attraction at 

the distance f. 

Then we shall have 

fü = ^A-y"Jr{z—r) 2 
? 

sds.dï.dz — the element of the mass of the fluid* at the point P; 

and the action of this element, situated at P, upon the point Z of the axis of 

2, resolved in a direction parallel to that axis, will be 

. J. J* C'2' 7 ) _ / r Action of the particle at P on Z1 
SÜS. clo. dz. - , (p [Jr Jt in the direction Z O. J 

If we use the function n (jf) = c—-f(. df. p (/) [9786], we may put the 

expression [9818] under the following fonn:f 

* (4258) If we change f [9775a] into 5 [98146], the expression of B Ccb, fig. 141, 

142, pages 810,815, will be sds.dù [9775a']. Multiplying this by the height Pp — dz 

of the attracting particle, we get its mass sds.dô.dz [9816']. Now the attractive force, in 

the direction ZP, is p(jf), and this force resolved in the direction ZG is p(jQX ~ • 

Multiplying this by the preceding expression of the mass [9818a], we get the same expression 

as in [9818], for the whole attraction of the particle situated at P, resolved in a direction 

parallel to the axis of z. 

f (4259) From /=/*»+ yv+iz—rf [9816], we get 

(df\_Z—r_z — r _ 

\dz/ ~vAM-2/2-Hz — rf f 
[9820a] 
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rAction of the particle at P'1 
~~ SCLo • CIO. HZ .1 J • Lon -Zj 'n the direction ZO.J 

Therefore the attraction of the whole solid upon the point under consideration, 

resolved in the direction of the axis of z, will be 

rAction of the whole fluid-] 
J J J ^OS • Oj0 . Qj Z . 1 ‘ I • J_on z, in the direction Z G.J 

Hence we find that this attraction, taken from z — z' to z = oo, which renders 

n (f) nothing, is [as in 9820/'] 
/•/%,7„ J\ t-t / p\ . rAction of the whole fluid on-] 

JJoOjS • CIO . J, l {J J , L Z in the direction ZO. J 

f being the value of f corresponding to the points of the surface, and z' the 

value of z relative to these points. Now we have, in [9812a], 

z' — Ax2 -f- \xy + Bif ; 

moreover we have very nearly * 

jf'2 = x2 -f- ]f + r2—2 rz' = s2 -j- r2—2 rz' ; 

consequently 

But from [9819], we have 

whence 

hence 

<p(f)-df=—d.n(f); 

(z —r) 

dz 

/ w \ dz 

and by substituting it in [9818], it becomes as in [9820]. Its triple integral gives the whole 

attraction, as in [9821]. Taking the integral, in the first place, relative to z> we get 

-^•(^!)=_n(/)+n(/')’ 

the constant Tl(f) being added to make the integral vanish, at the first limit or point M} 

where f—f. At the other limit, where /= oo, we have !!(/“) = 0, and then the 

preceding expression becomes 

'd.n (f)\ . 

dz J 

and by substituting it in [9821], we get [9822]. 

-fl*-<C7r)=n CA 

* (4260) Changing / into /', and 2 into z\ in [9816], and then neglecting z'3, we 

get the first expression in [9825], and by substituting s2 = x3Jry3 [98146], we get the 

second form of [9825]. Half its differential, considering r as constant, gives [9827]. 

vol. iv. 205 

[9820] 

[9821] 

[9822] 

[9823] 

[9824] 

[9825] 

[98206] 

[9820c] 

[9820d] 

[9820c] 

[9820/3 

[9825a] 
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[9836] 

[9827] 

[9828] 

[9829] 

[9829'] 

[9830] 

[9831] 

[9832] 

[9833] 

[9834] 

[9828a] 

[9829a] 

[98296] 

[9829c] 

[9829d] 

therefore, by neglecting the square of z\ in comparison with x*-j-?/2-f-r2, we 

shall have 
f'df = sds — rdz '. 

If we substitute for z' its value, and observe that* x = s.cos.4, y = s.sin.4 

[9779], the equation of the surface will give, by considering 4 as constant,! 

dz' = 2sc7s.{.4.cos.aJ-f-x.sm.4.cos.4-[-i?.sm.24j. 

Thus, r being extremely small, while n^jf') has a sensible value, we may suppose 

very nearly 

sds = f'df. {l-f-2Alr.cos.2^-f 2x.r.sin.4.cos.4 + 2i?r.sm.24]. 

By this means the integral ffsds.dLTi(f) [9822] is transformed into the 

following expression : 

fffdf.dè.\ l+2Jr.cos.^+2xr.sin.Lcos.ô+25r.sin.2^.n(/). [^1&ÿïS“] 

From the well-known principles of the transformation of double integrals, we 

may here integrate in the first place relative to 4, and then relative to f. The 

integral relative to 4 extends from the limits 4 = 0 to 4 = 2*; and, after making 

the integration relative to this quantity, we find that the double integral [9831] 

can be reduced to the following form : t 

[Attraction in the direction ZG.] 

We shall now put, as in [9794], 

fif'd/'-n if) — c>—v (/) > 

# (4261) These values of x, y, are deduced from those in [9779], by changing f 

[9773, 9774, 9775a], into s [9814], to conform to the present notation. 

f (4262) Substituting the values of x, y [9328], in [9824], we get 

=s2.[At.cos.24 X.sin.4.cos.4-|-B.sin.24b 

In taking the differential relative to s, we must consider the independent variable quantity 

4 as constant, and then the differential of this expression of z' gives dz' [9829]. 

Substituting this in [9827], it becomes 

f'df' = sds.{ 1 — ( 2.4r. cos.2 4 -{-2Xr.sin.0.cos.4 -j- 2J?r.sin.24)b 

Dividing this by the coefficient of sds, and neglecting terms of the second and higher powers 

and products of the quantities Ar, Xr, Br, which are of the very small order r2 [9829'], we 

get the value of sds [9830], and by substituting it in [9822], we obtain [9831]. 

! (4263) We have, as in [1548a], 

f^dô.cos.24=tf, ffdê.sin.24 = sr, ffdô.cos.4.sin.4=0, also ffdô =»2*; 

substituting these in [9831], we get [9833]. 

[9833a] 
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c' being the value of that integral when f is infinite [9795] ; hence the 

expression [9833] becomes * 

. Y (t‘). [Attraction in the direction ZG.] 

Now if we put R for the radius of curvature of the section of the surface, by a 

plane passing through the axes of x, z, we shall havef 

If we also put R' for the radius of curvature of the section of the surface by 

a plane passing through the axes of y, z, we shall have 

Therefore we shall have, for the attraction of the body, upon a point placed 

within it, in the direction of the radius of curvature of the surface, and at the 

distance r from that surface,J 

2*. [Attraction in the direction 

819 

[9835J 

[9836] 

[9837] 

[9838] 

[9839] 

[9840] 

[9841] 

[9842] 

* (4264) If we change the limit of the integral f [9834] into r, we shall have 

fof'df- n(/') = c ' — *(r). Subtracting this from /0co//d//.^(/') = c, [9835], we get [9834a] 

///V/'.JT(/') = *(r). Now in the integral [9833], the least value of f is evidently [98346] 

ZO = r, fig. 142, page 815, and its greatest value extends beyond the limits of the sphere 

of activity of the attracting fluid, and it may therefore be considered as infinite ; so that we 
. [9o34eJ 

must substitute the integral [98346] in [9833], and it will become as in [9836], r being 

constant in the integrations relative to f. 

f (4265) The curve formed by the section of a plane passing through the axes of x, z, 

is evidently obtained by putting y= 0, in the equation of the surface [9824], which gives 

z>—Ax2. Now if we suppose z', x, to be infinitely small, and R to be the radius of the 

circle of curvature corresponding to the point O, fig. 142, page 815, we shall have, by a well- 

known property of small circular arcs, 2Rz'—xP. Dividing the preceding value of z' 

[9837a] by this expression, we get ^ — A [9838]. In like manner, by putting x = 0, in 

[9824], we get the curve formed by the plane of z', y, represented by the equation 

z'=Bif ; comparing this with the equation 2R'z'—y’*, of a small circular arc, whose 

radius is R', we get the expression of B [9840]. 

[9837a] 

[98376] 

[9837c] 

[9837d] 

[9837c] 

t (4266) Substituting the values of A, B [9838, 9840], in [9836], it becomes as in 

[9842]. Multiplying this by dr, and integrating, as in [9843], it becomes 

2* .fdr. *(r) ■frdr • * (r) 5. 

[9841a] 

[98416] 
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[98420 

[9841c] 

[9841rf] 

[9841c] 

[9841/] 

[984%] 

[9841A] 

[9841i] 

[984U] 

[98411] 

To obtain the whole action of the body, upon a fluid contained in an infinitely 

narrow canal perpendicular to the surface, whose base is taken for unity, we 

and by using the values [9844, 9844'], we get [9845], which corresponds with [9301]. The 

remarks in [9846] are conformable to those in [9301&]. 

In all the calculations of this article, the author considers the fluid as being perfectly 

homogeneous, and wholly neglects the consideration of the change of density near the surface 

of the fluid. To notice this circumstance, we shall refer to fig. 143, which is marked with the 

same letters as fig. 142, page 815; and we shall, in the first 

place, for greater simplicity, suppose that the external 

surface 1V'OM' is spherical, and the density of the fluid, 

at that surface, nearly equal to nothing; moreover nom, 

n'o'm', are infinitely near concentrical spherical surfaces, 

including a stratum of fluid of the uniform density D ; 

lastly, NOM is another concentrical spherical surface, 

where the density is equal to unity, as in the interior of 

the fluid; the distance of the surfaces NOM, N'O'M', 

being the insensible quantity 00'=X [9580/i g] ; so that, if we suppose the radius of the 

surface NOM to be R, that of the surface N'O'M' will be The line O OC is 

supposed to be perpendicular to these surfaces, at the points O', O’, and this line is taken for 

the axis of z, as in [9768, &c.]. Then the action of the stratum included between the 

surfaces nom, n'o'm', upon the point Z, situated a little below the surface NOM, may be 

determined from the expression [9342]. For if we put, for a moment, Zo—r, and suppose 

nom to be the external surface of a spherical mass of fluid RGnom, of the uniform density 

unity, its action on the point Z of the axis OZ, in the interior of the fluid, will be given 

by the formula [9842], supposing R= R' to be the radius of this external surface ; so that 

we shall have for this action the following expression : 

Now without altering the position of the point Z, we shall suppose the mass of the fluid to 

be increased by the addition of an infinitely small stratum of the fluid, of the same density 

unity, included between the concentrical surfaces nom, n'o'm', whose distance oo' may 

be represented by dr. Then it is evident that the action of this additional stratum upon the 

point Z will be obtained, by taking the differential of the expression [9841 A], supposing 

Zo = r to be augmented by the quantity oo'—dr; and by putting, for brevity, 

it becomes 

2*dr.*'(r) + j,. 2vdr. [*(r) -f- r. *'{r) £ ; 

neglecting the term arising from the variation of the raaius oi curvature 
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must multiply the preceding expression by dr, and integrate it from r = 0 to 

r = co. Then putting, as in [9253a'], 

one surface to another, on account of its smallness. For in this case we have dR — dr; and 

the part of the differential of [9841A] depending on it is 

1 J ( ^ ) 
— 2*-9.rdr.*(r) =~.2^£?r. j — 

which is of the order — in comparison with the term depending on *(r) in [9841?]; and as 

r is supposed to be very small relative to R, and may be considered as of the order X, this 

term may be neglected. Now multiplying [9841?] by the density D, considered as a function 

of r, we get for the action of the stratum included between the surfaces n'o'm', nom, the 

following expression : 

2rf.D.dr.-*'(r) -\-~.2n-.D.dr.\-*(r) -}-r. ^(r)}. 

To obtain the whole action of the fluid RGn'o'm' upon the particle at Z, we must integrate 

[984Ip], from the limit r = — X, corresponding to a particle situated between the points Z 

and C, where the function *(r) becomes insensible, to the point o, where r = r; and it is 

evident that the first of these limits r — — X, may be changed into r =— co ; because the 

functions Y(r), Y'(r), he, are supposed to be insensible between the limits r =— X, and 

r = — go. Then, using for brevity the following symbols, 

*,(/) =f-ccD .dr.y'f), 

r.¥2(r) =fJjD.dr.{*{r) +r.^'(r)b 

we shall evidently have, for the integral of [984Ip], the following expression : 

2tT.Ÿ/(r)-|--^.2‘nr.Ÿ3(r) = the action of the fluid RGn'o m upon the particle at Z. 

Now supposing the stratum n'o'm' to coincide with the external surface of the fluid N'O'M', 

and O' to be the origin of the line r, we shall have the same expression [9841 (] for the action 

of the whole fluid RGN' O'M', upon any point whatever of the axis O'Z, situated within the 

fluid, at the distance r below the surface at O'; so that, if we suppose a cylindrical column 

O O' to be formed, whose base at O is equal to unity, as in [9258a, h\, and the attracted 

point to be at o, or O'o = r, the formula [984U] will express the downward action of 

the whole fluid RGN'O'M', upon a particle of the fluid at o. Multiplying this by Ddr, 

which expresses the quantity of fluid contained in the part oo'=dr of the column, 

we get 

2?r. D.dr.^-f') 4- — .2ar. D .rdr .f2{r), 

for the action of the whole fluid RGN'OM' upon the infinitely small column oo'—dr. 

Integrating this, so as to include the action upon the whole eolumn OO', from r —0 to 

r = X, we get, for the whole downward pressure of the column 0 0 at O, 

2tf./0AD. dr. aq(r) -f - ~. 2?r ./0AD. rdr. Y2(r) = pressure at O. 

[9843] 

[9841m] 

[9841»] 

[9841o] 

[9841p] 

[9841g] 

[9841r] 

[9841s] 

[9841*] 

[984lit] 

[9841®] 

[9841w] 

[9841a:] 

[9841y] 

[9841z] 

VOL. IV. 
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[9844] K = 2* .f^dr. y (r), 

[9844'] 11= 2* .f^rdr. y (r), 

As the functions <tq(r), Y2(r), are supposed to become insensible at any sensible distances 

[9842a] [9255, &lc.], we may extend the second limit r = a to r= oo [9256] ; so that, if we put for 

brevity, in like manner as we have done in [92536, c], 

[98426] 

[9842c] 

[9842/ 

[9842e] 

[9842e'] 

[9842/] 

[9842g-] 

[98426.] 

[9842Î] 

K = 2 

H == 2ir .f”D. rdr. r2(?), 

we shall have, for the pressure [9841/, the following value: 

1 
K-j-H.— =the pressure at the base O of the column O'O of a variable density. 

R 

Comparing this with the expression A-j-JT.- [9845] corresponding to a spherical surface 

where R'=R, which is computed by the author upon the supposition that the density of 

the fluid is equal to unity, we find that there is no difference whatever in the forms of these 

functions [9842/ e], but merely a change of the constant quantities H, K, which become 

H, K, respectively. The same method of calculation may be used when we suppose the 

surfaces N'O'M', n'o'm', nom, NOM, to be concentrical ellipsoids, or surfaces which, in the 

case of uniform density, produce the expression [9342], 

2l-f1+i(s+S')f'5'(r)‘ 
instead of that depending on spherical surfaces, 

2w.$l-j- ^•r?*Ÿ(r) [9841 A]; 
c R j 

the only change it produces is the substitution of ji'J ^or anc^ making this 

change in [9842/, we get 

==the pressure at the base O of the column O'O of a variable density. 

This expression, corresponding to an ellipsoid, includes terms of the second order in x, y 

[9770, or 9812a], and may also be supposed to include those of the third order, as in 

[98126] ; so that, by neglecting terms of a higher order in x, y, we may suppose the function 

[9842/ to express the whole downward pressure at the base O of the tube O O, whatever 

be the form of the limiting surface N'O'M'. Hence we may generally conclude, that the 

whole effect of the variation of density near the surface of the fluid, is merely to change, as in 

[9845, 9842/, II into H, and K into K. This change in the values of H, K, is, however, of 

no importance whatever, in a practical point of view, since these quantities must necessarily 

be determined by observation, the law of the variation of the corpuscular action being 

unknown, as has been already observed in the note on this fundamental theorem in 

[926Id—/, We have, therefore, used, in conformity with the remarks in [926In, &tc.], the 
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we shall have, for the action of the body upon the canal, 

K+iH-(k+7i)’ [Pressure at the point 0. ] [9845] 

formulas of the author, with his values of H, K, supposing them always to be those which are 

obtained from observation, and therefore such as would arise from the action of a fluid of a 

variable density. 

We shall suppose, in fig. 143, page 820, that the line QT is drawn tangent to the surface 

NOM, in the point O, and from any point S' of the surface there is let fall upon this tangent 

the perpendicular $T—z. We shall also suppose that the cylindrical column O'O is 

continued below the surface NOM, so as to form the canal O'OVSU, which, in its upward 

direction SU, meets the surface NOM at S, in a perpendicular direction, and passes on, in 

the same direction, to the external surface in U. Putting R/ and R[, respectively, for the 

greatest and the least radii of curvature of the surface NOM at the point S, we shall have, 

in like manner as in [9842g], 

[98424] 

[9842Z] 

[9842m] 

— j = the pressure on the base S of the column US of a variable density. [9842»] 

If the line ST=z be vertical, it will express the elevation of the point O above the point 

♦S'; and the pressure of a column of fluid of that height will be gz. If this line be inclined 

u 
to the horizon by an angle whose cosine is represented by -, the vertical pressure will [9842o] 

u 
become gzX~, or simply gw; u being the vertical elevation of the point O above the 

point 3. Adding this quantity gu to the pressure at O [9842g], we get the whole pressure at 

♦S', which ought to balance the pressure in the canal US, given in [9842n], upon the 

principle of the equilibrium of the canals, which is so frequently used in this work; hence 

we have 

K ■+ JH. (| + £,) +g»=K+iH. (i + i). [9848?] 

If we suppose the situation of the point 3 to be successively varied, by infinitely small 

intervals, along the surface NOSM, while the point O remains the same, wm shall have 

K, H, R, R',g, constant; and u, Rt, R\, variable; and then the differential of [9842p] [9842g] 

will become, by transposing the term gdu, 

[9842r] 

which is of the same form as [9811], changing H into H, as in [9842e'], and placing an 

additional accent on R, R', as in [9842m], to conform to the notation which we have here 

used. This equation may also be deduced from the same principle which is employed in 

[9808] ; for the quantity g being multiplied by the element —du, is the same as in [9307"], [^2a] 
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which agrees with what we have before found in [9301]. This expression 

corresponds to a body which is terminated by a convex surface. When the 

[9846] surface is wholly concave, or convex in one direction, and concave in the other, ice 

must suppose the radius of curvature negative which corresponds to the concavity. 

We shall now consider a fluid contained in a capillary and prismatic tube * 

[9846'] dipped vertically by its lower end into a vessel of an indefinite extent, supposing 

the surface of the fluid to be concave, and we shall define this surface by means 

of the following symbols: 

[9842f] 

[9842u] 

[9842v] 

[9842uf] 

[9842*] 

producing the second term of [9842r] ; and we shall now show that the tangential forces 

produce the first term of that equation. For this purpose we shall suppose that the part of 

the canal OP 3 is bent along the surface OS, as in [9759, &c.] ; then the pressure on the canal 

at the point O will be represented by the function [9842g], in the direction from O to S, 

because fluids press in every direction ; and the contrary pressure at the opposite end S will 

be represented by the function [9842n]. The difference of these two pressures is 

and when the points O, S, are infinitely near to each other, this difference becomes equal to 

the differential of the pressure, or 

.d. 

Now this is true for every part of the surface NOM, taking for R, R', the .radii of curvature 

corresponding to the proposed part; so that, if we take, on the arc SM, a point s infinitely 

near to S, we shall have, by using the values Rt, R\ [9842m], 

-^^=the increment of the pressure in the direction of the infinitely 

small arc Ss, in proceeding from S to s. 

[98427/] 

[9842z] 

This expression of the tangential force depends chiefly on terms of the third order in x, y, 

treated of [9771, &c., 9772«, &,c.] ; and as it comprises the increment of pressure in the 

infinitely small arc Ss, it may be considered as representing the product of the tangential 

force by the element of its direction, being of exactly the same form as the first term of 

[9811], where the density is supposed to be constant. Hence it appears that the equation 

[9811], which is computed by the author on the supposition that the density is invariable, is 

also true when we notice the variation of density near the upper surface of the fluid N’O'M', 

changing the constant coefficient H into H when the density is variable. 

# (4267) The horizontal section of this prism may be considered as a curve of any 

[9846a] form whatever, without any abrupt angular points which might cause an irregularity in its 

attraction. 
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x, y, 2, are the three rectangular coordinates of any point of this concave 

surface of the fluid ; x, y, being horizontal, and 2 a vertical line ; the 

origin of these coordinates being at the lowest point of the concave 

surface of the fluid ; 

h = the elevation of the lowest point of the concave surface of the fluid, 

above the level of the fluid in the vase ; and from [9847] we have 

z — the elevation of any other point whatever of the concave surface of 

the fluid above the level of the lowest point of the same surface; 

so that h-\-z represents the elevation of the same point above the 

level of the fluid in the vessel ; 

D — the density of the fluid. 

We shall suppose that a vertical canal* commences at the point of the surface 

corresponding to 2, and continues downward below the tube, is there bent 

under it, and continues till it meets the surface of the fluid in the vessel ; this 

tube being infinitely small in its diameter, and of the same dimensions 

throughout. Then the condition of the equilibrium of this canal will give the 

equation 
/ i -I \ p'OhangingJïmtoH, as in [9849/],~l 

1 JLT I _ _J_ 1 \ __ „ / J. _]_ I we may suppose the density to I 
2"^ " l T> ‘ tv j o ‘ ~i '*/* ! he variable near the surfaces of | 

\Jlv J l J E the fluid and tube. 

[9847] 

[9848] 

[9849] 

[9849'] 

[9850] 

[9850'] 

[9851] 

* (4268) The canal is represented by VRZ'QPOin fig. 112, page 695, O' being 

the point of the concave surface which is under consideration, P the point at the same level 

with O, and Q the point at the same level with V; and we have, in the notation here used, 

QP=h, PO'—z, QO'=h-\-z [9848,9849]; so that, if we put VR — Z'Q—k, we [98496] 

shall have Z'0'—k-\- Ti-\-z. Then the capillary action at V, namely, K, is to be added [9849c] 

to the gravity of the column VR, which is gD>Tc, to get the pressure K-\-gD.k on the [9849c'] 

column VR at R. In like manner, the capillary action at O' for a concave surface 

[9845, 9846], being added to the gravity of the column Z'O1, namely, gD.(k Jf-h-\-z)i 
gives the pressure on the column O'Z', equal to 

K-tH.Qt + ~j+gD.(k + h+z). [9849rf] 

These two columns ought to balance each other, as in [93156] ; hence we have 

K+gDk = K—\H. Q + -j-gD.{k + h + z). [9849e ] 

Rejecting the terms R, gDk, which destroy each other in both members, and transposing 

the term depending on H, we get [9851] ; changing H into H, as in [9842«], the equation [9849/"] 

[9851] will correspond to the case where the density is supposed to be variable near the 

surfaces of the fluid and tube. 

VOL. IV. 207 
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[9852] 

[9853] 

Differen¬ 
tial equa¬ 
tion of the 
concave 

[9854] 
surface in 
a capillary- 
tube. 

[9854'] 

[9855] 

[9856] 

[9857] 

[9852a] 

[98526] 

[9852c] 

[9852cJ] 

[9852e] 

[9856a] 

Now if we put p = q = (^j [9312], we shall have, by the theory 

of curve surfaces,* 

i i (1+qa)-(£)-pq-KI) + (?x)l+(1+Pa)-(|)_ 
R + R' ' (i + p^ + q®)1 ’ 

therefore we shall have 

i g J ( i+q2) • (|) - pq ^ (2) ^ +( 1+p'} ' 0 ^ • (A + z) ; 
( (i + pa+if)- ) 

which is evidently the same as the equation [9318], as in [9852c]. 

Multiplying this equation by dxdy, then taking its integral relative to dx and 

dy, observing also that the function multiplied by \H may be put under the 

formf 

d. d. 
y/i+p~2+q2 ) ( V1 H~p2+q2 

dx J \ dy 

we shall have 

IH. I I dx.dij. 
d__p_\ fd q 
Vi+P8+q3 ) + ( y» + p2+qa ))=gD.ff(h+z).dx.dy. 

dx J \ dy È- 

* (4269) Taking the partial differentials of p, q [9852], relative to x, y, and using the 

symbols [9312, 9313], we evidently have 

r=ÆW-pY 
\efe2 / \dxj ’ 

Putting these values of 

/ ddz \ /dp\ /t/q\ _(ddz\_/dq 

\dxdy) \dy) \dx) ’ * \dy2/ \dy. :)• 

r, s, t, in [9314], we get [9853], by observing that 

; substituting [9853] in [9851], we obtain [9854]; multiplying this by 

2 
—, it becomes of the same form as [9318], gD being used for g, and the constant terms 

-taking the place of agreeing with the remarks in [9854']. We may observe 
I) 6 H 

that the length of the vertical column of air, of the density D\ which presses on the point 

V, fig. 112, page 695, exceeds that at O' by QO' = h-\- z, and its weight gD'.(h-\-z) 

is to be added to that in [9849c'], or to the first member of [9849e]. The effect of this 

correction is to decrease the second member of [9851] by gD'.(h-]~ z), or to change D 

into I) — D', as M. Poisson has done; but the density of the air D' being very small 

relative to D, this correction may be neglected. 

f (4270) Developing the differentials in [9856], it becomes equal to the factor of 

in [9854]; substituting it in f9854j, multiplying by dxdy, and prefixing the sign ff, it 

becomes as in [9857]. 
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These double integrals must be taken throughout the whole extent of the interior 

horizontal section of the prism. The double integral* gD.ff(h-\-z).dx.dy 

is therefore the weight of the fluid elevated by the capillary action above the 

level. Thus, by putting V for the volume of this fluid, we shall have 

gD.ff(h-\-z).dx.dy—gD. V. 

The double integral 

becomes by integration, relative to x, of the following form, 

1 H.fdy.f , P -■ —7- (l>)9 
J Vi/i-f-p-i-q2 t/t+(p )2+(q)V 

(p) and (q) being what p and q become at the origin of the integral. In like 

manner, the double integral 

_1_ 

V|+Pa 

becomes by integration, relative to y, 

\H. f*dx. ( 
2 J 'vv/i+p3+q2 

To obtain a precise idea of these integrals and their limits, we shall observe 

that these limits are the horizontal section of the interior surface of the tube, 

and that this section is a re-entering curve. We shall take the origin of x, y, 

outside of this curve, so that it may be wholly included in the right angle 

formed by the axes of x and y. In this case, the values of dx and dy are 

evidently positive in the preceding double integrals, when gD.ff(li-\-z).dx.dy 

(q) \ 

V/l + (P)2+(q)V 

[9858] 

V. 
[9859] 

[9860] 

[9861] 

[9862] 

[9863] 

[9864] 

[9865] 

[9866] 

[9867] 

* (4271) If we suppose the whole volume of the prism to be divided into an infinite 

number of rectangular prisms, we shall have dx, dy, for the horizontal sides of the base of one 

of these prisms, and A -f- z for its height; therefore its volume dV will be dx. dy. (hz) — dVj 

its mass D.dx.dy .(Ji z) — D.dV, and its gravity gD.dx.dy.(h-{-z)=gD.dTr) 

whose integral is as in [9860]. If the surface of the fluid be supposed, as in [9319'], to 

be formed by the revolution of a curve about the axis of z, and u be taken for the distance 

of a particle of the fluid from the axis of z, the volume dV of the fluid, contained between 

the two concentrical cylindrical surfaces whose radii are u, u -f- du, will be found by 

multiplying the height hg-z by the area of the annulus 2nudu, which forms its base; hence 

dV—<2!r(.(Ji,-\-z).udu. Multiplying this by the density D, and the gravity g, and then 

integrating, we get gD.V=2^gD.f{h-\-z).uduy which will be of use hereafter. 

[9858a] 

[98586] 

[9858c] 

[9858rf] 

[9858e] 
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[9868] 

[9869] 

[9870] 

[9871] 

[9872] 

[9869a] 

[9S69&] 

[9869c] 

[9869d] 

[9869e] 

[9869/] 

[9869g-] 

[98697i] 

denotes the weight of the elevated fluid [9858], as we have here supposed; these 

differentials must therefore be considered as positive in the simple integrals. This 

being premised, we may remark that the element 

hH. p dy 

v/i+p2+qâ 
= Pdy, corresponds to the branch [GH] of the section which is, concave. * towards the axis of y 3 

hH.{y).dy 

Vi+w+w 
%H. qdx 

v/l+p9+fp: 
hH.[q).dx 

v/r+(p)a+tnP 

-— (P).dy, corresponds to the branch [EF] of the section which is convex towards the axis of y, 

Qdx, corresponds to the branch [JFG] of the section which is concave towards the axis of x ; 

=-( Q). dx, corresponds to the branch [Ell] of the section which is convex towards the axis of x 3 

* (4272) We shall use for brevity the following symbols, which 

[9869—9872], though they are not in the original work; 

„ hH. p /TJX hH.[ p) 

are inserted in 

V/l-}-p2 + q2’ 

hH. q 

(-P) = 

(Q) = 

v/i+(p)2+(q)3’ 
hH.[ q) 

Vi+p2+q2’ vT+(p)2-Hp)2 

and for illustration we shall suppose, in the annexed figure 144, 

that CBX is the axis of x, CAY that of y ; EFGH a 

section of the tube, by a plane parallel to the plane of xy, 

and intersecting the axis of z in the point C. Then, in taking 

the integral of [9861] relative to x, to obtain [9862], we must, 

as usual, consider y as constant, and take the integral in the 

direction EH parallel to the axis of x, from any point E 

corresponding to the element (P), to the point Hcorresponding 

to the element P ; and we shall have for the integral formula 

[9861], the same expression as in [9862], namely, 

=fPdy-f(P).dy. 

In like manner the integral relative to y of the expression [9864], is taken in the direction 

BEF parallel to the axis of y, from any point E to the point P, making 

as in [9865]. Substituting the values [9869e,/, 9860] in [9857], we get 

/Pdy —f{P }-dy +f Qdx —/( Q).dx=gD.V. 

Now of the four elements of which the first member of this integral is composed, it is evident 

that, in the expression [9869e], the integral /Pdy corresponds to the part GH, which is 

concave towards the axis of y, as in [9869], and f{P).dy corresponds to EF, which is 
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therefore, by supposing that the elements 

%H. (q) .dx 

v/î+(p)2+(q)2 

[9872], 
JjH.(y).dy 

v/!+(p)9+(q ? 
[9870], 

correspond to the same point [E] of the section, this point will appertain to 

the part of the section* which is convex both towards the axis of x [9870], and 

the axis of y [9872]. In this part, the values of dx and dy, referred to the 

curve, have contrary signs ; therefore, by supposing dx to he always positive, 

dy will be negative, and the sum of the two preceding elements will be 

%H.\(p).dy— (q).dx\ # 

\/i+(p)2+(q)2 
[Point £.] 

the differentials dx, dy, being in this case those of the section, 

convex towards the axis of y, as in [9870]. In like manner, in the expression [9869/], the 

integral fQdx corresponds to the part FG which is concave towards the axis of x, as in 

[9871], and f{Q).dx corresponds to the part EH which is convex towards the axis of x, as 

in [9869]. 

The integral expression in the first member of [9869/J, contains both the differentials 

dx, dy, corresponding to all points of the circumference EFGH. This circumference may 

be considered as being divided into four distinct portions, corresponding to the parts near to 

E, F, G, H, respectively, where the elements dx, dy, can have different signs, when 

compared with each other. Now in proceeding along the curve EFGH, each element of 

the integral must contain both the differentials dx, dy ; hence it is evident that there can 

be four distinct combinations of the four elements Pdy, —{P).dy, Qdx, —{(f). dx, 

[9869g, or 9869'—9872], namely, 

-f-Pdy of the branch GH [9869], with -\-Qdx of the branch FG [9871], at the point G, as in [9879] ; 

-{-Pdy of the branch GH [9869], with —(Q).dx of the branch EH [9872], at the point H, as in [9883] ; 

—(P).dy of the branch EF [9870], with of the branch FG [9871], at the point F, as in [9885] ; 

—(P). dy of the branch EF [9870], with —( Q). dx of the branch EH [9872], at the point E, as in [9874] ; 

as will be evident by remarking that the point G is common to the two branches GH, FG 

[9869m] ; the point H is common to the two branches GH, EH [9869n] ; the point F is 

common to the two branches EF, F G [9869o] ; and the point E is common to the two 

branches EF, EH [9869p]. 

* (4273) This point corresponds to the point E [9869p], in fig. 144, page 828, where 

the curve is convex towards the axes of x, y ; and it is evident that, in proceeding along the 

curve EH, while x increases by the quantity dx, y will decrease; so that dy will be negative, 

as in [9876] ; and by supposing the two elements [9874] to correspond to the point E, and 

taking dx positive, w7e must change the sign of dy, as in [9877], and then the sum of the 

two elements [9874] will become as in [9878]. 

208 

[9873] 

[9874] 

[9875] 

[9876] 

[9877] 

[9878] 

[9869Î] 

[9869Æ] 

[9869/] 

[9869m] 

[9869n] 

[9869o] 

[9869p] 

[9869?] 

[9876a] 

[98766] 

[9876c] 
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[9879] 

[9880] 

[9881] 

[9882] 

[9883] 

[9884] 

[9885] 

[9886] 

[9887] 

[9888] 

In like manner, if the elements -p [9871] and [9869] 
V/i+(p)2+(q)2 L v/i+p^+q2 L J 

refer to the same point [G] of the section, this point will be in a part of the 

curve which is concave* to both the axes of x and y. In this part, the 

differentials dx, dy, referred to the curve, have contrary signs ; therefore the sum 

of the preceding elements will be, by supposing dx to be positive, 

^H.\pdy— 
[Point ©.] 

the differentials dx and dy being in this case those of the section. 

If the elements —[9872] and ~=^== [9869] appertain to 

the same point [i7], they will correspond to the part of the curve which is 

convexf towards the axis of x, and concave towards the axis of y; and then 

dx, dy, have the same sign. 

Lastly, if the elements — [9870] and [9871] 

correspond to the same point [.F], they will appertain to the part of the curve 

which is convex f towards the axis of y, and concave towards the axis of x ; 

then dx, dy, will have the same sign. 

Thus we see that, by expressing these elements generally by —2^’ ^ - and 

ç\dco „ « 
_l1.--. whether they refer to the commencement or termination of the 

V/i+ P2+q2 J 

integrals relative to x, y, they will have a contrary sign in the same points of the 

* (4274) This corresponds to the point G [9869m], in fig. 144, page 828, where the 

curve is concave towards the axis of x, y ; and it is evident that, in proceeding along the 

curve GH, while x increases by the quantity dx, y will decrease, so that dy will be negative ; 

and we must change the sign of dy, as in the last note; and then the sum of the two 

elements [9879] becomes as in [9882]. 

[9883ct] f (4275) This corresponds to the point H [9869n], in fig. 144, page 828, where the 

curve is convex towards the axis of x, and concave towards the axis of y; so that x 

[98836] and y increase together along the curve HG; consequently dx, dy, have the same signs as 

in [9884]. 

[9880a] 

[98806] 

> 

[9885a] Î (4276) This corresponds to the point F [9869o], in fig. 144, page 828, where the 

curve is convex towards the axis of y, and concave towards the axis of x ; so that x, y, 

[98856] increase together along the curve FG ; consequently dx, dy, have the same sign as 

in [9886], 
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curve, when the differentials dx, dy, are those of the curve itself ; therefore their 

sum will be, supposing always dx to be positive,* 

dr 
%H.\vdy — <\dx\ ' 

V/r-Fü+q2 

the sign + taking place in the part of the curve which is convex * towards the 

axis of x, and the sign — taking place in the concave part. 

Now it is easy to prove, by the theory of curve surfaces, that, if we suppose 

the tube to be placed in a vertical direction, and then put 

to = the angle which the tangent plane of the fluid, at the surface of the 

tube near the point of the limit of the sphere of activity of the tube, 

forms with the vertical side of the tube, the origin of the angle zt 

being on the lower part of the tube, or that which is in the direction 

of gravity [this angle -a being the same as that which is named 6 in 

9601"], we shall havef 

* (42T7) The positive factor -f-\H. (pdy—qdh?) [9889] corresponds to the terms 

[9878, 9883], or to the points E,H [9876a, 9883a], where the curve EH is convex 

towards the axis of x, as in [9890]. In like manner the negative factor —-%H. (pdy— qda?) 

[9889] corresponds to the terms [9882, 9885], or to the points G, F [9880a, 9885a], 

where the curve GF is concave towards the axis of x, as in [9890]. Prefixing the sign f 

to [9889], we get the expression [9869g], under the form 

èÆT. (pdy— qdx) 

l/i+p2+q2~ 

where the elements dx, dy, correspond to the curve itself. 

gB.V=±f 

f (4278) We have seen, in note (15a), vol. 1, pages 15, 16, that if du=s0 be the 

differential element of the equation of a curve surface, whose rectangular coordinates are 

x, y, z, and dr = 0 the differential of the equation of a right line drawn perpendicular to 

this element, we shall have 

Moreover, if we denote the cosines of the angles which the line r makes with the axes of 

y> 2? by cos.(r, x), cos.(r,y), cos.(r,z), respectively, we shall have, as in the notes (15a), 

(55a), vol. 1, pages 15, 85, 

(î)=^T-=cos'(rW> (^) = ^ = cos.(r,t,), (f)=^=cos.(r,*). 

Now z being a function of x, y, we have dz = . dx -f- • dy = pdæ -f- qdy [9852], 

or dz — pefcc —q<h/ = 0; putting this for the assumed differential equation of the surface 

[9888'] 

[9889] 

[9890] 

[9891] 

[9892] 

[9892'] 

[9889a] 

[98896] 

[9889c] 

[9892a] 

[98926] 

[9892c] 

[9892d] 

[9892e] 
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[9893] 

[9894] 

[9892/] 

[9892/] 

[9892g-] 

[9892ft,] 

[9892V] 

[9892i] 

[9892fc] 

[98922] 

[9892m] 

[9892»] 

[9892n'J 

[9892o] 
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± 
(p dy— q dx) 

ds -\/\ —j— p3 —{— q2 
COS.ot, 

ds being the element of the section ; therefore we shall have, by observing that 

the angle ™ is constant, as ive have seen in [9197], 

of the fluid du = 0, we get du — dz— pdx—qdy = 0; whence 

substituting these in [98926], we get dr■ 
dz—p dx — q dy 

and, if we put for brevity 
^/l-J-p24_q2 

^/i p2 q2 = p, we shall have, from this general differential dr, the following partial 

differential coefficients, namely, 

substituting these in [9892/], we obtain 

cos.(r, x) =—cos .(r,y)=—^, cos.(r,z)=^. 

Now in fig. 144, page 828, we shall suppose the line HR — r' to be drawn in the plane of 

this figure, perpendicular to the arc HM—ds, to which correspond the differentials of the 

coordinates HL = dy, LM—dx; then we evidently have 

cos .LHM=^, cos .LMH=d-^. 
ds ds 

Moreover the angles which the line r' makes with the lines HK, HL, drawn parallel to the 

axes of x,y, and in their positive directions, are KHR, LHR; and by using a notation 

similar to that in [9892c], we have 

cos.( r', x)=cos.KHR =—cos,RHE= — cos,LHM= — ~, 
v ' ds 

dx 
cos.(rl,y) = cos.RHL=cos.LMH= - , cos.(rz) — cos.90tL = 0, 

observing that the axis of z, being vertical, is perpendicular to the plane of the figure. From 

the formula [1726] we get cos.(r,r1), or the cosine of the angle which the lines r, r'} form 

with each other, as in [9892m]; substituting in it the values [98926, &], it becomes, as in 

[9992»], 

cos.(r,r') =cos.(r,æ) .cos.(r',æ) -f-cos.(r,?/) .cos.(?•',y) -f- cos.(r,z).cos.(r',z) ; 

_( P\ / q\ /dx\ ydy — qdx  pdy - qdx 

V P/ \ ds) V P) \ds) pds ds.\/l-j-p2 + q2* 

Now the line r being drawn perpendicular to the surface of the fluid [9892a], and the line r< 

perpendicular to the surface of the tube, it is evident that the inclination of the lines r, r', is 

equal to the angle w [9892], which the tangent to the surface of the fluid makes with the 

side of the tube ; therefore cos.(r, r')=cos.tf; and, by substituting it in [9892a], it becomes 

as in [9893], the double sign ± being prefixed on account of the radical ^/i-j-p9-j-q3 • 
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c 

r(pfy — qdæ) _ r 

J \/l + P2+(l9 
COS.vr, 

being the whole circumference of the section f therefore 

* (4279) Multiplying [9893] by ds, and integrating through the whole extent of the 

circumference of the tube, we find that the first member becomes like that of [9895], and 

the second member of the integral is cos.ix.fds; but fds = c [9896], hence this becomes 

c.cos.w, as in the second member of [9895]. Now multiplying [9895] by we find that 

its first member becomes like the integral of [9889], which is shown, in [9861—9889], to be 

equivalent to the integral expression in the first member of [9857]; hence we get [9897], 

being equal to gD. U [9857, 9860]; therefore we have gD.Vr=^Hc.cos.vf, as in [9898]. 

This equation, which is computed upon the supposition of a fluid of uniform density, will also 

correspond to a fluid of variable density near its surface, by changing H into H, as in [9261m], 

or taking for H the value deduced from actual observation of the effect of the capillary action 

on the fluid, and substituting it in [9851] and in the resulting equation [9898]. 

For the purpose of illustrating the preceding calculation, we may observe that the process 

which is explained in [9855-—9898] becomes much more simple when we restrict ourselves 

to the case where the tube is supposed to be a vertical cylinder of revolution. For then the 

equation [9854] becomes integrable, its first member being equal to the first member of 

[9318 or 9324] multiplied by %H; and, by substituting it in [9854], we get 

Multiplying this by 2rf.udu, and integrating, we obtain 

dz 
2 7ru.— 

\H.-u ■ = 2t .gD .f(h -f- £). udu, 

14-'— 

~ du 2 

which is easily proved by differentiation, as we have already seen in [9329a, 9329]. 

Multiplying the numerator and denominator of the first member by du, and substituting, in 

the second member, its value gD.V [9858e], we get 

dz 
Now when u becomes equal to the radius of the tube, we evidently have =^ = cos.^, 

1 J ydifig-dz* 

vi being the angle formed by the arc fdu-g-dz^ and the vertical dz ; moreover the whole 

circumference c of the tube becomes c — 2zu; hence the equation [9S96&] becomes 

%Hc .cos.-z — gD. V, 
as in [989S]. 

For greater simplicity it is supposed, in the calculations of this article, that the ordinate 

VOL. IV. 209 

[9895] 

[9896] 

[9896a] 

[9896ft] 

[9896c] 

[9896rf] 

[9896(f] 

[9896e] 

[9896/] 

[9896g] 

[9896ft] 

[9896Î] 

[9896ft] 

[9896/] 

[9896m] 
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[9897] 

[9898] 

[9899] 

[9900] 

[9900'] 

[9901] 

[9896n] 

[9896o] 

[9896p] 

[9896?] 

which gives 

dx. dy. i/i+p2+q2 ) + ( y/i+p2+q3 
dx J \ dy 

gD.V- cos.ro. (°) 

= \Hc. COS.ro , 

[This equation can he used when the fluid varies"Z 
in density near the surface, taking for H its j 
value H deduced from observation, as is ob- J 
served in [9896e]. 

Thus the mass of the fluid elevated above the level by the capillary action, is 

proportional to the circumference of the section of the inner surface of the tube. 

We may obtain this remarkable equation, by considering the effects of the capillary 

action under the following point of view. 

NEW MANNER OF CONSIDERING THE CAPILLARY ACTION. 

The manner in which we have heretofore considered the capillary phenomena, 

is founded upon the consideration of the surface of a fluid contained in a 

capillary space, and upon the conditions of the equilibrium of the fluid, in an 

infinitely narrow canal, terminating at one end in that surface, and at the other 

end in the level surface of the indefinite fluid in which the sides of the 

capillary tube are dipped. We shall now consider directly the forces which 

elevate or depress the fluid in that space. This process will lead to several 

general results, which could not be obtained without some difficulty by the 

preceding method ; and the comparison of these two methods will furnish us 

with the means of comparing exactly the affinities of several bodies for fluids. 

We shall suppose that there is a prismatic tube whose sides are perpendicular 

to the base, [without having any angular points, 9846a]. Then, if it be 

dipped vertically, by its lower end, into a fluid [like water, alcohol, &c.], the 

fluid will rise in the tube above the level of the fluid in the vessel, and it is 

AEHK, fig. 144, page 828, intersects the curve in no more than two points E, IT; so that, 

in finding the integral relative to x in [9869e], we obtain fPdy—f(P).dy, consisting of 

only the two portions depending on P and (P). But if the curve be of a serpentine form, 

there may be supposed, between H and if, other branches, as E H', similar to EH, and 

falling, like it, partly below the line AK. Now, if we suppose P'dy, (P').dy, to be the 

elements corresponding to the points E',H', and respectively similar to Pdy, (P).dy, 

the integral [9869e] will be increased by the two additional terms J'P'dy — (P').dy; 

but it is evident that this will produce no difference in the resulting equation [9898], because 

we may proceed with these new terms in exactly the same manner as we have done with the 

former ones. Similar remarks may be made relative to the integration corresponding to y in 

[9869/], 
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evident that this must arise from the combined action of the sides of the tube 

upon the fluid, with that of the fluid upon its own particles. The first lamina 

of the fluid, contiguous to the sides, is elevated by this action ; this raises a 

second, that a third, and so on, until the weight of the elevated fluid balances 

the attractive forces which tend to raise it still higher. To determine this 

quantity in the state of equilibrium, we shall suppose that, at the lower end of 

this tube, a second imaginary tube is placed, whose infinitely thin surface is 

formed by the continuation of the sides of the interior part of the first tube, and 

that this surface has no action upon the fluid, and does not impede the reciprocal 

action of the particles of the first tube and of the fluid. We shall suppose that 

this second tube is vertical in its first branch, that then it is bent horizontally, 

and at last resumes its vertical direction in a second branch, retaining, throughout 

its whole extent, the same figure and the same width. It is evident that, in the 

state of equilibrium of the fluid, the pressure must be the same in the two 

vertical branches of the canal, composed of the first and second tube. But as 

there is more fluid in the first vertical branch, composed of the first tube and 

a part of the second, than in the second vertical branch, it is necessary that 

the excess of pressure resulting from it should be balanced by the vertical 

attractions of the prism and fluid upon the fluid contained in this first branch. 

We shall analyze with care these different attractions, and shall consider, in the 

first place, those which take place near the lower part of the first tube.* 

* (4280) To illustrate this, we have drawn the annexed figure 145, 

in which MAN O is the vertical ox first tube, whose inner surface 

is supposed to be continued so as to form a second or bent tube 

AB CGHQPN, of uniform diameter, having a horizontal branch 

BCQP, and a second vertical branch or tube CH, terminated at 

the level surface of the homogeneous fluid KHG~, lastly, through the 

lower part AN of the first tube is drawn the horizontal plane AND 

parallel to the level surface of the fluid KHG. Then it is evident 

that the fluid in the second tube ABCD, and that which is contiguous to it below the level 

surface AD, balance each other by their mutual attractions. The fluid situated above 

the plane AD, and surrounding the first tube at E and F, is without the sphere of attraction 

of the fluid in the first tube MANO, on account of the thickness of the glass, so that this 

action may be neglected. The matter of the first tube, at its lower part AN, draws the fluid 

of the second tube upwards with a force Q [9911] ; moreover the first tube, at its upper part 

MO, draws the fluid of the first tube upwards with the same force Q, as will be seen in the 

next note [9920g] ; the sum of these two forces is 2Q. Lastly, the fluid surrounding the 

M 

JO 
W 

J€ a 
JJ JB’ 

1 

AT B 

jp a 

B C 

[9902] 

[9903] 

[9904] 

[9905] 

[9906] 

[9907a] 

[99076] 

[9907c] 

[99074] 

[9907e] 

[9907/] 

[9907g] 

[99076.] 
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[9907] 

[9908] 

[9909] 

[9910] 

Q- 
[9911] 

[9912] 

[9913] 

[9914] 

Q'- 
[9915] 

[9916] 

[9917] 

The prism being supposed to be a right one, and in a vertical position, its 

base will be horizontal. The fluid contained in the second tube is drawn 

downwards vertically, first, by its own particles ; second, by the fluid 

surrounding this tube. But these two attractions are destroyed by the similar 

attractions which the fluid contained in the second vertical branch of the canal 

suffers, near the level surface of the fluid ; we may therefore, in this case, neglect 

them. The fluid in the first vertical branch of the second tube is drawn 

vertically upwards by the fluid of the first tube ; but this attraction is destroyed by 

the attraction which it exerts upon this last fluid ; we may therefore neglect these 

two reciprocal attractions. Lastly, the fluid in the second tube is drawn 

vertically upwards by the first tube, thus producing an action upon this fluid 

which ice shall denote by Q, contributing in part to balance the excess of pressure 

arising from the elevation of the fluid in the first tube. - 

We shall now examine the forces by which the fluid of the first tube is urged. 

It suffers in its lower part the following attractions : First : It is attracted by 

its own particles ; but the reciprocal attractions of a body do not give it any 

motion if it is solid, and we may, without disturbing the equilibrium, conceive 

the fluid in the first tube to become solid. Second : This fluid is attracted by 

the fluid within the second tube ; but we have just seen that the reciprocal 

attractions of these two fluids destroy each other, and that it is not necessary 

to take any notice of them. Third : It is attracted by the external fluid which 

surrounds the second tube, and from this attraction a vertical force is produced, 

which draws downwards, and which we shall denote by —Q'. We have 

prefixed to it the sign —, to denote that its direction is contrary to that of the 

force Q. We shall now observe that, if the laws of attraction, relative to the 

distance, are the same for the particles of the first tube and for those of the 

fluid, so that they only differ with respect to their intensifies, and if we put 

p and p' for these intensities corresponding to an equal volume [the density of 

the fluid being considered as uniform], the forces Q and Q1 will be in the same 

proportion to each other as p to p'. For the inner surface of the fluid which 

surrounds the second tube, is the same as the inner surface of the first tube ; 

therefore the two masses differ only by their thickness ; but the attraction of 

[9907Ï] 

[9907Æ] 

second tube near AN, and below the level surface AD, draws the fluid of the first tube 

downwards with the force Q', or upwards with the force — Q' [9915]. Adding this to 

the force 2Q [9907A], we obtain the whole force acting on the homogeneous fluid in the 

first tube 2Q—Q' 19923], drawing upwards. 
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the masses becomes insensible at sensible distances ; therefore the difference in 

their thickness produces no difference in their attractions, provided these 

thicknesses are sensible. Fourth: The fluid in the first tube is attracted 

vertically upwards by the tube. For, if we suppose this fluid to be divided into 

an infinite number of small vertical columns, and through the upper end of one 

of them we draw a horizontal plane, the part of the tube below this plane 

will not produce any vertical force in the column ;* therefore there will not be 

* (4281) In the annexed figure 146, MANO represents the first tube, 

as in fig. 145 ; AN is a horizontal plane, representing the bottom part of the 

tube; abg another horizontal plane drawn through any point b of the surface ; 

and be a vertical canal passing through that point. Now if we take any two 

points d,e, of the tube, situated vertically over each other, so that e may be as 

much above the plane AN as d is below the plane abg, it will be evident 

that the particle at e will draw the column be downwards with the same force 

that the particles at d will draw the same column upwards, so that these forces 

will destroy each other ; and the same may be proved of all such similarly 

situated particles in the part Aa of the tube; therefore the action of this part of the tube 

upon the column be is destroyed; but the other part of the tube aM draws the column be 

with the same force that the whole tube MA draws upwards a similarly placed column in the 

second tube. Hence we easily perceive that the whole action of the matter of the first tube, 

upon the fluid contained within it, is the same as that of the same tube upon the fluid 

contained in the second tube, and this is equal to Q [9911], agreeing with [9922] ; and this 

principle is used in the preceding note, the fluid being always considered as homogeneous. 

If we take into consideration the change of density of the fluid near its surface, and near 

the sides of the tube, we may suppose the three forces treated of in [9911, 9915, 9922], to 

become respectively Q0, —Q', Q2. We have not put Q0 = Q2, as is done by the author in 

[9922], because the density of the fluid, near the surface of the second tube, is the same as 

that of the internal mass of the fluid, except in the very small portion in the immediate 

vicinity of the lower part of the tube A; whereas, near the surface of the first tube, the 

density may be very different from that of the internal mass of the fluid, on account of the action 

of the solid tube ; we cannot, therefore, consider the action Q0 [9911] of the first tube upon 

the fluid in the second tube, as being exactly equal to the force Q3 [9922] of the top part of 

the first tube upon the fluid in the first tube. Now taking the sum of the three forces [9920Î], 

and putting them equal to gJD.V, as in [9924], we get gD. V— (Q0+ Q2) — ; so 

that, if we put, for the sake of symmetry, Q0-j- Q2 = 2Q15 it becomes 

gD.V= 2Q-«. 

This is to be used instead of [9925] ; and if we put, in like manner as in [9927', 9929], 

Ql = p/.c, Qi = p[.c, we shall get, as in [9930], 

gD. V= (2P/ P'). c ; 
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[9918] 

[9919] 

[9920] 

[9920a] 

[99206 ] 

[9920c] 

[9920rf] 

[9920e] 

[9920/] 

[9920g] 

[99206.] 

[9920i] 

[99206] 

[9920! ] 

[9920m] 

[9920n] 

[9920o] 

[9920p] 

[9920?] 
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[9921] 

[9922] 

[9923] 

[9924] 

[9925] 

The sides 
of the tube 
may be 
considered 
as being 
developed 
on a plane. 

[9926] 

any vertical force produced, but that which depends upon the part of the tube 

above the plane ; and it is evident that the vertical attraction of this part 

of the tube upon the column, will be the same as that of the whole tube upon 

an equal and similar column placed in the second tube [neglecting the variation 

of density of the fluid near its surface and near the tube]. Therefore the 

whole vertical force produced by the attraction of the first tube upon the fiuid 

contained in it, will be equal to that produced by the attraction of this tube upon 

the fluid contained in the second tube ; consequently this force will be, as in 

[9911], equal to Q [the fluid being homogeneous]. 

Connecting together all the vertical attractions which the fluid contained in the 

first vertical branch of the canal suffers, we shall have a vertical force, drawing 

upwards, and equal to 2Q—Q' [the fluid being homogeneous]. This force 

ought to balance the excess of the pressure arising from the weight of the fluid 

which is elevated above its level. Then putting, as above, V for its volume 

[9859], D its density [9850], and g the force of gravity, gD .V will be its 

weight; therefore we shall have 

gX) , jy   2 Q —— Q[The fluid being supposed homogeneous.] 

Nowr, the action being sensible only at insensible distances, the first tube acts 

sensibly only upon some columns extremely near to its sides ; we may therefore 

neglect the consideration of the curvature of these sides, and consider them as 

being developed upon a plane. The force Q will be proportional to the width 

of this plane, or, in other words, to the circumference of the interior base of 

[9920r] 

[9920s] 

[9920*] 

[9920w] 

[9920a] 

[9920m>] 

[9920.r] 

remarking, however, that the quantities p;, p', in this formula, may have different values 

from p, p in [9930, 9927', 9929], where the fluid is supposed to be homogeneous. Putting 

the expressions of gD.V [9898, 9920^], equal to each other, we get 

gD.V=lHc. cos.«=(2p/ — p').c; 

dividing the two last forms of this eouation by c, we obtain 

2p, — pi= i-ff. cos.to ; 

H being deduced from observation, or it is that value which corresponds to the case of nature, 

as in [9896e], where it is named H; and we may here incidentally observe, that this value of 

H is denoted in [9354,9261m] by H =gbq, for a concave surface whose radius is b, and as 

the capillary elevation q is found by observation [9364] to be positive, the value of H resulting 

from observation must therefore be positive. The same result may be deduced from the 

expressions of a convex surface, considering, in the preceding value of H —gbq, the quantities 

b and q as being negative, which is equivalent to the result of the separate calculation for 

a convex surface in [9369—9375]. 
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the prism ; so that if we put this circumference equal to c, we shall have 

Q = p. c, p is a constant quantity, which may represent the intensity of the 

attraction of the matter of the first tube upon the fluid, in the case where the 

attractions of the different bodies are expressed by the same function of the 

distance, but which, in all cases, expresses a quantity depending on the 

attraction of the matter of the tube, independent of its figure and magnitude. 

We shall likewise have Qf= p'. c, p' being, as it respects the attraction of the fluid 

upon its own particles, what we have denoted by p, relative to the attraction of the 

tube upon the fluid; therefore we shall have, from [9925, 9927', 9929], 

gD. v= (2P—P'). c, go tssa 
which becomes the same as [9898], by putting * 

9o o'  JL ff VS rCorrect only with a*] 
•*r r 2^-^ * CUo.w> L homogeneous fluid. J 

We have seen, in [9626wi,n], that to = 0 when p= p#; therefore the preceding 

equation will give 
/  1 Tf • [“Correct only with al 

P 2^ ? homogeneous fluid. J 

hence, in the general case, where P differs from p', we shall have 

9n_ n1  n1 nna rt ["Correct only with al 
- r r P * v.tJO,TO , L homogeneous fluid. J 

or 
= p#.cos.a4w 2 1 

[Correct only with al 
homogeneous fluid. J 

therefore, if we know the angle to, it will give the ratio of p to p', and the 

contrary. We may demonstrate directly that [in the case of a homogeneous 

fluid] p' z=±H [9933], in the following manner: 

We shall suppose that there is a solid vertical plane, of a sensible thickness, 

whose base is horizontal, and that there is, at the distance a from this plane, a 

[9927] 
c. 

[9927'] 

P- 

[9928] 

/ 

P • 
[9929] 

[9930] 
All these 
equations 
corre¬ 
spond to a 

[9931] 
homoge- 

[9932] 
neous 
fluids 

[9933] 
neglecting 
the 
variation 
of density 

[9934] 
at the 
surfaces. 

[9935] 

[9936] 

[9937] 

* (4282) Putting the expressions of gD .V [9898,9930] equal to each other, and 

dividing by c, we get [9931]. Now if we suppose the matter of the tube to vary, while the 

homogeneous fluid remains the same, the quantities p, to, will vary, but H [9844'] and p' 

[9929] will be unaltered; then the equation [9931] will give the relation between the variable 

quantities p, to. Now we have seen in [9626/, m, &c.], that, when p= p7, the curve 

surface will be a concave hemisphere ; and as to [9892] represents the angle which this surface 

forms with the lower side of the tube, we shall have, in this case, to=0. Substituting the 

values p = p', to = 0, in [9931], it becomes 2p'—or, p' = \H, as in [9933]; and 

by substituting this value of in [9931], it becomes as in [9934] ; or, as it may be written, 

2p = p'.(l-|-cos.TO) = 2p'.cos.2^TO [6], Int.j 

hence we easily deduce the value of p [9935] ; all these equations being grounded on the 

supposition that the fluid has the same density at the surface as in the interior of the mass. 

[9931a] 

[99316] 

[9931c] 

[993Id] 

[9931e] 

[9931/3 
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[9937'] 

[9938] 

[9938'] 

[9939] 

[9940] 

[9940'] 

[9941] 

vertical line, infinite in length, parallel to the plane, and attracted by it ; this 

vertical line being terminated, at the top, by a second plane, which is drawn 

horizontally through the base of the solid vertical plane. We shall take this 

termination of the line for the origin of the coordinates x, y, z, of any point of 

the solid plane ; supposing the axis of x to be situated upon the line a, which 

represents the least distance from the origin of the coordinates to the solid plane ; 

and the axis of y to be horizontal and perpendicular to the axis of x. Lastly, 

we shall represent by'V, the depression of any attracted point of the vertical 

line below the origin of the coordinates. Then the vertical attraction of the 

solid plane upon that point will he * 

fffdx.êg.dz. (£±L).Ç(S); [Attraction on the point P in-] 
the vertical direction PZ. J 

[9942] <p (s) being the law of the attraction at the distance s, and s being the distance 

[9941a] 

[99416] 

[9941c] 

* (4283) In the annexed figure 147, C is the origin of the 

coordinates; CZ the axis of z ; CB the axis of X) the axis 

of y being perpendicular to the plane of the figure. The 

attracted line is CD, in which is placed the attracted point P, 

so that CP = z'. BFE represents a section of the solid plane 

by the plane of xz, which is perpendicular to the surface FE 

of the solid. If we now suppose that any point S', situated 

above the plane of the figure, at the distance y, be projected 

perpendicularly upon the plane of xz, in the point S, and then, 

from the point S, we let fall upon CZ the perpendicular SZ, 

we shall have SZ=x, CZ=z, S'S=y, CP — z', lastly the distance S'P = s. The 

particle of matter placed at S' is represented by dx.dy.dz; this attracts the point P, in 

the direction PS' or s, with the force <p(s) [9942], multiplied by the particle dx.dy.dz; 

so that this force is represented by dx ,dy .dz .<p(s). Now as the line P Z=z z1 is the 

projection of the line S'P = s, upon the vertical axis z, we shall have for this force, when 

resolved in the direction PZ, or parallel to the axis of z, the expression [9941/] multiplied 

PZ z-\-z' . , , 7 7 (z4-z') . . _ . , 
[9941g-] by — or -, so that it becomes equal to dx.dy.dz---<p(s) ; and by prefixing the 

F 

» 
3Fi(f»4A7. 

V Sf 21 

X 

& 

F a C e -A. 

h 
- 7? 
P' 

n 

[9941c?] 

[9941e ] 

[9941/] 

[99416.] 

[994li ] 

,SP 

sign of integration fff, so as to include all the particles of the solid plane, it becomes as in 

[9941]. The value of s2 or S'P2 is evidently represented by S'P2— SZ2-\- S'S2-\-PZ2‘, 

and by substituting SZ=x, S'S=y, PZ=z-{-z', it will give s2, as in [9943], which is 

to be substituted in [9941]; then, multiplying it by PP' = dz', and integrating relative to z', 

from z’—o to z'=œ, we obtain the whole attraction of the solid upon the line CD, which 

(Z+z') 
[99416] will be fffdx.dy.dz.fdz'.-.<?(«), as in [9941, 9944] 
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from an attracting point in the plane, to the attracted point of the line ; so that 

we shall have, as in [994If], 

S9 = X* -f - y2 + (z + Z ')2. [9943] 

To obtain the vertical attraction of the solid plane upon the whole line, we 

must multiply the preceding triple integral by dz', and integrate it relatively to [9944] 

z' from z' — 0 to z'= os. Putting, therefore, as in [9232'—9233'], 

C=ffds.cp(sf ["451 

n (5) = ffds. 9 (.s) ~ [9946] 

= C —f°ds. 9 (5) , [99460 

we shall have * 

y^.<£±î2.ï(,) = n(0; I9947] 

* (4284) From [9943] we have s=fx2-\-y^-\-{z-\-z')^', whence 

fds ^ _z —z1_z-\~z' 

\dz’) — v/^+ya+(z+z')«—~J~ * 

Substituting this value of —— in the first member of [9947], it becomes 

[9947a] 

[99476] 

but from [9946'] we get ds.<p(s) = — d.Tl(s) ; and if we consider z' as the only variable 

quantity in the value of s, this will become 

hence the expression [9947J] becomes 

Jdz'. (îiî!). <p(s)=—. dz* =■ constant — JT(s). 

At the origin C of the integral, where s=sl [9948], or s9=æ2 [9943], it 

becomes 0 = constant — n(s,), or constant = n^). Substituting this in the general 

equation, we get 

fdz'. . (p(s) = n(s/) — n(s). 
s 

When s=oo, we have 11(5) = 0 [9233"]; hence [9947cT] becomes 

as in [9947] ; substituting this in [9941k], it becomes as in [9949]. We may here remark, 

that, to avoid confusion in the use of the same symbol for different expressions, we have, in 

[9948, &c.], changed the author’s symbol s into s/ ; also in [9956] we have changed his 

s into we have also written to/3 6fi for w, 6, in [9949', &.c.]. 
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[9947c] 

[9947d] 

[9947d'] 

[9947dy/] 

[9947e] 

[9947/] 
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[9948] 

[9949] 

[9949'] 

[9950] 

[9950'] 

[9951] 

[9951'] 

[9952] 

[9953] 

[9950a] 

[99506] 

[9950c] 

[9950c/] 

[9951a] 

[99515] 

[9951c] 

[9951cf] 

s being, in the second member of this equation, what s [9942] becomes at the 

origin of the coordinates, or when z' is nothing. Therefore the attraction of 

the solid plane upon the whole line will be 

rrCr]7* /7ji sir, tt/o 'l r Attraction of the solid plane upon the"l 
J J J M'*' * My * MZ • 1 L [line CD, in the vertical direction CZ. J 

We shall now put 

to = the angle which the line s/ forms with the horizontal plane drawn 

through the origin of the coordinates; 

4, = the angle which the projection of sf upon the horizontal plane of the 

coordinates, makes with the axis of y. 
p 

Then we shall have # 

x — sr sin.^. cos.to,, 

y = sr cqsJ/ . cos.^. 

We may, instead of the rectangular element dx.dy.dz, substitute the 

corresponding polar elementf s^ds/.dô/.d^/. cos.-ro; and then the preceding 

triple integral becomes 

/Y7e2/7o /I A ft7-t r«r>Q w TT (q \ T Attraction of the parallelepiped BFD upon") 
JJJ^i Mot. Uj <t. COb.TO^. J L [ the line CD, in the vertical direction CZ. J 

It is a matter of indifference, in this kind of attraction, whether we suppose the 

thickness of the solid plane to be finite or infinite, when the thickness is 

sensible; therefore we shall suppose it to be infinite. Then putting, as in 

[924T], 
J*s/l8rn(t) = c!—v(«,), 

* (4285) The line s, [9948] represents the distance of the point S' from C; and if 

we put, as in [9949'], to1 , for the angle which this line st makes with the horizontal plane xy, 

its projection upon this plane will evidently be represented by ^.cos.to,, which, for brevity, we 

shall denote by s,; so that we shall have s/=s/.cos.to/. Then the line s, forms the angle 

4 [9950] with the axis of y, or 90d- — 6, with the axis of x; therefore the projection of 

this line s; upon these axes, will give y = s/.cos.ô/, œ = s/.sin,â/; and by substituting the 

preceding value of 8^=$,. cos. to,, they become as in [9951, 9950']» 

f (4286) If we change, in the notation [9226, 9227], u into sy> r into z, Ô into 

90d‘ —to/} and to into ôf> it will conform to the notation which is used in [9949', &c.], as is 

evident by considering that stf, [9949'] is the complement of the angle which the line s/ 

forms with the axis z, and 6t is as in [9950]. Making the same changes in the element 

uPdu.dia.dô.sîn.â [9227], it becomes, by neglecting the sign, s*dsrdèt.diarcos.to<? as in 

[9951']. Substituting this for dx.dy.dz, in [9949], it becomes as in [9952]. 



X. Suppl. 2.] ACTION OF A PARALLELOPIPED ON A LINE. 843 

c' being the value of the integral when sf= co [9240'], we shall have* 

fsfdst.n(sf) = — s/. y(s) Jr/ds/.Y(sù -f- constant. 

To determine the constant quantity, we shall observe that the two integrals 

of this last equation are taken from sl = s/l to st= co [$„ being the least value 

of , or the distance from the origin of the coordinates to the point where the 

line s/ first meets the solid plane] ; hence we get 

constant = s/rY (s/;). 

Now as s/. y (sj vanishes when s-= co, we shall have 

f.yss, ■n oo=s„ • * (s„) • * o,) • 
We shall put 

r (s,)=/.,"*, •’i'(s,)> 

= «"—/o'A-^Wî 
and then we shall have f 

/»>/“*, •n (s,)=s„ ■ * (*,,)+r(s„)- 

[9954] 

[9955] 

[9956] 

[9957] 

[9958] 

[9959] 

[9960] 

[9960'J 

[9961] 

* (4287) The differential of [9953] being multiplied by sJ gives 

s*dsrJl(sù=*—8td.*(8,). 

Integrating this by parts, it becomes as in [9955], as is easily proved by taking its differential. 

This integral commences with the least value of st, corresponding to the surface FE of 

the solid plane which is nearest to the origin C, fig. 147, page 840 ; putting this equal to sn 

[9956], and the terms under the sign f equal to nothing at that point, we find that the 

expression [9955] becomes 0——s//*^(s//) -[“Constant, as in [9957]. Substituting this in 

[9955], it becomes 

fyfds,. n(s,) = —V*(«,) +fs;dst.*fo) + .*(«„) ; 

and when $,= op, —V*(s/) becomes nothing [9240k, Sic.] ; so that when st — co, the 

preceding expression becomes 

ffsfdsr\\{s) =fsysr*(s) + V*0J> 

as in [9958]. 

[9954a] 

[99546] 

[9954c] 

[9954cJ] 

f (4288) From [9960] we have ffdsl. *(sy) = r(s//) ; substituting this in [9954d], we 

obtain [9960a] 
ffsfds, .n(îj = r(.s/;) -f su.*(sj ; 

and by introducing this into the integral expression [9952], it becomes 

ffd\ • dvit. cos.tf,. \ P(su) -f su. *(« J \, [9^06 ] 

agreeing with [9962]. - , ' * ’ 
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[9962] 

[9962'] 

[9963] 

[9964] 

[9964'] 

[9965] 

[9965'] 

* ' : 

[9966] 

Hence the triple integral [9952] can be reduced to the following double 

integral ; 

ffdi,. da . cos.®. j i„. T (i„) + r(sj {. 
CAttraction of the parallelopiped 

BFE upon the line CD, in the 
vertical direction FE. ] 

We shall now suppose that an indefinite vertical plane surface passes through 

the attracted line, and falls perpendicularly upon the solid attracting plane ; and 

we shall compute the vertical attraction of this solid upon that surface. It is 

evident that we must multiply the preceding function by da [9937], and 

integrate it relative to a, from a — 0, to a = co ; now we have * 

a = s/r sin.^.cos.^, 

which gives, by supposing éy and ®y constant, 

da = dsn. sin,éy. cos.® ; 

the preceding double integral, being multiplied by this expression of da, and 

then integrated relatively to sn , will therefore become 

■w.-i . or (~-Attraction of the parallelopiped~| 
. (fe. SUlJ . COS. w . ] S . ) 4-r(S ) . BFE upon the plane QFC in the 

1 1 1 till V /// \ IJ/ ) Lvertical direction FE. J 

mg.lUB. 

* (4289) Having found, in [9962], the expression of the attraction of the solid plane 

[9964a] BFE upon the vertical line CD of an infinite length, we shall now suppose that, on the 

continuation of the line FC, fig. 148, we have Cc — da, and that 

[99646] the infinite line cd is drawn parallel to CD. Then it is evident 

that the attraction of the solid plane BFE upon the plane surface 

DCcd, will be found by multiplying the function [99606] by da', 

and if we integrate this, relative to a, from a = 0 to a —a, we 

shall evidently get for the whole action of the solid BFE upon 

the plane QFCD, the following expression; 

[9964c ] fffda.dA,. dut,.cos.zs,.{s/r +(st/) -f r(sj| ; 

su being the distance from the point C to the point S', where the line C S' first meets the 

[9964c(] nearest surface of the solid plane [9956] ; and since the differentiation or integration relative 

to a is considered as independent of the quantities so that they are considered as 

constant [9964'], we must find dst/ upon the same principle. Now this is done by supposing 

the line cs' to be drawn parallel to C S', to meet the nearest surface of the solid plane in s'; 

[9964e] since, by [9950, 9949'], 0/5 -a-J} will be the same for the lines CS', cs'; and if we put 

CS'=sJ/, we shall have cs'dst/. Moreover it is evident, as C F, FS, SS', are the 

[9964/q rectangular coordinates of the point S', corresponding to x, z, y [9938', &c.], the value FC=a 

will be found by writing sn for sy in the expression of x [9950'], so that by this means it 

becomes as in [9964]. Its differential, supposing a, s/t, to be the only variable quantities, is 

[9964g-] da = ds/r sin.0,. cos.’# [9965]; hence [9964e] becomes as in [9966]. 
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* 
The integral mast here be taken from s/t — 0y/ to sn = co. Now in this case 

fo\ dsn. Y (sj = — Sti. r (sj +/o°^5,/ •r (SJ =/o dsu • r(5//) ’ 

because, sn being infinite, sy/.r(5//) is nothing [9240k, &c.] ; moreover we have, 

as in [9253a'], y(s„) = ?; hence 

/0”<MvHO+r(>JS=f; 
therefore the preceding triple integral [9966], will become 

7 / Attraction of the parallelopiped-1 

— . ffdtf . dè.. Sin.â . COS.2^/ . BFE upon the plane QJTC in 
„ JJ ill ' I the vertical direction FE. 
7? 

The integral relative to must be taken from w/ = 0 to ®/= to a right 

angle ; the integral relative to must be taken from ^ = 0 to ôt = to two 

right angles, which gives f 

* (4290) From [9960'] we have /•*ds„.*(?a) = c"— T(su), whose differential is 

ds/r*(s„) = — d.r(s/t). Multiplying this by slt and integrating, we get 

fin dsu. Y (s/y) = • fin. d. r(sy/) = s/f. r(s„) 4“ fdS/i • T (sy/), 

as is easily proved by differentiation. This agrees with [9968], the limits of the integrals 

being from ^=0 to st/— co [9967]; and at both these limits we have Vr(v)= 0 

[9240&, &c.] ; hence f™s/ldsu.v(sJI)=fJ°dsirT(s/J) [9968]. Substituting this value of 

f^ds/r r(sy/), in the first member of [9969], we get 

To ds/y.{s/t.y(sy/) + r(s,/) 1== 2/o 5/ynb/y.y(,„) ; 

but by [9253a'], we have 2f™sud8 .'?(s ) = - t as in [9968']; hence the preceding 
71“ 

integral [9967c] becomes as in [9969], and by substituting it in [9966], we get [9970]. 

f (4291) We have fdârsin.^=l — cos.^j which vanishes when ôy = 0; and at the 

second limit, where ^=180d' = w [9971], it becomes f^dê.sin.^ —2; hence the first 

member of [9972] becomes fd&l.2cos.2ia/=sfd'GSr(l-{-cos.2vs/)=zs/~\- Jsin.2^. This 

vanishes when zst — 0 ; and at the second limit, where zst — bn, it becomes equal to 

as in the second member of [9972]. Substituting this in [9970], it becomes |H, as in 

[9973]. In this calculation the attracting body and the attracting plane are considered as 

being of the uniform density unity ; and as the symbol H is sometimes used instead of ffl 

[10032, &,c.], we shall, to avoid confusion, suppose that, when the fluid is homogeneous, we 

shall have 
i H—q, or H=2q; 

and in this case, we get 

The vertical action of the homogeneous rectangular solid B FE upon the rectangular plane QFCD = q. 

vol. iv. 212 
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[9967] 

[9968] 

[9968'] 

[9969] 

[9970] 

[9971] 

[9967a] 

[99676] 

[9967c] 

[9967d] 

[9972a] 

[99726] 

[9972c] 

[9972tZ] 

[9972e] 

[9972/] 
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[9972] 

[9973] 

[9973'] 

fôftdê, •• siM • C0S-H = i* ; 

therefore we shall have 

JiL= the whole vertical attraction of a solid parallelepiped upon a plane surface. 

This attraction is what we have before called p, or p', if the plane is of the 

same nature as the [homogeneous] fluid ; therefore we shall have * 

[9973a] 

[99736] 

[9973c] 

[9973d] 

[9973e] 

[9973/*] 

[9973/] 

[9973g-] 

[99736] 

[9973?; ] 

[99736] 

* (4292) The expression %H~q [9972e,/], represents the action of the rectangular solid 

BFE, fig. 148, page 844, upon the rectangular plane QFCD, extended infinitely in the 

directions FC, FQ; and if we suppose its thickness, in the direction perpendicular to the 

plane QF CD, to be dc, the whole action of the solid upon the plane will be \H.dc; and its 

integral $H.c represents the whole action of the solid upon the plane whose thickness is c, 

this action being in the vertical direction FE [9940']. This is the quantity which is called 

Q' or p'.c [9915, 9929]; hence we have p'.c = %H.c. Dividing bye, we get p'=|if, 

as in [9974]. 

We have supposed, in the formula [9973], that the dimensions of the attracting solid, in the 

directions FB, FE, fig. 148, page 844, are infinite; and in like manner that the dimensions 

of the attracted plane, in the directions jFQ, FC, are infinite; but it is evident that we may 

decrease these quantities very much, without affecting that formula, and that we can suppose 

the limits, in the directions FB, FC, to be equal to the insensible quantity X [9173»], 

which expresses the distance to which the corpuscular action extends ; so that, in the formula 

[9973], we may suppose BF=FC = k; FC being on the continuation of BF, and the 

angle BFE= QFC= 90'". What we have said relative to the limits of the attracting solid, 

in the direction FB, holds good relative to the direction FE, and also in the direction 

perpendicular to the plane of the fgure, either above or below it; so that we may consider 

the attracting solid as being composed of two cubes, whose sides are represented by X, 

supposing the base to be included in the angle BFE; one of the cubes being above the plane 

of the figure, the other below it. We shall hereafter have occasion to ascertain the action of 

an attracting solid in the form of a wedge upon a plane, or triangle, &tc. ; we shall, therefore, 

in this note, investigate several formulas of this kind. 

Instead of supposing the line FC to be on the continuation of the line BF, as in the 

preceding calculation, fig. 148, page 844, we shall now suppose these 

lines to coincide, as in fig. 149 ; then, taking in the plane of the figure the 

horizontal line BF=^=k, we shall consider the vertical lines EF Q, GB H> 

as being drawn in that plane perpendicular to the line BF, and continued 

infinitely, on both sides of it. We shall also suppose that the attracting 

solid is bounded by planes drawn through BF, BG, FE, perpendicular to 

the plane, of the figure, and continued infinitely above and below it ; the 

attracted plane being the rectangular parallelogram HBFQ, situated in 

the plane of the figure, and having the infinite sides B I f. FQ. We shall 

suppose, as in. the preceding calculation [9941/, that the rectangular 

ITig.lAO, 
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Vertical action of a parallelopiped"] 
upon a homogeneous plane surface. J [9974] 

coordinates of any point S' of the attracting solid, are CZ—z, SZ=x, SS'—y; 

CP — z', PS' —s’, the origin of the coordinates x,y,z, being the point C, corresponding to 

FC = a. The calculation of the action of the solid upon the plane differs but very little from 

that in [9941—9973]. In the first place, the vertical action of a particle, dx.dy.dz, 

situated at the point S', upon a particle at the point P, is represented in like manner as in 

[9941/], by dx.dy .dzS—whose triple integral gives the whole action of the solid 
s 

upon the point P, as in [9941]. In the next place, integrating, relative to z', it becomes, as 

in [9949], 
fffdx.dy.dz.TL{s) ; 

s, being the value of s, when the point P falls in C, making CS' = s/; and putting, in like 

manner as in [9946'], 11(5,)==/—f^dsyCp^s,). Then supposing, as in [9949'], that / 

represents the angle which the line s, forms with the horizontal plane drawn through the 

origin of the coordinates C, and ôy the angle which the projection of upon the horizontal 

plane, makes with the axis of y, as in [9950], we shall have the same values of x, y, as in 

[9950', 9951]. Substituting them and the expression of dx.dy.dz [995T], in [9973/], we 

get, as in [9952], for the action of the solid upon the fluid situated upon the line CP, 

[9973l] 

[9973m] 

[9973n] 

[9973n'] 

[9973o] 

[9973p] 

[9973/] 

fffsfdsl. dôt. r?/. cos./. IT($,). 

Assuming the expression of the function ¥(^) = c'—f0ss/dsl.Tl(s/), as in [9953], and then 

integrating [99732'], relative to s/5 we get, as in [9955], 

/o s/^virog^—v*(0 ~\~fo^srir(s/) ; 
the constant quantity in its second member being neglected, because s/.,r(s/) vanishes at 

the commencement of the integral where s/ = 0. Substituting the value of 

/’■dsi.v(s) = c"-r(s/) [9960'], 

and putting / for the value of at the second limit of the integral, corresponding to points 

of the solid which are situated on the vertical side of it whose section is EF, we get 

fo's? ds, -n(5,) — — V *(« J — r(Ü + c"’ 

Hence the expression [9973/j becomes 

[9973?] 

[9973?’ ] 

[9973s] 

[9973*] 

ffdè/. ri/. cos./— S//. * (/) — T («J -f c . [9973m] 

The part of this expression depending on c" may be cleared from the signs of integration, 

because J*dèf = 7r, fd-zi.cos./ = sin./, and f^~dizl. cos./ = 1 ; hence the expression [9973d] 

[9973m] becomes 

c"*--ffdôrdTarcos.'ti/.{s/r-ir(s/l) + r(/)£. [9973m>] 

Multiplying this by da, and integrating from a — 0, at the point F, to a = \, at the point B, [9973x] 

we get the action of that part of the solid corresponding to values of s//5 which terminate at 

the surface EF; and as the values of /, terminating at the surface GB, must produce a 

similar expression, their sum will be doubled, and by this means the whole action becomes [9973?/] 
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[9974'] 

[9973z] 

[9974a] 

[99746] 

[99746'] 

[99746"] 

[9974c] 

[9974c/] 

[9974e] 

[9974/] 

[9974g-] 

[9974g-'] 

as we have found, in [9936], by the comparison of the results of 

2c ".it./la — 2fffda.dbt.dtz/.cos.itf. {s/t.y(s;/) -j-r(s;/)]. 

Substituting in the first term f£da=z\, and in the second da = dsn.sin.6rcos.to, [9965], 

it becomes 

2c Vx — %/ffdô,.dTxr sin.^.cos/to,.dsn.£$u. + r(s/y)]• 

We may here observe, that, while the angles ôy, to/} remain unaltered, we can suppose the 

origin C to move from the point F, where a = 0, and st/ — 0, to the point B, or to the 

second limit of s//} where a = X, and is equal to, or exceeds X. Now as the corpuscular 

action vanishes at the distances which are equal to X, or exceed X, we may extend the second 

limit of to 5^ = 00 ; and by substituting Lf=2q [9972e] in [9969], we get 

/o°°• hVF(s//) + r(0 » 

hence the expression [9974a] becomes 

4 n . 
2c Vx—— .ffdô/. dvSj. sin.d,. cos.9 to, ; 

and, by using the integral [9972], we finally get, for the whole action of the solid upon the 

plane, the expression 

2c"irX — 2q = the action of the solid EFBG upon the plane QFBH. 

Now by [9973s], we have c" =f0œdsrv(sl)=f™dz.ÿ(z) [9253a'] ; whence we get 

2c"tf — K; substituting this in [9974c], we obtain 

_2g = the action of the parallelopiped EFBG upon the plane QFBIT, in a vertical direction parallel to FE or EG, 

F'itf.lSO. 

E 

In the preceding calculations [9937—9973], the author supposes the upper line FC of 

the plane QFCD, fig. 148, page 844, to be horizontal, and the surface EF of the attracting 

body BFE to be situated in a vertical plane perpendicular to the line FC. We shall now 

suppose that the attracting body is in the form of a wedge AFB, fig. 150, limited by 

two infinite plane surfaces drawn through the lines 

FA, FB, perpendicular to the plane of the figure, and 

continued infinitely above and below it ; the attracted 

plane being the surface QFCD, which is limited 

by the vertical line FQ, and the line FC on the 

continuation of BF. We shall also suppose that the 

vertical lines QF, DC, are continued upwards 

towards E and Z\ that the lines FC, CGF'H, are 

horizontal, and that the line AF, being continued, 

meets CH in G. We shall take C, for the origin of 

the rectangular coordinates ; the vertical line C Z, for 

the axis of z; the horizontal line CH, for the axis of 

x; and for the axis of y, the horizontal line drawn through C, perpendicular to the plane of 
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the two methods. We see evidently by both, not only the identity of 

the figure, and in an upward direction ; so that if an attracting particle be at S', we shall have 

for its rectangular coordinates the vertical line CZ=z, and the horizontal lines ZS=x, 

SS'—y. We shall also put CP — z', P being the place of an attracted point as in 

[994le] ; the angle FCH= 9Qd’ — w, the angle FCZ—w, the angle EFA — a, 

CF' = a, and PS'—s. Then the vertical action of the attracting particle at S' upon the 

attracted particle at P, is the same as in [9941] ; the value of s2 is as in [9943] ; and the 

integration of this attraction relative to z', being taken as in [9944—9947], produces the 

expression [9947]; so that the whole of this attraction finally becomes, as in [9949], equal 

to fffdx. dy.dz.Tl(s) ; s, being, as in [9948], the value of CS', corresponding to the 

origin C. Substituting in this the values of x, y [9950', 9951], it becomes, as in [9952], 

fffsfds,. dè/. <Ar . cos.vf,. n(.v,) , 

■usn é,, being defined as in [9949', 9950]; considering C as the origin of the line s/5 and the 

horizontal plane to which é,, vt,, are referred, as that drawn through CH, perpendicular to the 

plane of the figure. Integrating this relative to s/3 as in [9953—9962], we finally get, as in 

[9962], by putting st/ equal to that part of the line CS' — s,, which is contained between 

the point C and the surface FA, 

ffdô,. dr>s^. cos. vi,.{s„. *(«„) + r(s„)}. 

By continuing the same process of calculation as in [9963, &tc.], it becomes necessary to find 

the value of a in terms of stn Ü,, zsr Now in the rectangular triangle CF'F, we have, by 

using the notation [9974/r], FF' — CF'.tzng.F'CF—a.cot.w, and in the rectangular 

triangle FF'G we have F'G — FF'.tzng.F'FG —if jF'. tang.a = a. cot.w. tang.a. We 

shall now suppose that the extreme point of the line s//} where it meets the surface of the wedge 

whose section is FA, is projected perpendicularly upon the line FA in the point A, and upon 

the line CH in the point BT; then we shall have, by using the notation [9974m', m", 9949', 9950], 

CH = s/r sin.^.cos.vj,, AH = s„. sin. vr,, HG — AH. tang.o. = s„. sin.v*,. tang.a ; 

and since a or CF' is represented by CF' — CH—HG-\-FrG, we shall have 

a—s;/. sin.é,. cos.vq-— s„. sin.vj, . tang.a -f- a. cot.w. tang.a. 

Transposing the last term of this expression, and then dividing by the coefficient of a, we get 

the value of a [9974^]? using for brevity the expression of m [9974s], 

_sin.y. cos.vf,-—sin. vj, . tang.a 
1 — cot.iv. tang.a 

a — m.s/r 

The differential of this expression of a, considering a, s„, as the only variable quantities, 

is da = m.ds/l, which is to be used instead of [9965], when multiplying [9974A], to obtain 

the expression of the attraction similar to that in [9966], which we shall represent by Z} so 

that we shall have 

Zz=fffdsu • .da,. m. cos.tf,. \s„>*(s„) + r(5/()}. 

213 

[9974"] 

[9974h] 

[9974t] 

[9974Æ] 

[9974Ï] 

* 

[9974m] 

[9974m/] - 

[9974m"] 

[9974»] 

[9974o] 

[9974p] 

[9974q] 

[9974r] 

[9974s] 

[9974f] 

[9974»] 

VOL. IV. 

[9974v] 
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[9975] 

[9974m] 

[9974*] 

[9974y] 

[9974z] 

1 
[9975a] 

2 

[99756] 

[9975c] 

[9975tf] 

[9975e] 

[9975/] 

[9975g] 

[9975g'] 

[9975A] 

[9975A'] 

[9975»'] 

[9975Æ] 
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the forces p' and ?,//, upon which the capillary phenomena [of a 

The integration of this expression relative to sH is made as in [9966—9969] ; and by 

substituting the result of this integration [9969] in [9974*], we get 

Z=■— ’J'J'd&i • drs,. m. cos.w,. 

Resubstituting the value of m [9974s], it becomes 

Z= 
H 

sj'J'db, • . {sin.ôy. cos.2 vs/ — sin.-tf,. cos.#,,tang.a]. 
v. ( 1 — cot.w. tang.a) * 

Substituting cos.2wi = | -f-|c.os.2*r/} sin.cos.^sin.3‘ctf/, then integrating relative to 

zst from its least value wy=3tto its greatest value ztt=zsamj we get 

tt.(1—cot.w. tang.a) * fdôr sin.â.(—•—^sin.2^2)—]- tang.a.fdôr cos.S^) 

The value of vs2 evidently corresponds to the angular edge of the wedge, or the line fFc, 

drawn through F perpendicular to the plane of the figure ; and if we draw the line ff 

parallel and equal to FF1, we shall have the angle /C/'==tf2, the angle CfF'==Ô/} 

CF' a 
jf —FF'= a.oo\.w [9974o], sin.ô/ 

tang.®„=^ = a.cot.w X =sinJ .cot.w?; 
°ZCJ a 

whence we get, by using [30"], Int., 

■3j2 =5 arc. (tang. = sin.d,. cot.w), 

. ~   2tang.s*2   2sin.é,.cot.io 
sm. vs2 i_|_tang.2^2 l-j-sin.a^.cot.2!* ’ 

o , /--. — 1— sin.9 ô . cot.2ic 
cos.2*r„ —1/1—.sm.22î*o ==—;—. 0 .—rr • 

2 V • l-j-sm.s^.cot/î* 

The greatest value of represented by vs3, is evidently found by putting ^ = oo, or ^ = 0, 

which gives m=z 0 [9974(] ; and by substituting the value of m [9974s], we obtain 

0 = sin J/. cos.**3 — sin.-zJ3. tang.a. 

Dividing by cos.tf3. tang.a, we get tang.*ï3 = sin.ôy.cot.a, or 

<ti3 = arc. (tang. = sin.0,. cot.a). 

Comparing this with [9975<2], we find that can be derived from , by merely changing 

w into a; and the same substitutions can be made in [9975e,/]. From the expression 

of vs2 [9975d], we easily perceive, that, at the upper extremity f of the line cFf, where 

Ff=a oo, (=0, we have ; and at the point F, where 0, — ^nr, we have trf2=90d'—w. 

At the lower extremity c of the line cFf where Fc = —oo, and ô = ir, we have 

•5f2=^s0. Hence we see that, after substituting the values [9975d, e,/] in [9975a, line 2], 

and taking the integral relative to ùt from é/=0 to ô = tf, we shall have, at both these 

limits, ®g5=e0. Now substituting the values [9975d, e], in the first member of [99752], we 
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homogeneous fluid] depend, but also their derivation from the attractive 

get its second member; and its integral is expressed by the function [9975m], as we shall 

soon show ; 

M, • sinA. (— isin.2^2) =fdô/. sin.d,. ^ — iarc. (tang.=sin.^. cot.w)—1 ^ 

V 
=|cos.^. arc. (tang.=sin.^. cot.w) - j-^-cos.w. arc. (tang. =cot.$,. sin. w) — ~. cos.to. 

That the expression [9975m] is the integral of [9975/j, is easily perceived by observing, 

that, if we consider cos.ô/ as the only variable quantity in the first term of [9975m], its 

differential will be the same as the first term of the second member of [9975Z], so that 

it only remains to show that the differentials of the two arcs in [9975m], namely, 

arc.(tang. = sin.^.cot.w), and arc.(tang. = cot.0/.sin.,m), considering 6t as the variable 

quantity, produce the second term of the second member of [9975/]. Now the differentials 

of these two arcs produce in the differential of [9975m] the following terms, using [54], Int., 

and the similar expression d.cot.^ = — dô . (1 -j-cot.2^), 

, , C cos.2$,.cotm> (l-pcot.2$/).sirut>.cos.tt>‘) 

'* ^l-j-sin.2$r cot.2-u? 1-f-cot.2^. sin.2to j’ 

Multiplying the numerator and denominator of the second of these two terms between the 

sin.2$ 
braces by g-ng-', or sin.2^. (1-}-cot.2m), it becomes 

(sin.2^-|-cos.2^)• cot.tp __(sin.2é/d-cos.2^/).cot.'U), 
sin.Sé, • (1—j— ]— gos.2^-^-* l-psin.2d/.cot.%> ’ 

substituting this in [9975o], and then reducing, it becomes —^dô/.^2^y 

being the same as the second term of £99757]. The integral [9975m] vanishes at the first 

limit ^ = 0, where arc. (tang. = sin.0y.cot.tü) = 0; and arc. (tang. = cot.â/.sin.tü) 

Then, while the arc êy increases from 0y = O to é/ = ir, the arc. (tang. =;cot.0,. sm.w) 

decreases from to 0, and then becomes negative, so that, at the second limit of ^ = ?r, it 

becomes equal to —moreover as w2 = arc. (tang. ssin.d,. cot.w) =0, at this second 

limit of the first term of [9975m] will vanish, and the complete integral [9975m], 

depending on the two remaining terms, will become 

7T 7t 

—Jcos.tü.- — j.cos.w — — ^ir.cos.w; 

hence the expression [9975m] gives 

fodè/. sin.d,. (— J«2 — |sin.2tf2) = — itf. cos. w. 

Again, if we substitute the value of cos,2raq [9975/], in the first member of [9975*], and 

then integrate it, we shall get 

fdôt. cos.2ra2 =fdôt 
(1—sin.2^.cot.2u>) 

’ l-f-sin.2^.cot.2w Ô, -j- 2sin.w. arc. (tang. = tang.â,. cosec.w), 

as is easily proved by taking the differential of its last member, relative to 0,; for it becomes, 

[9975'] 

f 

[9975l] 

[9975m] 

[9975n] 

[9975o] 

[9975p] 

[9975g] 

[9975r ] 

[9975r] 

[9975s ] 

[9975*j 
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[9975"] forces of the particles of the bodies which produce their affinities. The 

[9975m] 

by successive redactions, and putting sin. ta. cosec.ta = l, cosec.2w — 1 -f- cot.2w , &c. 

— dôl-\-2sin.w. 
dô, • (1 -f- tang.2^). cosec.w_ 

1-f-tang.2^. cosec.2w> / < 

= — ^/ + 

1-f- tang.2^. ( 1-j- cot.2ia) 

2d\ (■* — sin-2 Ô, ■ cot.2M)) 
l-j-sin.s^.cotAa ; * l-j-sin.^.cot^ia ) 

which is the same as the proposed differential in [9975f]. At the first limit 0 = 0 of the integral 

[9975^], it vanishes. Moreover, as 0/ increases from 0 to it, the arc. (tang. = tang.0/.cosec.la) 

also increases from 0 to tt; so that, at the second limit of the integral, we shall have 0,= <r, 

and arc.(tang. = tang.^.cosec.w) = #. Substituting these values in [99757], we get 

[9975a ] fordô/. cos.2sj2 e= tt . (— 1 -j- 2sin.ta). 

Multiplying this by —^tang.a, and adding the product to the integral [9975s], we obtain 

[9975ta] J^d0f. sin.é/.(—|sî2—|sin.22z32)—J;tang.a./^7â/.cos.2^2=.f;T.(—cos.ia-J-^tang.a—tang.a.sin.ta). 

If we change w2 into w3 in the integrals [9975s, a], the effect will be to change w into a 

in the second members of these expressions, as we have seen in [99757/]. Making these 

changes, and multiplying the integral derived from [9975a] by —^tang.a, we get for 

the sum 

[9975a;] 

[9975y] 

[9975z] 

[9976a] 

[99766] 

J"q dôrsmJr (—2^3—Irsin • W'A’O 

Subtracting [9975æ] from [9975m;], and multiplying the remainder by 

we get the expression of Z [9975a], which becomes 

H 
7r. ( 1 — cot.io. tang.a) 

z= 
£H. [ (cos.a — cos.it;) (tang.a. sin.a — tang.cL. sin.it;) 1 

1—cot.it;. tang.a 

Multiplying the numerator and denominator of this expression by sin.w;. cos.a, and reducing 

by means of [24, 22, 1, 31, 34'], Int., we get, by successive operations, 

Z 
_iH. sin.it;. { (cos.2a -f- sin.2a) — (cos.it;. cos.a-j- sin.it;. sin.a) ^_hH. sin.it;.[ 1—cos.(it> — a)^ 

sin.it;. cos.a — cos.it;. sin.a 

, hH. sin.it;. [2sin.2|(it; — a ) f _ 
2sin.^(it; — a).cos.^(it; —a) 

sin.(it) — a) 

: %H. sin.it;. tang.| (it; — a). 

This expresses the upward vertical action of the wedge AFB, included by the angle w~— w, 

upon the plane QFC, corresponding to the angle ta. 

If we change a into a', in the expression of Z [9976a], it will become 

Z = \H. sin.it;. tang A (ta —- a') ; 

subtracting this from the expression [9976a], we get the value of Z, corresponding to the 

action of a wedge included by the angle a' — a; the vertex of the wedge being the line 

drawn through F, perpendicular to the plane of the figure, and continued infinitely above and 

below it; this value is 

Z= . sin.ta. [ tang.| (ta — cl) — tang.J (ta — a') ]. [Action of a wedge CL'—a~| 
upon a plane w—o. J [9976c] 



X. Suppl. 2.] ACTION OF A WEDGE ON A TRIANGLE. 853 

capillary forces are only modifications of these attractive forces, depending 

Changing w into w', we get the corresponding value of Z relative to the angle wf, 

namely, 

Z= ill.sin.»'.Stang.Jtang.J(«' —a')j. [AMi“ V"'/?. 

Subtracting the expression [9976c] from [9976c/], we get, for the action of the wedge 

upon the part of the plane included by the angle w'—w, the following expression, 

-ï-a] 

a'— a 

Z = %H. 
-f- sin.w/. £ + tang.| (w' — a) — tang.|(w>' — a') 

-j-sin.w. I — tang.|(îü — &) -f-tang.|(w—a') 

this action being upwards in a vertical direction. The angles w'■—w, of— a, are here 

considered as positive quantities. The positive values of the angles iv, w', relative to the 

attracted plane, are counted from the line FQ towards the right, and the positive values of 

the angles a, a', relative to the attracting wedge, are counted from the line FE towards 

the left. If we wish to count the angles a, a', from the line FE towards the right, we 

must change the signs, putting a = — b', a' =—a', considering a', l/, as positive quantities. 

If we also, for the sake of symmetry, put w — a, w'=b, and then substitute %H=q [9972e], 

we shall find that the expression [9976e] will become 

-f- sin.b. [ -f- tang.|(b -f- b') — tang.| (b -f- a') 

-j- sin.a.{—tang.|(a b') -j- tang.|(a -j- a') 

[Action of a wedge b'—a'"J 
upon a plane b—a. J 

representing the action of a wedge A'FB', fig. 151, included by the 

angle b'—a' upon a triangular part of the plane AFB included by 

the angle b — a ; the angles a, b, a', b', being considered as positive 

when falling to the right of the line EFQ, otherwise negative; the 

origin of the angles a', b', being the upward vertical line FE, and the 

origin of the angles a, b, being the line jFQ on the continuation of EF, 

or in the direction of gravity. If we use, for abridgment, the values of 

A, B, A', B' [99761:], and make a slight change in the arrangement of 

the terms of the expression [9976g-], we shall find that it will become of 

the form [9976/], from which we may easily derive the equivalent 

expression [9976m], as we shall soon show. 

Fig.lB'jL 

[Action of a wedge b'—a'“| 
upon a plane b—a. J 

A = t(a' + a), B = i( b' + b), A'=t(a' + b), £' = i(b' + a); 

Z=q.\sin.a. (tang. A —- tang.B'j -f- sin.b. (tang.R — tang.A') ^ ; 

Z=q.{sin.a'. (tang.At — tang.^4') -f- sin.b'. (tang.B — tang.R')^ ; 

The identity of the two expressions [9976/, m], is easily proved ; for if we change b into 

•—a', in [38], Int., we can easily deduce cos.a—cos.a = tang.|(a'+a). (sin.a — sin.a'), 

which, by using the notation [9976/f], becomes as in [9976o] ; and in like manner we get 

[9976p, q, r~\. The sum of these four equations gives [9976s] ; observing that the first 

member of this sum vanishes. Multiplying this last expression by —q, and adding the 

product to [9976/], we get [9976m]. 
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[99760 

[9976o] 

[9976p] 

[9976?] 

[9976r] 

[9976«] 

[9976i] 

[9976u] 

[9976v] 

[9976/o] 

[9976*] 

[9976*4 

[99762/] 

[9976z] 

upon the curvature of the fluid surface in the first method, and upon 

cos.a'— cos.a=tang..4. (sin.a —sin.a') ; 

cos.b'— cos.b = tang.B. (sin.b •— sin.b') ; 

cos.b —cos.a'= tang.A'. (sin.a'—sin.b) ; 

cos.a — cos.b''= tang.B'. (sin.b'— sin.a) ; 

0 = — sin.a'. (tang.^4— tang.^4') — sin.b'. (tang.I? ■—tang.R') 

-[-sin.a. (tang.^4 — tang.R ) -}-sin.b.(tang.j?— tang.^4').. 

We may also deduce the equation [9976/»] from [9976/], by observing that the action of a 

solid wedge, included between the angular space b — a, upon a triangular plane included in 

the angular space b'— a', is equal and contrary to the reaction of the plane upon the wedge ; 

we may therefore change the symbols a, b, into a', b', reciprocally, without altering the 

value of Z. This change does not alter the values of A, B [9976fc], but changes A' into 

B', and B' into A! ; and by making the same changes in [9976/], we get [9976m]. These 

two values of Z are equivalent to those given by M. Poisson, in page 89 of his Nouvelle 
Théorie, fyc., where they are marked (5) and (4); a', b', he., being changed into a, b, he. 

We may in this connection remark that whenever any one of the angles 

A, B, A', B', becomes equal to a right angle, which can happen when either of the lines 

FA, FB, fig. 151, is in the same direction as one of the lines A'F, or B'F, so that the plane 

and solid can be in contact with each other upon an infinitely long line, the expression of Z 
may become infinite by means of the tangent of this angle ; but when this tangent is multiplied 

by the sine of an angle a, b, a', or b', which then becomes equal to nothing, the value of Z 

may be finite, though it may appear under the illusory form of Z=~. An example of this 

kind occurs when we suppose the lines FA, FA', FQ, to coalesce, as in fig. 152, and the 

line FB to be on the continuation of BF'. In this case, a', b', 

will be negative, and we shall have 

a' = —.180% a — Q, b' —— b; 

hence we get from [9976&] 

A = — 90% B = 0, A'=— 90d--Hb, *b. 

Here tang.^4 becomes negative and infinite, but being multiplied by 

sin.a, or sin.a', in the expressions of Z [9976/, m], it becomes 

illusory. To ascertain its true value, we shall, in the first place, 

suppose b = Jtf, making the line B'FB coincide with the horizontal 

line MFM'. In this case, the vertical action of the body 

MFQ upon the plane M'FQ vanishes, as we may prove in 

the following manner: Suppose the vertical lines M'N'P', MNP, to be drawn parallel to 

FQ, the line M'N’P' being in the attracted plane, and the line MNP in the attracting 

body ; this last line being situated either in the plane of the figure, or at any distance above 

or below it. Then, through any points N, P, of the line MNP, draw the lines NN', PP\ 

parallel to the horizontal plane, passing through the line MM' ; and if we consider the action 



X. Suppl. 2.] ACTION OF A WEDGE ON A TRIANGLE. 855 

the position of the attracting planes in the second method; whereas the 

of two equal particles of the attracting body situated at the points N, P, upon the two equal 

particles of the attracted plane at the points N',P', we shall evidently perceive that the upward or 

vertical action of the particle N upon P’ is balanced by the downward action of the particle 

P upon N'; and as the same result holds good for all the particles, the vertical action of 

MFQ upon M'FQ must vanish. Now 

The triangle QFB = plane M'F Q — triangle M'FB. 

And as the vertical action of the body MFQ upon the plane M'FQ vanishes, it is evident 

that we shall have 

The action of MFQ upon the triangle Q FB =— the action of MFQ upon the triangle M'FB. 

Adding to this the action of the part B'FM upon the triangle QFB, we get for the whole 

vertical action of the body B'FQ upon the triangle QFB, the following expression, namely, 

The action of B'FQ upon QFB — the action of B'FM upon QFB— action of MFQ upon M'FB. 

We shall now compute the values of these two portions. In the first place, ki finding the 

action of B'FM upon QFB, we have 

a = 0, a' = — 90% b' = — b ; 

and then, from [9976Zr], we get 

A =— 45% B = 0} A'= — (45d-^b), R'= — £b. 

Substituting these in [9976/], we get 

The action of B'FM upon QFR = g'.sm.b.tang.(45d•—£b). 

In computing the action of MFQ upon M'FB, we have 

a'= — 180% b'=—90% b == 90% 

and a must be changed into b; hence, from [9976^], we have 

^ = _90d--Hb, R = 0, A'— —-45% j?' = _(45d- — £b). 

Substituting these in [9976m], we get 

The action of MFQ upon M'FB— — q. tang. (45d- — £b). 

Substituting [9977/, A], in [9977d], and using [6, 34', 31], Int., we get successively 

The action of B'FQ upon QFR = g.tang.(45d-— |b) .\ 1 -j-sin.b^ 

— q. tang. (45d- — £b). \ 2 cos.2(45d’ — £b) ] 

== 2q. sin. (45d> — £b). cos. (45d-—£b) = q. sin. ( 90d> — b) 

— §\cos.b. 

We may apply this formula to the calculation of the action of the successive 

concentrical lamina of a homogeneous fluid, elevated in a cylindrical capillary 

tube, treated of by the author in [9902, &c.]. For this purpose we shall 

suppose BADM, fig. 153, to be the tube, whose vertical axis is OZ; 
A ZB the level of the surface of the fluid in the vase in which the tube is 

dipped; ZA=ZD the inner radius of the tube; ZQ = ZC the inner 
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[9976/y/] affinities seem, to me to be the attractive forces themselves, acting with 
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[9977/ ] 

[9977m] 

[9977n] 

[9977o] 

[9977p] 

[9977q] 

[9977r] 

[9977s] 

[9977t ] 

[9977w] 

[9977v] 

[9977F] 

[9977w] 

radius of the concentrical stratum, whose section by the plane of the figure is represented by 

the parts ABFQ and DMEC. If we draw a tangent G'FG to the point F, and neglect, 

as in [9926], the curvature of the sides of the tube, we may consider the fluid contained in 

the part ABFQ as being limited by two planes, drawn through QF, FB, perpendicular 

to the plane of the figure, and continued infinitely above and below it ; and if we put the 

angle QFG = b, we shall have, from [9977Ï], 

The vertical action of the external mass QFB upon the internal plane GFQC=: q.cos.b ; 

so that, if we suppose the thickness of this attracted plane to be dc, the action upon it will be 

q.cos.b .dc. Integrating this relative to the whole circumference c of the stratum whose 

radius is ZQ, we get 

The whole action of the external stratum upon the internal mass of the fluid FQCE 0 = qc . cos.6. 

At the side of the tube, or rather at an insensible distance from it, where b — zs [9892], this 

action becomes qc.cos.zs ; and by resubstituting q = %H [9972e], it is reduced to the 

following expression; 

Vertical action of the annulus = ^Hc.cos.zs, 

being the same as the weight of the internal mass of the homogeneous fluid FQCE, 

as in [9898]. 

It is easy to extend this demonstration to the case of nature, where the fluid, near ifcs 

surface, is covered with an excessively thin pellicle of variable density, whose upper surface 

B'F'O'M', fig. 154, is so rare that its density may be considered 

as nearly equal to nothing. Through all the points of this surface, 

we shall suppose perpendiculars O'oO, F'fF, Szc. to be erected. 

Then, taking, on any one of these perpendiculars, as, for example, on 

the vertical axis O'oOZ, a point o, at an insensible distance below 

the surface, but sufficiently far from it to have the density equal to 

that of the internal mass of the fluid, ivhich is represented by 

unity ; we shall draw through o the surface bfom, cutting all the 

perpendiculars O'oO, F'fF, he., at right angles in o,f he. In 

like manner, we shall draw the surface BFOM, cutting the same perpendiculars at right 

angles in O, F, he. ; this surface being at an insensible distance below bfom, but sufficiently 

far from it to render the corpuscular actions of the fluid, which are actually situated in the 

surfaces BFOM, bfom, wholly insensible upon each other. Taking any point F of the 

surface BFOEM, and drawing through it the vertical line FQ parallel to the axis O Z, we 

shall suppose the line FQ to be at such a distance from the side AB of the tube, that the 

fluid near the tube, whose density is variable, can have no corpuscular action upon the fluid 

which is situated beyond FQ, or in the plane QFEC. Then the figure AB'F'FQ, being 

supposed to revolve about the axis O'Z, will form a figure, somewhat like an annulus, whose 

action on the fluid contained within it will be exactly equal to the weight of the internal mass 
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all their energy» [9976""] 

of the fluid QFF'O'E'EC, which is elevated above the level AD of the fluid in the vase 

where the tube is dipped,. To prove this, we shall, for the sake of distinctness, denote the 

different portions of the fluid, and of the plane, in the following manner: 

jS^the portion of the fluid formed by the revolution of the figure ABFQ about the 

axis O'Z', 

S'= the portion of the fluid formed by the revolution of the figure BB'F'F about the 

axis O'Z; 

P = the portion QFOEC of the attracted plane, whose thickness is supposed to be 

extremely small, and represented by unity ; 

P/ = the portion FF'O'EEOF of the same attracted plane; 

b — the angle QFG, formed at the point F by the vertical line PQ, and the tangent 

F G to the section of the surface FOE. 

In calculating the action of the annulus SS' upon the attracted plane P-\-Pf, it is 

convenient to take separately into consideration the four distinct portions. First, the action 

of S upon P; second, the action of S upon P'; third, the action of S' upon P; fourth, 

the action of S’ upon P'. In computing these attractions, we shall neglect, as in [9926], the 

curvature of the side of the tube, and consider it as being developed in a plane passing 

through AB', perpendicular to the plane of the figure. Moreover we may consider the 

mass S, in its action upon P, as being of the uniform density unity, because the part of the 

plane P which is nearest to the side of the tube AB, or nearest to the surface bfioc, is 

beyond the sphere of any sensible action upon P ; therefore we shall have the action of S 

upon P by the same process as in [99777], which gives 

The vertical action of S upon P = q. cos.b. 

In calculating the action of S on P1, we may, as in [9978/], consider the masses S and P' 

as being of the uniform density unity, because the part of S near the side of the tube is 

beyond the sphere of any sensible corpuscular action upon P'; and the same holds good 

relative to the upper part of P', which is beyond the sphere of any corpuscular action of S. 

We may therefore calculate the action of S upon P' by either of the formulas [99767, m\. 

Then, according to the notation in [99767, 7c], we have 

a = 7>, b == 90d- —f— 5, a ' =—1S0% b' = -—b; 

A — — 90d,-J-£6, B — 45/ ^4' = — (45d* — ^5), B' = 0. 

Substituting these in the value of Z [9976/n], it becomes —ç'.sinA; so that we shall 

have 

The vertical action of S upon P' = — ç'.sin.ô. 

In like manner, in calculating the action of S' upon P, we may consider the masses S' and 

P as being of the uniform density unity, because the part S' near the side of the tube, and 
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We shall now resume the equation [9930], observing that, if, with 

near its upper surface, is beyond the sphere of any sensible action upon P. Then, according 

to the notation in [9976i, k], we have 

a = 0, b = b, a —— b, b'=90d’— b; 

A = — %b, B = 45d-, A' = 0, B' = 45d— 

Substituting these in [9976/], we get 

Z= q.sin.b. tang.B = q.sin.5 ; 

so that we shall have 

The vertical action of S' upon P — q .sm.b. 

Lastly, if we represent the direct action of S' upon P' by qt, this direction being inclined to 

the vertical by the angle 5, we shall have, by resolving it in a vertical direction, the following 

expression : 

The vertical action of S' upon P'— qrcos.b. 

Adding together the four parts of this action [9978A, m, p, r], and neglecting the terms which 

destroy each other, we finally get, for the vertical action of /S' —{— upon P + P', the 

following expression : 

The vertical action of the external mass B'F'FQA upon the internal plane QFF'O'E’E C=(q-\-q,).cos.b. 

In computing that part of the mass of the fluid which is elevated by the capillary action, 

and surrounded by the mass <S-f- S' ; and whose section is represented by P-f-P', or, in the 

figure 154, page 856, by QFF'O'E'EC ; we may, on account of the insensible thickness of P', 

neglect wholly the consideration of this pellicle or mass of fluid of variable density near the 

surface; and then, taking FOE for the limiting surface where the density becomes equal to 

unity, we may consider the internal elevated mass to be limited by the space whose section is 

FQCEO, being the same as in fig. 153, page 855 [9977o, &c.]. Now if we put, in like 

manner as in [9977j?], 

q = \FLy q + qt = % H, 

and then compare together the expressions [9977m, 99782], we shall find that the effect of 

noticing the variation of density near the surface of the fluid, in computing the vertical action 

of the mass S-\-S' upon the internal mass whose section isP-\-P', is merely to change 

q into q ~f- qt, or H into H [9978w], as in [9261e,/] ; and by making this change in [9977^], 

we get 
The vertical action of the annulus = £Hc.cos.'sj, 

being the same as the weight of the internal mass of the elevated fluid FQCEO [9898], 

changing H into H, as above. 

By the same process which we have used in computing the action of the external annulus 

B'F'FQA, fig. 154, p. 856, upon the internal plane QFF' O'E'EC [9978t], we may find the 

action of the internal mass of fluid whose section is QFF'O'E'E C upon the external plane, 

or upon the section of the annulus B'F'FQA. The only change will be to insert in the 
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a cylindrical tube whose internal radius is /, ice put q for the mean [9977] 

formula [9978/] the angle QFG' = w, instead of its supplement QFG — b — 180d-— w 
hence we get 

oi K Ky a 

[99782/] 

The vertical action of the internal mass QFFOEEC upon the external plane B'F'FQJl={q-\-q).Q,os.w [9978z j 

In these expressions of the vertical action, we have 

supposed the line AQCD [9977a:] to be on the 

horizontal level of the surface of the fluid in the vase 

in which the tube is dipped; but the same formulas 

hold good when we suppose the masses X and P to be 

limited by any horizontal plane A'Q'C', fig. 155, 

parallel to AQ, but much nearer to the surface of the 

fluid, taking care, however, to have it sufficiently distant, 

so that the corpuscular action of the surface BFO 

shall not extend to the plane A'Q'. In this case, the 

formula [9978^] will give 

[9979a] 

The vertical action of the internal mass C QFF O'EE upon the external plane B'F'FQ'A1 = {q-\-q,). cos .w. [9979^ ] 

We may here remark that the whole mass of the fluid B'AJDM' which is situated 

above the level AD of the mass of fluid in the vase in which the tube is dipped, is in 

equilibrium by the mutual action and reaction of the fluid and the tube; and we shall now [9979c] 

proceed to show how we may make use of this circumstance to investigate the relation 

between the angle w and the forces which act on the fluid in the plane BA'QFF', which, 

for brevity, we shall represent by Nm, supposing the thickness of this plane to be infinitely [9979d] 

small, and represented by unity. The forces acting on the plane N, supposing them all to be 

resolved in a vertical or upward direction, are the following : [9979c ] 

First. The upward action of the part of the tube near B'A', which is within the sphere 

of the corpuscular action on the plane N. This force we shall represent by T. I9979/] 

Second. The upward action of the mass >5* —|— / contained in the space which is formed by 

the revolution of the plane N, or B'A'QFF', about the axis O'Z. This force [9979g-] 

we shall represent by S. 

Third. The upward action of the mass S/f which is included in the space formed by the 

revolution of the plane AA'QQ' about the axis O'Z. This force we shall [9979Æ] 

represent by ro . 

Fourth. The upward action of the mass P/t formed by the revolution of the plane 

CQ'Q Zi about the axis O'Z. This force we shall denote by P;. [9979i] 

Fifth. The upward action of the internal mass P —}— JF*', formed by the revolution of the 

plane CQ'FF'O' about the axis O'Z. The value of this action has been [9979^ 

computed in [9979Ô], and found to be equal to .cos.rc, or JH.cos.w;. 

The sum of these five forces must be put equal to nothing, upon the principle adopted ÎQ 
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[9977"] height to which the fluid rises above the level, the volume of the 

[9979c], namely, that there is an equilibrium in the actions of the fluid and tube upon any 

portion S-\-S' of the mass of the fluid; hence we have 

[9979? ] 0 = T-fS + + ?, + (? +S',) *c°s.w; 

and it now remains to compute the values of T, S, P, observing that cannot be determined, 

because the law of the corpuscular action on the part of the fluid of variable density near 

the side of the tube is unknown. 

[9979m] If we suppose the plane N to be divided into filaments parallel to A'Q', or perpendicular 

to the side of the tube, the vertical action of the part of the tube which is situated above 

any filament, will evidently be balanced by the contrary action of the part of the tube situated 

below the same filament; therefore the sum of all these actions will give 

[9979n] T = 0. 

In computing the force S, we shall suppose the plane N to be divided into vertical filaments 

bl, b'T, he., and which, at the points I, jP, he., are bent, in the plane of the figure, into 

[9979o] ^0 directions IH, I'H', he., perpendicular to the curve BITF, at the points 1, T, he., 

respectively. If this vertical plane, with its filaments, revolve about the axis O'Z, it will 

divide the whole space S-{-S' [9979g] into similar and equal filaments. To distinguish the 

[9979p] pjane an(j fiiaments in their new positions, we shall suppose that, after the plane N has 

revolved about the axis O'Z, by any given angle cl, it is denoted by (N) in its new position; 

and in like manner the filament bIH changes into (IIH), b TH' into {IdI’IT), &c. 

Then it is evident that, as the filaments bIH, (TcIII), are at the same distance from the side 

of the tube, they must have the same density, and be similar and equal to each other; and 

[9979g ] this holds good even for the filaments which are extremely near to the tube, supposing 

always that their bases are infinitely small and equal to each other ; similar remarks may be 

made relative to any other corresponding filaments, as Tc'I H, {b IH), he. As the action 

of the plane (N) upon the plane N must be insensible when their distance is of any sensible 

[9979^] magnitude, the angle cl may be considered as excessively small ; so that, without any sensible 

error, we may consider the planes N, (iV), as parallel, and the side of the tube corresponding 

to A'B' as a plane, as is supposed by the author in [9926, &ic.]. Then, on account of the 

symmetry of the situation of the four filaments klH (klH), k'TH' (k’l'H'), and having, 

moreover, the mass bIH=mtass (klH), the mass b IH = the mass (klH), we shall 

have, by considering only their vertical actions upon each other, 

[9979r ] Action of (bIH) upon b'TH' = action of bIH upon (kTH), 
19979s] = — action of (kTH') upon bIHj 

observing that the equation [9979r] can be demonstrated by a method similar to that which is 

used in [9976y, z, &.C.], and that the expression [9979s] can be derived from the second 

[99792 ] member of [9979r], by considering that the action of bIH upon {kTH') is equal and 

contrary to the action of {kTH) upon klH. Transposing the expression [9979s] to its 

first member, we get 

[9979«] Action of (bIH) upon b1 I'H' -J-action of {b I H') upon bIH=0. 
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elevated mass will be *l2q [as in 9985+], and the circumference c of 

From this equation it follows, that the vertical action of the two filaments (klH), (ik'l'H'), 

of the plane (JV), upon the two corresponding filaments JcTH, k'l'H', of the plane N, 

mutually destroy each other; and, as this must hold good for the filaments into which the 

plane N or (i¥) can be divided, the whole sum of these actions will give 

The vertical action of the plane [N) upon the plane 0. 

Now this equation takes place for every one of the planes (N) in its action upon the plane 

JV; hence it follows that the sum of all these actions is equal to nothing; consequently 

we have 
s=o. 

In computing the force P/ [9979i], or the action of the mass P/ upon the plane _ZV, we 

may remark that the corpuscular action of Pf does not extend to the surface B O, nor does 

it approach so near to the side of the tube as to act on the part of the fluid whose density 

differs from unity; we may therefore compute the action by means of the formula [9973a], 

supposing the mass Pt and the fluid in the plane N to be of the uniform density unity ; 

observing that the angles QQ'C and A'Q'F are right angles; therefore the action Py is 

equal to [9973a], and by substituting its value q [9978w], we get P/ = q. This action 

of the mass P, is in the direction of gravity, and to reduce it to a vertical or upward direction 

[9979e], we must change its sign; hence we finally obtain 

P/ = — P 

Substituting the values of T, S, P/[9979n, x, 9980a], in [9979Z], we get 

0 = ^—-q (q -f- y/). cos.w. 

Now putting, as in [9978c], 

it becomes 

whence we get 

+ = also 1 — w, = §F, 

0 = — |F + . cos.w ; 

cos .w g—H 
7 + 7/ 

P 

H* 

This formula is the same as the formula (3), page 99 of M. Poisson’s Nouvelle Théorie, +c., 

and the equation [99806] is equivalent to the equation (8), page 93 of the same work. We 

may here remark that, in the equation [9980d], the term JH. cos.w = (q + qt) .cos.w 

[9980c] represents the upward vertical action of the mass P + P' upon the plane JV, as 

appears from [99 797c]. Moreover the term —JF of the same equation [9980d], or the 

equivalent expression trs/—q [9980c], which is equal to ■c^ + P/ [99S0a], represents, as in 

[997 9hj i], the upward action of the mass S/-fPl upon the same plane N 

In this calculation, we have supposed the tube to be of a cylindrical form, with a circular 

base; but as the corpuscular action extends only to an insensible distance, it is easy to apply 

this demonstration to the case where the base is any regular curve whatever, without abrupt 
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[9978] 

[9979v] 

[9979w] 

[9979a:] 

[9979y] 

[9979z] 

[9980a] 

[99806] 

[9980c] 

[9980d] 

[9980e] 

[9980/] 

[9980g] 

[9980ft] 
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[9978'] the base will be %l ; therefore the equation [9930] will give, in this 

[9980/ ] 

[9980/c] 

[9980/] 

[9980m] 

[9930m'J 

[9980n] 

[998Oo] 

[9980p] 

[9980/] 

[9980g] 

[9980?' ] 

[9980s] 

[9980/] 

[9980u] 

[9980v] 

[9980F] 

[9980ip] 

[9980w/] 

flexures, using, instead of the axis O'Z, the vertical line drawn through the point Z of the 

base, which is the centre of curvature of that part of the base or circumference A particularly 

under consideration; so that the vertical plane AZO'B' may contain the plane TV, which is 

supposed to be in equilibrium in this calculation. In like manner, instead of supposing the 

tube to be limited by a vertical line B'A, we may suppose that, below the point A , it is any 

regular curve whatever, whose tangent is on the continuation of the line BA'. For, the 

distance to which the corpuscular action extends being wholly insensible, this curvature of the 

tube will have no effect whatever on the values of q, y,, w, ; so that the equation [9980e] 

holds good for all cases. 

The angle w = 180d-—b [997%], which is used by M. Poisson, is the same as 

180d' — ts of La Place’s notation [9892]; so that we have tc=180c1’ — a; substituting this 

in [9980c/, e], we get 

0 = |F -f- . cos.w ; 

zS—q F 
COS.W= —: = -, 

?■+?/ H 

ss being, as in [9892], the angle contained between the lower side of the tube and the surface 

of the fluid, or rather the angle contained by that side of the tube and the tangent to the 

surface of the fluid, at a sensible distance from it. Finally, it follows from the equation 

[9980o], that, as the forces q, <y, are independent of the curvature of the tube [9980/], 

the angle of inclination zs of the fluid to the side of the tube must also be independent of 

that curvature, as in [9197]. 

If the matter of the tube has no action on the strata of the fluid St, S, S', adjacent to the side 

of the tube [9979/c], the stratum St will be in a similar situation to the stratum at the surface 

of the fluid S' [9978/] in contact with the atmosphere. These two strata, of an insensible 

thickness, transmit the internal pressure, the one to the surface of the air B'F', and the other 

to the surface of the tube A A’ ; and these pressures are destroyed by the actions, in contrary 

directions, upon these strata, from the action of the caloric in the particles of the tube, fluid, 

and air. In this case, if we suppose that the thicknesses of the two strata F'F, A Q , are equal 

to each other, the densities at the corresponding points of the lines F'F,A'Q', must be very 

nearly equal, and then it is evident that the action of S' upon P1, which we have represented 

by qf [9978<?], in the direction towards the interior of the mass S , must be equal to that of Sr 

upon the plane N, which, in [9979/t], is represented by / in a vertical direction [9979e], or 

_in a downward direction towards the interior of the mass Sf, so that, in this case, we 

shall have 

ZS = — ?/> or • m y-Hh 

whence F=^H [98 Substituting this in [9980o], we obtain 

COS.W: 
? + ?/ 

' = — 1, or -^rf=180',•, 

which corresponds to the surface of a convex hemisphere, and agrees with what we have 
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particular case [as in 99856], 

863 

[9979] 

already found in [9654a, 6]. From this it appears that, when the tube has no action on the 

fluid, the angle ns will attain its maximum value 1 SO'1". 

If the matter of the tube has the same action on the particles of the fluid as the fluid has 

on its own particles, the density of the mass St will be nearly equal to unity, and its action on 

the plane N will be represented by the function xA— 2q [9974/J, in the direction of gravity ; 

and by changing its sign, we get its value in a vertical direction nst==2q — XA [9979A] ; 

substituting this in [9980o], we get cos.nt — q = 1—(j ~'q^J > an^ by neglecting 

the quantity XA-f-y,, supposing it to be very small in comparison with q, we get 

cos.®=l, or ra==Qd’. Hence it follows that, when the particles of the tube and of the fluid 

act upon each other with equal forces, we shall have very nearly m = 0, which corresponds 

to a concave spherical surface, as we have already seen in [9625, &ic.] When we have 

accurately zs==Od-, the equation [9980o] gives 

/=? + ?,> or H = 2H —£ [9978r]. 

Hence it appears that, while the angle ns varies from ■zn=i80d‘ to •ra = Ot1’, the force nst 

increases from ns, — — q, [9980r] to ^^H—qt [99816], the increment being H. Now 

it is found by experiment, that H is a positive quantity [9920m] ; therefore, while the density 

of the fluid near the sides of the tube increases from nothing till it is equal to, or exceeds 

that of the internal mass of the fluid, the upward action of the mass S, will increase by the 

positive quantity H, which indicates that the repulsive force of the caloric in the successive 

increments of the mass St exceeds that of the attractive force of the corpuscular action. 

We may finally observe, that, in changing successively the matter of which the tube is 

composed, so that its action upon the fluid may always increase, it will finally become greater 

than that of the fluid on its own particles, and then the part of the fluid which is almost in 

contact with the sides of the tube, may, in consequence of this strong action of the tube, 

become more dense than the fluid in the interior of its mass. In this case, a very thin 

stratum of the fluid will be gathered round the sides of the tube, in the manner mentioned by 

the author in [9220], so as to form an internal tube, whose inner surface has the same density 

as that of the internal mass of the fluid ; and it is found by experiment that, when this happens, 

the angle ns is nearly equal to nothing. If a fluid forms in this way a stratum about the sides 

of a tube, the action of the part which is gathered round the tube above the capillary surface, 

may have some action upon the plane N; but this action may be considered as constituting a 

part of the force nsn without altering any of the preceding formulas, or affecting the results 

which have been obtained from them. 

The formulas [9976/t, l, m\ may be used in finding the correction of the computed pressures 

on opposite sides of either one of two vertical and parallel planes dipped into a fluid, of which 

we have already spoken in [9580o, &,c.] For this purpose we shall refer to the annexed 

[9980a:] 

[9980y] 

[998Oz] 

[9981a] 

t , 

[9981a'] 

[99816] 

[9981c] 

[998Id] 

[9981e] 

[9981/] 

[9981g-] 

[99816] 

[998li] 

[998 U1 

[9981Z ] 

[0981m] 

[9981n] 

[9981o] 
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[9980] 2p — p'== lgD-lr, 
This is correct even for a fluid whose density 
varies near the surface, using the approximate 
values of p, //' [9920r], namely p„ p/. ] 

[9981p] 

[99815] 

[998 lr] 

[9981s ] 

[998If ] 

[9981 uj 

[9981 v], 

[9981w] 

[9981x] 

199813/;.] 

[998lz] 

[9982a] 

[99826] 

[9982c] 

[9982c7] 

figure 154', which is the same as fig. 154, page 856, with the 

addition of the horizontal line FtFQn and the vertical line QF H, 

drawn through the point F, meeting respectively the surface of the 

plane AB' in and the surface of the fluid in II; the line 

FF' being perpendicular to the surface of the fluid at F'. We J3 

shall suppose, as in [9977^—w], that the surface BOM is at an 

insensible distance from the surface B'O'M', but so great, however, 

as not to have the action of the fluid on the surface BOM 

extend to the fluid of variable density near the surface B O M'', 

so that the fluid above the surface BOM, at an insensible distance, 

may have the same density unity as in the interior mass of the fluid. In like manner, FQ is 

at an insensible distance from AB', but the part cf the fluid FQAB' which is near to 

and at an insensible distance from it, has the same density unity as in the interior of 

the fluid mass, so that the action of the fluid situated on the line F(f does not extend to the 

fluid of variable density near AB'. For abridgment we shall denote the different sections 

of the fluid plane or base ADM'B' by the following symbols, which are similar to those 

in [9977y, &c.]; 

S=QFB, S' ~ FF'B'B, P=MOFQD, P'=MOFF'O M', 

p^HFF1, s — BFQ, S—s^AQFQ,, S'+s = FF'B'Q/. 

We may suppose that the whole mass of the fluid is contained within the space which is 

included by surfaces drawn perpendicular to the plane of the base M'O'B'AD, and 

continued infinitely above and below it; and this mass may be separated into portions 

corresponding to the parts of the base- S, S',, he., by similar perpendicular surfaces drawn 

through the borders of these portions, and continued infinitely above and below tbe plane of the 

figure. We shall denote any one of these portions of the fluid by enclosing in a parenthesis 

the symbol which represents that part of the base; so that, for example, (S) represents the 

part of the whole mass (Mj which corresponds to the portion of the base S= QFB. Then, 

as the whole base M'O'B'AD can be separated into the four portions P, P', S'f-s, S — s, 

we shall have 
(31) = (P) + (P') + (S' + s) + (5-.). 

And we shall also for abridgment use the following symbols ; 

jF=the whole horizontal action of the mass (M) upon the fluid which is contained 

in the portion of the plane or base AB'F'FQ= S-f- S' ; the thickness of 

this plane being considered as extremely small, and represented by unity ; 

(A). [R] == the horizontal action of any portion (A) of the mass (M) upon any portion 

B of the plane S-\-S'; the attracting mass being included in the 

parentheses ( ), and the attracted part of the plane in the brackets [ ] ; 
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hence the equation [9930] becomes generally [as in 9985c], [9980'] 

A = (P).[S'] = the action of {MOFQD) upon FF'B'B ; [9982/j 

T'=.(]?').[$'] = the action of {MOFF'O'M') upon FF'B'B; [9932e] 

Q = (P -f P' -f- p) . [s] = the action of (3P O 'H QD) upon PPQ,; [9982/] 

P/=(p).[N] = the action of (HFF') upon QPP. [9982g-] 

The horizontal action P of the whole mass (AT) upon the plane 3 -f- S' may be separated 

into two portions, (M).[S — s] and {M) . [»S/ -f-s] j hence we have [9982/q 

P= (M). [S—s] -f (M) . [S' -f 5]. [9982/C] 

The first term of the second member of this expression {M).[S—s], represents the 

horizontal action of the whole mass (M) upon the plane S—s, or AQFQp and this must 

evidently be equal to the horizontal pressure on the plane A Qr Now we have already [9982/] 

computed this pressure, in [9580a—n], by means of the first method of considering the 

capillary action, founded on the equilibrium of the fluid in a canal; and we have found it to 

be equal to igk2 [9580w], neglecting the pressure on the outside of the plane, which [9982/'] 

depends on k/ [9580???], which is noticed afterwards in [9983/, &c.]. Substituting this value 

of s^igk2, in [9982/C], we get 

F= 4/7/ -J- (M) . [S'+s] ; [99827c] 

and by substituting the value of (M) [9982b], we get 

P= 4/, 7/ + (P) . [S’ + s] + (P') • [3' + s] + (S'+ s) .[S'-+ s]-+ (S - s). [S' + ,]. [9982/ ] 

Now we have, by separating [N'-f-s] into its parts [S'] -f- [s], and using S/} Tp 

[9982/ e], 

{P).[S' + s]=^{F).[S']-{-{P).[s]=Sl+{P).[q, [9982m] 

(P;) • IS' + *] = (P') ■ [S'] + (P') . w = Tt+ {P) .I»]. [9982n] 

The expression . [N'-f-s] [9981 y, 9982/], may be computed in the same manner as 

we have ascertained the value of S in [9979o—*], and we shall obtain a similar result to that 

in [9979æ], namely, 

{S' + «) ■ [S' + s] — 0 ; [9982o] 

substituting this, and the values [9982m, n], in [9982/], we get 

F=ig^ + S/^T/+{P + P').[s] + {S^s).[S' + s]. [9982p] 

The action {S—&) upon [p], being equal and contrary to that of (/-) upon [S—s], gives 

0 = {S— s) . [p] -f (/). [S— s]g [9982y ] 

subtracting this from the last term of the equation [9982/], we get 

(Ss). [5»+,]=(S-.). [S'+s-pJ-U)- [,S'-5]=(S-S). [S'+S-F]-(P). [5]+U). W [9982r ] 

= (S—»).[£"+«—p]—-R,+(p)-M [9982g] ; [9982j] 

substituting this in [9982/], and putting 

(P + P')-W-f(p)-W=Q, [9982/],. 

217 VOL. IV.. 
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[9981] V: \lq. c. 
CThis equation is correct whether we consider-] 

the fluid as homogeneous, or variable in den- I 
sity near its surface. 

[9982£ ] 

[9982u] 

[9982v] 

[9982u/] 

[9982mj] 

[9982a: ] 

[9982t/] 

[9982z] 

[9983a] 

[99836] 

[9983c] 

[9983d] 

we get 

.A:2-f-St-[- Tt—R,-}- Q,+ (R—s)*[R/-}-s p]- 

Now the horizontal action of the mass (R—s) upon the plane [N'-j-s p], or of 

(A QFQ) upon [B'HFQ], vanishes, as is evident from the consideration that the distance 

to which the corpuscular action extends is insensible, and that the density of the fluid is 

equal at an insensible distance above and below FQt in any vertical column ; so that the 

action of the mass is in a vertical direction, and the horizontal action vanishes, as we may 

easily perceive by proceeding in the same manner as in [9976y, z, Stc.] j hence we shall have 

very nearly 

(S-*).[Sf+8-p] = 0; - ■ 

consequently the expression [9982/] becomes 

F= \g • + £/ + Ry-R/+ Q/ 3 

which may be much simplified by computing the values of St, T,, Rf, by means of the 

formulas [9976/r, Î, in]. 

In computing the value of Q,, or the action of (M7O'HQD) upon RFQ, [9982/], we 

have, by referring the angles to the horizontal axis QFE,, and using the symbols 

[9976A,/]., 

a' = EFQ = — 90% b'=Et FH= 90% a= QFQ^O, b= Q,RR=9Q‘i—* ; 

substituting these in [9976fc], we get 

A— — 45% B = 90*—$*, A' = — bt, B' = 45d-; 

and, with these 

following form ; 

values, the expression of Z [9976/] gives the value of under 

Q==q. cos.tf. I cot.|w -j- tang.^ts |. 

the 

This may be reduced, by observing that the sum of the two formulas [4L, 42'], Int., gives 

cot.io + tapg.|« = ~; 

hence [9983A] becomes 

(J ■—■ Q. cos.*5t. . —2y. cot.'zrf. 
x,/ 2 sin.ro 

[9983e] 

[9983/] 

To determine R„ or the action of (HFF') upon QFB [9982g], we have, as in 

[9976A—&], 

a'=E,FF'=*, b'=E, r n= 90d-, a=QFQt = —90\ b = RRQ/=90d- — *, 

^==_(45d- — 1*), B = 90d- —A' = 45% B' = 0; 

substituting these in [9976/], we get the value of R/} namely, 

Bt = q.\tang.(45d- — Jw) -j-cos.-sj. (cot.|za — 1 )]. [9983g] 
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From this it follows, that, in all prismatic tubes which have the 

In finding the value of S/7 or the action of (MOFQD) upon FF'B'B [9982d], we 

have, as in [9976A—Ar], 

al=F/FQ==— 90*5 

a=.Z?jPQ/=90d'— vs, 

A——} B — 45% 

b' = EF 0=—90d- ^ > 

b=QlFF'=l80i- — vs, 

A' = 45d' — \vs, B' = 0. 

Substituting these in [9976m], we get the corresponding value of St under the form 

S/ = q.\ tang.-Ups -f- tang. (45a‘ •— — cos.-tf £. 

Substituting the values of Q,, R(, St [9983% g, Ar], in the first member of [9983Z], and 

making successive reductions, using also [9983c] with [41], Int., we get 

q-R^S-q -f- 2 cot. vs—tang. (45d- — ^vs) — cos.'ra’. (cot.^si 

-f-tang.^ -f- tang.(45,L—— cos^vs 

— q.\2cot.-so1 — cos.-tf. cot.%vs tang.Jvs£ 

-1) 

; ( 2 
COS.trf. -—• 

Vsin.ra 
•cot A ^ 4" tang.^-zs^ 

= y .[cos.^tang.^TO,-]-tang.Az% — q. tang.\vs. [ 1 -f- cos.vs\ 

= q. sin.-zrf. 

The direct action ofP' upon S' being represented by q/ [9978%], its horizontal action, may 

be obtained in like manner as in [9978r], and will be represented, as in [9982c], by 

T/=qr sin.®. 

Adding this to the expression [9983m], and using the value of H [9978u], we get 

Q, — Bt -f- Sf -f- T, = {q -f- yj. sin.to = AH. sin.® ; 

substituting this in [9982m], we finally obtain 

F = %g. 7c2 -f- . sin.®. 

If we use the value of H —g.o? [9323p], this expression of F will become 

F = %g. A;2 -f- %g. a2. sin.®, 

which represents the horizontal action of the whole mass (M) of the fluid upon that in the 

plane FB'AQ, which is equal to the pressure of the internal fluid upon the inner side of 

the plane AB'. In like manner we may represent the action of the external fluid upon the 

opposite side of the same plane by 

2g • hf Fig-0?- sin.^, 

k, and ®/ being, for the external fluid, the quantities corresponding respectively to k, vs, for 

the internal fluid. The difference of the two expressions [9983r, t\ represents the difference 

of the pressures on the opposite sides of the solid plane AB', which will therefore be 

represented, as in [9580^], by 

• (A*2 — Ary) -j~ %g. a2. (sin.® — sin.®,). = [difference of die pressures on opposite sides.of a plane /lit ], 

[9982] 

[9983A] 

[9983/t ] 

[9983Î] 

[9983Æ] 

[99837 ] 

[9983m] 

[9983n] 

[9983o] 

[9983p] 

[9983?] 

[9983r] 

[9983s] 

[99837] 

[9983tt] 

[9983v] 

[9983m] 
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[9982'] same internal base, the hollow cylinder is that in which the mass 

[9983m)7] 

[9983x] 

[9983y] 

[9983z] 

[9984a] 

[99846] 

[9984c] 

[9984d] 

[9984e] 

[9984/] 

[9984g-] 

[9984/t] 

[9984i] 

[99847c] 

[99847] 

[9984m] 

instead of being equal to . (k2— kf), as is supposed by La Place in [9580. 9580c, &c.] ; 

so that the correction of his computed value is 

in- /v2 Coin <7- _ cin w \ p Correction of La Place’s computation of the difference "I 
2,5 • K . ^siu.w ‘ * [ of pressures on opposite sides of'a plane. J 

The extreme value of z is put equal to q in [9416r], and this is changed into k in [9580z] ; 

now if we make the same change of q into k, in the formula [9416s], we shall get the 

following expression of k2 ; 

k2 — /t2 -j- a2. ( 1 — sin.TO) ; 

where k = GN, fig. 127, page 772, h — PO, and to is equal to the angle formed at N by 

the curve NO, and the vertical line NG. In like manner, by putting a mark below the 

letters h, k, to, to obtain the similar quantities for the external curve ZZ'V, we have A,= 0, 

kt—GZ, and to, equal to the angle formed at Z by the curve ZZ' and the vertical line 

ZG) and in this case the equation corresponding to [99846] becomes 

kf — a2. (1 —sin.TO,). 

Subtracting [9984/] from [99846], we get 

k2— kf — h2 — a2, (sin.to — sin.to,) ; 

and by substituting this in the expression [99S3za], and neglecting the quantities which destroy 

each other, it is reduced to the following simple form ; 

£g\62=the difference of pressures on opposite sides of a solid plane AB' ; 

where h represents the elevation of the lowest point of the surface of the fluid between the 

planes above the level of the fluid in the vase into which the planes are dipped. 

When the distance of the planes is infinite, this elevation h will vanish, and then the difference 

of pressures on opposite sides of the plane AB’ [9984/] will become equal to nothing, 

whatever difference there may be in the values of the angles to, to,. This will not, 

however, be the case if we suppose the difference of the pressures to be the same as 

La Place estimated it. For if we put h = 0 in [9984e], we shall get 

k2 — kf — a?. (sin.TO,— sin.to) ; 

and by substituting this value of k2 — kf in La Place’s estimate of the difference of the 

pressures %g. [k2 — kf) [9983t{/], it becomes 

%g.a9. (sin.TO,— sin.TO), 

which does not vanish except to, = to. This circumstance was brought forward by 

Dr. Young, as an important and almost fatal objection to the theory of La Place; because 

this difference in the pressures would produce a perpetual horizontal motion in a broad 

parallelopipedon floating on the surface of a fluid of infinite extent, supposing the opposite 

parallel surfaces of the floating plane to be more or less moistened, or to be of different 

substances, so that the angles to,, to, corresponding to these opposite surfaces, may differ from 

each other. This objection fails when we apply the correction [9983æ], because we have 



X. Suppl. 2.] ELEVATION OF A FLUID IN A PRISMATIC TUBE. 869 

of elevated fluid is the least possible, since it has the least [9982"] 

circumference.* 

seen in [9984/], that the corrected differences of the pressures on the opposite sides of the 

floating solid vanish when h — 0, whatever be the values of the angles w, vs . 

After this long digression on the subject of the capillary action, we shall resume the 

general commentary, by the insertion of the following note, which is referred to in [9978, &c.]. 

4293. The radius of the base of the cylinder of the fluid being Z [9977'], its circumference 

will be c = 2^Z [9978'], and the area of the base nrl2. Multiplying this by the height of the 

cylinder q, we get its volume V==7rl2q [9924,9978], Substituting these values of c,V, 

in [9930], we get gD.irPq = (2p—p').2-tl; then, dividing by 2■rZ, we get [99S0], which 

is correct even when we notice the change of density near the surface of the fluid; observing, 

however, to change the values of p, p', into p/5 p', respectively, as in [9920p—r]. Again, 

substituting the value of 2p — p' [9980] in [9930], we get gDV=%gD Jqc; dividing this 

by gD, we obtain V = \lqc [9981], corresponding to prisms whose bases are of any form; 

so that, if we determine the values of Z, q, corresponding to a cylindrical tube, we may 

ascertain the volume V of the elevated fluid in a prism of the same matter and of any form, 

by multiplying the given factor %Iq by the circumference c of the proposed prism; or, in 

other words, the elevated mass gD Vis proportional to the circumference of the base c. We 

may remark, as in [9846a], that these prisms ought not to have any abrupt angular corners, 

which might produce some irregularity in the attraction. We may also deduce [9981] 

directly from [9898], by substituting in this last expression, divided by V, 0 = 2*1, V—nPq 

n v . ^ H. COS .VS 
[9985a], corresponding to a cylindrical tube, which gives generally gD =-, and by 

lq 
Iq substituting this value of gD in [9898], and then multiplying by 

H. cos 
we get for a 

prism of any form V—flq. c, as in [9981]. This, being deduced from [9898], which is 

correct when the density near the surfaces is variable, must also be true when the fluid is 

variable near its surface and near the sides of the tube. 

* (4294) The elevated mass of the fluid is proportional to the circumference of the base 

c [9985e], and if the area of the base be a given quantity, it will follow that the elevated 

mass is the least when this circumference is a minimum, and this corresponds to a circular 

base, or to a hollow cylinder, as in [9982'] ; it being a well known theorem, that a circle 

encloses a greater area than any other figure of equal circumference. This theorem may be 

demonstrated by the method in [36/r], observing that, if a?, y, be the rectangular coordinates of 

a plane curve, whose arc is s, we shall have ds = \f (ix^-\-<hf, for the differential of the 

arc, and ydx for the differential of the area; therefore the whole circumference c of the 

curve will be represented by fds = c, and its whole area by fydx. The variation of the 

first of these expressions is evidently §.fds = 0, and that of the second, when a maximum, 

218 

[9984ft] 

[9984o] 

[9985a] 

[99856] 

[99856'] 

[9985c] 

[9985d] 

[9985e] 

[9985/] 

[9985g-] 

[99856] 

[9985» ] 

[9986a] 

[99866] 

[9986c] 

[9986a? ] 

[9986e] 

[9986/] 

VOL. IV. 



870 THEORY OF CAPILLARY ATTRACTION. [Méc. Cél. 

[9983] 

[9984] 

If b be the base of a prismatic tube, and h the mean height of all the parts 

of the fluid included ivithin it above the level surface, zue shall have V— hb ;* * 

therefore 

CThis is correct even when the' 
density is supposed to be vari¬ 
able near the surfaces. 

f] 
[9985] 
Elevation 
of fluids 
in prismat¬ 
ic tubes. 

[9980] 

[9986'] 

We may here observe that, when the fluid is depressed instead of being elevated, 

q, V, and h, will be negative;! [which is also correct when the fluid is 

considered as variable at an insensible distance from the surface]. 

The preceding formulas will generally hold good even when the curvature of 

the circumference of the interior part of the base is discontinuous; as, for example, 

in the case where this circumference is a rectilinear polygon. For there could 

be no error except near the angles of these polygons, and within the limit of the 

sphere of sensible activity of the particles of the tube; but, this extent being 

supposed to be imperceptible, the whole error must be entirely insensible.! We 

may therefore apply these formulas to bases of any figure whatever. 

[9986/] 

[9986g-] 

[9986/t ] 

[9986/] 

[9986Æ] 

[9986/] 

[9986m] 

[9986n] 

[9986o ] 

[9987a] 

[9988a] 

is ô.fydx = 0, as in [36&] ; and by supposing d'ox = 0, as in [36g-], it gives fôy.dx = 0. 

Multiplying this last variation by the indeterminate constant quantity a, and adding it to the 

first, we get, in the case of a maximum, <5 fis -f- a.fôy .dx — 0. Now as we have d.5x — 0, 

we shall get ô.fds 

_ dy _dy 

^ \f d.r2 -f- dy'2 ds ’ 

= 5. ffdx2-pdy2 > s0 that if we put, for brevity, 

we shall have ô.fds =fp.dôy. Integrating this by parts, 

we get ô.fds =p5y—fÔy.dp, as in [36//] ; hence the equation [9986g] becomes 

pôy fôy. (adx — dp)^== 0. The part pSy without the sign f may be neglected, because 

the beginning and end of the re-entering curve which encloses this base, is at the same point, 

which may be considered as a given point, and then we shall have fôyfadx— dp)= 0, which 

must hold good whatever be the value of c5y; therefore we must have adx— dp = 0 for 

the equation of the required curve. Its integral is ax—p=b, b being a constant quantity ; 

and by substituting p [9986/], we get ax — yL=b, or x—- = which is, as in 
(IS d Cb ClS 

[49, &c.] Int., the equation of a circular arc, whose radius is -, sine=y, 

and cosine : 

a 

■x- 
b 

a 

* (4295) The area of the base being b, and the height h, the volume V must evidently 

be V—Jib, as in [9983]; substituting this in [9981], and then dividing by b, we get 

[9984]. 

f (4296) This is evident by reasoning as in [9369, he.—9379]. 

X (4297) The circumstance of the irregular variations in the density near these 
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When the bases are similar, they are proportional to the squares of their 

homologous sides ; and as their circumferences c are proportional to their sides, 

the mean heights h will be inversely proportional to the homologous sides* 

If the circumferences of the bases are polygons circumscribing a circle, they 

will be equal to the product of the circumference, by half the radius of the 

inscribed circle ; therefore the heights will be inversely as the radius ; and by 

putting the radius equal to r, we shall have f 

-, lq [“"This is true even when the den-“| 
[l-: — * I sity of the fluid is considered as 

' l_ variable near its surface. _] 

whence it follows that, in all right prismatic tubes whose bases are polygons 

circumscribed about the same circle, the fluid will rise to the same mean heigh t. 

Supposing two bases to be equal, but that one of them is a square, and the other 
3. 

an equilateral triangle, the values of h will be to each other as 2 to 34, or very 

nearly as 1 to 8 4 

Gellert has made some experiments upon the elevation of water in glass 

tubes, of prismatic forms, with rectangular or triangular bases (Commentarii 

Acad. Petrop. Tom. xii.). They confirm the law that the elevations are 

angular points is not here expressly noticed by the author; but it is probable that 

this would not produce any sensible effect, except the angular points were quite abrupt 

and very near to each other. 

* (4298) If we put 5 for one of these homologous sides, we shall have c oc s, b oc s2 ; 

cl... 1 
hence ^oc-; and as lq is a given quantity [99S5d], we shall have, from [9984], Aoc-. 

f (4299) In the case here treated of, we have 2b===rc; substituting this in [9984], 

we get the same value of h as in [9989]. All the quantities l, q, r [9977', 9988], are 

constant in the hypothesis mentioned in [9990] ; therefore h must also be of the same value 

for all the polygons. 

J (4300) The area of a square whose side is x, is a;2, and its circumference 4x. An 

equilateral triangle whose side is y, will have for the perpendicular let fall from the vertex to 

the base, ys/\ ; therefore the area will be iyXyfh or \y*f 3. If we suppose this to be 

equal to the area of the square a;2 [9991a], we shall have æ2 = Jy2.p/3, or y — 2a;.3 T 

and the circumference of the triangle 3y becomes 3y = 2x. 34. Therefore the 
3 3 

circumference of the square 4a; is to that of the triangle as 4a; to 2x.3^, or as 2 to 3T, as 

in [9992] ; and as the bases are equal, this will represent the ratio of the values of h. 
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[9993] 

[9994] 

[9995] 

[9996] 

[9997] 

[9998] 

[9998'] 

[9999] 

[10000] 

[10001] 

inversely proportional to the homologous sides of the similar bases. He also 

concluded from these experiments, that, in rectangular and triangular prisms 

whose bases are equal, the elevations of the fluid are the same. But he admits 

that he is not so sure of this last law, as he is of that of the heights being inversely 

proportional to the homologous lines of the similar bases. In fact, we see that 

there is a difference of an eighth part betwmen the elevations of the fluid in a 

rectangular and a triangular prism, whose bases are equal, the one being a square, 

the other an equilateral triangle. The experiments given by Gellert do not 

furnish sufficient data for an accurate comparison of the results with the 

preceding formulas. 

If the base of the prism be a rectangular parallelogram, whose greatest side 

is a, and least side /, we shall have b = al, c = 2a -f- 2/ ; therefore * 

; _(2«-f- - ty 

' _ 2al r; This is accurate even when' 
suppose tiie density to 

be variable near the surfaces 
of the fluid. 0 

If a be very large in comparison with l, we shall have h — q; now this 

corresponds very nearly with the case of two parallel planes which are distant 

from each other by the quantity f l. Therefore the mean height of the fluid 

elevated between these planes, is very nearly the same as in a cylindrical tube 

ivhose radius is l. This agrees with the result of the former method in 

[9410—9412]. 

The height of the lowest point of the surface of the fluid which rises in a 

vertical, cylindrical, and very narrow tube, is not exactly in the inverse ratio of 

the diameter of the tube. If the fluid completely moisten the sides of the tube, 

as alcohol and water do glass, ive must add a sixth part of the diameter to that 

height, to obtain a quantity which is inversely as that diameter. For if we put 

this height equal to q, and l for the semi-diameter of the tube, the volume of 

the elevated fluid which is situated below the lowest point of its surface, will be 

W2, q [9985a]. To obtain the whole volume of the column, we must add to the 

[9996a] * (4301) Substituting the values of b, c [9995], in [9984], we get [9995]. 

f (4302) In a cylindric tube whose radius is l, the elevation of the fluid by the capillary 

[9998a] action is supposed to be q [9977']. In the rectangular prism, the sides of whose base are 

a, l [9995], the mean height is h [9983] ; and when a very much exceeds l, we shall have, from 

[999S& ] [9996], h — q nearly ; now this case corresponds very nearly with that of two indefinite parallel 

planes whose distance is l ; hence we find that the mean ascent h of a fluid between two parallel 

[9998c ] planes whose distance is l, is equal to the ascent q in a capillary tube whose radius is l, 

being the same result as is found in [9410] by the former method. 
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preceding quantity the meniscus which is cut off by the horizontal plane drawn 

through the lowest point of the surface; now this surface is very nearly 

hemispherical, as in [9631]; therefore the volume of the meniscus is* ^*l3’, 

consequently the whole volume of the column is nCflqffl). But we have 

already shown that this volume must be proportional to the circumference 2*1 

of the base; therefore Ifq-bfl) is a constant quantity in the different 

capillary tubes ; so that, to obtain the quantities which are inversely proportional 

to the diameters of the capillary tubes, ive must add to the height of the lowest 

point of the surface of the fluid, the third part of the radius of the tube, or the 

sixth part of the diameter. 

Suppose now that we have a curved glass tube, in which the shortest branch is 

of a capillary form, but the longest branch very large, and forming a vase of 

great capacity. If we pour alcohol into the vase, the fluid will rise in the 

capillary branch above its level in the vase, and, by continuing to pour in the 

alcohol, it will rise more and more in the capillary branch ;f but in the state of 

equilibrium of the fluid, the difference between its level in the two branches will 

be always the same, until the fluid has risen to the top of the capillary branch. 

If ice still continue to pour more alcohol into the vase, the surface of the fluid in 

the capillary branch will-become less and less concave [10012g, &c.], and when 

the surface in the vase is upon a level with the top of the capillary branch, the 

surface in that branch will become horizontal [10012/i]. 

* (4303) If we put ^ = 0, in the equation u = b.cos.to [9336m], it becomes u=b; 

hence the expression of the hemispherical annulus [9336o] becomes equal to ^-t63; and 

by changing the radius b [9336A;] into l [10000], it becomes i*l3, as in [10002] ; whence we 

get the correction of q [10003, &c.], agreeing with [9372<r, &c.]. The same result is 

obtained in another way, in [10296Î]. 

f (4304) We have drawn figure 156 to represent this 

case, where the fluid is alcohol, water, or any other liquid 

which completely moistens the tube. Then the surface of 

the capillary part DF is concave, and it is elevated by the 

quantity CD above the level ABC of the fluid in the 

vase ABE. This figure does not require any particular 

explanation ; we may, however, observe that the author 

supposes, in [10006], that the capillary part of the tube FG 

has the same diameter throughout that part of it where the 

fluid rises as it is poured into the vase. In the case of mercury, the surface DF is convex, 

and it falls below the level AB. 
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We have observed, in [9630—9631], that, if the action of the glass upon a 

fluid exceeds that of the fluid upon its own particles, a stratum of the fluid will 

adhere to the sides of the glass, and thus form with those sides another body, 

whose action upon the fluid is the same as that of the fluid upon its own 

particles ; we may therefore, as it regards those fluids which exactly moisten the 

glass, suppose the action of the glass upon the fluid to be equal to the action of 

the fluid upon its own particles. Thus, in the preceding case [10007], the 

alcohol is in the same state as it would be in, upon the supposition that an 

indefinite mass of this fluid, in equilibrium in a vessel, were in part congealed, 

so as to form a capillary tube, having a communication with the other part, 

which still remains in its fluid state. It is evident that this supposition does not 

affect the equilibrium ; and therefore the surface of the fluid in the capillary tube 

will remain horizontal, as it was before. It is not, therefore, accurate to say, 

generally, that the surface of a fluid cuts always under the same angle the sides 

of the vessel which contains it ; this is not true when the fluid has risen to the 

extremities of these sides ; for it is evident that the action of the sides of the 

tube upon the fluid is not then the same.* 

* (4305) The remarks of La Place relative to the action of a tube upon a fluid at its 

upper extremity require some modification, as has been well observed by M. Poisson, in his 

Nouvelle Théorie, fyc., and we shall here give the substance of his method of considering the 

action at these points. For this purpose we shall suppose the tube, fig. 157, to be of a 

cylindrical form, and generated by the revolution of the figure 

D'DPLL'P' about the axis FCH, so that a section of the 

tube, by a plane passing through the axis FCH, may form 

the two equal and similar figures D'DP LL'P', d'dplV p', 

composed of the lines DIT, DD', dd', IV, parallel to CH, 

and of the regular curves LPD, L'P'D', Ipd, Vp'd'. 

Moreover OCA. is a section of the concave surface of the 

fluid, whose lowest point C is elevated, by the quantity CH, 

above the level GHg of the fluid in the vase. The line 

Of is the tangent to the surface of the fluid, at the point O, 

this point being just beyond the sphere of activity of the tube 

upon the fluid; ON is perpendicular to Of, and is drawn 

outside of the fluid ; OK is perpendicular to the inner line or surface OD' of the tube, and 

is drawn in an outward direction, or towards the external surface of the tube. Then, 

according to the notation in [9892], we have the angle D’Of=vs't and as NOf= 90% 

we get DON=90A — tf, KON= 180d- — zs — DOf; so that if, for brevity, we put 

■zÿ =180d’ — w, we shall have the angle KON~ w =180d- — and this angle is constant 

for tubes of the same matter, acting upon the same fluid, as is observed in [9894, 9980o— q] ; 
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If we continue still to pour lociter into the before-mentioned tube, this fluid will 

form, at the extremity of the capillary branch, an external drop, which will become 

more and more convex, until it is hemispherical [10012/]. At this limit, the 

and we may here incidentally remark, that this angle is denoted by M. Poisson by w, in 

the work above mentioned. Now if we continue to immerse the tube, more and more, in 

the fluid, the point O will approach towards D; and until it has attained the point D, the 

figure of the surface OCA of the fluid will not change, nor the length of the ordinate CH 

vary. After passing the point D, the normal OK will cease to be horizontal, and will 

become inclined to the horizon by an angle i [9359e]. Then the concavity of the surface 

OCA will decrease, as the angle i increases, and the point O ascends towards the summit 

P of the tube, or to the point where the tangent to the surface DPL becomes horizontal. 

If the fluid be water or alcohol, and the tube of glass, we shall have to=0 [9359/c], or 

w/ = lS0d' [10012e'J ; and then the line ON will be on the continuation of the line KO. 

In this case, when the point O has ascended to the summit P of the tube, the angle i will 

become equal to 90d', the line KON will be vertical, and the surface OCA will become 

horizontal [9359o] ; as the point O proceeds from P towards L, and the angle i still increases, 

the surface of the fluid will become convex, and finally hemispherical at L [9359^] ; and if 

we still continue to immerse the tube into the vase, the fluid will run over at the top of the 

lube. What we have here stated as occurring when the top of the tube DPL is a 

regular curve, must take place, though in a somewhat irregular manner, when the top of the 

tube is terminated by the horizontal line DL, having a sharp angular point at D. For, in 

fact, this point is somewhat rounded, and though it may be for a very small extent, yet this 

small distance is extremely great in comparison with the radius of activity of the corpuscular 

attraction, which is wholly insensible ; so that even this small curvature is quite sufficient to 

render the preceding results applicable to the case of a tube which is terminated at the top 

by the plane surface DL. For when the point O has arrived at the upper part D of the 

cylindrical surface of the tube, the line KON will turn about the corner at D; the normal 

OK to the surface of the tube will pass gradually from a horizontal to a vertical direction, 

while the angle KON remains invariable. During this change, the point O will move very 

little, but the point C will alter considerably; and the elevation CHabove the external level, 

as well as the form of the surface OCA, will depend, at any moment, on the direction of the 

line OK While these variations are experienced in the value of i, the point O will vary 

so little that we cannot determine the value of this angle- at any moment by actual 

measurement, but it may be deduced from the formula [9350]. For the extreme value of z, 

which occurs in that formula, represents the difference in the elevations of the points D, C, 

above the horizontal line, which can be measured ; we can also measure the radius of the tube / 

from the axis FH to the extreme point O where the water has arrived. With these values 

of z, Z, we can obtain from [9350] the corresponding value of Ô', and then from [9359g-] we have 

s=90d- — to— è'. If we suppose, as in [10012*], that to = 0, this will become Z = 90cU— Ô'. 

With these values of ô] Z, we may obtain from [9351] the value of - ; and finally, from 
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fluid will be as much elevated in the vase, above the top of the capillary branch, 

as it was depressed below its level in that branch, before it had arrived at the 

[10014] top. For the pressure depending upon the convexity of the drop in the first 

case, is equal to the suction arising from the concavity of the surface in the 

second case. Lastly, a little more alcohol being added to that in the vase will 

[10015] cause the drop to disappear, since, by lengthening it, it must burst in those points 

of the surface where the radius of curvature increases by this extension. 

Similar results are obtained when we hold a column of alcohol vertically 

suspended in a glass capillary tube. This fluid forms, at the lower end of the 

[10016] tube, a drop which becomes more and more convex, as the length of the column is 

increased ; and when the -drop is of a hemispherical form, the length of the column 

is equal to double the elevation of the fluid in the tube, when its lower end is 

[10012v] 

[10012to] 

[10012x] 

[10012^/] 

[10012%] 

[10012%' ] 

[10013a] 

[100136] 

[10013c] 

[9358 or 9360], we can obtain the value of q> or the elevation of the point C of the curve 

above the level of the fluid in the vase GHg. 

The influence of the angle i upon the elevation of the centre of the capillary surface, 

furnishes also the explanation of the different values of such elevations deduced from 

experiments with the same fluid and the same vertical cylindric tube, when it has not been 

completely moistened by the fluid. For, whatever be the degree of polish of the interior 

surface of the tube, there will be some sinuosities whose elevations are always incomparably 

greater than the radius of activity of the corpuscular attraction, and whose normals, instead of 

being horizontal, are inclined to the horizon by an angle which is denoted by i in [9359/, &c.]. 

Then the angle ô', which the tangent to the extreme side of the surface of the fluid forms 

with the horizon, is represented by t)/=90d-— to — i [9359/], instead of â, = 90‘1, — to, 

which would be its value if there were no sinuosities, or i= 0. Therefore, instead of putting 

Ô' equal to the constant angle 90d‘ — to [9359c], in the expression of the elevation q of the 

fluid [9358 or 9360], we must put Ô1 equal to the angle 90dl—to — i, which varies with 

the angle i ; and this variation produces a corresponding change in the elevation q of the 

fluid in the tube, which, instead of being represented, as in [9360], by 

H . H 
q——.sm.ô = —. cos.■TO, 

gl Sl 
must be expressed by 

ç' = ^.sin.(90d’—to — £) = ^j.cos.(to -f- i) ; 

and from this we evidently see the great changes which must arise in the elevation of the 

fluid in consequence of the sinuosities depending on the angle i. 

The remarks we have here made relative to the curvature of a fluid at the top of a tube, 

may be applied, without any modification, to the case treated of in [10017, &,c.], where a 

column of water is suspended in a capillary tube, and the weight of the column is so great 

that the water spreads over the angular point D' at the bottom of the tube D'P'L'. 
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dipped into a vessel filled with the same fluid* If we increase the length of the 

* (4306) To obtain the differential equations of the upper 

and lower surfaces of a fluid in a capillary tube, we shall refer 

to the annexed figure 158; supposing the tube to be a cylinder 

R'ABU', whose vertical axis is Tc, sides ARr, BU', upper 

surface of the fluid aob, lower surface of the fluid AOB. Then, 

taking any point T of the axis for the origin of the coordinates, and 

drawing the horizontal line Tt W for the axis of u, and the vertical 

line Tc for the axis of z ; also the line tNn, parallel to the axis of 

z, cutting the surfaces in N, n, we shall put 

TO = h, Oo = s, To = h-\~s, Tt==u, tn — z, 

tN=z, mo=z — h — s, 310 = z — A; 

R, Rthe greatest and the least radii of curvature at the point n; 

b = b', the corresponding radii of curvature at the lowest point o 

of the surface aob] 

R, R', the greatest and the least radii of curvature at the point N; 

b = b', the corresponding radii of curvature at the lowest point O 

of the surface AOB. 

Then, if we suppose a canal nso to be drawn, similar to NSO, in fig. 116, page 713, we 

may find the equation of the upper surface aob in the same manner as in [9309, &c.], the 

resulting equation in [9315] being 

K JH. -f- -p g X raO = K- J H. -J- —^ . [kipper concave surface.] 

Substituting mo = z—A—s [10016^'], g = H& [9328], dividing by —%H, and 

reducing, we get 

and if, for brevity, we put 

! + i=2a.(A + E-c), 

the preceding equation will become 

rT R, %&-(z c). 

Substituting the values of [9326, 9326'], then multiplying by ^l-j-^^s, we get 

the following differential equation of the upper surface of the fluid aob; 

ddzîdzf <fe2\ / dz%\l _ 

dlfi + ~u ’ du ■ V 1 + dlfi) — — [ 1 + ^2J 5 [Upper concave surface.] 

being the same as in [9324], changing 2 into 2 — c- 
2 

In like manner we may obtain the equation of the convex surface at the bottom of the tube, 
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column, the drop will hurst, and spread over the lower base of the tube, where it 

* v. 

which, we shall suppose to be represented by AOB, in figure 158, considering the points 

A, B, as the lowest parts of the tube, and supposing the inner lines of the tube R'A, U'B, 

to be continued so as to meet the line WTV in the points W and V. In this case, the fluid 

being situated above the surface AOB, the corpuscular action at any point N of the surface 

[93156], will change from K — %H. Q- -f- ^ to Kf^H. ^ ^ , as we have seen 

in [9301er, 6] ; and the corpuscular action at O will be i). Then, if an 

infinitely small canal IS MO, similar to nso, be drawn, with a vertical branch MO, and a 

horizontal branch JSM, the capillary action at N will be and this 

is continued along the horizontal branch of the canal NM to M; and in descending in the 

branch MO, the pressure is increased at O by the weight of the column MO, which is 

gXMO=g.(z— h) [10016^']; so that the action at O will be 

and this must be equal to the expression of that action in [lOOlôg'] ; hence we have 

K+ ^ (r+ 7?)+<r ■ (« -- ■*) ■= •K+!(l+*) 5 
so that, if we substitute g=Mo, [100167], and then divide by iH, we shall get the 

following equation of the surface AOB) 

We may eliminate ~-J-i from this equation, by observing that the corpuscular action at o, 

at the summit of the vertical canal Oo, is K—|jff. and by adding to this the 

weight of the column Oo, which is represented by gXOo=*g.s [10016d], we get the 

pressure at O, equal to K—-f-g.s. Now this must be equal to the 

corpuscular action at O, which is + [10016g-] ; hence we have 

Rejecting K from both members of this equation, and then dividing by %H, or iga.-1 

[100167], we get 

t + i. 
b ‘ V G+?)+2«- 

and by substituting [10016w], we obtain 

b+b/—2 a.(c—A); [100%] 
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will form a new drop, which will become more and more convex, until it 

forms a hemisphere whose diameter is equal to the exterior diameter of the 

tube. Then, if the column be in equilibrium, its length will be equal to the 

substituting this in [10016m], it becomes 

l+s=-2a-(z-c); 

and by using the values of —, — [9326, 9326'], we finally obtain the following differential 
Xv X\/ 

equation of the lower convex surface of the fluid AOB; 

; .1 dz / dzf . . / . d&\! r -, 

! 1U du V duy ■ J\ duZj ’ L J 

dd'i 

difi 

which differs from the equation of the upper surface aob [10Q16o], only in the sign of a 

so that the integrals of the equations of both these surfaces may be obtained by the methods 

pointed out by the author in [9328—9379], and it is unnecessary to enter into any further 

explanation of them. We may remark that similar results are obtained when we suppose the 

upper surface to be convex, or the lower surface concave. 

The volume aobVW, included between the upper surface aob and the base WTV, is 

evidently represented by 2.fzudu; and the similar volume AOBVW, included between 

the lower surface AOB and the same base, is 2fzudu; the difference of these two 

integrals is equal to the volume V of the fluid aob BO A; hence we have 

U= 2 7T .fzudu — 2<7r .fzudu. 

The integrals of these expressions may be obtained by approximation, in a series arranged 

according to the powers of a, by methods similar to those which are used in [9328—9379], 

restricting the calculation to terms of the first order in a, in the value of F. We have not 

thought it expedient to insert these general calculations, which are of no practical use in 

comparing with experiments ; we shall therefore restrict our remarks to the notice of two of 

the most simple and remarkable cases. First, when the elevation of water in a tube P 0, is 

exactly equal to that arising from the capillary action of the same tube, when well wet and 

dipped by its lower end AB into a vessel of water. In this case, it is evident that the figure 

of the lower surface AOB will coincide very nearly with that of the plane APB. If some 

of the water is taken from the tube, so as to decrease the altitude Po, the point O will 

ascend above P, and the lower external surface will become concave. On the contrary, if 

more water is inserted in the tube, so as to increase the altitude Po, the lower surface will 

become convex; and this convexity will increase by the addition of more fluid, until the surface 

AOB becomes nearly hemispherical, like the upper surface aob. If we suppose the 

upper and lower surfaces to be hemispheres whose radius is l, the elevation Po, produced by 

H 
the capillary action at the upper surface, will be q = — [9360], and the similar action of 

H gl 
the lower surface ABO will likewise be q = — \ hence their combined action will produce 

gl 

the double elevation 2q, spoken of in [10016, &,c.]. 

[10017"] 

[10016z ] 

[10017a] 

[100176] 

[10017c] 

[10017c?] 

[10017e] 

[10017/] 

[10017g-] 

[loom] 

[10017*] 

[10017*] 
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sum of the elevations of the fluid in two other glass tubes dipped into the vessel 

[10018] by their lower ends, their diameters being respectively equal to the internal and 

external diameters of the first tube. Lastly, if the column be of a greater 

[10017Z ] 

[10017m] 

[10017»] 

[10017o] 

[10017p] 

[10017g ] 

[10017r ] 

[10017s ] 

[10017* } 

[10017m] 

[10017v] 

[10017m;] 

[1 0017a;} 

[10017i/ ] 

[10017z] 

In like manner the volume V of a drop of the fluid, formed at the bottom of the tube 

AB, is represented by V' = ir .fifidz, taken between the limits z — TO and z= TP. 

This may likewise be reduced to a series of terms in a, as in [10017e, &c.]. If the figure 

AOB be a hemisphere, we shall have V — fn-.Z3, which is the value of the actual volume, 

if we neglect terms of the order a; but if we retain terms of the order cl, the volume of the 

drop will become F%=firZ3. (1 + ^ai2), as we may easily prove by means of the formula 

[10017/], using values of dz, u, he., similar to those in [9339—9350], and differing only 

by writing —cl for a; but we have not thought it worth the trouble to insert this calculation, 

as it is of no importance, on account of the difficulty of ascertaining the mass of a drop with 

any great degree of accuracy [10017v]. If the density of the drop be D, its gravity g, its 

mass m, supposing it to be a hemisphere, we shall have 

m = f‘7r.^-D. 13. 

According to this theory, the mass of the drop m must be proportional to the density of the 

fluid; but this does not agree with the observations of Gay-Lussac. For, by some 

experiments made with the same tube, and in similar circumstances, he found that 100 drops 

of water, whose density was 1,0000, weighed 8sram',9875; and 100 drops of alcohol, whose 

density was 0,8453, weighed only 3gram’,0375 ; so that the drop of alcohol was about one 

third of that of water, while their densities differed only one fifth part. The radius of the 

tube used in these experiments was Z=3mi',09; hence L' = 62 cubic millimetres nearly 

[10017m], or V = 0,062 cubic centimetres. Multiplying this successively by the densities 

1,0000, 0,8453, we get for the mass of the drop of water m = 0gram-,06, nearly; and for that 

of alcohol, m = 0s™m,05 nearly. These differ very much from the experiments [10017r, s] ; 

and the differences will not be avoided by introducing the term of the order cl [10017»]; 

for, though it will decrease the error of the mass of the drop of water, it will increase that 

of the drop of alcohol ; ]tence we see that the uncertainty of the observations makes it 

unnecessary to notice the terms of the order cl. We may finally remark, that the figure of 

the drop is calculated when in a state of equilibrium, but the drop separates from the tube 

only when the equilibrium is destroyed; and it is probable that from this source arises the 

great difference between the calculated and observed mass in a drop. 

In the preceding calculations, it is supposed that the water is poured into the top of the tube; 

but we may suppose the tube to be inserted in the bottom of a large vessel of water. Then 

the fluid will not run out from the bottom of the tube, if the distance from the level of the 

fluid in the vessel to the bottom of the tube be less than the quantity q [10017/], 

corresponding to the elevation in a capillary tube; but a drop will begin to form at the bottom 

of the tube when that distance exceeds q; finally, when the distance exceeds 2q [10017/:], 

the water may flow out from the tube, neglecting in these estimates terms of the order a, as 

in [10017m, he.]. 
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length, part of the fluid will fall from the tube. All these results of the theory 

are confirmed by experiment. 

We shall noiu consider an indefinite vase filled with any number of fluids, placed 

horizontally, the one above the other. 11 If ive dip vertically into the vase the lower 

end of a right prismatic tube, the excess of the weight of the fluids contained in 

the tube, above the weight of the fluids which it would have contained independent 

of the capillary action, is the same as the weight of the fluid which would rise 

above the level, in case there was in the vessel only that fluid in which the lowest 

part of the tube is dipped.”* In fact, the action of the prism, and of this fluid, 

upon the same fluid contained in the tube, is evidently the same as in this last 

case. The other fluids contained in the prism being sensibly elevated above its 

lower base, the action of the prism upon each of them can neither elevate nor 

depress them. As to the reciprocal action of these fluids upon each other, 

* (4307) For the purpose of illustration, we may take the case in which there are only 

two fluids included in the vertical cylindrical tube RR'U'U, fig. 158, page 877, where aob is 

the upper surface; AOB, the common surface of the two fluids; WtTV, a horizontal plane, 

drawn within the tube, and at a sensible distance above its lower extremities R, U, and at a 

finite distance below the surface AOB. To estimate the upward pressure upon any point 

i of this plane, arising from the action of the fluid in the vase, and in the lower part of the 

tube R WVU, we shall suppose a slender filament or canal nNtzrv to be drawn, having 

two vertical branches rv, zn, connected by the horizontal branch rzm, the termination v 

being at the level surface of the fluid in the vase. Then the pressure at the bottom of the 

canal vr, upon a unit of surface, will be represented, as in [9555], by P-\-K-^gXvr. 

This same pressure is continued in the horizontal direction of the canal rz\ and in ascending 

in the vertical branch zt, it is decreased by taking away the pressure of the fluid in that 

branch, corresponding to the ascent; so that, at the point t, we have for the expression of the 

upward pressure, the function F g .(vr — zt). Now this quantity remains the same 

whatever changes may be made in the number or nature of the fluids in the tube above the 

surface AOB ; always supposing the fluid in the lower part of the tube and in the vase to 

remain unaltered, as well as its point of level v. For, in these changes, no alteration is made 

in the process for finding the expression of the pressure [10020e], which depends wholly on 

the elevation of the fluid in the vase, and on that of the fluid in the tube below the plane 

WV‘, so that its action upon the fluid situated immediately above WV, and within its sphere 

of action, must remain the same ; and the action of the tube upon the same part of the fluid 

must also remain unaltered. Hence it follows that, whatever be the number of fluids in the 

tube, the mass in the branch nt must remain unaltered; and as this is true for every canal 

passing through the surface WV, the whole mass above the plane WV must remain 

invariable, whatever changes may take place in the number of the fluids; therefore this mass 

must remain the same as if there were only one fluid in the tube and in the vase, as in [10024]. 

vol. iv. 221 

[10019] 

[10020] 
Action of 
several 
fluids in a 
tube is the 
same as if 
only the 
lower fluid 
were con¬ 
tained in it. 

[10021] 

[10022] 

[10020«] 

[100206] 

[10020c] 

[10020rf] 

[10020e ] 

[10020/] 

[10020g-] 

[10020A] 

[10020Î ] 
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[10023] they will evidently destroy each other, if they form together a solid mass, 

which may be supposed without affecting the equilibrium. 

Hence it follows that, if we dip into a fluid the lower end of a prismatic tube, 

[10024] and then pour into the tube another fluid which remains above the first* the weight 

[10024a] 

[100246 ] 

[10024c ] 

[10024c'] 

[10024c?] 

[10024e] 

[10024/] 

[10024g-] 

[100246, ] 

[10024c] 

[100246 ] 

[10024? ] 

[10024m] 

[10024n] 

[10024o ] 

* (4308) If the volume of the upper fluid be given, as well as the densities of the two 

fluids, we may thence deduce the increment of the altitude of the central point of the upper 

surface, in consequence of the introduction of the upper fluid into the tube. For this purpose 

we shall suppose the surfaces of the two fluids to be spherical, as in [10027, 10027a, p', &,c.], 

and we shall use the following symbols, referring to fig. 158, page 877 ; 

to, to', Ô, are the same angles as those which are defined in [10028—10030] ; 

7 = the internal radius of the tube, as in [10035'] ; its circumference being 2<r7; 

h = TO— the elevation of the lowest point O of the lower spherical surface AOB 

above the horizontal plane WTV', 
hs'►== To = the elevation of the lowest point o of the upper spherical surface aob 

above the horizontal plane WTV; hence Oo = To— TO==^s' 

D = the density of the lower fluid, or the fluid in the vase ; 

D'=the density of the upper fluid; and for brevity we shall put 

cos.9TO-f-fsin.^TO—14 TP(A\ cos.a^~]— gsin.3^) — § t 

cos.sTO ’ ^ ' cos.30 ’ 

îr72£=tbe volume of the upper fluid included between the spherical surfaces 

aob, AOB, this quantity being supposed to be given. 

Now it is evident that this volume of fluid, contained between the spherical surfaces 

aob, AOB, is composed of the three following parts, namely, 

The cylinder IkKL + the annulus Ikboa— the annulus LKBOA\ 

and we have the cylinder IkKL — vlh', the annulus lkboa = A3.F(f [9336o, 10024/] ; 

and in like manner, the annulus LKBOA = *P.F(ô). Substituting these values in the 

expression [100247], and putting the resulting quantity equal to A2s [10024A], we get 

*Z2s == irTV-f- tfZ3. F (to) — ttP.F ($). 

Dividing by the common factor A2, we obtain 

s = s'—}- l.F(f) — l.F(fi). 

Again, since the volume WAOBV is equal to the sum of the volumes of the cylinder 

WLKV, and of the annulus LKBOA, we shall have, by substituting the values of these 

quantities, in symbols, 

The volume WAOBF=AQ.h-{-A\F(ô). 

Multiplying the volume of the upper fluid wZ2s [10024A] by its density D', and the 

volume of the lower fluid [10024o] by its density D, then taking the sum of the two products, 

we obtain the expression of the whole mass of the fluid in the tube, above the plane WTV, 

namely, 

F(TO)=: 

[10024p] 
Mass W a obV=JD'. ir72s -f- D. .\h-{-l.F(è)\. 
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of the two fluids contained in the tube will be the same as that of the Jluid which it 

contained before [10020c]. It is evident, by the first method, that the surface of 

the upper fluid will be the same as in the case where the lower end of the 

tube is dipped into that fluid. At the points of contact of the two fluids, they will 

The value of this mass must remain the same as when there is only one fluid in the tube 

[10020?'] ; and if we suppose, in this case, that the elevation of the point o above the plane 

WV is H, and the angle formed by the fluid at the surface and near the side of the tube is 

as in [10029], the volume WaobV will become ,F(vs'), as is evident from 

[10024o] ; multiplying this by the density D, we get another expression of the same mass, 

namely, 

The mass of the fluid WaobV=D.A2F(&')}. 

Putting this equal to the expression [10024p], and then dividing by ZLtf?2, we get by 

successive reductions, and using [10024m], 

H+W{v/)==j^.s+h + l.F(û) 

.{^~'.s-H; 

whence we obtain 

and by putting, for brevity, x equal to the increment of the elevation of the pokit o, in 

consequence of pouring into the tube the column of the upper fluid, whose volume is itl2s, 

and density IT, over the mass of the lower fluid, we shall have x^fh-^-s')—H, and 

the expression [10024?/] will give 

Jf = this value of x will become 

and as Df>D', the expression of a? will be positive; so that, in this case, the elevation of the 

point o of the upper surface, will be increased by pouring into the tube the upper 

fluid, whose density is D'. If we put zs— 0, ra'== 60% we shall have, from [10024g], 

F(zs) =0,33.3, F(è) =0,131; substituting these in [10024w], we shall get very 

nearly, 

a?=== 
(D~D') 

D 

The expressions of x [10024w, g] agree with those which are given by M. Poisson, in 

pages 140, 141, of his Nouvelle Théorie, changing D into p, D' into p', l into a, 

[10025] 

[10024?] 

[10024?* ] 

[10024s ] 

[10024* ] 

[10024«] 

[10024] 

[10024m] 

[10024a:] 

[10024y ] 

[100242 ] 



884 THEORY OF CAPILLARY ATTRACTION. [Méc. Cél. 

[10026] have a common surface ; but this surface will be different from that which the 

two fluids ivould have separately, and it is interesting to determine the nature of it. 

For this purpose, we shall suppose the interior surface of the prism to be a 

right cylinder, of a very small diameter, and placed vertically. In this case, it is 

evident, by what has been said in the preceding theory, that the common surface 

[10027] of the two fluids, and those which they would separately have in this tube, will be 

spherical surfaces of different radii.* * We shall put 

[10025a] 

[100256] 

[10025c ] 

[10025c? ] 

[10025e] 

[10025/] 

[10025g-] 

[10027a] 

[100276 ] 

[10027c] 

[10027c/] 

[10027e] 

[10027e'] 

F F' 
and putting cos.®'=— —, 003.-# =— —to conform to his notation; and if we suppose 

D == t%D, we shall have, from [100242:], cc = T1crg — |/, which may become negative if 

s<f2l; and M. Poisson remarks, that this result may serve to explain the phenomenon 

observed by Dr. Young, who dipped a capillary tube into a vessel containing water, and 

suffered the fluid to ascend in it; he afterwards poured into the top of the tube a small drop of 

oil, and found that the upper surface of the oil finally settled at a less elevation above the level 

of the water in the vessel, than that which the water in the tube had before the addition of 

the oil. M. Poisson supposes, in this experiment, that the tube had not been previously 

moistened by the water in its upper part; and upon pouring in the oil, it became moistened 

by the oil, and by this means the upper angle, or that formed by the lower side of the tube 

and the tangent to the surface of the oil, became -stf = 0. On the contrary, as the tube had 

not been previously moistened by the water, he supposes that the surface of this fluid was not 

a tangent to the side of the tube, so that zs' might have a finite value; and in this case, x could 

become negative, as in the experiment of Dr. Young. M. Poisson finally observes, that this 

experiment was brought by Dr. Young as an objection to La Place’s theory of the capillary 

action, supposing it to be incompatible with this theory ; instead of which it serves to furnish 

an interesting verification of its accuracy. 

* (4309) When there is only one fluid in a cylindrical tube RR'U'U, fig. 158, 

page 877, the surface will be nearly spherical, as is proved in [9336/, &zc.], from the general 

equation [9342], or rather from [9334] ; so that the surface corresponding to the angles zs, zs', 
in the hypothesis [10027, &c.], must be nearly spherical. The same may be proved relative 

to the common surface of the two fluids AOB, fig. 158, by pursuing the same method as in 

[9309—9342], and using the figure in like manner as we have used fig. 116, page 713, or 

fig. 112, page 695; that is, by drawing an infinitely slender and uniform canal ?iNtTOMo, 
with the vertical branches tNn, TO Mo, and the horizontal branches tT, NM; the area of 

a section of this canal perpendicular to its length, being taken for unity. Then it is evident 

that the fluid in the canal nNMo must be in equilibrium; so that the vertical pressure of the 

fluid in the branch nN, at the point N, must be the same as at the point M, in the branch 

oM, being equal to that in the horizontal branch NM; and in like manner, from the 

equilibrium of the fluid in the canal nNt TOMo, the vertical pressure at t must be the 

same as at T. Hence it follows that the part of the pressure at the point t, arising from the 

capillary action at N, and the weight of the column Nt, must be equal to the part of the 
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sj = the angle which the surface of the upper fluid forms with the lower 

surface of the tube, supposing no other fluid to be used ; 

to' = the similar angle when the lower fluid only is used; 

ô = the angle which the common surface of the two fluids forms with the 
o 

lower surface of the tube. 

pressure at T arising from the capillary action at O, and the weight of the column MT; and 

from this principle we shall deduce the equation of the surface AOB in the following 

manner : 

Putting, as in [9310], R, Rfor the greatest and the least radii of curvature at the point 

N of the common surface ANOB of the two fluids; and, as in [9316], b, b', for the 

greatest and the least radii of curvature at the point O ; also 

tN—TM=z, tn = z', MN=Tt = u, TO = h,h c.; 

we shall have, as in [10032,9275], K—(-j- -[- for the downward action of 

the fluid below the surface AOB, upon a portion of the same fluid in the canal at N; 

and the upper fluid will attract the external lower fluid at N with the upward force 

Kt—-p [10033, 9254]. The difference of these two forces gives the whole 

downward force at N equal to Kt/—§£r.^ + , G being the measure of the capillary 

intensity; and attire point O, the preceding expression will become Kjt—p-Cr.^r-f-^. 

Then, the density of the lower fluid being represented by B, and that of the upper by B', 

We shall have BgXtN—Bgz for the mass of the fluid in the part tN of the canal 

in. Adding to this the capillary action at N [100277c], it becomes 

K„-iG.(^+f) + Dgz. 

Again, the mass of the column MO is represented by B'gXMO = B'g.(z—h), and 

that of the column TO by Bgh; their sum being added to the capillary action at O 

[10027/], gives 

K,, - i G. (g + i) + D 'g. (z - h) + Dgh, 

for the action in the column MT, which, as in [10027e'], is to be put equal to the action in 

the column tN [10027m]. Hence we have 

iG-[K+K)+Dgz=Kl/—+ 

and if we put, for abridgment, c = %G. ^ — (B — B').gh, we shall get 

iG . -j- =z -■ B ) ,gZ —{— C. [Equation of the common surface .ÆOf?.] 

From this equation we may deduce others, like those in [9318, 9334, 9442, Sic.] ; whence 
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We may here observe, that these angles are not those which the surfaces form at 

[10030'] their points of contact with the tube ; but they are formed by the planes which are 

tangents to those surfaces at the limit of the sphere of sensible activity of the tube, 

as we have said several times. We shall suppose that 

[10027/] 

[10027g] 

[10027/] 

[10027r] 

[10027s] 

we may conclude, as in [9336g’], that the common surface of the two fluids, or that which 

corresponds to the angle Ô [10030], will also be very nearly spherical. 

The whole mass of fluid contained in the vertical branch nNt is evidently represented by 

D'gXnN-\-DgxNt, or, in symbols, D'g.f — z)-\-Dgz — {D — D') .gz-\-D'gz' 

and as the ordinates z, z', are measured from the level surface of the fluid in the vessel, 

this mass will be elevated by means of the two capillary actions at iV, n, namely, 

“ ^ ' (fi 4~ Rcj [18027^3, and \ H. being the greatest and the least 

radii of curvature at the point n ; hence we have 

to • (i+ih+iff - (l++vg*’- 
Subtracting the equation [I0027y] from [10027r], we obtain the following equation of the 

upper surface ; 

+ =D'gz'— C. [Upper concave surface.] 

[10027*] 

[10027u] 

[10027m'] 

[10027m] 

[10027m'] 

[10027m? ] 

[10027a; ] 

[10027^] 

[10027z] 

We have supposed, in this figure, that both the surfaces AOB, aob, are concave; but it is 

evident that, if the upper surface be convex, we must change the sign of the term depending 

o,n H, in [10027/—s], as is done in [9275, 9276], and then the equation of the upper 

surface [10027s] will become 

[Upper convex surface •] 

The equations [10G27p, s], are of the same forms as the equations (a), which are given by 

M. Poisson, in page 136 of his Nouvelle Théorie, fyc., for the solution of this problem ; the 

symbols D,D'., R,R', being changed respectively into p, p', X, X', to conform to his notation; 

and from these equations he deduces results which are similar to those given by La Place in 

this part of the work. 

In the preceding calculations, the origin of 2 is supposed to be on a level with the surface 

of the fluid in the vessel [10Q27y]. If this origin be taken at the distance n below that 

level, z will be changed into z, and / into z'; and we shall have 

z = z — n, z ' = t!'—n; 

substituting these in [10027p, s, u], they become respectively 

• (i+è) ^( D ~ -0 '} ■feQ-z ~^ } ^+Cj 

- D'gn — c, 

— iH-(f + }) = D'gz‘ D'Sn — c- 

Lower concave surface 
■] 

[Upper surface, if concave •] 

[Upper surface, if convex.] 
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K, H, represent, for the upper fluid, the same quantities as in [9253, 9253'] ; 

K', H', are the similar quantities for the lower fluid ; 

Kx, Hx, represent the values which K, If, respectively become, when, instead 

of considering the action of the upper fluid upon its own particles, 

we consider the action of the upper fluid upon the lower fluid. 

Moreover, as the action is always equal and contrary to the reaction, 

Kx and Hx will also represent what K', H', become when we 

consider the action of the lower fluid upon the upper fluid. [When 

we take into consideration the change of density near the surfaces 

of the fluid, we must use the values of K, H, K', HKx, Hx, as 

they are deduced from experiment.] 

This being premised, we shall suppose that an infinitely narrow canal is drawn 

through the axis of the tube, till it gets below it, where it is bent in a horizontal 

direction, and then continued upwards till it meets the level surface of the fluid 

in the vessel. The upper fluid contained in this canal, will be drawn 

downwards, near its upper surface, by the force* K—^ ? i being pie 
i 

radius of the hollow part of the tube. 

* (4310) In the cylindrical tube RR'U'U, fig. 158, page 877, we shall suppose nob 

to be the surface of the upper fluid; AOB, the common surface of the two fluids; ag, AG, 

tangents to these surfaces, in the points a, A; these points being just beyond the sphere of 

activity of the tube upon the fluid ; c, C, the centres of these surfaces, supposing them to be 

spherical, as in [10027]; then the angle Aag = t he angle pac — tf; the angle RAG = Ô ; 

ca = b; ap = l: and cci — —-—, which in symbols is b — —-—. We shall now 
7 x 7 cos .pac’ J cos.'zÿ 

compute according to the method of the author, the action of both fluids upon the part oO 

of the infinitely narrow canal oOT; and, in the first place, we have for the action of the 

H 
upper fluid upon this canal near o, K—— [9275], drawing downwards ; and if we substitute 

the preceding value of b, it becomes K—. jficos-^ as jn []0035']. In like manner, we 
b 

have CA = - 
AP l H 

COS p 1C~ cos7 ’ substitutin§ tbis f°r b, in the expression [9276], 

which represents the action of the upper fluid upon the same canal Oo, near the point O, 

but sufficiently above the common surface of the two fluids to be clear of the variable density 

, ,, „ .. .... • , , n „ ., . , _ . H. COS.Ô 
of the upper fluid, near its junction with the lower fluid, it becomes K-\--, drawing 

l 

upwards, as in [10036], or, by changing the signs, —K— 
H.cos.é 

drawing downwards. 

Now if the upper fluid were to become of the same nature as the lower, K, H [10031], 
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[10031] 

[10032] 

[10033] 

[10034] 

[10035] 

[10035'] 

[10035a] 

[100356] 

[10035c ] 

[10035c/] 

[10035e] 

[10035/] 

[10035g] 

[100356] 
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At the common surface of the two fluids, the fluid in the canal will be drawn 

H.cosA 
[10036] upwards by the force K- 

l 
in virtue of the action of the fluid in the 

upper part of the tube upon its own particles ; it will be drawn downwards by 

, „ _ . H, COS..4 . i ! r i i 
[10036'] the force Kx-j-——-, m virtue of the fluid m the lower part of the tube.; 

i 

the upper fluid of the canal will therefore be urged downwards by the force 

nnn‘371 l (~^ H ■ COS.Zj [“Downward pressure of then 
|_iUUo/J J\x-j- ^ j • |_ upper fluid in the canal. J 

The lower fluid in the canal will be urged downwards, in virtue of the action 

cos. (3 
[10038] of the lower fluid in the tube, by the force* K' — 

l 
and by the action 

[10035i ] 

[10035&] 

[10035Z ] 

[10035m] 

[10035n] 

would change into K', H' [10032], respectively; and then the action of the upper fluid upon 

, H'. COS.0 , 7 11 

the part of the canal Oo, near O, would be K -1--—, drawing upwards; and as the 
L 

whole fluid is supposed to be homogeneous, this action must be balanced by the equal and 

opposite or downward action of the lower fluid upon the same canal. Therefore the 

downward action of the lower fluid upon the part Oo of the upper fluid in the canal, near 

cos.$ 
O, will be represented by K1 -f-—-—1 , supposing the upper fluid to be the same as the 

lower. But, the upper fluid being different from the lower, we must, as in [10034], change 

K' into Klt and H' into Hx, to obtain the real action of the lower fluid upon the upper 
Hvcos.ô 

fluid in the canal Oo near O, which will therefore be represented by K\ + -—-—, 

as in [10036']. Adding this to the parts computed in [10035e, h], we get the whole force 

acting on the canal Oo, and drawing it downwards, as in [10037]. The action on the lower 

part OT of the canal remains yet to be computed, as in [1.0038—10040]. 

'* (4311) This is found in exactly the same manner as the expression [10035'], changing 

zs into ô, K into K', and H into H', so as to correspond with the notation in [10032] ; 

[10038a] hence we get K[——-— for the action of the lower fluid upon the column OT, 

fig. 158, page 877, near O. Again, it follows from [92576], that, by conforming to the 

[100386] notation in [10033], we shall have Kx—for the action of the upper fluid upon the 

canal OT near O, drawing it upwards; substituting the value of CA [10035/*], it becomes 

[10038c] A]—A\.c°s.p, ^ jn 10039]- Subtracting this from the force [10038a], we get the whole 

action on the tube OT, drawing downwards, as in [10039']. Adding this to the action of the 

part o O of the tube [10037], we get the whole action on the canal, as in [10040], drawing 

downwards. 

[10038c/] 



X. Suppl. 2.] COMMON SURFACE OF TWO FLUIDS IN A TUBE. 889 

of the upper fluid in the tube, it will be drawn upwards by the force 

H cos é 
Kx———1 ; therefore it will be drawn downwards by the force 

l 

A — A.^ ^ • [ 
Downward pressure of the"! 

lower fluid in the canal. J 

Thus the whole force of the fluids in the canal, depending upon the reciprocal 

actions of the fluids in the tube, and in a downward direction, will be 

represented by 

H. COS.zS ("Downward pressure"! 

• Lof the whole canal. J 
(2JÎ, — H — ff ). cos.S 

K +--- 

If the tube contain no other fluid except the lower one, this force will 

become # 
H'. cos.tP 

If. 
I 

and as we have seen in [10024], that the weights of the fluid contained in the 

canal, must be the same in both cases, these two forces must be equal to each 

other; therefore we shall have 

H. cos.-irf /nrr „ r,.. cos.â H'.cos.f 
-(21ll — H—ti )= - 

l 

which gives 

COS.o = 
H'. cos. f—H. cosm 

l 

rCorrect value of cos.0, even-! 
when we notice the change in I 
the densities near the surfaces I 

H + H—2H, ' l_of the fluids. 

We may eliminate the angles w, ra', from this expression of cosJ, by using the 

following equations, which can be easily deduced from what has been said ; f 

* (4312) This is of the same form as the expression [10035], corresponding to the 

upper fluid, changing K, H, into f, K', H', respectively, to conform to the notation in 

[10028—10033]. Now it has been shown in [10024], that the expression must be equal 

to that in [10040]. Putting them, therefore, equal to each other, rejecting the terms K\ K', 

which mutually destroy each other, and changing the signs of all the other terms, we get 

[10042]; whence we easily deduce [10043]. This value of cos.ô, being deduced from the 

equilibrium of the pressures in the canal [10024], is true, even when we notice the change 

of density near the surfaces of the fluid. 

f (4313) In [9936], we have p' = %H, neglecting the consideration of the change of 

density of the fluid near its surface; and in like manner from [9927—9929, 10047], p — ^H. 

Substituting these in [9931], we get 2H—-JEZ==H.cos.ro; and if we change ttf, H, H, into 

zs1, IF, H', so as to conform to the action of the lower fluid, and to the notation in 

[10029, 10032, 10047], we shall get 2Jî' — H'= H'.cos.zs1. These values of H.cosm, 
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[10039] 

[10039] 

[10040] 

[10041] 

[10042] 

[10043] 

[10044] 

[10041a] 

[100415 ] 

[10041c ] 

[10041c? ] 

[10045a] 

[100455] 
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[10045] 

[10046] 

[10047] 

[10047'] 

[10048] 

[10045c ] 

[10045d] 

[10045e] 

[10045/] 

[10045°-] 

[10045ft] 

[10045i ] 

[10045ft] 

[10045Z ] 

H — H. -f- |cos.to) = H. cos.2|ro ; 

H'= H', (i -f- icos.ro') = if'. COS.2^ro' ; 

H being what H becomes, when we consider the action of the upper 

fluid upon the matter of the tube ; [or, more correctly, 11 is given in 

terms of //, ro, as in [10045] ; 

H' being what H' becomes, when we consider the action of the lower fluid 

upon the matter of the tube ; [or, more correctly, if' is given in terms of 

if', ro', as in [10046]. 

Hence we shall have 

[These expressions must be considered as' 

definitions of the vaines of H, H', to be 
used instead of those given by the author 
in [10047, 10047]. ] 

COS.<9 
2if' — 2if 4- if— if' 

H+H'—m, c This is correct if we use the values 

of H, H [10045, 10046], and deduce 
H, H, from observation. 1 

II'.cos.ro', are given in the original work instead of the equivalent values of if, if', which 

we have inserted in [10045, 10046]. The author supposes that these values satisfy the 

definitions of the values of if, if' [10047, 10047']; but as he has neglected the 

consideration of the change of the density of the fluid near its surface, we have thought it 

would be more accurate to define the values of if, if', in terms of if, if', by means of the 

formulas [10045, 10046], or by those in [10045a, J]. Finally, if we substitute those values 

in [10043], we shall obtain [10048] ; which is correct if we use the values of H, ËP, given 

by the formulas [10045, 10046], after substituting in them the values of if, if', as ascertained 

by observation. 

The expression [10043] is equivalent to those given by M. Poisson in page 137, &tc., of 

his Nouvelle Théorie, fyc. For by putting, as in [9980/a, &;c.], in order to conform to his 

notation, 
é= 180d- —cp, tf=180d- — tv, ro'=130d' — w', 

the expression [10043] will become, by multiplying by —(if-fif' — SifJ, 

— 2-ETJ. cos.ç) = if', cos.w' — if. cos.w ; 

we must also change reciprocally if into if', because La Place supposes, in [10031, 10032], 

that the accented letter if' corresponds to the lower fluid, but Poisson uses the unaccented 

if, in page 136 of his work. Making these changes in [10045g*], it becomes 

(H-j- if’ — 2ift). cos .<p = if. cos.tc' — if', cos.w» ; 

so that, if we put for brevity 

H4- if'—2ff1== G, if', cos .w = F', if. cos.ro'=jF, 

it becomes 
G. cos.ç = F — F' ; 

and as Poisson supposes F—F'—K, in page 136 of his work, we finally obtain 

K= G. cos .<p, F'= if'. cos.Tc, 

which are the same as his equations (&), page 13 i of his work. 

[10045m] 
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The angle ô being considered as a known quantity, we shall easily obtain, by 

means of the theory of capillary attraction, the differential equation of the 

common surface of the two fluids, whatever be the width of the tube or its 

figure [10027.T, &c.]. We must observe that this angle is that which the tangent 

plane of the surface, at the limits of sensible activity of the sides of the tube, forms 

with those sides [10030']. 

In the preceding formulas, it is supposed that the fluids do not perfectly 

moisten the sides of the tube. We have observed, in [9630, &c.], that, if the 

action of the tube upon the fluid exceed that of the fluid upon its own particles, 

an extremely thin lamina of the fluid will cover the sides of the tube, and form 

a new tube, in which the fluids will rise or fall. Thus, in case the tube contains 

several fluids which exactly moisten the tube, they will form, within it, a series 

of different tubes, to which we cannot therefore apply the preceding formulas. 

We shall here consider only two fluids, water and mercury; supposing the tube 

to be of glass which has been well moistened, so that its inner surface is 

covered with a very thin pellicle of water adhering to the glass. In this case, 

we must consider the tube as an aqueous one, and we shall have* 

H\ = H', 1 / = // ; [Correct values.] 

therefore we shall have cos.è = —-1, consequently d = Then the surface 

of the mercury is convex, and very nearly hemispherical, if the tube is very 

slender. We may otherwise prove, by applying to this case the reasoning in 

* (4314) When the tube is moistened with water, or, in other words, when the tube is an 

aqueous one, and the upper fluid is water, we shall have ■s5 = 0 [9655f, 9931a', &,c.] ; and 

by substituting it in [10045], we get H=H, as in [10055]. The same holds good when 

we define H as the author has done in [10047], where it represents the action of water upon 

its own particles; observing also that, in [10031], it is represented by H; so that we have also, 

in this way of considering the subject, H=H. Moreover, since the surface of mercury in 

a glass tube, moistened with water, is very nearly a convex hemisphere [9744], we shall 

have ■5j'=l80f1- [10029]; substituting this in [10046], we get II/ = 0. The surface being 

a convex hemisphere, the action of the aqueous tube on the mercury will be very nearly 

equal to nothing [9654a] ; hence we have IIl = 0 [10034]; consequently ■H7 = If1, as in 

[10055]. The same result holds good when we define H' as the author has done in 

[10047'], supposing it to correspond to the action of mercury on water; for this same quantity 

is represented by Hx in [10034] ; hence H==H1, as in [10055e], Substituting the values 

[10055] in [10048], we get cos J = 
2 — 

H+H— 2HX 
1, as in [10056]; whence we 

evidently have ô — rf, and the common surface of the two fluids corresponds nearly to that 

of a convex hemisphere. 
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[10054] 
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[10057] 

[10058] 

[10059] 

[10059'] 

[10058ft] 

[100586 ] 

[10058c] 

[10058c? ] 

[10060a] 

[100606] 

[10060c] 

[100604] 

[10060e] 

[9654], that the surface of the fluid, in a very slender tube whose action is 

insensible, is convex and hemispherical. 

The depression of mercury is, by what has been said,* —- j- " , or 

jp/_2-ZÏ 
-, neglecting the little column of water which rests upon its surface; 

gl 

so that, if we put 

b = the height of this column of water, and 

~ = the density of water, that of mercury being taken for unity, 

it is evident that the depression of the mercury will be represented by f 

* (4315) If we compare the definition of ô' [9346] with that of vs' [10029], we shall get 

... H. cos.'sV 
â =90d‘—-a , whence sin.0, = cos.'zs ; substituting this in [9379], we get --— for 

gl 
the elevation of the mercury; and by changing its sign, we get its depression, as in [10058]. 

Now from [100456], we have —H'.cos.m'—H'—2447 = 427—■2H1 [10055]; substituting 

H—2H, 
this in the first expression [10058], it becomes 

gl 
as in [10058], which is accurate, 

A, 

D 

w 

n 

fly 

TP 

Tficj.îüO. 

j3 

if we use the value of H1 — 243] deduced from experiment. 

f (4316) The annexed figure 159 is similar to fig. 112, 

page 695. The vase AB CD is filled with mercury, which 

ascends in the capillary tube to the height O; and upon it 

rests the small column of water OQ; AVPB being the level 

of the mercury in the vase. Then the pressure at the point 

B of the column VB, is K-\- g.VB [93556]; K being 

changed into K1, as in [10032]. In like manner, the pressure at 

in the column qZ, is equal to the gravity of the column QZ added to the capillary action 

of that column [10040]. Now the gravity of the column qZ is composed of the column of 

mercury OZ, whose mass is nearly equal to g. O Z, and of the column of water Oq, whose mass 

is nearly; the sum of these two expressions is 

g.OZ- ë Oq=g.OZ-fÿ [10059, 10059']. 
D 

Now substituting & — * [10055A], and tf = 0 [10055a], in the expression of the capillary 
jjt_ 

action [10040], it becomes K'-f-———i. Adding this to the gravity of the column 

qZ [10060<3], we get the whole action at Z in the canal qZ, namely, 

-+8-OZ+&. 

Putting this equal to the action at B in the canal VB, namely, K'-{-g.VB [100605], 

[10060/] 
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H'—ZH, b 

—— + !)• 

[Depression of the mercury in a tube moistened with water.-! 
If we determine H’—2if, by experiment, this depression I 
will be correct, even when we consider the density near I 
the surfaces as variable. J 

We shall now suppose the same tube to be moistened by alcohol, and 

shall put 

’H for the action of alcohol upon mercury ; 

'b for the height of the column of alcohol above the surface of the mercury; 

for the density of alcohol, that of mercury being taken for unity. 

Then the depression of the mercury will become 

][' 

gl 

2 Ti 'b 
i /£>• 

[Depression of mercury in a tube moistened with alcohol.- 
This depression is correct even when. we notice t' 
change of density near the surfaces, provided H‘—2 
is determined by experiment. 

alcohol.-j 
tice the I 
//—2 'll 

The action of water upon its own particles being much greater than 

that of the mutual action of the particles of alcohol, as we shall see in 

[10322, 10333], it is very probable that the action of water upon mercury 

exceeds that of alcohol upon the same liquor, so that 'H is less than* Hl. This 

difference ought, therefore, to be sensible by experiment. 

M. Gay-Lussac was willing to undertake the examination of this point. 

After having well moistened a glass tube, whose internal diameter, measured 

with great accuracy by means of the weight of a column of mercury which filled 

up the tube, was equal to l®1-,29441, he dipped the lower end of it into a 

vessel filled with mercury; and found, by the mean of ten experiments, which 

differed but little from each other, that the depression of the mercury was equal 

to 7ml ,4148. The mercury, rising in the tube, had raised above its surface part 

of the water which had adhered to the sides of the tube in moistening it, and 

the length of the column of water formed in this way, was 7mi,,730. The 

temperature was 17°,5 during the experiments. The depression of the 

mercury, decreased by the weight of this column of water, is therefore equal to 

6mi-,8464 ; f hence we have 

JJ/ CjJJ 
and making a slight reduction, we get g.(VR — OZ), or g.OP=--—-‘-j-y;. 

Dividing this by g, we get the depression of the mercury OP, as in [10060]. The formula 

[10064] is similar to [10060], changing H1} b, D, into 'if, 'b, 'D, respectively, to conform 

to the case mentioned in [10061—10064]. 

* (4317) Observing that 'if [ 10065, 10061], refers to alcohol, and ifx [10060, 10034], 

to water, as found by actual experiment. 

t (4318) The density of water ■— [10059'] being put equal to pp;, we shall find that 
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[10070] 

[10071] 

[10072] 

[10073] 

[10074] 

[10075] 

[10076] 

[10077] 

[10078] 

[100696 ] 

[10074a] 

[100746 ] 

H'—m, 
gl 

= 6rai-,8464. 

Then, moistening the same tube with alcohol whose specific gravity, compared 

with that of water, was 0,81971, he found, by the mean of ten experiments, 

differing but little from each other, that the depression of the mercury was 

8mi',0261, and the length of the column of alcohol, which rested above the 

surface of the mercury, was equal to 7mi',4735. The temperature was also 

17°,5 during these experiments. Whence we conclude * 

gl 
= 7tu\5757. 

H'—2JET, 

gl 
[10070], as Therefore this value is sensibly greater than that of 

is supposed in [10065, 100746]. 

M. Gay-Lussac observed the versed sine of the convexity of the mercury 

in the tube before mentioned, and found it to be the same as the concavity of 

the upper surface of the column of water or alcohol ; all these surfaces are 

therefore equal to each other, and they have the form of a hemisphere whose 

diameter is the same as that of the tube, conformably to the preceding theory. 

We shall suppose that there is an indefinite vase, containing only two 

[homogeneous] fluids, in which a right prism or tube is wholly immersed in a 

vertical position, with its lower end in the lower fluid, and its upper end in the 

upper fluid. Then the weight of the lower fluid, which is raised above its level 

by means of the capillary action, is equal to the weight of a like volume of the 

upper fluid, increased by the weight of the lower fluid, which could be raised in 

the column of water 6 = 7mi-,730 [10068] is equivalent in weight to a column of mercury 

of the height V'j° = 0mi-,5684 — yr ; and as the value of the expression [10060] was 
13,6 -LJ 

found in this experiment to be equal to 7™,4148 [10067], we shall have 

if—2#, 

as in [10070]. 
gl 

: 7mi-,4148— 0mi-,5684=6mi',8464, 

* (4319) Proceeding as in the last note, we get 

11 2 Hz=Qmi,026l—7mi,,4735 X = 8mi-,0261 —- 0mi-,4504 — 7m%57'57, 

if—2 Ht 
gl ' ' ' - 13,6 

as in [10074], which is sensibly greater than the expression —— -1 [10070]; hence we 

have H'— 2'JT>IT—2JEfj, or and by transposition as 

in [10065]. 
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the same prism, if there were only that one fluid in the vessel, and decreased by 

the weight of the upper fluid, which would rise in the same prism above the 

level, if this fluid only were in the vase, and the prism were dipped into this 

fluid by its lower end.* 

* (4320) In the case which is taken into consideration in [10077—10084], it is supposed 

by the author that the fluids are perfectly homogeneous, and that their actions and that of the 

prism are expressed as in [10079—10083']. The results of these forces are equivalent to 

the theorem in [10078, Sic.], as is easily proved in the following manner: We shall take the 

common surface of the two fluids in the vase for the horizontal fixed plane from which the 

elevations of the common surface of the fluids in the tube are counted, supposing the positive 

values to fall above this plane, and the negative ones below it, so that, when this common 

surface of the two fluids is depressed below this plane, we may consider its elevation and the 

corresponding volume as negative. We shall also put 

L = the volume of the lower fluid in the tube above the horizontal fixed plane, this 

value being negative when it falls below this plane ; 

Z7=the volume of the upper fluid in the tube above the mass L\ 

Z/=the volume of the lower fluid which would be raised in the same tube by the 

capillary action, supposing the tube to be dipped vertically into a vase containing 

only the lower fluid ; 

£7' = the volume of the upper fluid which would be raised in the same tube by the 

capillary action, supposing the tube to be dipped vertically into a vase containing 

only the upper fluid ; 

Z= the density of the lower fluid; 

w = the density of the upper fluid. 

We shall now substitute this notation in the expressions of the four different pressures which 

are computed in [10079—10083]; considering the downward pressures as positive, and the 

upward pressures as negative; and they will become respectively 

First, The action of the tube and lower fluid is represented, as in 

[10080], by — L'l; 

Second, The action of the tube and upper fluid is represented, as in 

[10082], by O- JJ'u) 

Third, The pressure of the column of the two fluids in the tube 

meniioned in [10083], is equal to ^ LI -j_ JJu-: 

Fourth, The pressure of the external column of the upper fluid, whose 

mass is Lfl-U, mentioned in [10083'], is equal to —Lu—Uu. 

The sum of these four pressures being put equal to nothing, because they are in equilibrium 

[10084], gives —L'l-\-U'ufl-LI—Lu = 0; whence Ll—Lu-\-L'l—TJ'u; which 

is the same theorem as in [10078], the expressions LI, Lu, L'l, Uu, being respectively the 

gravities of the four columns of the homogeneous fluids mentioned in that theorem. 

[10078'] 

[10078a] 

[10078a'] 

[10078ft] 

[10078c] 

[100784] 

[10078e] 

[10078/] 

[10078g] 

[10078ft] 

[10078i] 

[10078ft] 

[10078Z] 

[10078m] 

[10078n] 
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[10081] 
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[10083] 

[10083'] 

[10084] 

[10085] 

[10086] 

[10087] 

[10088] 

[10088a] 

THEORY OF CAPILLARY ATTRACTION. [Méc. Cél. 

To demonstrate it, we shall observe, First, that the action of the prism and 

the. lower fluid upon the part of the lower fluid contained in it, is the same as 

if the fluid existed alone in the vessel; therefore this fluid is, in both these two 

cases, urged vertically upwards in the same manner; and it is evident that the 

force which urges it in this last case, is equivalent to the weight of the mass of 

this fluid which is then elevated above its level. Second: In like manner the 

upper fluid, contained in the upper part of the prism, is urged vertically 

downwards by the action of the prism and of the fluid which surrounds this 

part, as it would be urged upwards by the same action, if the vessel contained 

only the upper fluid, and the prism were moistened at its lower end by that 

fluid ; and in this case the combined force of these actions is equivalent to the 

weight of the upper fluid, which would rise in the prism above its level in the 

vessel. Third: The column of the fluids within the prism, which is above the 

level of the lowest fluid in the vessel, is urged vertically downwards by its own 

weight. Fourth: This last column is also urged upwards by the weight of an 

equal column of the upper external fluid. By uniting all these forces, which 

must be in equilibrium with each other, we shall obtain the theorem just 

mentioned [10078, &c.]. We may determine by the same principles what must 

take place when a hollow prism is wholly immersed in a vessel containing any 

number of [homogeneous] fluids. 

In all that precedes, we have supposed the lower base of the prism to be 

horizontal. But, whatever be its inclination and the figure of the lower extremity 

of the tube, the vertical attraction of the tube, and that of the external fluid upon 

the fluid contained within it, will be the same as if the base were horizontal; 

consequently the volume of the fluid which is raised above the level, will be 

the same in both cases. To prove this, we shall suppose, as in [9903], that the 

interior surface of the prismatic tube is prolonged into the fluid, so as to form an 

additional or second tube, whose sides, being infinitely thin, do not affect the 

action of the surrounding fluid upon the fluid in the tube. It is evident that, 

if we decompose the first tube into vertical and infinitely narrow columns, the 

action of each of these columns, to raise the fluid within the two prisms, will 

be the same as if the base were horizontal ; therefore the sum of these actions 

will be equal to* 2pc. 

* (4321) The forces depending on the action of the tube are Q, computed in [9911], 

and the same quantity Q, computed in [9922]; their sum is 2Q=2pc [9927], as in 

[10088] ; always supposing the density of the fluid to be uniform, in making these estimates, 

in conformity with the hypothesis of the author. 
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“ If the prism, which by its lower end is dipped into a fluid contained in an 

indefinite vessel, is inclined to the horizon, the volume of the fluid ivhich is 

raised in the prism above the level of the fluid in the vessel, being multiplied by 

the sine of the inclination of the sides of the' prism to the horizon, is always the 

same, whatever this inclination may bed'* 

For this product expresses the weight of the column of the fluid raised above 

the level, and resolved in the direction parallel to the sides of the prism. The 

weight thus resolved must balance the action of the prism and the external 

fluid upon the fluid contained in it; and this action is evidently the same, 

whatever be the inclination of the prism ; therefore the mean vertical height 

above the level is always the same [10089g, h~\. 

u If we place a prism vertically within another hollow vertical prism of the 

same substance, and then dip their lower ends into a fluid, we shall have for 

the volume V of the fluid, elevated above its level in the space included between 

these two prisms, the following expression ; f 

* (4322) Supposing the density of the fluid to be uniform, and referring to fig. 145, 

page 835, we have, for the actions of the first and second tubes, and of the fluid within and 

about them, 2Q — Q' [9907/c, or 9923] ; and when the tube is vertical, this is put equal to 

the gravity of the elevated column gDV, as in [9925]. But when the tube is inclined to 

the horizon by the angle A, the capillary action 2Q — Q', in a direction parallel to the axis 

of the tube, must be put equal to the gravity gDV, resolved in the same direction, which is 

gDV.sm.A; hence we get g DV.sm.A = 2Q — Q'. Dividing this by gD, and 

substituting Q=pc [9927], Q'=p'c, we obtain 

F.sin .A= 
(2?— pq.c 

gD 

As all the terms of the second member of this expression are constant, whatever be the angle 

A, it follows that V.sm.A must be a constant quantity, as in [10089]. Substituting 

V=hb [9983], in [10089e], and dividing by the constant quantity b, we get h.sin.A, equal 

to a constant quantity; and as h.sm.A represents the mean vertical height above the level, 

this height must be constant, as in [10092]. 

The same result holds good when we notice the change of density near the surface of the 

fluid and near the sides of the tube, using the expression of gDV [9920o, or 9920^], from 

which we can deduce similar expressions to those in [10089e, g], p being changed into p;, 

and p' into p', as in [992Op, &c.]. 

<J . - » . - • ‘ _ “ Zj 

f (4323) The capillary action of the outer tube is represented by 2Q—Q' [10089a], 

or (2p—p') .c [100894], supposing the fluid to be of uniform density. In like manner the 
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[10094] 

[10094'] 

[10095] 

[10096] 

[10097] 

[10097'] 

[10098] 

[10099] 

[10100] 

[10101] 

[10102] 

(2P — p') 
gD 

.(C +£') 

= ^-(c + c'); 

[This is correct even whon we“] 
notice the change, of density I 
near the surfaces, using a , p/, | 
as in [992Ur]. r‘ n J 

c being the circumference of the inner base of the great prism, and c' that of 

the outer base of the least prism.” 

This theorem may be easily demonstrated by means of the principles 

explained above. If the bases of the two prisms are similar polygons, whose 

homologous sides are parallel, and placed at the same distance l from each other, 

we shall have \l.(c-\-c') for the area of the base of the space included 

between the two prisms; and as h is the mean height of the elevated fluid 

[9983], we shall also have 

consequently * 

V=\hl.{cfc,)\ 
ETIi is is correct even when, the 

density is supposed to be varia¬ 
ble near the surfaces. 

that, is, the mean height h of the elevated fluid is the same as that of the fluid 

which is elevated in a cylindrical tube whose radius l [9977'] is equal to the 

interval of the two prisms [10097]. If we suppose the prisms to be cylinders, 

we shall obtain the theorem in [9410]. We may also determine, by the same 

principles, what must take place in case the tubes are dipped wholly or in part 

into a vessel filled with any number of fluids, and we may also suppose that 

these prisms are inclined to the horizon. 

The same things being supposed as in the preceding theorem, if the two 

prisms are of different substances, we shall put p for the greatest tube, and 

capillary action of the inner tube, whose circumference is c' [1.0095], is (2p— p').c\ The 

[100946] sum of these two capillary forces (2p— p'). (c-j-c'), is balanced by the gravity gDV of the 

[10094c] vertical column of the fluid whose volume is V; hence we have gDV= (2p — p'). (c -f- c'). 

Dividing this by gD, we get the value of V [10094]; and by substituting the value of 

[10094c?] 2p— p' [9980], it becomes as in [10094']. Now changing, as in [10089/j, &ic.], p into p/} 

and p' into p[, we get an expression of V similar to [10094], corresponding to the case 

[10094e] of nature where the fluid varies in density near its surface and near the sides of the tube; 

and this is easily reduced to the form [10094'], supposing q to be determined by actual 

experiments. 

[10099a] 

[100996] 

# (4324) The expressions of the value of the base [10097], and that of V [10098], 

correspond with the usual rules of mensuration. Putting this value of V equal to that in 

[10094'], we get ^hl.(cfc') = %lq. (c-f-c'). Dividing this by £Z.(c -f- c'), we get 

h = q, as in [10099]. 
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pt for the least tube, what we have before denoted by p; and then we 

shall have * 

jr (2P — p') r i C2Pi — 
V C + ~gD 

so that, if we put q and q{ for the elevations of the fluid in two very slender 

cylindrical tubes, having the same interior radius l, and made respectively out 

of these substances, we shall have 

>') .c 
rThis is correct even when we notice the"-! 

change of density near the surfaces of the I 
fluid, using appropriate values of p, p1, p„ I 

consequently f 

V=ÿ.(qc + qlcl); 

c -{- c 

"This may he used when the density is supposed"! 
to he variable near the surfaces. J 

"This may be used when the density is supposed"! 
to be variable near the surfaces. J 

This theorem is also easily demonstrated by the preceding principles. We 

ought to make q, qlt negative, if the substances to which they correspond 

depress, instead of elevating, the fluid. We may obtain, by the same principles, 

the volume of the fluid which is elevated above the level, in a space included 

by any number of vertical planes of different substances. 

It follows from the preceding theorem, that the volume V of a fluid 

* (4325) Making the calculation as in [10094a—e], we find as in [10094a], that the 

force 2Q — (f, corresponding to the outer tube, is (2p — p').c, and the similar force for 

the inner tube evidently becomes (2Pl— p').c', using the notation [10102]. The sum of 

these two expressions being put equal to gDV, as in [10094c], gives 

gD V= (2P—p '). e + (2Pl — p '). c'. 

Dividing this by gD, we get V [10103]. Now by [9980], we have 

2p— p'^igD.lq, 

corresponding to the outer tube ; and in like manner for the inner tube, we have 

2Pi—P'=teD'l<Iii 

using the notation in [10102, 10104]. Substituting these values in [10103], we get 

[10105]. These formulas are correct even when we notice the change of density near the 

surface of the fluid and near the sides of the tube, using in this case the corresponding 

numerical values of p, p', Pl, spoken of in [9920r, &c.J, or the values of q, qx, deduced 

from actual observation, 
I - 

t (4326) The mean height of the elevated fluid being represented by h [1009T], its 

volume will be as in [10098]; and by putting this equal to the expression [10105], we 

get 

bhl. (c + c') — bl. (qc + qlc'); 

dividing this by £/. (c-J-c'), we get the value of h [10105'], 

899 
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elevated by the capillary action, about a solid prism which is dipped, by its lower 

end, into the fluid, is * 

[10107] V- 
gD (-This may be used when the density is supposed"! 

L to be variable near the surfaces. 

[10107'] = \lq • c ; 

[10108] c being the horizontal circumference of the prism. This volume expresses the 

augmentation of the weight of the prism depending upon the capillary action. 

In general, the augmentation of the weight of a body of any figure depending 

on that action, is equal to the weight of the mass of fluid which is raised 

[10109] by that action above the level ; and if the fluid is depressed below, the 

augmentation will be changed into a diminution of the weight ; and the whole 

diminution of the weight of the body is represented by the weight of a mass of 

[10110] the fluid which is equal to that displaced by the body, whether by the space it 

occupies below the level, or by the void space produced by the capillary 

action. 

This principle includes the known principle of hydrostatics relative to the 

diminution of the weight of a body immersed in a fluid ; it is only necessary to 

suppress what relates to the capillary action, which wholly disappears when the 

body is entirely immersed in the fluid. 

To demonstrate the principle we have just mentioned, we shall consider a 

vertical canal, sufficiently wide to include the body and all the mass of fluid 

[10107a] 

[101076] 

[10107c] 

[10107c? ] 

[10107e] 

[10107/] 

[10107/] 

[10107g-] 

[101076] 

[10107»] 

* (4327) If we suppose the fluid to be homogeneous, and the matter of which the outer 

tube is composed to be such that the surface of the fluid near it is horizontal, we shall have, 

as in [9618], 2p — p' = 0; which also follows from [9931]; because, in this hypothesis, w 

[9S92] becomes 901'-, whose cosine is 0. This value of 2p'—p' being substituted in 

[10103], we get V= 
(2Pi—PO 

gD 
.c'; and if we suppose the outer tube to be at an infinite 

distance from the inner tube, this value of V will represent the effect of the inner prism. If 

we now suppose that p1 is changed into p, and c1 into c, or, in other words, that p, c, 

correspond to the inner prism, the expression [10107c] will become V— 
(2p—pQ 

gD 
.c. 

Substituting in this the value of 2p—<p' [9980], it becomes as in [10107']; which may be 

used even when we notice the change of density near the surface of the fluid and near the 

sides of the tube, as in [10089A, 10094e, &tc.], changing p into pl5 and p' into p( [9920/, &c.]. 

In the case of water or alcohol elevated by a glass tube, we have very nearly Zy=a2 

[9372/, &c.] ; substituting this in [10107'], we get V=%ot?c; and if the prism is a cylinder 

whose radius is Z, the circumference will be c — 2-rZ, and by substituting it, the preceding 

expression becomes F== . Za9, which will be of use hereafter. 
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which is sensibly elevated by it, or the void space produced by the capillary 

action, and shall suppose that this canal, after having penetrated into the fluid, 

is bent horizontally, and then vertically upwards, retaining the same width 

throughout its whole extent. It is evident that, in the state of equilibrium, the 

weights contained in the two vertical branches of this canal must be equal to 

each other ; consequently, the body, by its weight, must compensate for the void 

space produced by the capillary action ; or, if it raises the fluid by this action, 

it must compensate by the decrease of specific gravity, for the weight of the 

elevated fluid. In the first case, this action raises the body, which might, by 

that means, be supported upon the surface, although specifically heavier than 

the fluid. In the second case, it tends to draw the body down into the fluid. 

We shall now consider a solid, rectangular, and very thin prism, whose width 

is l, height h, and length a, placed horizontally upon a fluid, so that its 

greatest side a may be horizontal. We shall suppose that it depresses the 

fluid about it, and we shall put 

q — the mean capillary depression of the fluid below the level, in a 

cylindrical tube of the same matter as the prism, the radius of the 

tube being equal to /; 

D — the density of the fluid ; 

iD = the density of the prism ; 

x = the depth of the lower surface or base of the prism below the level of 

the surface of the fluid. 

Then, in a state of equilibrium, we shall have, by the preceding theorem,* 

* (4328) We shall, as an example, suppose the prism to be of glass, floating upon a 

surface of mercury contained in a vase ; then it is evident that the weight of the glass is equal 

to the weight of the mercury displaced by the prism [10114, &c.]. Now the area of the 

base of the prism being al, and its height h [10116J, its volume must be aid. Multiplying 

this by the density iD [10118], and the gravity g, we get the whole weight or pressure of 

the prism, equal to igD.ahl. Again, as the base of the prism is depressed below the level 

surface of the mercury by the quantity x, it displaces a volume of this fluid which is 

represented by alXx. Multiplying this by the density D [10117'], and the gravity g, we 

get gD.alx, for the weight of this quantity of mercury. To this we must add the 

weight of the volume V—^lq.c [10107'], depressed around the prism by the capillary 

action; and as the circumference c — 2(a-f-Z) [10108, 10116], this weight becomes 

V.gD—gD.lq.{a-\-l) ; adding this to the other part gD.alx [10119tZ], we get the 

whole weight of the displaced mercury, equal to gD. a lx -\-gD.lq. («-[-/). Putting this 

equal to the weight of the prism igD.ahl [10119c], we obtain the equation [10119]. 
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gD.alx -f gD.Iqfa-fl) = igD.ahl, 
whiah gives 

x = ih — q.(l + 1^ = h + (i—\)f—irTi'(1 + ^) 

[This is correct even' 
when the density is 
variable near the 
surfaces. ] 

Therefore, by supposing h to be less than -. —. ^1 -f--j, the prism will not 

be wholly immersed in the fluid, although i exceed 1 ; that is, although the prism 

is denser than the fluid. It is in this way that a very slender steel cylinder, whose 

contact with the water is prevented, either by a varnish, or by a small stratum of air 

which surrounds it, is supported at the surface of the fluid. If we place in this 

manner, horizontally upon the surface of the water, two equal and parallel 

cylinders, which touch so that their ends project beyond each other, it is found that 

they will instantly slide upon each other, so as to bring their ends together. The 

fluid being more depressed by the capillary action, at the end of each of them 

which is in contact with the other cylinder, than at the opposite end,* * the base 

of this last part is more pressed than the other base ; consequently each cylinder 

has a tendency to unite more closely with the other; and since accelerative 

forces, acting upon a system of bodies, which is displaced a little from the 

situation of equilibrium, always carry them beyond that situation, the two 

cylinders must slide backwards and forwards upon each other, making 

Dividing this by gDal, we obtain the first value of x [10120]. The second value is easily 

deduced from the first, by a slight reduction; this is not inserted in the original work. From 

this last expression we see that, if i)>l, and h<frp~^ • ^1 T~ )> we shall have x<fh, as 

in [10121, &c.]. 

* (4329) Supposing the cylinders ABCD, abed, 
fig. 160, to be floating on the surface of the fluid, 

which is repelled from them to the distance represented 

by the dotted lines encompassing them, it will be 

evident, from the figure, that the cylinder abed is not 

so much pressed by the fluid near the corner a, as it is at the opposite end d, because the 

part of the cylinder ABCD between aD repels the fluid from the corner a, and this 

does not take place at the opposite corner d. A similar effect is produced at the corner A 
of the cylinder ABDC. Therefore the cylinder abed is pressed at the end cd towards 

a more than it is pressed at the end ab towards d in an opposite direction. The resultant 

of these pressures is therefore equivalent to a pressure of the cylinder abed, from A towards 

a; and in like manner the cylinder ABCD will be pressed from D towards a; agreeing 

with the remarks in [10123, &ic,] 



X. Suppl. 2.] FLUID IN A CURVED CAPILLARY TUBE. 903 

oscillations which incessantly decrease, by the resistance they suffer, until they 

entirely cease. These cylinders, having then attained their state of equilibrium, 

will touch each other at their ends. 

We see, by what has been said, that the manner in which we have just 

considered the capillary action, leads, in a very simple manner, to the principal 

results of the theory of that action [9171—9756]. But the method employed 

in that theory has some advantages peculiar to itself. It makes known the 

nature of the surfaces of the fluids contained within the capillary spaces, and 

evidently proves that, in a slender cylindrical tube, the surface of the fluid is 

very nearly spherical [9336g] ; and therefore the heights of its different points 

above the level differ but very little from each other. Moreover, we may thence 

conclude that in several tubes, formed of the same substance, dipped by their 

lower ends into the same fluid, if their figure, at the upper surface to which the 

fluid is elevated, is the same, the fluid will rise in all of them to the same height, 

whatever may be the figure of the lower parts of the tubes. This evidently 

follows from the equilibrium of the fluid in an infinitely narrow canal passing 

through the axis of each tube, below which it is bent, in order to pass upwards 

towards the level surface of the fluid. For it is plain that, if the figure of the 

tubes be the same, in the parts where the fluid is raised, the surface of the fluid 

will there be the same; consequently, also, the action of the fluid in the tube upon 

that of the canal, will be the same in these tubes ; the one of the canals being 

supposed to be in equilibrium, the others will of course be so. 

We shall here observe that there are several states of equilibrium in the same 

tube, if its diameter is not uniform. Thus, by supposing two capillary tubes to 

communicate with each other,* so that the tube which has the least diameter 

may be placed vertically over that which has the greatest, we may conceive 

\ 

* (4330) To illustrate the remarks of the author relative 

to the successive states of stability, we have drawn the annexed 

figure 161, where AB is the level surface of the fluid in 

a vase into which the curved tube CD is dipped ; the lines 

Si, S3, &.c., represent the places in the tube where the fluid 

will rest in a stable equilibrium ; and U2, U4, he., the lines of 

unstable equilibrium. The diameters of the tube at the points 

Si, LJ2, S3, U4, &c., form a decreasing series; these quantities 

are reciprocally proportional to the elevations of the fluid at those 

points above the level of the fluid in the vase into which the tube 

is dipped. 
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their diameters and lengths to be such that the fluid may be at first in equilibrium 

above the level in the greatest, and that, by pouring in more of the fluid, until 

it reaches the second tube, and fills up a part of it, the fluid will still maintain 

its equilibrium at this greater elevation. When the figure of a capillary tube 

decreases by moderate degrees, the several states of equilibrium will be alternately 

stable and unstable. At first the fluid tends to rise in the tube, and this 

tendency decreases, and finally becomes nothing, in the state of equilibrium ; 

beyond this point, this tendency becomes negative, and of course the fluid will 

descend; therefore this first state is stable, because the fluid, when a little 

disturbed from it, tends to return to the same state. If we continue to elevate the 

fluid, its tendency to descend diminishes, and becomes nothing, in the second 

state of equilibrium; beyond that, it becomes positive, and the fluid tends to rise, 

consequently to move from that state which is not stable. By continuing in 

this manner, we find that the third state will be stable, the fourth unstable, 

and so on. 
Lastly, the comparison of the two methods [supposing the fluid to be 

homogeneous] makes known the ratio of the quantities* p and p', or, in other 

words, the ratio of the quantities \H, \H', by means of the angle to, which 

the side of the tube forms with the tangent plane of the surface of the fluid, 

at the limits of the sphere of the sensible activity of the tube. These quantities 

represent the forces upon which the capillary action depends ;■ they arise from, 

the attractive forces of the particles of bodies, of which they are but modifications ; 

but they are incomparably less than these attractive forces, which, when they act 

with all their energy, are the chemical affinities themselves.f If the law of the 

attraction, relatively to the distance, were the same for different bodies [and for 

* (4331) The formula [9935] gives -^cos.^to, supposing the fluid to be of uniform 

density. Now we have in [9933], p/=^iï, supposing H to correspond to the action of the 

fluid, or to the quantity p'; so that, for the sake of symmetry, we may accent H, and put 

p' — for the fluid, and, by a similar notation, p = %H for the matter of the tube; 

substituting these in [10137a], we get ^ = cos.2£to [10137]. 

f (4332) This is in conformity with what has already been stated by the author in 

[9257], relative to the comparative values of K, H, using for K its value corresponding to 

the interior of the fluid mass; observing, however, that the whole corpuscular action near 

the surface may be very small, or even negative, in the case of a fluid of variable density, as 

in [9174a]. 
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a fluid of uniform density], the values of p and p' would be, as we have 

already observed [9927', 9929], proportional to the respective intensities of their 

attractions ; that is, p and p/ would be proportional to the constant coefficients 

by which we must multiply the common function of the distance, which 

represents the law of these attractions; and then the values of p and p' would 

correspond to equal volumes, and not to equal masses. To prove this, we shall 

suppose that there are two capillary tubes of the same diameter, made of 

different substances, but in which a fluid rises to the same height. It is evident, 

from what has been said, that, if we take, in these tubes, two equal and 

infinitely small volumes, similarly situated relative to the interior fluid, their 

action upon the fluid will be the same, and we may substitute the one for the 

other ; therefore we must, to obtain the ratio of their attractions with equal 

masses, divide the values of p by the respective densities of the different 

bodies. 

Hence it follows that the values of p, p', and w, must vary with the 

temperature ; and for an example we shall consider the case of a fluid which 

exactly moistens the glass, like alcohol; supposing the lower end of a glass 

capillary tube to be dipped into that fluid, and that, at the temperature zero, the 

fluid rises to the height q above the level. We shall also suppose that, as the 

temperature increases, the density of the fluid decreases in the ratio of 1 — a 

to 1; and, as in [9222], we shall take into consideration an infinitely narrow 

canal, which passes through the axis of the tube. Then the action of the fluid 

meniscus formed by a horizontal plane passing through the lowest point of the 

surface of the fluid in the tube, will be decreased by the two following causes. 

First : Its density being less, its attraction will be decreased in the same ratio. 

For it is reasonable to suppose that this corpuscular attraction, in the same 

substance, is in proportion to its density ; and it has been proved to be so, 

relative to the action of gas upon light; since this action has been found, by 

very accurate experiments upon the same gas, to be strictly proportional to the 

density of the gas. Second': The action of the fluid meniscus upon the canal, 

decreases also with the density of the fluid in the canal, as is very evident. 

The combined effect of these two causes decreases the value of H in the same 

proportion as the square of the density of the fluid is decreased, that is, in the 

ratio of (1—a)2 to 1. But the value of divided by the radius of the 

tube l, which expresses the action of the meniscus upon the canal, must 

balance the weight of the fluid which is drawn up into the canal by the 

capillary action ; and this weight is equal to the product of the elevation of 

the fluid by its density and its gravity. If we represent this elevation by q\ 
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the density of the fluid at the temperature zero by unity, and the force of 

gravity by g, we shall have the two equations,* 

* (4333) We have very nearly ^ = —— [9351]; and as é/ = 90d- for alcohol 

[9362'], we get b — l, nearly. The effect of the variation of the measure of the diameter 

of the tube by the temperature, is noticed in [10153]. Now the action of the meniscus is 

H 1 
represented in [9260, or 9354], by ~^—gq', which, by substituting the preceding value of 

H 
b, becomes ~j=gq, as in [10150]. Again, when the temperature increases, H becomes 

H. (1—a)3, and the product of the altitude q by the density 1, changes into q'. (1 — ol) 

[10148, &ic.]; making these alterations in [10150], it becomes as in [10151]. Substituting 

H 
the value of - [10150] in [10151], and then dividing by ^.(1—&), we get the expression 

L 

of qf [10152], which must evidently hold good even when we notice the change of density 

of the fluid near its surface, q and q1 being the values corresponding to the case of nature. 

The principle made use of in [10147, &oc.], relative to a fluid whose density varies in 

consequence of a change of temperature, may be applied to a mixture of two fluids, as 

water and alcohol. For this purpose we shall suppose that two infinitely small and equal 

volumes V, V, are taken in a fluid, so near to each other as to be within the limits of their 

mutual corpuscular attraction. If these spaces Z7", V': be filled with water, we shall suppose 

the capillary action or intensity H [9262c] to be represented by Hw>w; if they be both filled 

with alcohol, we shall represent it by Ha a; and if one be filled with water, and the other 

with alcohol, we shall represent it by Ha>w. If we now denote by w, a, two positive 

fractions, whose sum is equal to unity, and suppose the two fluids to be mixed together in the 

proportion of a volume w of water to that of a volume a of alcohol, the mutual action or 

intensity of the water contained in the spaces V, V', will be represented by w3.£Ti0)W, that 

of the alcohol by aP.Ha>a; the mutual action of the water in the space Vupon the alcohol 

in the space V, will be represented by aw.HaiW, and in like manner that of the alcohol in 

the space V upon the water in the space T77, by aw.Ha}W. The sum of these four quantities 

gives the whole mutual action or intensity of the mixed mass of water and alcohol in the 

spaces V9 V, namely, 

w2. HWt w + 2wa. Ha< w -f a2. Ha, a ; 

supposing always that the temperatures of the two fluids are equal to each other, and that 

they are the same before and after the mixture ; neglecting always the change of intensity of 

the repulsive forces which may result from the absorption of the heat which accompanies the 

mixture of the two fluids, and observing that Ha,w, Ha a, are independent of w, a. 

Substituting the expression of the capillary intensity [I0I50n], instead of H, in the formula 

[9372a], and putting for brevity 

jfHw,w=f -rHa>w=f, ~rHa,a=f'} [10150/»] 
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H 
["Correct even when we notice the 
I variable density of the fluid 
I its surfaces, using H as 
1 given by observation. 

e the“l 
near I 
it is I 

[10150] 

[1015J] 

it becomes 
D • (q -f - ÿ) = w9f- wa .ft -j- a2 ./', 

being independent of w, a; and if we put successively w = l, a = 0, and 

w=0, a = l, we shall evidently see that f is the value of D.(q-\-^l), corresponding to 

water, and f the value of corresponding to alcohol. 

The formula [10150?] is founded upon the supposition that the loss of heat which takes 

place during the mixture of the two fluids, when the temperature has become the same as 

before, has no influence on the integral value of H [9253', &ec.], relative to the corpuscular 

attraction upon which the capillary phenomena depend. This agrees with the experiment 

which makes the variation of the height q proportional to the increment of density, in the 

case of the same fluid at different temperatures; and it is interesting to ascertain whether this 

hypothesis agrees equally well in the mixture of two fluids. For this purpose we shall apply 

the formula [10150^] to some experiments of M. Gay-Lussac, published by M. Poisson, and 

computed by him in page 294 of his Nouvelle Théorie, fyc. 

The first set of these experiments were made with mixtures of water and alcohol, the 

temperature being between 8 and 9 degrees, and the radius of the tube Z=0mi‘,648. The 

results of the experiments are given in a tabular form in [10150y],, The first column of the 

table contains the volume of water w, the second the volume of alcohol a, making the 

whole volume w-f-a = l ; the third column contains the density D of the mixture, as found 

by observation; the fourth column, the observed elevation q of the lowest point of the capillary 

surface; the fifth and sixth columns are the results of calculations of the values of q made 

in [10151 d]\ the density of water being taken for unity, and a millimetre for the unit of 

measure. 

1 

2 

3 

4 

5 

6 

7 

The observations in line 1 of this table, namely, w = l, a = 0, D = 1, ? = 23mi',16, 

being substituted in [10150?], together with 0m\216 [10150u], give /= 23mi‘,376. 

The observations in line 7, namely, w=0, a = l, D = 0,8196, ? = 9mi-,182, -jZ=0mi.216. 

Volume of 
the water 

Volume of 
the alcohol 

Observed density of 
the mixture Observed elevation Computed elevation Differences of the observed 

and computed values of 

W. a. D. ? • T q• 

1 0 1,0000 23mi ,16 
4 
5 

x 
5 0,9779 13 ,77 16rai-,608 + 2mi-,838 

2 
13 

1 
3 0,9657 11 ,31 13 ,131 + 1 ,821 

1 
2 

1 
2 0,9415 10 0

 
0

 

1 
3 

2 
3 0,9068 9 ,56 8 ,235 — 1 ,325 

1 
5 

4 
D 

0,8726 9 ,40 7 ,861 — 1 ,539 

0 1 0,8196 9 ,182 

[10150?] 

[10150r] 

[10150s ] 

[10150* ] 

[10150u] 

[10150®] 

[101501®] 

[10150*] 

[10150?/ ] 

[10150z ] 

P0151*1 
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[10152] 

whence we deduce 

q' = q.(l — cl). 
[Correct even when we notice the change-] 

of density near the surfaces. 

Thus the elevation of the fluid in the same tube, at different temperatures, is in 

[101516 ] 

[101516'] 

[10151c] 

[10151c?] 

[10151e ] 

[10151/] 

being substituted in the same formula [10150/], give /' = 7mi-,703. To find f, we shall 

take the observations in line 4, namely, w = £, a = ^, D =0,9415, ç' = 10™-,00, and 

■i/=0™-,2l6 ; substituting these, together with the preceding values of/,/', in [10150/, 

we get /=7mi-,395. With these values of //>/, we deduce from [10150/ the 

following equation for all values of w, a ; 

= 23'™,376. w2 + 7mi',395. wa + 7m5-,‘703. a9. 

Substituting in this equation the values of vv, a, given in [10150y, lines 2, 3, 5,6], we get 

successively the corresponding values of q in the fifth column of the table; the differences 

between these and the numbers in column 4 represent the errors of the values of q deduced 

from the formula [10150/, and they show that the hypothesis upon which it is founded does 

not agree well with mixtures of water and alcohol. Now this is so much the more singular, 

because the formula agrees perfectly well with mixtures of water and nitric acid, as we shall 

see in [10151g-, m], and there is in both cases a similar loss of heat and a concentration of the 

fluids. 

The second set of experiments were made with mixtures of water and nitric acid, the 

temperature being between 10 and 12 degrees, and the radius of the tube l—0™,6565. 

The results of the experiments are given in the table [10151g-], which is similar to that in 

[10150y] ; the fifth and sixth columns of the table [10151g*] are the results of the calculations 

made in [10151m]. 

[10151g-] 

Volume of 
water 

W. 

Volume of 
nitric acid. 

a. 

Observed density of 
the mixture 

D. 

Observed elevation 

Y 
Computed elevation 

Y 

Differences of the observed 
and computed values of 

Y 

1 0 1,0000 22mU,68 
4 
5 

1 
¥ 1,0891 20 ,52 20™-,4 95 — 0mi-,025 

f t 
ir 1,1474 19 ,17 19 ,167 — 0 ,003 

i 1 
2 1,2151 17 ,66 17 ,677 + 0 ,017 

1 
3 

2 
a 1,2751 16 ,35 16 ,357 + 0 ,007 

0 1 1,3691 14 ,08 

[101516.] 

[1015K ] 

[101516] 

The values of f,f, are found as in [10150z, &cc.] ; first by putting w = l, a = 0, D — 1, 

g'=22mi',68 [10151g-,line 1], and -jZ=0ml-,219 [10151/], in the equation [10150/, whence 

w*e get /== 22™',899; then, substituting in the same equation the values w = 0, a = l, 

_D = 1,3691, g = 14™-,08 [10151g-, line 6], and y/ = 0mi-,219, we get /= 19™,576. The 

value of f may be found by combining the four observations in [10151g-, lines 2, 3, 4, 5], 

each of which gives an equation like [10150/, containing//,/'. Taking the sum of these 

four equations, and substituting in this sum the preceding values of/,/, we finally obtain 
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the ratio of its density. We have not here noticed the dilation of the tube, 

which, by increasing its interior diameter, decreases its elevation. By noticing 

it, we shall have the following theorem, which must hold good with all fluids 

which, like alcohol, appear to possess a perfect fluidity: “The elevation of a 

fluid which perfectly moistens the sides of a capillary tube, is, at different 

temperatures, in the direct ratio of the density of the fluid, and in the inverse 

ratio of the interior diameter of the tube fl 

ON THE APPARENT ATTRACTION AND REPULSION OP SMALL BODIES WHICH FLOAT UPON THE 

SURFACE OF A FLUID. 

We have reduced to analytical expressions, in [9552—9586], the apparent 

mutual attraction of two homogeneous, vertical, and parallel planes of a sensible 

thickness, dipped by their lower ends into a fluid ; and we have shown that this 

capillary action tends to bring them together, whether the fluid be elevated 

or depressed in the interval between them. Each plane then experiences a 

pressure * towards the other, which is represented by the weight of a prism of 

the same fluid, whose height is equal to the half sum of the elevations of the 

fluid above the level, or the depressions below it, of the extreme parts of contact 

y] = 44mi-,5l0. Now substituting these values o if f,f, in [10150g], we get the following 

expression for all values of w, a ; 

D-{q+ ¥) = 22™-,899. w2 + 44mi'510. wa -f-19™-,576. a2. 

Substituting in this equation the values of w, a, given in [10151g, lines 2, 3, 4, 5], we get 

successively the values of q contained in the fifth column of the table; the differences 

between these and the corresponding numbers in column 4, are given in column 6, as the 

errors of the formula, which, in this case, are extremely small. 

If we compare the densities of these mixtures, we shall find that those of water and alcohol 

suffer nearly the same condensation as those of the acid and water. Thus the mean of the 

densities 1,0000 and 0,8196 of water and alcohol [I0150y, lines 1, 7] is 0,9098, that of the 

mixture of equal parts of the fluids being 0,9415 [10150g, line 4], which is greater by 

0,0317. In like manner, the mean of the densities 1,0000 and 1,3691 [10151g, lines 1, 6] 

is 1,1845; the difference between this and 1,2151 [10151g, line 4] is 0,0306, which is the 

excess of the density of the mixture of the two fluids. 

* (4334) This supposes that both sides of the planes have the same action on the fluid, 

or that the angles of contact zd, of theplanes with the fluid are the same on opposite 

sides of the planes respectively. If this be not the case, it will be necessary to apply a 

correction to the expression of the pressure given in [10156], as in [95S0g, &c.]. 

vol. iv. 228 

[10153] 

Effect of a 
change of 
tempéra¬ 
ture. 

[10154] 

[10155] 

[10156] 

[10151Z] 

[10151m] 

[10151n] 

[10151o ] 

[10156a] 
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[10157] 

[10153] 
Tlie surface 
has a point 
of contrary 
flexure. 

[10158'] 

[10159] 

[10160] 

[10161] 

[10161a] 

[101616] 

[10161c] 

[10161c?] 

[10161e ] 

[10161/] 

[10161g-] 

of the inner and outer surfaces of the fluid with the plane, and whose base is 

the part of the plane included between the two horizontal lines drawn through 

those points [9580,9585]. This theorem contains the true cause of the apparent 

attraction of bodies which swim upon a fluid, when it is elevated or depressed 

near them. But it is found by experiment that the bodies repel each other 

when the fluid is elevated near to one of the planes, and is depressed near to 

the other. To account for this phenomena, we shall here consider generally the 

apparent repulsion of two vertical and parallel planes of different substances, 

dipped at their lower ends into the same fluid. 

We shall suppose the fluid to be depressed near the first plane, and elevated 

near the second ; the section of the surface of the fluid included between them 

will have at first a point of contrary flexure, if the two planes are very 

distant from each other ; this point is upon a level with the indefinite surface of 

the fluid in which ive suppose the planes to be dipped; for, if we suppose an 

infinitely narrow canal to pass through this point, and then to be bent so as to 

pass below one of the planes, and to terminate far from them, at the surface 

of the exterior fluid, the radii of curvature of the surface of the fluid being 

infinite at both extremities of this canal, it must be upon a level in both 

branches. This being premised, we shall put* 

* (4335) To illustrate this, we have given the 

annexed figure 162, in which IK is the first plane, 

LM the second plane ; and the surface of the fluid 

is limited by the level parts G'G, PP', and the 

curved parts HV, UAT, OP. C is the point 

of the surface corresponding to the rectangular 

coordinates y—RN, s — NC [10162, 10163] ; 

A is the point of inflexion [10158]. AEFG is 

an extremely slender cylindrical canal, the area of 

whose base is equal to unity, having two vertical branches EA, EG, and a horizontal branch 

EF; ABE C, a similar canal, with the two vertical branches BA, EC, and a horizontal 

branch BE; lastly, the level of the fluid in the vase is represented by the horizontal line 

GHWRASXPP'. If the planes are at a great distance from each other, the curvature of 

the surface, near the planes at U, T, will extend only to a small distance ; and at some 

intermediate point, as at A, the surface will have a point of inflexion, as is evident from the 

consideration that the concavity turns upwards near T, and downwards near U. This also 

follows from the principle, that, at a point of inflexion, the radius of curvature must be infinite, 
as at the point G of the level surface without the planes ; therefore, the capillary action at 

both these points must be equal; and then, from the equilibrium of'the canal AEFG, we 
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z = the elevation of any point of the section of the surface of the interior 

fluid, above the level of the surface of the fluid; considering z as 

negative when the elevation changes into a depression ; 

y = the horizontal distance of the same point from the first plane. 

Then we shall have * 
ddz 

W  

1 + 
dz2\ I 

= 2a z, 

df 

[Differential equation of the curve"! 
surface between two planes. J 

shall have FG = FA; consequently the point of inflexion A must be upon the level of the 

fluid in the vase, as is observed in [10158'] ; so that the value of 21 corresponding to this 

point of inflexion will be 
2 = 0. 

We may finally remark that, when 2 = 0, the equation [10164] gives —- =0, which 
ay 

is also a well known condition appertaining to points of inflexion; and this value of 2 

corresponds to jR=go, in the equation [10164c], given in the next note. 

* (4336) To conform to the notation which is used in [10162, 10163, 10168, 10175], 

and in [10184', 10188], we shall have in fig. 162, page 910, 

NC=z, RN=y, RU=q, ST=qWV=qp OX=q\, 

If we suppose the radii of curvature of the surface at C to be R, R' ; and at A, to be b, b' ; 

the equation [9315] will give 

H f 1,1 1 1\ 
2 ’\R^~R' b ' VJ ~~gZ‘ 

Now we have seen, in [10161/, See.], that b, b', are infinite. Moreover, R' [9327', &c.], 

which corresponds to the plane drawn through C, perpendicular to Cc or to the plane of 

the figure, is infinite; hence the preceding equation becomes simply 

or L9328]* 

Substituting the value of ~ [9326], it becomes as in [10164]; observing that, in the present 

notation, y takes the place of u; du or dy being supposed constant, as in [9327c]. If 

we multiply the equation [10164] by a2, and then put, as in [9323p], aa2 = l, we 

shall get 

which is the same as given by M. Poisson, in page 174 of his Nouvelle Théorie, fyc., for the 

solution of this problem, changing y into x, and a into a, to conform to his notation. 

[10162] 

[10163] 

Differentia! 
equation ot 
the surface 
between 
two planes. 

[10164] 

[10161A] 

[1016R ] 

[10161Æ] 

[10164a ] 

[10164& ] 

[10164c ] 

[10164c?] 

[10164e ] 

[10164/] 
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[10165] 

zs 
[10166] 

[10167] 

? 
[10168] 

[10167a] 

[101676 ] 

[10167c ] 

[10168a] 

[101686] 

[10168c] 

[10168c? ] 

[10168e ] 
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This equation being multiplied by —clz, and then integrated, gives 

constant — az2. 

< 

To determine the constant quantity, we shall •put zs equal to the acute angle 

formed by a tangent to the part of the section, placed at the limit of the sphere of 

sensible activity of the first plane, and a vertical plane. Then we shall have 

at that point* 
1 

Putting q for the depression of this point below the level, we shall have at this 

point, az2 = ay2 ; therefore f 

* (4337) The angle zs [10166] is the same as the complement of Ô' [9346]; and u 

being changed into y, as in [10164e], the expression [9389] will give 

dz 

whence we easily deduce the value of sin.ar [10167]. This is also more easily obtained 

by the usual well known rule, 

sin.-ci 
differential of the absciss dy dy 

differential of the curve ds \Zdz%-\~dy% \ / . dz~ 
V l~Tdfi 

f (4338) At the point U, fig. 162, page 910, where y = 0, and z —— q, the equation 

[10165] becomes sin.'tf = constant—ay2, as is evident from [10167]. This gives for 

the constant quantity, the value [10169] ; and, by substituting it in [10165], we get [10170] ; 

which, by using the abridged symbol Z [10171], becomes 

—-d  - = Z, or l=Wl + ^; \g1 + d± v W 
dy2 

whence we easily deduce the value of dy [10172]. Again, the preceding value of Z may 

be put under the form Z= 
dy 

and if we put 
\f dz%-\-dy% ‘ 

zs/—the angle formed at C by the infinitely small part Cc of the arc 6V2 and the ordinate CD, 

we shall have, as in [10167c], 
dy 

fdz%-\- dy? 
= = sm 

and then, from [10168c, e], we obtain 
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consequently 

constant = sin.sj -f a q2 ; 

Z= sin.to, , 

which will be of use hereafter, 

we get 

or 

Now substituting this last value of Z in [10171], 

sin.to, = sin. to a q2 — az2, 

oin w _L rt ~2 oin _L n rfi- r Equation of the curve surface! 
= , [ between two planes. J 

which expresses the equation of the curve surface of the fluid, in terms of to,, z, to which we 

may have occasion to refer in the course of these notes. 

The equation [10172] is similar to [9421], and like it may be integrated by means of 

elliptical functions, as in [9415m—9416?r] ; a somewhat different process must, however, be 

used, where there is a point of inflexion A, fig. 162, page 910; and we shall now proceed to 

give in detail the process of integration corresponding to this case. For greater simplicity, 

we shall change the origin of y, and instead of supposing it to be at the point R, near the 

first plane, we shall suppose it to be at the point of inflexion A, and we shall consider 

separately each of the two parts of the curve which terminate at this point, supposing the 

radical in [10168r, 8zc.] to have the same sign as dz. We shall also use the following 

additional symbols, referring to fig. 162 ; 

a, =/hi=the distance of the point of inflexion from the first plane; 

a/ = ^4£=the distance of the point of inflexion from the second plane; 

y = y — a, = the new absciss AN, corresponding to the ordinate N C = zj 
i = the angle SAa, formed by the horizontal line AS, and the surface Aa, 

at A, supposing the point a to fall above the horizontal line AS. 

The differential of [10168o] gives dy=dy, substituting this in [10165], multiplying by 

a2, and substituting aa2 = l [9323/], we get 

a2 
-. .= constant — 22. 

The constant quantity in the second member of this equation may be determined by 

observing that, at the point A, we have z — 0 [10161Î], and to, = 90d’— i [10168^, /]. 

Substituting this value of to/ in [10168e], we get, at the point A, 

ütlT0" 
multiplying this by a2, we find that the first member of the product is the same as the first 

member of [10168r] ; so that, by putting £ = 0, as in [10168s], w?e get a2.cos.i = constant ; 

hence the general expression of the equation [10168r] becomes 

[Equation of the curve surface"] 
between two planes. J 

Of 

dz% 
14- — 

Wy2 

= a2. COS.i — Z2. 

[10169] 

[10168/] 

[10168s-] 

[10168/1] 

[101687] 

[10168*] 
Investiga¬ 
tion of the 
surface of 
the fluid, 
when there 

[10168Z] 
is a point oi 
inflexion. 

[10168m] 

[10168?i] 

[IOI680 ] 

[10168/] 

[10168?] 

[10168r ] 

[10168s] 

[10168s'] 

[101687] 

VOL. IV. 229 
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[10170] 

\ 

[10168m] 

[10168V ] 

[10168u» ] 

[10168*] 

[10168t/] 

[10168z ] 

[10169a] 

[101696 ] 

[101696'] 

[10169c] 

[10169c?] 

[10169e] 

[10169/] 
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— ^ 

= sin.-® -f a/ — az~ ; 

[Méc. Cél. 

Squaring this equation, multiplying also by dy2-{-dz2, we get, by a slight reduction, 

(a2. cos.i — z2)2. dz2 = £ a4 — (a2. cos A — z2)2 ]. dy2 
= \a2 — (a2.COS.Ï—z2) ] a2(a2.cos.f — z2) £. dy2 ; 

whence we obtain 

(<x2.cos.i— z2).dz 

\/^z2 —j— oc2.( 1—cos.x.)].£a2.(l-pcos.i) — z2£ ' 

To reduce this to elliptical functions, we shall put c = cos.Ji, and then, from [I, &c.], Int., 

we obtain 

cos.|£=c, cos .i=2c2—1 = 1 — 262, sin.2£i=l— c2 = b2, 
1 — cosi = 2— 2c2=2b2, 1 -|-cos A = 2c2, 62-}-c2 = 1. 

We shall then suppose that the relation between 2 and <p is expressed by means of the first 

form of the equation [10168*], which, by dividing the numerator and denominator by 

cos.2<p=(l tang.2<p)-1, becomes of the form [10168/; from which we easily deduce the 

expression of tang.2ç> [10168/j ; 

3 2oc2c2. (1— c2). sin Pep 2cc262c2. sin.2<p 
A 1—c2.sin.2<p 1—c2.sin.2.p 

2a262c2. tang.2 :o 2a262c2. tang.2qo 
(l-{- tang.2<p) — c2. tang.2<p 1-j- 62. tangpep } 

z2 z2 
tang.2<p=(2«2c2—z2).62 = (2«2c2—z2).(l—c2j • 

In considering separately the two branches AT, AU, of the curve, fig. 162, page 910, and 

supposing the radical in [10168*] to have the same sign as dz, we shall have, in [10168*], 

z2</2.cosA, and in [10168m;], cosA</2c2, or a2.cosA</2a2e2; hence z2</2«2c2; 

therefore the expression of tang.2p [10168,/ must be positive, and <p a real quantity. 
sin.(p • cos/j 

We shall use for brevity the symbols A=\/i—c2.sin.2?, ~ [9416/]; 

then, substituting the values of l=pcosA [10168/, and the second expression of z2 
[10168*], in the first members of [10169e, g-], we obtain their reduced Values [10169/ A]; 

observing that c2.sin.2<p-j- A2 = I [101696], and 

A2 — 62.sin.2ç = l — (62-|-c2). sin.2 cp = 1 —sin.2<p = cos.2p. 

Multiplying the two expressions [10169/ A] together, and taking their square root, we 

get [10169Î] ; 

sin ^2) 

z2 -f- o?. ( 1 — cos A) = z2 -{- 2a262=-^+ 2«262 = "Â2" • (°2 • sin*2 9 + a2) 

2a262 

A2 ’ 
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and if we put 

0/1. -X o noo 9 090 2a2/>2c2.sin.2qo 2a2c2 f 9 zo • v \ 
a. (1 -{- COS.ï) — Z=2a2C2— Z2 = 2a2C2—-— 63.Sin. 9) 

2a2c2 
A2 • cos. 9 ; 

2 a%c. cos.(p 
y/ |z2-j-a2-(l — cos.i)^ . |a2.(l-[-cos.'i)— z2| =- 

Taking the differential of the second expression of z2 [10168æ], and dividing it by 2, we get, 

by successive reductions, its value [10169m]; dividing this by z — ^ 's--— [10168/Jj 

we obtain dz [10169m] ; dividing this by the expression [10169Î], we get [10169o], 

** - «** • (éÊÈk)=^ '&) 

2«252c2. dcp. sin .cp. cos .cp 

— A? " 

i  [/2. ube.dcp.cos.cp a.-—-- 

dz dcp 

[/[z2 -j-ct2.(l—cos.i)].[a2.( 1 -j-cosi) — z2£ y/2.a * A * 

Substituting cos.i = l—2b'2 [10168m], and z2 [10168æ], in the first member of [10169^?], 

and making successive reductions, we get [10169/] ; multiplying this by [10169o], we get 

the expression of dy [10168»], under the form [10169r]; 

2 a262c2. sin.2 cp 
a*.cos.l- 

o 9/i r./o\ 2a2&2c2.sin.2<p 7 / c2.sin.2qD\ 
s2 = «2.(l — 2b2) —-^-- = a2 — 2a2b2. ^1 -j- • yyÿ:J 

= oP—2a2b2, 
Aa; 

dy = _a_ (hp x/Z.aW.dcp 

[/2 A3 

Now we have, in [9416i], the identical equation ^ — ^5 multiplying this by 

— y/2.ac2.dp, and transposing the first term, we obtain 

•y/2 • a 62. dcp_ 
A3 

■y/2-a.^9>A-f- y/2. ac2. dX; 

substituting this in [10169r], we get, by reinstating the value of X [101696], 

a do , , 07 /sin.m.cos.œX 
= —y/2.arf9.A-f-y/2.c<C2rf.^-—-J . 

Integrating this expression, and using the elliptical symbols [8910&, l], we finally obtain 

y = ^7|-F(c, 9)—‘y/2.a.E(c, 9) -f-y/2.ac2. 
0 sirup. cos.<p 

A 

no constant quantity being added, because, at the point of inflexion A, we have y = 0, 

2 = 0, 9 = 0 [10168/}; finally, if we multiply [10169»] by we shall get 
Cft 

[lowoq 

[10169g-] 

[101697i ] 

[10169i] 

[10169/c] 

[10169/ ] 

[10169m] 

[10169m] 

[10169o ] 

[10169p] 

[10169g] 

[10169r ] 

[10169s ] 

[10169/] 

[10169m] 

[10169» ] 

[10169 m] 
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Z 
[10171] 

[10169a:] 

[101697/ ] 

[10169% ] 

[10170a ] 

[101706 ] 

[101706] 

[10170c ] 

[10170c'] 

[101704] 

[101704'] 

[10170e ] 

[10170/] 

[10170g-] 

[10170/i ] 

Z — sin.® -f- aÇ2 — a29 ? 

yy/a 
a 

= F(c,<p) —2E(c,<p) + 
2c9..sin.g9.cos.</> 

[/l —c2.sin.2<p ’ 

This is the same as the equation (11), in page 186 of M. Poisson’s Nouvelle Théorie, fyc. ; 

and from it we may deduce the same relations which he has obtained between the values of 

the quantities i, q, qt, tx, to', &c., and the angles 9 corresponding to the surface of the fluid 

near the two planes. Thus, by substituting the expression [10174], and s — q' [10175], 

corresponding to the second plane, in the equation [10168/], we get successively, by using 

cos.i = 2c2— 1 [10168tc], 

q '2 = a2. (cos.i — sin.to') 

= a2. (2c2 — 1 — sin.-ro'). 

In like manner we have at the first plane ç,2 = a2. (cos.i — sin.-ro). Substituting the value 

of z^ = q,Q [101706], in the last expression of [10168s], and putting ©' for the value of 9, 

corresponding to this point, we shall get, by using 2c2—l = cos.i, and 1 — c2 = sin.2£i 

[10168m:], 

2 , 2c2—1—sin.TO' cos.i—sin.TO' 
^ tang. © ^—c2p(i_psin>-5jq sin.2ii. (l-J-sM.-n') ’ 

and the equation [10169*] will then become, by putting yc=a' [10168a, 0], which is its 

value near the second plane, 

a'p/2_-p/ m . 2c9.sin.©'.cos.©' 
:F(c,0')-2E(c,©')+^ 

c2 sin.2 ©' 

If we put a, to, ©, for what a', to', ©', become relative to the other extremity, we shall 

obtain another equation, which can be derived from [101704], by changing a) into cq, and 

©' into ©, namely, 

W-t = F (c, e) — 2 E (c, e) + y=' 5‘"f ,C°/ 
a v 7 x 7 1 \/l — c9.sm.2© 

Taking the sum of these two equations, and putting 21 [10210], for the distance of the two 

planes, we shall get 

—^ = F (c, ©) + F (c, ©') — 2 E (c, ©) — 2 E (c, ©') 

; 2c9.sin.©.cos.q 2c9.sin.©'.cos.©' 

1 [/1 — c2.sin.2© 1 y/l—c2.sin.2©' 

The equations [10170a, d,f] are equivalent to the equations (12), [13), (14), given by 

M. Poisson, in pages 186, 187, of his work. They serve to determine the form of the 

surface, supposing some of the quantities to be given. Thus, if we know the values of 

c, a, to, to', we shall have, from [10170c'], the value of ©'; and from [10170c',/], the value of 

©; then, from [10170/], we get the value of 21; finally, for any proposed angle 9, we get 

the absciss y [10169*], and the ordinate z [10168*]. This process requires the use of 

Le Gendre’s tables of elliptical functions; but, the calculation being very simple, we shall not 

give any examples. If 21 is given instead of c, and it is required to find the value of c from 
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we shall have 

21, a, zs, zs', we must proceed as in [9417rZ—g*], and compute for values of c, from c = 0 to 

c = 1, with small intervals, the corresponding values of ©', © [10170c', d'], and those of 

21 [10170/] ; then, by inspection in this table, we may find the value of c, corresponding 

to any proposed value of the distance of the two planes 21. 

We may change the origin of the coordinates, from the point of inflexion A, fig. 162, 

page 910, to the point S, near the second plane, by subtracting the expression [10169®] from 

that in [10170c/], and then putting, in like manner as in [9417A], y'— /—y; hence 

we get 

till = F (c, ©') — F (c, — 2 E (c, 0') + 2 E (c, ?) 
a 

2c2.sin.©'.cos.©' 2c2.sin.(p.cos.<p _ 

. sin.2 ©' [/1 — c2. sin.2<p ’ 

y' being the absciss SN, counted from the point N in the second plane; and by changing 

©' into 0, he., we get a similar equation, where the origin of the abscisses is at the point R 

of the first plane. The formula [10170m] is the complete integral of the proposed differential 

equation [10164], and it can be used even in cases where methods of approximation would 

wholly fail. In the extreme cases, when the distance of the planes is either very great or 

very small, we may develop the formula in a series of terms of an approximative form. The 

first of these cases has already been treated of in another way in [9435, &c.] ; and we shall 

now take into consideration the other case, where the distance of the planes is very small. 

When zs — zs', the point of inflexion A, fig. 162, page 910, will be in the middle of 

the line RS [10195, &c.] ; consequently a/=a// [10168m, ?i] ; and the branch A T, above the 

horizontal plane RS, will be exactly similar and equal to the branch A U, which falls below 

that plane ; and this holds good however near the planes may be brought to each other. In 

the investigation of the figure of the surface of the fluid, corresponding to the case where 

zs, zs', are either equal, or differ but very little from each other, it will be convenient to have 

the second member of the expression [10170rZ] developed in a series, according to the 

powers of ©', supposing ©' to be small. This development we shall now make, neglecting 

terms of the order ©/4. 

In this case, we easily deduce from [43, 44, &c.], Int., the following expressions, using for 

abridgment the symbol A = \J\— c2.sin.2©' ; 

sin.©'=©''—-jt©3; 

A = i/l— c2. ©/2 = 1 — £c~q 

cos.©' = 1 — £©/2 ; sin.©'. cos.©'= ©' — |©'3 ; 

A"1 = 1 + £c9©'2; -0;COS,e/=©'-|©'3 + ©3- 

Substituting these values in the first members of [10170m, v, w], and making the necessary 

developments and integrations, we obtain respectively the second members of these three 

expressions. The sum of them being substituted in the second member of [10170/7], gives 

[10170®], 

vol,. iY. 230 

[10171] 

[10170Î ] 

[10170&] 

[10170Z ] 

[10170m] 

[10170m] 

[101700 ] 

Surface of 
the fluid 
where the 

[10170/? ] 
two branch¬ 
es are equal 
and similar, 
with a point 
of inflexion 
between 
them. 

[10170g] 

[IOI7O5] 

[10170r ] 

[10170s ] 

[10170Z ] 
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[10172] 

[10170u] 

[10170» ] 

[10170w] 

[10170a; ] 

[10170a/ ] 

[10170z ] 

[10171a] 

[101716] 

[10171c ] 

[10171c/] 

[10171e ] 

[10171/] 

[10171g-] 

[10171*] 

1 Zdz 

rfys=Vl 

F(c,eO=/f =0'+^e'3; 

■ 2 E (c, ©') =—2///. A=—2©' + §c2 ©'3 ; 

2e2, sin.©', cos.©' ^ 
-^-= 2c2 ©' — fc2©'3 -j- c4 © 3 ; 

2^1 = (2e2 — 1). ©'— -|c2©'3 + c V3. 

We may develop in the same manner the second member of [10169a?] ; for the equation 

[10169a?] can be derived from [10170/], by changing a' into y, and ©' into <p ; and by 

making the same changes in [10170a?], we get 

= (2c2 — 1) .<p—■ fey + cV. 

If we put — /, l^sin.'5î/==l-|-cos./=2cos.22-/, in the second expression 

of tang,2©' [10170c'], we shall get, by neglecting ©4, 

cos.i—cos./ 
q/2  -1—_ 

2sin.2Ji. cos.2J/ ’ 

As ©' is supposed to be very small [10170/], the numerator of this last expression must also 

be very small, which requires that i should be nearly equal to /; therefore, 2sin.tH.cos.|/ 

is very nearly equal to 2sin.|/.cos.£/=sin./; so that, if we multiply [10171a] by the 

square of this expression of sin./, we shall get very nearly ©'2.sin.2/= 2.(cos.i — cos./), 

or cos.iî=cos./ -j- J©'2.sin.2/; and as the second member of this expression is nearly 

equal to cos.(/—-^©'2.sin./), [61], Int., we shall have very nearly 

£=/— |©'2.sin./. 

The angle <p, which enters into the equation [10168a?, 10169a?], being always less than ©', 

we may neglect the cube of ç>; and then the second expression in [10168a?] gives, by taking 

its square root, z=\/2.abc.cp, and [10170y] becomes Lk^.= (2c2 — !)•<?• Eliminating 

<p from these two expressions, we get by successive reductions, and using the values 

[10168m;], 

2 be 2sin.Ji.cos.ii 

cos.i 

sm.i 

:5r-ï5ï=y-tanS-^ 

and by substituting the value of i [10171/], and neglecting ©'2, we get very nearly 

z = y .tang./; 

so that the curve, in this case, will be very nearly a right line. This equation becomes, 

however, inaccurate when the divisor 2c2 — 1, or cos.f [10168m;], is small; then we must 

retain the third power of <p and ©', as in [10170a?, y], In taking this case into consideration, 
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Putting to' for the acute angle formed by a vertical plane and the tangent to a 

point of the section placed at the limit of the sphere of sensible activity of the 

second plane, we shall have * 

we shall suppose, for greater simplicity, that zs — zs'=0, or f// = |:r [10170z] ; and then 

[10171c7] becomes 
i = ^ — £©'2; 

hence cosi = sin.(^0,2) = ^0'2=2c2—1 [10168ic] ; therefore we have 

c2 = i-F-|0'2, Z>2 = 1 — c2=£ — J©'2. 

Substituting this value of c2 in [10170a?], we get 

<V/2. 

consequently 
a 

J.q'3 ■ 3^ ; 

ie'2=/3 
1FW2 
—“2^ = (2c2 1) [10171&] ; 

using this value of 2c2 — 1 in the first term of [10170y], and putting c2 = | in the second 

and third terms, we get 

>3 
a 

18a;2 

a2 
1 • 
¥P ? 

observing that the coefficient of £<p, in the first term of the second member, is of the order 

©'2 [101717], so that this term may be considered as of the same order <p3 as the second term 

of the second member of the same equation. Substituting bc = £ nearly [10171&], in 

^ [10171e], we get 

acP 2t/2 z=—.~, or 
[/2 cc ’ 

(t 
substituting this value of <p, in [10171m], and multiplying by -y=, we obtain the following 

equation of the surface of the fluid ; 

y= 
,l« ,3 18a/ 

«2 3«2’ 

which corresponds to a cubic parabola, both terms being of the same order [10171m']. This 

equation is the same as is given by M. Poisson, in his Nouvelle Théorie, fyc., page 192, for 

the case of ® = where there is a point of inflexion A, fig. 162, page 910, between the 

two equal and similar branches AT, AU) changing y, a), a, into x, a, a, respectively, to 

conform to his notation. 

* (4339) At the point T, fig. 162, page 910, where z = ST—q' [10175], the expression of 

£10167c], 
14- — 

becomes sin .to', as in [10174], which is exactly similar to [10167]; and the expression 

[10170] becomes as in [10176]; then, changing the signs, and transposing sin.TO, we 

get [10177]. 

[10173] 

[10171i] 

[10171&] 

[10171 k'] 

[101711 ] 

[10171m] 

[10171m] 

[10171n] 

[10171o ] 

[10171p] 

[10171? ] 

[10174a] 

[101746 ] 
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[10274] 

9 
[10175] 

[10176] 

[10177] 

[10178] 

[10179] 

[10180] 

[10177a] 

[10178a] 

[101786 ] 

[10181a] 

[10181a'] 

[101816] 

[10181c] 

[10181(0 

[/i+ch2 

sin.* . 

df 

Putting q' for the value of z corresponding to that point, we shall have 

therefore 
sin.*' = sin.* + ag2— ag'2; 

sin.* — sin.*/ = a</2— a g2; (r). 

Z cannot exceed unity;* and if the section has a point of inflexion, z will 

vanishf at that point, and then Z will be equal to sin.*-f-aç2 [10171]. 

Therefore sin.* + aç2 is equal to or less than unity; and if it be equal to unity, 

we shall have, from [10171], 

consequently J 
Z= 1 — ci22 ; 

dy 
* (4340) If Z be greater than unity, the expression of —-, deduced from [10172], will 

(JbAt 

become imaginary. The same also follows from the expression .Z^sin.*, [10168/], 

which gives an imaginary value of *7, or *' [10173], when Z^> 1. 

f (4341) This is proved in [1016H], where it is shown that, at the point A, fig. 162, 

page 910, EA = FG, or, in other words, 2 = 0. Substituting this in [10171], it becomes, 

for that point, Z— sin.*Tag2; and as Z is equal to or less than 1 [10178], it follows that 

sin.* + aç2 is equal to or less than 1, as in [10179]. If sin.*-j-aç2=l, the equation 

[10171] will become as in [10180]. 

% (4342) Substituting the value of Z [10180] in [10172], it becomes by reduction as 

in [10181], observing that the radicals are considered as positive; and we have inserted the 

sign — in the second member in order to conform to the supposition in [10158] ; from which 

it appears that near the first plane the value of z is negative; that dy, dz, have the same 

signs, and that Z [10177a, &c.] is positive. Now putting, for brevity, v = \fl—à&z2, 

we shall find that the integral of [10181] is 

1 /l-j-nN 2v 

y -spsMiz;; - j/s+constant ; 
as we can easily prove by taking its differential, which gives 

1 / 2 dv \ 2 dv   —dv 

’2p/Sâ \1—vV l/2a ^/2a.(l—v2)‘ 

Now the differential of v [10181a'] gives 

dv — — 

and as 1 — vs = Jcus2, we have 

1-14-2(1-#); 

èc)L zdz 

[/1—èaz2’ 

— dv dz _■ _ ■ 6 

1—zfl — £az2’ 

—dv 

“^/2a.(l—v2) 
.[1 — 2t)2|. 

[10181c?'] 



X. Suppl. 2.] TWO PARALLEL PLANES DIPPED INTO A FLUID. 921 

—(1—a z^).dz 

z\/ a./2—az2 

The integral of this equation being taken so that z may vanish between the 

limits of y, gives for y, and of course for the mutual distance of the two planes, 

an infinite value, [1018U] ; therefore, when this distance is finite, and there is a 

point of inflexion in the section of the surface of the interior fluid, sin.^ -{- &q2 

will be less than unity [10181/] ; consequently sin./-f- &q'2 will likewise be 

less than unity [10181m], in virtue of the equation [10177]. 

multiplying this by 1 — 2v2=—(1 — az2), we get 

Dividing this last expression by p/27, we get the last value of dy [10181c], under 

the form 

— dv ,„ ^ „N —(1 — az2).dz 
f]y=t '/2a.(l—a2)*^ ^ Zy/a-/2 —az2’ 

being the same as in [10181] ; therefore the expression [101816] is the integral of [10181]. 

If we take the constant quantity, so that, when y = 0, we shall have z = — q [10168], 

*=Vi — k&q2 [10181a']; and then we shall get for the complete value of y [101816], the 

following expression ; 

1 ~\~ /I — h, 

p/1—£az/ 
— log- 

i ~f~/i— 

d—/l— èag2. 

2/1— èaz2 2/1— 
T* /2a /2a 

At the first plane, where z —— q, this gives y — 0; and when z= 0, the logarithmic 

part of this expression becomes infinite, and we have y= oo. Hence it appears that we 

cannot obtain a value # = 0, corresponding to a point of contrary flexure [10178], and 

to the assumed value sin.at. -f-a!?2 = l [10179], without supposing the planes to be at an 

infinite distance from each other. Therefore, if there is a point of contrary flexure, and the 

planes are at a finite distance from each other, we must have sin.w-j-aç'2^! [10179]; 

and as sin.ztf -j- ag'2 = sin.^/-j-a5'2 [10177], we shall also have, as in [10183], 

sin.ztf'-f-a7 9<0* 

The logarithmic part of the expressions [101816, A] may be changed by observing that 

„ — = ---=--— [10181a']; and if we put v for the value of v, when z = — q, 1—v (1 ~v)2 (1—v)2 J 
l~f~v Jag2 

(1 — a)2 (1 

we shall, in like manner, obtain 

two quantities is 
-v 

(1 — vf* 

The difference of the logarithms of these 

, 1-fa 1-f-v (1—v)2.z2 
log' 1=7, — log-ÎZ7v = log v—X5-5 = lo 

(V-1).Z\2 
: 2 lot 

(v-^l).z 

*(1—a)2.g2 b\(l — v)-qj b’(l — v).qJ 

observing that we have changed (1 — v)2 into (v — l)2, so as to render the number 

vol. iv, 231 

[10181] 

[10182] 

[10183] 

[10181e ] 

[10181/] 

[10181g-] 

[10181/1 ] 

[101817 ] 

[10181* 1 

[10181/ ] 

[10181m] 

[10181m] 

[IOI8I0 ] 

[10181p] 
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[10184] 

9/ ' 
[101840 

[10185] 

[10186] 

When the planes are at an infinite distance from each other, y must be infinite, 

which requires that Z should be equal to 1, when* z== 0; therefore, putting qt 

for the depression of the fluid in this case, or, in other words, the depression of 

the fluid outside of the first plane, we shall have 

-j- sin.® = 1, or aqf = 1 — sin.w ; 

q is therefore less than qr Now if we apply the method of computation which 

is used in [9580a—d], we shall find that the first plane is pressed outivcirds by 

[10181g] 

[10181?’ ] 

[10181s ] 

[10181f ] 

[10181»] 

[10181® ] 

[10184a] 

[101846 ] 

[10184c] 

[10184c? ] 

[10184e ] 

[10184/] 

[10184g] 

whose logarithm is to be found, positive when z is negative, which corresponds with one of the 

forms of the equation where we have used the integral [I0181u]. Substituting [10181/] 

in [10181A], and then replacing the values of v, v, we get 

«--L.Llog. (vA-W»-!)-* ? _ V1-*^ + , constant r, 
J 2/2a. I 6 (1—\/l —èa22)-?) /2a /.2a ' 

for the integral of [10181]; the constant r being added upon the supposition that y =r, 

when z — — q, instead of supposing y= 0, when z — — q, as in [10181g].' Substituting 

a = a-2 [9328], and making a few slight reductions, we find that the differential equation 

[10181] becomes as in [10181m], and its integral [lOlSlr] can be put under the form 

[10181/], by altering the arrangement of the terms; 

(z2— a2). dz 
dy = 

z /2«2 

y—r-{- /2a2—p — /2a2— z2 + 

which will be of use hereafter. 

—.loAC2»5 
/2 ° 

• p— a/2) .Z 

(a/2—/2a2—z2) . q 

* (4343) The value of y, corresponding to the distance of the second plane from 

the first, becomes infinite, when the distance of the planes is infinite, which happens 

when the denominator 1 — /l — £az2 of the first term of [10181/j] vanishes; and 

then we evidently have z = {). This value z = 0 corresponds to the point of inflexion 

[10178], which is at an infinite distance from the planes, where the fluid must 

evidently be horizontal, or trf/=90d’ [10168/j ; consequently 2T=sin.trf/=1 [10168/]; 

substituting these values in [10171], we get l = sin.'tf-f-a?2? for the relation between 

vs and q, token the second plane is at an infinite distance from the first. Now this may 

be considered as the actual situation of the fluid outside of the first plane, because we may 

suppose a plane parallel to IK, fig. 162, page 910, to be situated at an infinite distance in 

the direction WG', without altering the curvature of the surface G'lIK near the first plane, 

and the equation [10184c] will correspond to this surface by merely changing q into qt, as 

in [10184'], which makes it become l — sin.^-f-a/2, as in [10185], or, as it may be 

written, ay/=l — sin.-tf. But from [10183], we have sin.-tf-f-cq/^l, ora/2</l — sin.tf; 

hence a/2<A§/, or as in [10186]. 
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a force which is equal to the weight of a fluid prism, whose height is J • (</ + <?)> 

depth (qf— q), and width the same as that of the plane.* 

The equation [10177] gives, generally, sin.ro'-l-a^'2 less than unity [10181m] ; 

but when the planes are at an infinite distance, it gives this function equal to 

unity [10181/, k, /]. Let q' be what q' then becomes ; or, in other words, let q\ 

be the elevation of the fluid outside of the second plane, eg will be greater 

[10187] 

[10188] 

[10188q 

(h 
[10189] 

* (4344) If we continue the horizontal canal BB, fig. 162, page 910, to meet the 

first plane at B', below the point U, and above the point V, W being horizontal, it is 

evident that, if we neglect the pressure of the atmosphere, which acts equally on opposite 

sides of the first plane, we shall have for the capillary action of the fluid at A, the expression 

-ST [9259] ; therefore the pressure at B, and in the canal BB', is equal to K-\-gDxAB, 

g being the gravity, and D the density of the fluid. Subtracting from this the capillary 

action of the fluid at the first plane at B', namely A"[9259], we obtain gDxAB, for the 

pressure at the point B1, in the direction BB'-, and by putting AB=RB' = w, this 

pressure becomes gDw; which is similar to the expression gw [95806], changing g into gD. 

Hence we find, by the method used in [9580a—d], that the whole pressure on the part UB', 

will be, as in [95806], equal to àgD.(w~•—■RU2), and in the whole space TJV will be 

£gB.(R V'2— RU2) — \gD.{q2— q^j = ^gB.{ql-\-q)fql — q), which is evidently 

equal to the expression [10187]. Moreover, this pressure is outwards, or in the repulsive 

direction BB'. The pressures below VV, on opposite sides of this plane, are equal and 

opposite, and therefore destroy each other. Multiplying [10185] by a9, and using aa2=l 

[9323p], we get qf = a9.(1 — sin.ro); substituting this in [lOlSTTg], we get the expression 

of the repulsive force at the first plane [10187/t]. In like manner we obtain from 

[10190/7,, 101896, &c.] the similar expression [10187/], representing the repulsive force at 

the second plane ; 

igD. [a2. ( 1 — sin.ro) — op^ — repulsive force at the first plane ; 

ig_D.[cr.(l—sin.-ro7)—^2]=repulsive force at the second plane. 

If we substitute cp — a2. (cos/— sin.ro ) [101706'] and q'2 — a2, (cos./ — sin.ro') [10170a] 

in the expressions of the repulsive forces [10187&, /], they will become equal to each other, 

and will be expressed by 

±gD.cr .\l—cos.i] = repulsive force at the first or second plane. 

Moreover, if the cuive is symmetrical above and below the level of the fluid in the vase, or 

‘nf = ro/ [10170p], and the distance of the planes 2/ is small in comparison with a, we may put, 

as in [10171c/], i — g nearly, and then [10187k] becomes, by using p! = fyr — ro' [10170z]. 

igD. a?. ( 1 cos.a) = }g.T).a?.(1 — sin.ro') = the repulsive force of the planes; 

ivhich is independent of the distance of the two planes, and if we suppose ro = ro' == 0, the 

iepulsive force becomes }gD.a2. In all these calculations, we have supposed the angle ro 

to be the same on both sides of the first plane, and ro' to be the same on both sides of the 

second plane, so that the correction [9983a;] vanishes. 

[10187a ] 

[101876 ] 

[10187c ] 

[10187c'] 

[101874] 

[10187e ] 

[10187/] 

[10187g] 

[101876] 

[10187* ] 

[101876] 

[101877] 

[10187m] 

[10187?i ] 

[10187o] 

[10187// ] 

[10187g] 

[10187r] 
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than* q'; and it follows also from the above theory [9580ft, &c.], that the 

second plane will be pressed outwards by a force which is equal to the weight 

[10190] of a fluid prism whose height is 4 (ç!+ <?')> depth (q\— q'), and width that of 

[10190'] the second plane,! which ice shall here suppose to be the same as that of the 

[10189a] 

[101896] 

[10190a] 

[101906] 

[10190c] 

[10190c?] 

[10190e] 

[10190/] 

[10190g] 

[loigogq 

[101906, ] 

[10190Ï] 

[101906 ] 

* (4345) When the two planes are at an infinite distance from each other, q 

will change into q, [10184'], also q' into q]; and the equation [101817J will become 

sin.'5j-}-ag'/2 = sin.TO'-|-a//2 = 1 [10185]; or clç//2 = 1 — sin.-z/. But by [10181m], 

a^/2<l — sin.#'; therefore <xq'pf>&q'2, or q'/f^q', as in [10189]. 

f (4346) To find the pressure on the second plane LM, we shall refer to fig. 163, which 

is similar to fig. 162, but drawn upon a larger scale, for the ^ 

sake of distinctness. Through any point r of the surface of 

the fluid, a canal rstu is drawn, whose branches sr, tu, are 

vertical, and st horizontal; moreover the line rx is drawn 

perpendicular to the plane OX. Then it is evident that the 

equal and opposite pressures on the parts of this plane below 

the horizontal line TT' mutually destroy each other; so 

■ 0 
2?i(j.l63. 

.V 

T, Tr 

a/ 
s w 

IL Vi 

1 
i t 

Æ 

H 

corresponding to T'O; therefore, if we put Xx — w, its 

extreme values will be XT' = ST=q', and XO = q'r 

Now neglecting the atmospherical pressure, as in [101876], 

we shall have, for the capillary action at r, the expression K — 77 [95586]. Adding this 

to the gravity of the column rs, which is equal to gDXrs, we get the pressure in the canal 

H 
at s, equal to K——-|-gDXrs. In like manner the capillary action at u is K [9259]; 

adding this to the gravity of the column tu, namely gDxtu, we get the pressure at t, in the 

canal tu equal to K-\-gDxtu; and this must be equal to the pressure at 5; hence 

K—^fgBxrs—Kf gDxtu-, 

consequently 

~ =gD.(rs—-tu) —gD. Xx—gD.w [10190c]. 

Substituting this in the expression of the capillary action [10190c?], it becomes K—gD.iv. 

This being the action at any sensible distance from the surface, it must, from the nature of 

fluids, act in every direction, consequently in the direction rx. But the action of the fluid at 

x, in the direction xr, being K [9259], there must be an excess of pressure in the direction 

xr, equal to gD.w; that is, the pressure at x is outwards, and equal to gD.iv. This is of 

the same form as that for the first plane in [10187e] ; and by making the calculation as in 

[10187c?—h], we shall find that the whole pressure on the part T O, in the repulsive 
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first. We may thence conclude that the pressures suffered by the planes, and 

tending to repel them from each other, are equal. For the products 

+ — = i(??—V2)> and è(î,+ ?)•(?, — ï) = è(ï,i! — tf)’ 

are respectively equal to the following expressions,* * 

J-.(l—sin.-a'— ap'2), ^-.(1— sîh*® — a<f) ; 

and these two last quantities are equal, in virtue of the equation [101896]. 

There will always be an inflexion in the middle of the surface of the fluid 

included between the planes, if we have — however near these planes 

may be to each other ; therefore the planes will repel each other at all distances.! 

direction RS, is, as in [10187g], equal to 

which is evidently the same as in [10190], and in the repulsive direction RS. If vve change 

the signs of these expressions, we shall get ^gD .(q'2— q'p) for the pressure of the planes 

towards each other. 

* (4347) We have, in [101896], ç''2=-—-, y/2=-—~p~~ ~? substituting these 

values in the second members of the expressions [10192], they become respectively as in 

[10193]; and they are evidently equal to each other, as in [101817»]. Now the pressure 

on the first plane is ïgDfq?— S'2) [I0187g], and that on the second plane is 

|gD.(ç'2 — ç2) [10190/], neglecting the consideration of the widths of the planes, which are 

equal to each other [10190] ; and as the factors qf — cp, q'p— qp, are equal [10192,10194], 

these pressures must be equal, as in [10191]. This is also proved in another way in [10187»]. 

! (4348) When there is a point of inflexion A, fig. 164, we 

shall have at that point 2 = 0 [10161i] ; or, in other words, this 

point must fall on the horizontal line RS, on the level of the 

surface of the external fluid ; hence it is evident that, if the 

curved surface of the fluid UAT falls wholly above this 

horizontal line RS, there will be no inflexion. This is also 

evident from the equation 2az [10164c], which makes R 

finite when z has a positive value, and this is incompatible with a point of inflexion. We 

shall now suppose that there is a point of inflexion A, which may be considered as the origin 

of the coordinates ; we shall have for the general equation of the surface, the same expression 

as in [10168g], which, by putting, for brevity, a equal to the constant quantity sin.tf ay9, 

becomes 
sin.'tf/ = a — az2 ; 

925 

[10191] 

[10192] 

[10193] 

[10194] 

[10195] 

[ioi9o; ] 
[10190m] 

[10190»] 
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[101936 ] 

[10193c ] 

[10195a] 

[101956] 

[10195c ] 
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[10195'] 

[10196] 

[10197] 

[10198] 

[10195e] 

[10195/] 

[10195g-] 

[10195/i ] 

[10195»] 

[10196a] 

[101966] 

[10196c ] 

[10196c?-] 

[10196e] 

[10196/] 

[10196g-] 

[10196/i] 

[10196» ] 

[10197a] 

[101976] 

But if to differ from to', the line of inflexion of the surface will approach 

nearer to the first plane* if to y> to' ; but the point of inflexion will approach 

nearer to the second plane if w<to'. If we now suppose that w>to', 

we shall have qt less, thanf q] ; or, in other words, the fluid will be less 

depressed without the first plane, than it will be elevated without the second. 

If we bring the planes gradually nearer to each other, the line of inflexion of 

the surface will finally coincide with the first plane. For the equation 

[10177], 
sin.to — sin.TO' = a^'2— a/2, 

to/ being the acute angle which the arc Cc of the curve makes with the ordinate NC—z 

[10168/1. Hence it appears that, if we take, on opposite sides of the point A, two points 

of the curve C, C, so situated that their corresponding ordinates CN, C'N', may be equal, 

we shall have, from [10195/, the values of sin.TO/ equal to each other, at the points C, C; 

therefore the values of to, will also be equal. Hence we easily perceive that the curves 

AC, AC, are perfectly similar; so that, if we put AN=x, NC=z, we shall have 

AN' —— x, N'C' = — z, angle NCc = angle NC'cf. From this it evidently follows that 

if the point A is situated in the middle of the line RS, we shall have AS=AR, 

RU= ST, and the angle TO=the angle to', whatever be the distance RS of the planes,, 

which will then always repel each other, as in [10191]. This agrees with what is stated iu 

[10195]. 

* (4349) If the point A, fig. 164, page 925, be nearer to the first plane IK than to the 

second plane LM, and we make AR' = AR, then draw the ordinate R'U', we shall have, 

as in [10195/, the angle to = the angle to,; to, being the acute angle formed by the ordinate 

R'U' and the curve at U'. Now by putting successively in [10195/ z — R'U', z = ST, 

we easily perceive that the acute angle to, is less at the point T than at the point £7'; but the 

angle at the point T is represented by to' [10173], and at U' it is equal to to [10196/. 

Hence we have to]/>to', when the point A falls nearest to the first plane, as in [10195']. 

By a similar process we can easily prove that, when the point A falls nearer to the second 

plane LM than to the first plane IK, we shall have to<(to', as in [10196] ; the only change 

required in the demonstration and in the figure, is that the ordinate R' V should be drawn on 

the other side of the point A, between A and R, at a point N' where AN' — AS, AS 

being supposed less than AR. 

f (4350) 

hence 

We have, in [10189/, 

sin.to -f- cjlç,2=sin.to' -f- w/,2 ; 

cl.(/2 — g1,2) =sin.TO — sin.TO', 

to, to', being acute [10166, 10173]; hence it is evident that, when to^>to', we shall have 

or &<?!> asin [1019<3]. 
[10197c ] 
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shows that cr/3 always exceeds sin.®—-sin.®'; and yet it is evident by the 

equation [10172], that, if there be an inflexion in the surface of the interior 

fluid, q' will be of the same order as the distance of the planes from each 

other,* which, by approaching towards each other, may become less than any 

assignable magnitude. There is, therefore, a limit of approximation, where 

this inflexion ceases, and where, of consequence, the line of inflexion must 

coincide with this first plane.f Beyond this limit, while we gradually draw the 

* (4351) If we put, as in [10168eTJ, ® equal to the acute angle which is formed by the 

vertical ordinate z, and the corresponding part of the curve surface, we shall have Z— sin.®, 

[10168/]; consequently =tang.®7. Substituting this in the equation 

[10172], we get dy = dz.tang.®y; whose integral is y—constant —fdz.tang.-®y. Now 

each of the elements dz. tang.®, in proceeding from the point A to T, fig. 164, 

page 925, may be considered as of the same order as dz; and ifwe commence the integration 

at the point A, where y = RA [10163], we shall have y — RA—fdz.tang.®,; therefore 

y — RA may be considered as of the same order as z; or, in other words, AS is of the 

same order as q'. In like manner, AR is of the same order as q. Hence ASAR 

or RS is of the same order as q-\-q'\ so that vre may consider q-\-q' as being of the 

same order as the distance of the planes R S, which corresponds with the remarks of the 

author in [10200]. All that we have here stated is founded upon the supposition that there 

is a point of inflexion A, where z = 0. For if the point A fall above the line RS, by a 

quantity c, the integral y — RA=fdz.tang.®, [10199e] will not prove that AS is of the 

same order as q' [10199/], but that AS is of the same order as q' — c; therefore q', 

instead of being of the order AS [10199/], will be of the order 

f (4352) In the case treated of in [10196, &c.], where ®, ro', are supposed to be given, 

and ®>®', we shall have sin.® — sin.®1 equal to a given finite and positive quantity, 

which we shall represent by C; substituting this in [10198], we shall get a.(y'2 — /) = C. 

Now we have seen, in [10199/ &c.], that q, q', are of the order RS; therefore a. (/2 — ÿ»), 

or its equal C, must not exceed a certain given quantity of the order &.RS2, which cannot 

be the case when RS is infinitely small ; hence it follows that 

the supposition of there being a point of inflexion must be 

restricted to greater values of RS. We shall now suppose 

that the planes are placed, in the first instance, at a sufficient 

distance from each other to have a point of inflexion in the 

surface of the fluid between them, as at A, in fig. 164, page 

925. Then, moving the planes gradually towards each other, 

the point of inflexion A will approach towards the first plane, 

till it coincides with it at R ; and the fluid will continue to rise 

between the planes as the distance is decreased, so that the 

surface will finally be wholly above the horizontal level of the fluid in the vase R S, as in fig. 165, 

[10199] 

[10200] 

[10201] 

[10199a] 

[101996] 

[10199c] 

[10199d] 

[10199c] 

[10199/1 
[10199/q 

[10199g-] 

[101996, ] 

[101996;] 

[101991 ] 

[101996 ] 

[1019963 

[101991 ] 

[10199m] 
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[10201'] planes towards each other, they will continue to repel each other until 

[10199m] 

[10199o] 

[10199//] 

[10199g ] 

[10199/? ] 

[10199s ] 

[10199* ] 

[10199m] 

[10199/; ] 

[10199m;] 

[10199a? ] 

[10199y ] 

[10199z ] 

[10200a] 

where the surface is represented by UC T. Through any point C of this surface suppose 

the infinitely slender and uniform canal CDFG to be drawn, with the vertical legs 
JJ 

D C, FG, and the horizontal leg DF; then the capillary action at C is K— — [95586], 

b being the radius of curvature at C ; and the pressure at the bottom of the canal, being 

found, as in [10187c], is K——-j-gDxCD, and at the bottom of the canal FG, is 

Kf-gDxFG. Putting these expressions equal to each other, on account of the equilibrium 

H 
in the canal FD, we get -—=gD.(CD— FG)=gDxNC; consequently the capillary 

H 
action at C [10199ft] becomes K——=K—gDxNC. Through any point /of the 

canal CD, above the horizontal line RS, draw the horizontal canal /a; then the pressure at 

/ in the canal Cf, will be equal to the weight of the column Cf, namely, gDx Cf 

increased by the capillary action at C, which we have just found to be equal to 

K—gDxdSC. Hence the pressure at /, in the direction fa, is equal to 

K - gD X JS C-f gD X Cf=K—gD. (JV C — Cf) = K—gD X Nf. 

Now the capillary action of the fluid at a, in the opposite direction af, being equal to K 

[9259], the whole pressure at a is equivalent to the difference of these quantities, namely, 

gDxFlf, in the direction af or —gDxNf in the outward or repulsive direction fa. 

Putting now Nf= Ra — w, we find that this repulsive action upon the space dw is 

— gD. wdw ; and its integral, commencing at the point R, where w — 0, is — § gD.w2’, so 

that the whole repulsive action upon the part R Lis equal to —^gD ,RU2. 

Instead of supposing the point / to be above the line RS, we shall now suppose it to fall 

below the line RS, as at/'; and we shall draw the horizontal canal fa ; then we shall 

have, as in [10199g], K—gD.(NC — Cf), or Kf-gD.Nf, for the pressure in the 

point a', in the direction far. Subtracting from this the capillary action in a', namely, K 

[9259], we get the whole action at a', equal to gDxNf, in the repulsive direction fa'. 

Putting now, as above, JSf = Ra'=w, we find that the force on the space dw is equal to 

gD .wdw; and its integral, taken from iv = 0 to w — RV, is igD .RF'2, which represents 

the action on the part RF', in the repulsive direction fa'. The sum of the two forces 

[10199r, «], gives the whole force acting upon the plane UV\ in the repulsive direction 

SR, equal to %gD.\RV* — RU2\. From this it follows that, when RU<fRV, the 

factor RV2—RU2 is positive^ and this force will be repulsive. When RXJ= RF', this 

factor vanishes, and the capillary action becomes, equal to nothing. Lastly, when 

RJJf^RV, this factor becomes negative, and the capillary action becomes attractive, as is 

stated in [10205, &ic.]. We shall conclude with the remark that the computation of these 

forces, and the form of the curve UCT, will be treated of more fully in the remaining part 

of this note, by a somewhat different method, depending on elliptical functions.. 

As it is an object of considerable interest to ascertain the form of the surface of the fluid. 



X. Suppl. 2.] TWO PARALLEL PLANES DIPPED INTO A FLUID. 929 

the fluid is as much elevated above the level within the first plane [1020P] 

and the other phenomena, when the distance of the planes is very small, we shall here enter 

into a particular examination of the subject, using elliptical functions in finding the integrals, in 

nearly the same manner as is done by M. Poisson. In the annexed figures 166, 161, IK, LM, 

represent the two vertical planes; UuPpt T, the surface of the fluid 

between them. The surface, in fig. 166, is supposed to be concave ; 

and in fig. 167, the first branch UA is convex, the second branch 

A T is concave, and there is a point of inflexion A. Taking now, 

in the plane of each figure, the points u, t, of the surface, infinitely 

near to U,T, respectively, we shall put the angle ITJu—w; the 

angle LTt — w'; the lines UI, TL, being always drawn in a 

vertical direction towards the upper part of the planes ; so that 

when the surface is concave in both branches, as in fig. 166, the 

angles w, w', will be obtuse; and by comparing these values with 

those of vs, vs' [10166, 10173], we shall have, in this case, 

w — 7T — vs, iu' = k—■■us'. In fig. 167, where the surface is 

convex in the first branch UA, and concave in the second branch 

AT, we shall have w = vi, w' = 7r—to'. Lastly, when the 

surface is convex in both branches, as in fig. 128, page 777, we 

shall have w = vs, iv — vs'. This last case can be treated of in the 

same manner as the first; we shall not, therefore, notice it separately, as the calculation 

is not attended with any difficulty. 

We shall first take into consideration the case corresponding to fig. 166, where the surface 

is concave, and the angles w, w', obtuse; and shall suppose HS to be the axis of y ; HO, 
the axis of z; H, the origin of these coordinates; we shall then have, for the differential 

equation of the surface of the fluid, as in [9415/, or 10164], 

ddz 

dy9 
2a z. [ Differential equation-of the surface. 1 

The form of this differential equation will not be altered, if we change the origin, from 

the point H to any point C of the line HS, near the second plane LM; since the only 

effect will be to change y into y — HC, which does not alter the differential dy in 

[10200n]. Therefore, if we suppose a vertical line JVPN' to be drawn parallel to the 

second plane LM, and take the point C, situated between N and M, for the new origin of 

the rectangular coordinates y,z, the differential equation of the surface TptT, included 

between the planes NN', LM, will be represented by the equation [10200?i] ; the positive 

values of y being on the line CS, and the negative values on the line CN., Then 

vol. iv. 233 
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[10201'"] 

[10200/] 

[10200g] 

[10200r ] 

[10200s] 

[10200£ ] 

[10200£' ] 

[10200w ] 

[1020CW] 

[10200v ] 

[10200w] 

[10200*] 

as it is depressed without it, as we can easily satisfy ourselves by 

the obtuse angle LTt — iv', being equal to it— ns' [10200*], we shall have, as in 

[10174, &c.], 

]/14-— 

— sm.w , 

dz 

dy 

V /7*r2 
= — cos .w , 

dy 2 

considering the radical as a positive quantity. Taking now any part of the surface TP, 

corresponding to positive values of y, and putting <p for the obtuse angle formed by the vertical 

ordinate z and the curve, we shall evidently have the same differential expression of — cos.tp, 

as that of —cos.w' [10200y]; so that, for any point of the surface PT, corresponding to a 

positive value of y, we shall have 
dz 

dy 

1 + 
dz2 

= — COS. <p, [Equ ation of the surface 1 

using the values of y, z, corresponding to that point. If the point of the surface correspond 

to negative values of y, we may put y =—y' ; and then [10200s] will become 

dz 

H  

V/ 1 + 
dz2 

<V2 

•cos.fp. 

If we put <p—ir — wp so that wt may represent the acute angle formed by the vertical 

ordinate z and the curve, we shall have, by substitution, and changing the signs of all the 

terms, 
dz 

dy  

i+— 1 r dy '9 

■cos.tv, ^Equation of the surface ] 

If this expression be now supposed to correspond to the point P, where we shall put the acute 

angle JS'Pp—w,, we shall have 

dz 

dy' 

1 + 
dz2 

■COS .IVp 

supposing y' = CN in the resulting expression. We shall now suppose that there is placed 

in the fluid a vertical plane NPN1, parallel to LM, so that the surface which faces the 

plane LM may pass through the point P. We shall also suppose that the plane NPJS' 

is of such a nature that wt may be the angle which specially agrees with the matter of the 

plane and of the fluid. Then it is evident that the equilibrium of the fluid will not be 

troubled between NN', LM; for the curve PT satisfies, by hypothesis, the general 
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the theory explained in [10199?—x]. In this case, q being the 

equation of the capillary surface [10200??] ; moreover the equations [10200^,®], which 

correspond to the extreme points T, P, are also satisfied, when we consider the equilibrium 

of the fluid between the two planes NN', LM; wn w', being given angles. Thus we see 

that there is a state of equilibrium, in which the fluid is elevated along the sides of two 

parallel planes NN, LM, although the cosines of the angles wt, w', corresponding to them, 

have contrary signs. The fluid in the case we have considered is elevated above the level 

in the vase, and its upper surface is concave, because we have supposed that the obtuse angle 

w' = LTt, corresponding to the second plane LM, is greater than the supplement of the 

acute angle N'Pp — m, corresponding to the plane NN'. On the contrary, the fluid will 

be depressed, and the surface convex, if the obtuse angle is less than the supplement of the 

acute angle. 

The curve surface P T can be obtained by means of the equation [9417m] ; and if we 

change <p into 0, so that it may refer to the plane NN', the corresponding absciss y' will 

represent the distance of the two planes SN = 2l [9417a—ft], for the case relative to 

fig. 166, page 929; and we shall have, by putting y' = 21, and <p==0, in [9417m], 

± . [F (c, ©*) _ F (c, 0)] -?. [E 0, ©') - E (c, ©)J 
U c c 

2c. sin. ©'.cos.©' 2c. sin.©, cos.© 
\/l — c2. sin.2©' y/1 — c2. sin.2 ©5 

the double sign being prefixed on account of the radical ±y/2j the upper sign is to be used 

when the second member of [10201c] is positive; the lower sign, when it is negative. The 

angles 0, 0', which correspond to the planes NN, LM, respectively, may be obtained 

from [9416m], which gives, by using 1 — c2=A2 [10168m], 

_1 — sin.tc, 1—sin.w, 
tang. 0  . —„ ; -; [To find© at the plane jVJV’.] 

(1— c2j.(l-Lsm.m/) ^.(l-f-sin.wy) L J 

tang.2©'' = 
1—sin .id' 1—sin.tc 

m r-i I ■ a—~ 7, • 7,. f To find ©' at the plane LM. I 
(1—c2).(l-f-sin.if> ) 62.{l-|-sin.m') L -J 

The elevations q, q', of the fluid, near the points P, T, above the level of the fluid in the 

vase, are given by the formula [9416s] ; from which we get, in the present notation, 

~ • ( 1 Sin -tc) , rlnternal elevations near! 

?'2 = A2 + a2.(l — sin.m'),; L theplanes- J 

h being the elevation of the point O, situated on the prolongation of TP, where the tangent 

to the surface would be parallel to the horizon [9415fr], its value being given, as in 

[9416c], namely, 

h 
C V C 

[Elevation of the lowest-] 
point of the surface. J 

These ordinates have the same signs, which are positive when %v/-\-w''^>ir, and negative 

931 

[10202] 

[10200#] 

[10200z ] 

[10201a] 

[102016 ] 

To find l in 
terms of 

©, ©'• 

[10201c] 

[10201c? ] 

[10201c?'] 

[10201e] 

[10201/] 

[10201g-] 

[10201ft] 

[10201? ] 

[10201ft] 

[10201? ] 

[10201m] 
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[10202'] elevation of the fluid between the two planes, and near the first 

[10201m'] 

Case where 
there is a 
point of 
inflexion. 

[10201n] 

[10201n'] 

[10201o ] 

[1020 lp] 

[10201A] 

[10201?] 

[10201r ] 
Equations 
of the sur¬ 
face when 
there is a 
point of in¬ 
flexion. 

[10201s ] 

[10201* ] 
[10201u] 
Elevations 
ç, q', near 
the planes 
JVJV', lm, 

[10201a ] 
[10201m] 
and be¬ 
tween them. 

[10201a ] 

when W'-fw’^f. In both cases, the planes are pressed towards each other, as we have 

seen in [9580, 9584]. 

We may proceed in the same manner when the surface has a point of inflexion A, as in 

fig. 167, page 929; and we may take a portion, situated between the two parallel planes 

JVAT/, LM, on the same side of the point A, for a position of equilibrium ; the cosines of the 

special angles w/} w', corresponding to these two planes, having contrary signs. In this new 

state of equilibrium, as in that we have already treated of, the fluid will be elevated on both 

planes, or depressed on both planes ; but the figure of the included surface P T will be 

different in the two cases. In the present case, where there is a point of inflexion, we may 

determine the angles ©, ©', corresponding to the planes NN', LM, respectively, by means 

of the equations [10201p, p1], derived from [10170c']; the vertical coordinate z, by means 

of the equation [10168#], which is the same as [10201 q\ ; the ordinate y', whose origin is at 

the point S, by means of the equation [10170m], which is repeated in [10201r] ; lastly, the 

modulus c may be derived from the equation [10201s], which is derived from [10201r], by 

putting <p — &, and y' = 2l=SN, prefixing the sign ± on account of the radical fi-2. 

tang.2© : 

tang.2©': 

2c2—1—sin.m. cos.i — sm-m, 

(1 — c2).(l-}~sin.m,) sin.2££.(l-f-sin.i»,) ’ 

2c2—1—sin.m' cosi—sin.m' 

[To find ©, 0', near the"] 
planes JYJST,LM. J 

:(1—c2).(l-[-sin.m') sin.2£i.(l-f-siruo') * 

0 2«2c2. ( 1— c2). sin.2rp 

~ 1— c2. sin.2(p i 

A3 = F (c, ©') — F (c,<p) — 2 E(c, 0') + 2 E (c, ?) 
a 

2 c2. sin.©', cos.©' 2c2.sin.<jo. cos.<p 

- fi 1— c2. sin.©'. cos.©' fil — c2. sin.2?) ’ 

± A3=F le, 0') — F (c, © ) — 2 E (c, ©') + 2 E (c, ©) 
a 

2c2. sin.©'. cos.ô' 2c2. sin.©. cos.0 

fi 1 — c2. sin.2 ©' fi 1 — c2. sin.2 © 

This last equation is similar to [10201c], and the double sign db is to be used in the same 

manner as in [10201c?] ; that is, the upper sign is to be used, if the second member of 

[10201s] is positive, otherwise the lower sign. The elevation of the fluid, near the second 

plane, is ST=q'; and this is given by the equation [10170a], which is the same as 

[10201tc] ; and by changing in it w' into wt, and q1 into q = NP, we get the value of ç2 

[10201a]; observing that i is determined by the equation cos.£i = c [10168w] ; 

f — a2, (cos.? — sin.ic,) ; 

q '2 = a2. (cos.i—sin ,w '). 

The values of q, q’, must have the same signs, and we must observe the same rules as in 
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plane, we shall have, from [10202, 10185], [10202"]' 

[10201m, m], namely, that q, q', must le positive when w/~\-w,'^>rf, and negative 

when iut-\-w’ <f?r. In both cases, the planes will be pressed towards each other, as in 

[9580, 9584]. 

Hence it appears that, if there be two planes, of such a nature that, when dipped separately 

into the same fluid, it will rise near one of them, and sink near the other, we can have three 

different situations of equilibrium of the fluid included between these two planes, supposing 

them to be dipped vertically into the same fluid in parallel positions to each other. The 

first of these cases corresponds to fig. 167, page 929, where the fluid is elevated near the 

second plane LM, at T, and depressed near the first plane IK, at U, with a point of 

inflexion at A; then, if we suppose the angles IUu — w, LTt = w’, to be given, together 

with the distance R S= 21 of the two planes, we can determine c by the formula [10170/*] ; 

and the coordinates z, y, as in [10168a;, 10169a;]. The second case corresponds to fig. 166, 

page 929, supposing the planes to be NN’, LMj and that we have given the angle 

N’Pp = wp the angle LTt — w’, and the distance of the two planes NS =21. In this 

case, the modulus c is found by the formula [10201c] ; the absciss y', by the formula 

[9417m] ; and the ordinate z, as in [9416o] ; then it is evident that if we continue the curve 

TP towards U, with coordinates having these relations, we can obtain a point O, where the 

tangent to the surface is parallel to the horizon. The third case corresponds to fig. 167, 

page 929, where the planes are NN’, LM, and, as in [1020Hi], the angle N’Pp = w/, 

the angle LTt = w’, NS =21. Here the modulus is found by the formula [10201s]; 

the absciss yby the formula [10201r] ; the ordinate z, by the formula [102012’]; and by 

continuing the curve TP towards U, with coordinates having these relations, we can easily 

obtain a point A, where the surface passes through a point of inflexion. 

We shall now illustrate the two last of these three cases by examples, corresponding to the 

planes NN', LM, fig. 166,167, page 929 ; and for greater simplicity we shall suppose the angle 

LTt = w' = tf, and the angle N'Pp = 2v, 2v being a very small quantity. We shall, in 

the first place, notice the case which corresponds to fig. 166, where the continuation of the 

curve TP gives a point O, with a tangent parallel to the horizon. Substituting the value of 

w' = tf, in the second value of tang.2©' [10201/], we get tang.2©' = —; whence we easily 

deduce 

tang.0 =-, sin.©' = cos.© c9. sin.©', cos.©' = - 
6c2 

yi + 52’ -“/1 + 62’ -- 1-J-&8 

In like manner, by substituting w=2v, in the second value of tang.2© [10201e], and 

neglecting the second and higher powers of v, we get 

tang.2© = 
1 1— 2v 

■whence 
&2 l-J-2v 6» 

= 5.(1-4.)S 

tang.© = -. (1 — 2v) = ( 1 — 2v). tang.©', or tang.©' — tang.0 = 2v. tang.©'; 

234 

[10201y] 

[10201z] 

[10202a] 

[102026 ] 

[10202c ] 

[10202i] 

[10202e ] 

[10202/] 

[10202g] 

[102026, ] 

[10202* ] 

[102026] 

[102022 ] 

VOL. IV. 

[102022'] 
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[10203] 

[10202m] 

[10202m'] 

[10202m'/] 

[10202n] 

[10202o ] 

[10202# ] 

[10202#] 

[10202r ] 

[10202r/] 

[10202s ] 

[10202f ] 

[10202u] 

[10202u'] 

a^2 = a q* =1 — sin.tf. Case when the elevation VR-=.q, is equal*! 
to the depression WV=qn fig. 165. J 

and as the first member of this expression is equal to tang.(©'— ©). (l-{-tang.©.tang.©'), 

by [30], Int., we shall have very nearly, by putting for brevity ©' — ® = x, x being a very 

small quantity, 

x. (1 -f-tang.2©^az^Su.tang.©', or 

whence we finally obtain 
2 bv 

X~ l + b2‘ 

If we now, for abridgment, put the second number of [10202n] equal to G-(©'), G being the 

symbol of a function, we shall have [10202o], by changing ©' into 0, 

„ 2—e2 2 , , 2c.sin.©'.cos.©' 
G (®0‘=— • F (c, e') - ? • E (c, 0') + , 

, , . 2—c2 . 2 , 2c. sin.©. cos.© 
G (0) = G (0 — x) = —. F (c, ©) — -. E (c, ©) + ^====. 

Substituting these in [10201c], we get [10202#?], which, being developed, by Taylor’s 

theorem, according to the powers of x, neglecting x3, x4, &cc., becomes, as in [10202#], 

If we put, for brevity, in like manner as in [9416/], 

A = y/l —, c2. sin.2 ©', 
sin.©'. cos.©' 

we shall get, as in [9416z], 

À (1-C2) À b2 

C2 C2a3 C2 Ç2a3 

Substituting this, and the values of the elliptical symbols [8910k, l], in the differential of 

[10202n], divided by de', we get the first of the expressions in [10202(] ; reducing this, and 

substituting 2 — c2 = l-j-J2 [10168w?], we finally obtain the last of the forms [10202^]. 

The differential of this last form being divided by de’, gives [10202m], 

fd.G(©')\ 2—c2 1 2 a ( <;a b2 } 2—c2 1 2b2 

\ def )— c *Â c‘A + 2c'l-f~~c^sj— c ‘a ca3 

Now, from [10202Æ], we get 

A2 = 1 — c2. sin.2 ©' ; 
(l c2).q&2 2b2 

1 + b2 1 + b2' 1-fb2 
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The equation [10177], which always holds good, then gives, 

whence 
263 
Â2 : 1 + 6* or 

662 

Â2 ' 
= 3(1 + 62); 

and the differential of the first of these expressions of A2 [10202a+ being divided by 2d©', 

gives 

*•(£)=- 

Dividing this by A — —[1020214+ we get 

• c2.sin.© .cos.© =■ 
6C2 

T+62 
[10202k]. 

/I+62 

/V\__ &c2 y/i+62 
\^0/ 1+62 J^/2 \/2*^/l+ 62' 

Substituting the values [10202u, y], in the last expressions of [10202/, u], we obtain 

i.G(e^=l |1 + 62_(1 + 62)S=0. f 
V do' 

f</2. G (©') 

__ (1 + 63)3 = _(l + 63)g.c 

62C * \dQ'J 6 Va 

Substituting the values [10202,2, 10203«], in [10202g+ then dividing by y/2, and neglecting 

the double sign =F, we get 
21 (l+62)%c 

a 462 
.æ2; 

finally, substituting the value of x [10202m"], and putting c—\/i~we get 

2/ 
a V 

■62 

1 + 62 

^ 1 / cfiv4 — 4/2 

From this we easily deduce the following value of 6, and then c — 62; 

_ c= 

y4+4!2’ /a%4-|_4/2* 

Hence it appears that nothing more is necessary, to obtain real values of 6, c, less than unity, 

to have the distance of the planes 21= NS, fig. 166, page 929, very small, and less than 

av2. When this condition is satisfied, we shall have, by substituting the values of 6, c, 

[10203d] in the second value of h [10201+ 

Substituting this value of h, and sin.w' = 0 [10202/] in [10201+ we get 

. C&V2 y'2. or 
* 4/25 -- 2 2Z 

and as the elevation of the fluid, on the outer side of the plane, is f — u [9425k, 10188+ 

w?e shall have, for the pressure of the planes towards each other, as in [10190/z], 

[10203'] 

[10202u] 

[10202u>] 

[10202a;] 

[10202y ] 

[10202z] 

[10203a] 

[102036 ] 

[10203c] 

[10203c/] 

[10203e] 

[10203/] 

[10203g-] 

[102036 ] 
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[10203"] 

Attractive 
force where 
there is not 

[102037] 
a point of 
inflexion. 

[102037c ] 

[102037 ] 

[10203m] 

[10203m'] 

[10203»] 

[10203a] 

[10203p ] 

[10203g] 

[10203r ] 

[102035] 

[102037 ] 

[10203»] 

[10203t> ] 

[10203m] 

[as in 10205a, &c.], 

(/y4^4 \ (Y.S' 
—«2 )=kD • 4^s • (*2®4—4?2) ; 

therefore, for the same value of v, the elevation of the fluid q' [10203g-] will be inversely 

as the distance 21 of the two planes from each other ; and if this distance is very small in 

comparison with av2, the force [102037], which presses the planes towards each other, will 

be inversely as the square of the distance 21 of the planes. 

We shall now take into consideration the case which corresponds to fig. 167, page 929, 

where the continuation of the curve TP gives a point of inflexion A; and we shall use the 

same values of w, w1, as in the preceding example, namely, w/=:2v, w' — t? [102027]. 

Substituting these in the second forms of [10201p, p'\, we get 

cos»—sin.2v 
tang.2©: 

sin.2èi. (1 sin.2v) ’ 

, o / cos-i . / l/cos.7 

‘ai,§"e=5SS’ or ta,1s-e=kjr 

If we neglect the square and higher powers of v, we may put sin.2v = 2v; and if we 

suppose cos.i to be much greater than 2v, we may develop the expression [10203A] in the 

following manner; 

tang.2©: 
cos»-— 2v cos » /„ „ (l-f~cos»)\ cos» /, , cos.2£7\ 

w 91 .• ( 1—2v. : ) ~ 9, • ( 1 ——Av . 7~ ) : 
sin.2£i \ cos» / sm.2éï \ cos» / sin.2^7.(l-p2v) sin7 

whose square root gives 

tang.©—. (l — 2® — 2a. 
° sm.Ji \ cos.i j sm.^t sin.-pt y cos» 

Subtracting this value of tang.© from that of tang.©' [10203a], and putting ©'—-© = a?, we 

get, as in [10202m], 

C OS.2^" 
2v.~ >tang.©'—tang.© =^tang.(©'— ©). (1 -|- tang.© .tang.©') (1 -j-tang.2©'), 

s m,£7 fcos » 

nearly.. Now, by substituting cos.7 = 1—2sin.2£7 [1], Int.,. in tang.2©' [10203o], 

we get 

l-f-tang.2©'=:l -f- 
1 —» 2sin.2J7 1 — sin.2£7 cos .s|7 

sin.2^7 &in»2£7 

and if we divide [102037] by this value, we shall get 

sm.$i 

sin.2£7 

x=-2v.. 
cos» 

Instead of the functions G(©'), G(©) [10202w, o], we shall now assume the following 

values ; 
r* / !\ T</ '\ c-r^r i\ i 2o2. sin.©', cos.©' 
G(e) = F(e,©) 2E (a,©') + ^ Î 

G(0) = G(9'-a=F(C,e)-2E(c,©)+i7====I; [10203a; ] 
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ag'2= ag'2 = 1 — sin.w'; Case where the elevation ST=zq‘, fig. 162,T 
page 910, is equal to the elevation XO~q/.J 

by substituting them in [10201s], and then developing the resulting expression, we get, as in 

[10202/, q~\, neglecting x3, x4, &c. 

21\/2. 
db 

a 
■■ G (©') — G (©' — x) 

■■x 

Substituting the values of the elliptical functions [89107r, 7], and using the abridged symbols 

X, A [10202r], we get the following differential of G(®') [10203w] divided by /©', which 

is reduced by substituting the value of [10202/] ; 

V /©' y)-A ^A"T^C \C2 —A A3 * 

Taking the differential of this last expression, dividing it by /©', and using 

c2. sin.©', cos.©' / d A 

w 
we get 

/d2.G(e')\ / 1 652\ /dA\ /1 652\ 
^ dQ'2 ) — {— A2 ~r A4 J • J — [ A2— A4 J • 

[I0202iv], 

652\ c2. sin.©'. cos.©' 

We have, in [10168w], 

b = sin.|f, c=cos.|£, cosi = 1 — 2 bb 

hence the expression of tang.©' [10203o] becomes 

tang.©1 

consequently 

ff.e'=SA=^, 
b 

1_J2 c2 
1 + tangle = — = -. 

Dividing 1 by the square root of this expression, we get cos.©' = ~; and then 

sin.©'=cos*©'. tang.©' = . 

The square of this value of sin*©', being multiplied' by c2,. gives 

e2. sin.2 ©' =51 ■— 252 ; 
whence 

A3=1 — c2. sin .2 ©'=252, or A 5j/§. 

Substituting this value of A in [102045, c], we get 

e2. sin.©', cos.©' (d. G(©')\ fd2. G(e')\ 

\ de' ) " > \ de'2 / v/2.63 

Substituting the values [10204/] in [10203.2], and putting, as in [10204/', /"], 

e2. sin. ©'. cos. ©' = b [/l —2b2, 

235 

[10204] 

[10203/] 

[10203y ] 

[10203z ] 

[10204a] 

[102045] 

[102045'] 

[10204c ] 

[10204c'] 

[10204c"j 

[10204/] 

[10204c?'] 

[10204/'] 

[10204c ] 

[10204e'j 

[10204/] 

[10204/3 
VOL. IV. 
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[10204'] 

[10204g] 

[10204/t ] 

[10204? ] 

[102041'] 

[10204ft] 

[10204/ ] 

[10204Z' ] 

[10204 m] 

[10204n] 
Kepulsive 
force where 
there is a 

[10204o ] 
point of in¬ 
flexion. 

[10204p ] 

[10204g/] 

[10204g] 

[10204r ] 

[10204r'] 

[10204s] 

[10204/ ] 

and it follows also, from [10205a—e], that the second plane then 

c2. sin.©'. cos.©' t/l— 2 62 2 
-,X2 = -x—— ~ 

cos.t 

we get, by using [10204c'] 

,2 
^ a 2y/2 .b3 2^/2.A2’ 2^/2.sin .2£f 

Substituting the value of « [10203u], dividing by \/% and neglecting the double sign, vve 

finally get 
ai. 2Z_ 
a V 

and from this we obtain 

COS.l: 

’ \/cos.?9 

Ct2t)4 

= fjf ' 

In order that i may he a real angle, we must therefore have 2/, or iV*S', fig. 167, page 929, 

greater than au2. We have also supposed that x or ©' — 0 is small, which requires that 

[10203u] should be small; and as [10204A], it is necessary that 

should be small. If we suppose, therefore, /Aa/ /Ae distance 2/ exceeds au2, cmd aZso /AaZ it 

is very small relative to au, /Ae equilibrium here treated of can take place. In this case, the 

expression of the elevation of the fluid q' near the plane LM, can be obtained from 

[10201-iu], by substituting the value of w' — <x [10203»/], and that of cos.? [10204?] ; hence 

v7e get 
S„2 a-W 

q = 21 

With this value of q', and that o{<f = a [10203A], we get the repulsive force of the planes 

from each other, in the case of fig. 167, page 929, as in [10190?], 

igO.(q?-rs)=igDf-~)==tgn<e-(i-^r) • 
When 2? = au9, this repulsive force [10204o] vanishes, and the same is to be observed 

relative to the attractive force, in the case of fig. 166, page 929, computed in [10203?]. 

Multiplying this value of 21 by a, we get a3u9 = 2?a; substituting this in [10204m], we get 

q'— a; and the same result is obtained with the value of q' corresponding to the case of 

fig. 166, page 929 [10203g-]. If the distance 21 be supposed, in the first place, to exceed 

au2, the form of equilibrium corresponding to fig. 167, page 929, will be established, as in 

[10204?], with a repulsive force of the planes [10204o]. By bringing the planes nearer 

together, we find that this force vanishes, when 2?=au2; and by still decreasing the 

distance 21, so that 21 may be less than au9 [10203e], we fall on the case first treated of, 

corresponding to fig. 166, page 929, where the force becomes attractive [10203?], and is 

expressed by the function [10203?]. 

By comparing together what we have found in the case where there is a point of inflexion 

between two planes, we see that the fluid can have two different figures of equilibrium for 

the same distance 21 of the planes, supposing this distance to be very small in comparison 

with a. One of these figures is very nearly represented by a cubic parabola [10171o] ; and 
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ceases to be repelled by the first, so that the repulsion changes into 

attraction at the same instant in both the planes.* 

It is easy to determine the distance of the planes from each other when this 

change takes place. For aÿ2 being then equal to 1 — sin.w [10203], we shall 

have, from [10171], 
Z— 1 — clz2; 

and the differential equation [10172] becomes f 

7 (1 — az2). dz 

^ = ÿiyï=5?i 

[10205] 

[10206] 

[10206'] 

[10207] 

in the case of '&==&' = 0, the repulsive force of the planes is equal to the constant quantity 

%gD. a2 [10187g], which is wholly independent of the distance 21 of the two planes, and 

this distance may be extremely small. In the other case, the curve will be of two different 

natures, according as we shall have NS or 2Z^>c«;2, or 2/<[ar2; and the surface of the 

fluid between the planes will be wholly above the level of the surface of the fluid in the vase, 

and there will be neither an inflexion, nor a point where the surface is horizontal, between the 

planes. When NS or 2Z^>co)2, the surface will correspond to fig. 167, page 929 [10204Z], 

and will be part of a cubic parabola [I0171p] ; and when 2/<[[ar2, the surface will 

correspond to fig. 166, page 929 [10203e], which is nearly that of an arc of a circle 

[9336g-, &c.]. In this change of curvature, the repulsive force [10204o] changes into an 

attractive force [10203/]. 

(4353) This note is referred to in [10203"] for the purpose of investigating the equation 

[10204]. The equation [10177] gives ag-2 = aq'% — sin.^-j- sin.-sf ; putting this equal to 

the expression of aq* [10203], we get aq"2— sin.-a -}- sin.tf' = l — sin.sj; whence we 

have &q'2 = l— sin.= 0.9'2 [101896], agreeing with [10204]. From this we get 

fi — q'p or, in other words, ST~XO = XT', fig. 165, page 927; hence the pressure on 

the second plane %gD.(X02— XT'2) [10190Z] vanishes, as is remarked in [10205]. We 

may also observe, that this general expression of the pressure %gD . (XO2— XT' 3), is 

supposed to be in the direction RS [10190Z, ni], or repulsive, the factor XO2— XT'2 being 

positive, or XO^>XT; and it changes into an attractive force when XO<^XT', 

agreeing with [10205]. 

* (4354) When we have q3=q3, as in [10203], we also have simultaneously q=q< 

[10204]; hence we get qp — q- — 0, q'f — q,2 = 0; and by substituting these values 

in the pressures on the first and second planes [10187g-, 19190/], we find that both of them 

become equal to nothing, as in [10205]. 

t (4355) Substituting the value of Z [102G6'] in [10172], it becomes as in [10207], 

which is of the same form as [10181], and differs only in the sign of the second member ; 

[10204rt] 

[10204v ] 

[10204«q 

[10204a-] 

[10205a] 

[102056 ] 

[10205c ] 

[10205d] 

[10205e] 

[10206a] 

[102066] 

[10206c ] 

[10208a] 
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[10208] 

[10208'] 

[10209] 

21 
[10210] 
[10211] 

[10212] 

[10213] 

[10214] 

[10215] 

[102086 ] 

[10208c ] 

[10208c?] 

[10208e] 

[10214a] 

[102146] 

[10214c] 

whence we obtain by integration, 

J 2/25; &'?1+/1+Ï5?3 /«a- 
constant. 

[Equation of the sur¬ 
face when the repul¬ 
sion changes into 
attraction. 

.—i 

J 
To determine the constant quantity, we shall observe that, when y = 0 

[10163], we have 22 = (f [10162, 10168], and then, from [10203], we 

obtain 
cl£2 = 1 — sin.w. 

Now, if rue put 21 for the distance of the planes from each other, we. shall have 

zz = q'2 [10162, 10175] when y = 21 [10163]; therefore we shall then have, 

from [10210, 10204], 

a.22 = 1 — sin.w\ 

We shall now put 
* = — 6, «'==? 

and then 6, ô', will denote the inclinations of the two extreme sides of the 

section to the horizon [10166, 10173] ; therefore we shall have for the distance 

of the two planes, when the repulsive force changes into an attractive forcef 

21 = 
[/2< ’a 

.log. 
, tang.vfl 

| tang.^ 

2 

V/2 
= . \ cos.Jd — cos.|4" \ ; (f) 

[Distance 21 of the' 
planes when the 
repulsion changes 
into attraction. ] 

observing that, in this case, the quantities dy, dz, have the same signs [10181a] ; but that 

the quantity z, which occurs in the denominator of the expression of dy, has a positive value 

when y = 0, in the present example [10201, &.C.], instead of the negative value used in 

[10181a]. Hence it is evident that the integral of [10207] can be deduced from that of 

[10181], which is given in [101816], by merely changing the signs of the terms in the second 

member of [101816] ; therefore we get for the integral of [10207] the following expression ; 

1—v 

2'=srpsrMî+»)+^+constant; 
and by substituting v = \fl — £oz2 [10181a'], it becomes as in [10208]. 

2v 

* (4356) Substituting y = 0 [10208'], and &z* = l — sin.«=l — cos.d [10209,10213], 

in the equation [10208], and then subtracting the resulting expression from [10208], we 

obtain the general value of y, under the folloiving form ; 

1 ( f\ — ^ /l—y/è+ècos-ëy ; 2/l—è(u3 Vè+jcos.^ 

y 2f2a.’ (°^"' W + t/1— b J V‘*°" 

Substituting the values y — 2Z [10211], a32 = l — sin.^' = l — cos.ô' [10212, 10213], 

we get __ 

_ 1 J. /I—y/^4-ècos-â7N\ hz(l—y/è+icos-QW I 2y/é+aCos-6' ffèfrfC0SA . 

2y/2a o & \1 è-f-ècos.ô'/ & VlTt/iH-£C0S^1'' ^ V/2». [/2a. 
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we must here observe that the logarithm is hyperbolic. If â be infinitely small, 

the fluid will descend but an infinitely small quantity without the first plane; 

and in this case the preceding expression of 21 becomes infinite ;* consequently 

the two planes attract each other at all distances [10216a]. Thus the 

supposition of ô equal to nothing, is the limit in which the two planes begin to 

have power to repel each other. When 6 increases, and becomes equal to T, 

21 becomes nothing ; and in this case, the two planes repel each other at all 

distances. Between these two limits, the planes, after being repelled, attract 

each other when the preceding expression is less than 21 [10214m], We may 

This may be much reduced by means of [6], Int., which gives 

V/I-fTcosl = ^/cos.2iô = cos.iô ; 

and then 

[40], Int. 
1T \/è-hlcos.9 1 + eos.iô 

Substituting these and the similar reductions in the terms depending on we get 

2 /=; .{21og.tang.£é'— 21og.tang.^l -j- 
2 cos.Jâ' 

V/2a 

2cos.p 

2^/2a' 

which is easily reduced to the form [10215]. 

We may here remark that we have seen, in [10195], that, when '& = &', there is a point 

of inflexion A, fig. 152, page 910, midway between the two planes; and then these two 

planes repel each other. If as in [10196], and we begin to draw the planes nearer 

to each other, we shall find, as in [10195'], that this point of inflexion will approach nearer and 

nearer to the first plane, and will finally touch it, as in [10197]. If we continue still to draw 

the planes nearer to each other, the fluid will continue to rise between the planes until it shall 

attain to the height q, near the first plane, the repulsion of the planes continuing during all this 

time. When the fluid has arrived at the height q, and near to the first plane, the repulsion 

will cease, as in [10205] ; and by continuing to bring the planes still nearer to each other, the 

repulsion will change into attraction, as in [10205]; and the distance of the planes where 

this change takes place being represented by 21, its value is given by the formula [10215] ; 

so that, if the planes are at a less distance from each other than the value of 21 [10215], they 

will attract each other, and if they are ai a greater distance than that value of 21, they will 

repel each other. 

* (4357) When 0 = 0, we evidently have 2l=œ> [10215]; and then, from [10214m], 

it follows that, whatever be the distance of the planes, they will attract each other ; and this 

infinite distance is evidently the extreme limit at which the attraction can commence, as in 

[10216']. On the other hand, when and log 
tang.JS' 
’tang.^ô = log. 1 = 0, the expression 

of 21 is equal to nothing ; and this ma}^ be considered as the other limit, or point where the 

planes begin to repel each other, as in [10214m, 10217]. 

236 

[10216] 

[10216'] 

[10217] 

[10218] 

[10214c'] 

[10214c? ] 

[10214e ] 

[10214/] 

[10214g] 

[10214/1] 

[10214? ] 

[10214ft] 

[10214? ] 

[10214m] 

[10216a] 

[102166] 

[10216c] 

VOL. IV. 
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[10219] 
Theorem 
relative to 
the attrac¬ 
tive or re¬ 
pulsive 
forces of 
planes. 

[10220] 

[10221] 

[10222] 

[10223] 

[10224] 

[10225] 

[10226] 
The action 
and reaction 

[10227] 
of the planes 
are equal. 

[10228] 

determine their attraction or repulsion, by means of the following theorem, which 

may be easily deduced from the preceding theory [9552—9586]. 

“ Whatever be the substances of which the planes are formed, the tendency of 

each of them towards the other, is equal to the weight of a fluid prism, whose 

height is the elevation above the level, of the extreme points of contact of the 

interior fluid with the plane, minus that elevation without the plane ; whose 

length is the half sum of these elevations, and whose width is that of the planes 

in a horizontal direction. We must suppose the elevation to he negative, when it 

changes into a depression below the level. If the product of these three 

dimensions is negative, the tendency becomes repulsive.”* 

We shall here observe that the tendency is the same, and has the same sign 

for both planes. For the two first factors being q — qt, and | (7+ (/,)> f°r ^ie 

first plane; their product is — qf) [10220a]. The analogous product for 

the second plane is |(^'2— q'f) [1019Q»i, &c.]; thus, the width of the two 

planes being supposed to be the same, the two fluid prisms whose weights are 

equal to the tendencies of the one towards the other, are equal, provided 

ç2 — qf is equal to ç'2— q'f, now this equality takes place in virtue of the 

equation [10176], which, by substituting for sin.w, sin.^', their values 1 — &qf, 

1 — aq'f [10203,10204], becomes 

?;2)=a-(9s—?,2)- 

Thus, although the two planes act upon each other by the capillary force of an 

intermediate fluid, yet this reciprocal action is such that the action and the 

reaction are equal to each other. 

When the two planes are very near to each other, z will differ but very little 

from q ; so that, if we put f 

z — q — z', or z = qJrz>, 

[10220a] 

[102206 ] 

[10220c ] 

* (4358) Considering q, q/ [10168, 10184'], as positive quantities, the height of the 

prism [10219] will be q — qp its length ^{q-\-f) [10220]; and if we put its width equal 

to unity [10220], its volume will be |(^2 — qf), and its mass \gD.(q2 — qf). This 

represents the attractive force [10219] ; and by changing its sign, we may consider it as a 

repelling force represented by %gD.(qf — g2), being the same as that in [10187g]. 

Moreover the pressures on the two planes are equal, as is seen in [10191, he., 10222, &ic.] ; 

lienee we easily perceive the correctness of the theorem in [10219—10221]. 

f (4359) Through the point U, fig. 165, page 927, draw the horizontal line Uct, cutting 

[10228a] the ordinate NC in c; then RN=y [10163], NC—z [10162], and R U= Nc = St is 

equal to q [10202]; so that, if we put z—NC—RU-\-Cc = q-\-z', as in [10228], we 
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z' will be a very small quantity, whose square may be neglected, 

shall have 
Z— sin. zs ■ 

consequently * 

dz = dz' — 

■ 2&qz' ; 

dZ 

2aq ’ 

hence the equation [10172] will become 
, —ZdZ 

dy 

and by integration, 

2ag\y/l—Z2 ’ 

y = constant + 
y/i—£3 

2a q 

Then we 

To determine the constant quantity, we shall observe that, when y— 0, 

we also have z' = 0 [10228a], and thenf Z= sin.w; therefore we shall have 

shall have Cc of the order z'; and its greatest value z'—Tt may be considered as of the 

same order as the distance of the planes Ut — %1; and when 21 is very small, this quantity 

z’ will be very small in comparison with q, as in [10229], Now, substituting the value of 

z — q-\-z' [10228], in [10171], we get [10230], neglecting the second and higher powers 

of z'. 

* (4360) The differential of [10228] gives dz=-dz'\ substituting this in the differential 

of [10230], and then dividing by —2ag, we get [10231]. Substituting this value of dz 

in [10172], we obtain [10232], whose integral gives [10233]. 

f (4361) We have generally, as in [10168/], Z=sm.zs/; zst being the acute angle 

formed by the ordinate Cc, fig. 165, page 927, and the arc of the curve at C. At the point 

V, where y = 0, we have zs—zs [10166], and then the preceding value of Z becomes 

Z = sm.zs, as in [10234] ; which is the same as is given by the equation [10230], putting 

z'~0. This last value of Z gives \/l — Z^=cos.zi-, and by substituting it in [10233], 

we get at the point U, 0 = constant-f , as in [10235]. Substituting this in [10233], 

we obtain, for the general value of y, y _y/i—z/ cos.-zrt 
and at the point T, where 

2ag 2ag 5 

zs=zs' [10173], Z = sin.®' [10235a], /ïI=z2 = Cos.tf', and y=z2l [10210], it becomes 

as in [10238], from which we easily deduce the value of q [10239]. If we put zs'— 0, 

and to== 2v, as in [10202f, &c.], the value of q [10239] will become <7 = -—-, 
I 2 4oi 

Substituting - = or [9323p], cos.2o = l — 2t)s [44], Int., neglecting higher powers of n2, 

ec-v3 
it becomes q = — 3 agreeing with the elevation q' computed in [10203°-, 10204»»], by 

means of elliptical functions. 

[10229] 

[10230] 

[10231] 

[10232] 

[10233] 

[10234] 

[102286 ] 

[10228c ] 

[10231a] 

[10235a] 

[10235a'] 

[102356 ] 

[10235c ] 

[102354 ] 

[10235e ] 

[10235/] 

[10235gfi 
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[10235] 

[10236] 

[10237] 

[10238] 

[10239] 

[10240] 

[10241] 

[10242] 

[10242'] 

constant = 
COS**5J 
_ r ® 

2a q 5 

moreover, 21 being the distance of the planes from each other [10210], 

we shall have, when y = 21, z = q' [10175], and Z=sin.TO' [10235e] ; 

consequently 
cos.to'—cos.to 

2Z=——; 

hence we get 
COS.TO COS.TO 

4a l 
LElevation g of a fluid between two very-] 

near planes whose distance is 21. J 

The height of the fluid between the planes is then in the inverse ratio of their 

distance from each other. We may therefore, from this analysis, deduce the 

following theorem. 

“When the planes are very near to each other, the elevation of the fluid 

between them is in the inverse ratio of their distance. This elevation is equal 

to the half sum of the elevations which will occur if we suppose, in the first 

place, that the first plane is of the same substance as the second, and, in the 

next place, that the second plane is of the same substance as the first ; observing 

to prefix the negative sign to the elevation, when it changes into a depression.”* 

This theorem is a corollary to that which we have before given upon the 

elevation of a fluid between two prismatic surfaces of different substances, 

of which the one is included within the other.f 

* (4362) It appears, from [9453,9454], that the elevation of a fluid between two parallel 

planes, made of the same substance as the second plane, and whose distance from each other 

[10241a] is 21, is very nearly equal to [9328]; and since —to' [9346,10213], 

[102416 ] it becomes . The depression of the fluid between two similar planes of the same 
■vClt 

cos.to 

[10241c ] nature as that of the first plane, would in like manner be represented by-yy > as is 

evident from [9454, 10166], its sign being changed as in [10242]. The half sum of these 

[10241<f] two expressions is -y~^-, which is equal to the expression of q [10239], as in 

[10241, &c.]. This expression of q [10239] agrees with that given by M. Poisson in 

page 182 of his Nouvelle Théorie, fyc.} changing - into a2, 21 into. 5, q into h} cos.to into 

sin.f*, and —cos.to into sin./, to conform to his notation. 

f (4363) If we suppose the prisms treated of in [10102—10105] to be cylinders 

[10242a] whose radii are infinite, we shall have ~=1 [10095]; and since the expression [10105] 
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We see by this theorem, and by that we have mentioned before 

[10219—10221], that the repulsive force of the planes is much weaker than the 

attractive force,* which commences when the planes are very near to each 

other, and draws them towards each other with an accelerated motion. In this 

case, the interior elevation of the fluid, or that between the planes, is very 

great in comparison with the exterior elevation near the same planes. Therefore, 

by neglecting the square of this last elevation in comparison with the square of 

the first, we shall find that the fluid prism whose weight expresses the tendency 

of one of the planes towards the other, in virtue of the first of the two preceding 

theorems [10219—10221], will be equal to the product of the square of the 

elevation of the interior fluid by half the width of the planes in a horizontal 

direction.! This elevation being, by the second of these theorems 

may be put under the form 

9 + 9r 7 
it becomes h ■. 

in which q, qt [10104], represent the elevations of the fluid in cylinders having the same 

radius l, but composed successively of the two different substances. These quantities q, qt, 

also represent the similar elevations between parallel planes of the like substances, whose 

distance is Ï, as appears from [9998c]. Lastly, h represents, as in [10097'], the elevation 

of the fluid between two of these planes of different substances, whose distance is l. These 

values agree with [10241], 

* (4364) It follows from [10220a], that the attractive force of two planes is 

%gD.(q2— gy2), and that it becomes repulsive when the factor g2— qf is negative; so 

that its greatest repulsive force corresponds to q — 0, and it then becomes, by neglecting its 

sign, %gD.q2. Therefore the attractive force is to the greatest repulsive force as g2— qf 

to g2. Now qt, which represents the exterior elevation or depression of the fluid near the 

planes [10184'], must always be very small ; but q [10239] may become very large, when 

l is small ; therefore the repulsive force is much smaller than the attractive force, and the 

ratio of these forces is nearly as g2 to g2. 

t (4365) The attractive force %gD.(q* — g2) [10243a], when the planes are very 

near to each other, and q/ is much smaller than g, becomes nearly equal to %gD.q2 

[10243c]; and if we substitute the value of g [10239], it will become 

igD. 

which is inversely proportional to the square of the distance 21 of the two planes from each 

other, as in [10246]. 

[10243] 

[10244] 

[10245] 

[102426 ] 

[10242c ] 

[10242#] 

[10243a] 

[102436] 

[10243c ] 

[10243d] 

[10245a] 

[102456] 

VOL. IV. 237 
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[10246] 

[10247] 

[10248] 

[10249] 

[10250] 

[10251] 

[10252] 

[10253] 

[10251a] 

[10241, 10242], inversely proportional to their distance from each other, the 

prism will be proportional to their horizontal width, divided by the square of 

that distance ; the tendency of the two planes towards each other will therefore be 

in the inverse ratio of the square of their distance [102456] ; consequently it will 

follow the law of universal attraction, a law which seems to be followed by all 

attractions and repulsions exerted at sensible distances, like electricity and 

magnetism. 

Wishing to determine by experiment the singular phenomenon of the 

repulsion of planes, which changes into attraction by drawing the planes nearer 

together, I requested M. Haüy to make some experiments relative to this 

curious result of the theory of capillary action. For this purpose he made some 

experiments with planes of ivory, which, as is well known, may be moistened 

by water, and with some talc laminæ, having to the touch a sort of greasiness, 

which prevents them from being moistened. These experiments have fully 

confirmed the results of the theory, as may be seen in the following account 

which he communicated. 

“ There was suspended, by a very delicate thread, a small square leaf of a 

talc lamina, so that its lower end was dipped into the water. There was also 

dipped into the same water, at the distance of a few centimetres, the lower 

part of a parallelopiped or plate of ivory, so that one of its faces was parallel 

to the leaf of talc; and it was always kept in this parallel position, stopping the 

plate of ivory occasionally, in order to be sure that the effect of the motion, 

which it might impress upon the fluid, was insensible in the experiment; then 

the leaf of talc was repelled by the ivory.* Afterwards the ivory was moved 

in a very slow manner towards the talc, until the distance between them was 

very small, when suddenly the talc approached towards the ivory, and came in 

contact with it. Upon separating the two bodies, it was found that the ivory 

plate was moistened to a certain height above the level of the water ; and by 

repeating the experiment before it was wiped, the attraction commenced sooner, 

and sometimes it took place at the first moment, without being preceded by 

any sensible repulsion. These experiments, repeated several times with care, 

have always furnished the same results.” 

When the ivory plane is very moist, the water covers its surface, and forms 

* (4366) In this experiment, the talc is what we have heretofore called the first plane 

[10158], to which the quantities q, qt, zs, Ô, correspond; and the ivory is the second plane, 

to which the quantities q', q't, -us', 6', correspond. 
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a new plane, which attracts the lamina of talc; andin this case, the corresponding 

angle fl' of the formula [10215] is the greatest possible, being by the theory 

equal to a right angle [9372/*]. The value of 2/, given by the formula [10215], 

which expresses the distance of the planes where the attraction begins, then 

becomes greater* than when the ivory was not moistened, agreeing with the 

experiment. Moreover, it may happen, by the effect of the friction of the fluid 

against the talc lamina, when it sinks down, after it has been raised up between 

the planes, that the angle 6 near the place of contact of the fluid with the talc 

may become nothing or insensible, in the same manner as is observed relative to 

the similar angle with mercury in a barometer, which decreases when the fluid 

sinks ; then the preceding expression of 2/ becomes infinite,f and the attraction 

is not preceded by any sensible repulsion. 

ON THE ADHESION OP A PLATE TO THE SURFACE OP A FLUID. 

When we lay a plate or disk upon the surface of a stagnant fluid, in a vessel 

of great extent, we find that, to detach it, even in a vacuum, we experience a 

resistance which increases with the size of the disk. The disk, as it rises, lifts 

up with it a column of the fluid, which follows it till it gets to a certain limit, 

* (4367) The expression of the distance 21 between the planes, where the attraction 

changes into repulsion, is given in [10215] ; and it may be put under the form 

21 = Él°g-tang.^' + 2cos.£é■'] — —.Ilog.tang.ifl + 2cos.#\ ; 

from which it is easy to show, that, while ê1 increases, this value of 21 will also increase; 

for, by taking its differential, considering l, Ô', only to vary, we get the first expression in 

[10255d] ; and by making successive reductions, using [34', 31, 1], Int., which give 

cos.2^'.tang.|â/ = cos.^ô/. sin.iâ'=^sin.-W, 1 — 2sin?£é' = cos.0/, 

we finally obtain- the expression of 2dl [10255e], 

dV C i id' 
2 dl = 

vat; (cos.9p'. tang.^ô' 

dôr Cl—2sin.2^SO 

^/2x £ âsin.^ô' 3 

— sin4 =4U -i—**4 
££sin.£ô' S 

COS.! 

\/2a 'âsin.èâ' ’ 

and as the factor —^7 is always positive, when 6' increases from 0 to a right angle, it 

follows that 21 will increase with fl', while it passes through those limits, agreeably to what 

is stated in [10255]. 

f (4368) When 0 = 0, the expression —log.tang.-Jfl becomes infinite; and the value of 

21 [i 0255a] then becomes infinite, as in [10257]. 

[10254] 

[10255] 

[10256] 

[10257] 

[10258] 

[10255a] 

[102556 ] 

[10255c] 

[10255d] 

[10255e] 

[10255/] 

[10257a] 
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[10259] 

[10260] 

[10261] 

[10262] 

[10263] 

[10263'] 

[10264] 

when it falls back again into the vessel. At this limit, the column will be 

sustained in equilibrium, if the force which raises the disk be exactly that which 

corresponds to the state of equilibrium ; and it is evident that, for this to take 

place, the force ought to be equal to the weight of the disk and that of the 

column which is raised up. Thus the adhesion of the disk to the fluid is a 

capillary phenomenon ; but to prove it incontestably, we shall compute this force 

by analysis, and shall compare the results with experiments. 

We shall consider a section of the surface of the column, by a vertical plane 

passing through the centre of the disk, supposing it to be circular. This section 

will be the generating curve, which, by its revolution about the vertical line or 

axis passing through the centre of the disk, generates the external surface of the 

column. Then wre shall put 

Z = the radius of the disk ; 

l-\-y = the distance from the vertical axis to any point of the generating curve ; 

^ = the height of the same point above the level of the fluid in the vessel. 

The equilibrium of the columns will give, as in [9324], by observing 

* (4369) In the annexed 

figures 168, 169, LECMH is 

the level surface of the fluid in 

[10264a] the vessel; FAR the diameter of 

the disk, which is supposed to be 

parallel to HL ; A E the vertical 

line or axis perpendicular to HL", 

[102645] MmKkf'F the curve whose revo¬ 

lution about the axis AE generates 

the external surface of the fluid ; 

A, ]{, are two points of this curve 

which are infinitely near to each 

other; JYD, kd, the corresponding 

[10264c] ordinates parallel to AF‘, and 

the point m is infinitely near to 

M, the point f infinitely near to 

f'F. Then, in the present notation, 

F; moreover the line Ff is on the continuation of 

ve shall have 
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To integrate this equation, we shall put [10264'] 

AF—l, EB = z, DK=l-{-y, angle BKk=zi [10265]. 

At the point M we have the angle ■a = 0; and at the point F, it becomes 

AFf=>* — AFf=«—tn' [10279]. 

When the fluid is mercury, and the disk of glass, we shall have the angle AFf=43° 

[10353], and the surface of the fluid will have a gradual slope from F to M, as in 

fig. 168. But if the fluid be water, and the disk of glass, well moistened with water, we 

shall have the angle AFf = 0° [9359k], as in fig. 169; and the angle vs will gradually 

increase from the point M, where zs = 0, to the point I, where — and the 

surface of the fluid is vertical, as is evident from the equation [10266]; lastly, from I to F, 

the angle to will continue to increase till it becomes tz — z, at the point F; and then the 

curve Ff will be horizontal, as appears from the same equation [10266]. Hence it is evident 

that the surface which is formed by the revolution of this curve about its axis will be grooved 

like a pulley. To find the equation of this surface, we shall suppose a canal KCBGH to 

be drawn, with the vertical branches BCR, GH, and the horizontal branch BG, the point 

H being situated upon the level surface of the fluid in the vessel. Then putting, as in 

[9310], R, R', for the greatest and the least radii of curvature at the point K, the capillary 

action at K will be equal to [93155] ; to which we must add the 

pressure of the atmosphere P, and the weight of the column BK, namely gDxBK 

[10187c], to obtain the pressure at the point B, in the canal BK, equal to 

K+P-iH.I^ + ^+gD.BK. Again, the capillary action at the point H, which 

is represented by A"[9259], being added to the pressure of the atmosphere P, and to the 

weight gDxGH of the column GH, gives the pressure at G, at the bottom of the canal 

HG, equal to K-\- P + gX G H. Putting the expressions [10264m, o] equal to each 

other, on account of the equilibrium of the canal B G, and neglecting K-\-P, which occurs 

in both members of the equation, we get 

iH. Q +=gD. (B K— GH)=gD. CK=gDz [10263]. 

Substituting gD—H.a [9372P], and dividing by %H, we get ~ ^ = 2<xz; and by 

using the values of R, R', [9326, 9326'], it becomes 

ddz , 1 dz 

dift u du 
. 1 + 

IL /lm V dift) 

1 + 
dXX 

= 2az; 

observing that the quantity u [9320] represents the ordinate BK=l-\-y [10264c?], so that 

du — dy. Substituting these values of u, da, in the preceding equation [102645-], it becomes 

as in [10264], where da or dy is considered as constant [9327c]. The equation [102645] is 

equivalent to the equation (2), in page 228 of M. Poisson’s Nouvelle Théorie, &fc., changing 

u into t, and a into a-2 [9323p], to conform to his notation. 
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[102644] 

[10264e ] 

[10264/] 

[10264g] 

[102645] 

[10264? ] 

[102645 ] 

[10264/] 

[10264m] 

[10264n] 

[10264o] 

[10264p ] 

[10264/] 

[10264q] 

[10264?- ] 

[10264s ] 

VOL. IV. 
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[10265] 

[10266] 

[10267] 

[10268] 

[10269] 

[10270] 

[10271] 

zi = the angle which an infinitely small arc of the generating section makes 

with the horizontal line drawn from the lower end of this small arc 

to the vertical line which passes through the centre of the disk. We 

shall have * 
dz 

dy 
— tang.-zs; 

and then the preceding equation will become f 

dzs sin.-sr „ 
-—. COS.sj — —— = 2az : 

dy l~\~y 

Multiplying this by dy.tang.^, or —dz [10266], we get, by integration, 

COS.rt 
dz.sin.zi 

i+y 
constant—a29. 

We shall suppose that the integral commences with z; observing that, when 

z — 0, the arc of the surface will coincide with the level surface, which renders 

zi nothing; consequently cos.^ = l, and we shall have, constant =1; 

therefore 

az = 1-COS .iff -f 
Zdz.$\n.zs 

i+y 
(^) [Equation of the surface.] 

[10266a] 

[102666] 

* (4370) Draw Tel, fig. 168, 169, page 948, parallel and equal to dD ; then it is evident 

Jcl dz 
that — = tang.Z; A/, or by [10264d], —y = tang.tff, whence we easily deduce [10266], 

J 
fjr 

or dy— 
tanff.tn' * 

[10268a] 

[102686 ] 

f (4371) The equation [10266] gives 

\/1 + %= ^+tang*2^ = ^ ^ 
moreover, the differential of [10266] gives, by observing that dy is constant [10264r], 

ddz dzs 

dy cos.2ot ’ 

[10268c ] 

[10268d] 

[10268e] 

substituting these in [10264], we get [10267]. Multiplying the first term 

dy Ad.ng.zs, and the other terms of that equation by the equivalent expression 

we get 

— dès. sin.zi-j- 
dz. sin.ttf 
—— = — 2a zdz 
t-\-y 

of [10267] by 

—dz [10266], 

whose integral gives [10268]. When z== 0, the angle zs corresponding 

fig. 168, 169, page 948, will be iff = 0, and the integral fdzWn'~- 

to the point M, 

then commences 

[10269]; so that the equation [10268] becomes, at that point, 1 = constant. Substituting 

this in [10268], we easily obtain the value of as2 [10271]. 



951 X. Suppl. 2.] ADHESION OF A PLATE TO THE SURFACE OF A FLUID. 

When the disk is very large, l will be great in comparison with* thus we 

shall have a first approximate value of z, by neglecting the integral 

— sitvy -n tjje eqUaRon [10271], which gives 
J 0 l+y 

v/2 . , 
Z = Prr.sm.iw. 

V/a 2 

Then we may substitute this value of z, in the integral -/ 

by this means becomes f 

)zdz. sin.'sï „ Sq. f*™ dm .sin.|'n,.cos.9lprf 

[Approximate value of i.] 

dz. sin.irf 

l+y 
, which 

—v'lf. l-j-y a Ê/ 0 l-\-y 

this integral is easily reduced to the following form, 

r*dz.sm.« n pne3l , 2 { r*dy.(l — cos.3^) 

J o l+y ~ W+V)'1 3,K 6 (l+y)‘ 

* (4372) While zs varies from 0° to 48° [10264/], if the fluid be mercury; or from 

7^ = 0° to ot = 200° [10264A], if the fluid be water; the ordinate z will vary from z = 0, 

to z = EA, its greatest value; and if l he very large, we may consider the integral 

/ tfe.sin.tsf .. . , . AE AE ... .. . 
—-—-, as not exceeding a quantity ol the order -y, or , which must evidently 

be much less than unity, from the nature of the capillary action ; so that this term must, in 

general, be much less than either of the terms 1, cos.w, which occur in [10271] ; and if we retain 

only these two terms, we shall have nearly a£2 = l— cos.-ot = 2sin.1[1], Int. Dividing 

this by a, and extracting the square root, we get z [10273], which is of the order 

^7=., mentioned in [10272], and is much less than l, as is observed in [10272], and is also 

evident from the experiments which are mentioned in [10317,10333, &c.]. If we substitute 

<x~i = a [9323p] in [10273], it will become 

Z ==^/‘2> a • Sin.^U. [Approximate value of z.j 

f (4373) The differential of [10273] gives dz = ¥z?.%dtf.cos.Jst; substituting this in 
[/a. 

[10273'], and then putting sin.^= 2sin.J-zcf.cos.|^ [31], Int., we get [10274]. The 

integral of [10274] can easily be reduced to the form [10275] ; their differentials being equal 

to each other, as is easily perceived by observing that the differential of the last term of 

[10275] is destroyed by the part of the differential of the first term depending on the 

differential of l-j-y, as is evident by inspection ; lastly, the differential of the first term 

depending on cos.3§-cj, produces the differential of [10274]. 

[10272] 

[10273] 

[10273'] 

[10274] 

[10275] 

[10272a] 

[102726] 

[10272c] 

[10272c'] 

[10272c? ] 

[10274a] 

[102746 ] 

[10274c ] 

[10274c?] 
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[10276] 

[10277] 

[10278] 

[10278'] 

[10276a] 

[10276a'] 

[102766] 

[10276c ] 

[10276c' ] 

[10276d] 

[10276e] 

[10276/] 

[10280a] 

[102806] 

[102806'] 

The element of this last integral is never infinite ; for, although 

infinite, when tf is nothing, because we have * 
dtf 

becomes 

dy dz. cos.tf 1 cos.ttf 

dtf dtf.sm.vs 2[/2a. sin.-frtf’ 

yet, as it is multiplied, in the preceding integral [10275], by —dtf.( 1—cos.3|ra), the 

coefficient of dtf in this product is never infinite. If we neglect the term divided 

by (/ + y)2, in comparison with that which is divided by l -f y, we shall have 

«te. sin. w 

i+y 

2\/2-(l — cos.3jbQ 

^ G-hy) 
The integral must be taken from tf — 0 to « = *—tf', supposing thatf 

* (4374) We have, in [10266], 

dy——dz.. 
dz■ sS=— (p= ■• ■ C0S-J®) • SS [10274a] ; tang.-ztf sm.-ss 

now, substituting sin.w = 2sin.|'5i.cos.^, and dividing by dtf, we get 

dy 1 cos.'sj 

dtf 2[/2ci sin.£tf ’ 

as in [10276]. The value of dy, deduced from this expression, being substituted in the 

part of the second member of [10275], under the sign /, gives /dy.(l — cos.3|ct)  1 f dtf. cos.tf.(1—cos.3^) 

[l+yf ""“Vlrj ‘ 

Now the factor (1 — cos.3^-zs) is equal to 

and 

(Z-f-yp.sm.ètf 

(1 — cos.thrf). (1 -f- cos.Jra-|-cos.2Jw) =:2sm.2Jttf. (1 -f-cos.^-j-cos.2^), 

sin.^==2sm4ttf.cos.|xrf [1,31], Int.; 

hence, by substitution in [10276&], it becomes 

1 f* dtf 
;. cos.w. (1 -J— cos.^tu' -j— cos.2^7âî) . tang/:# : 

;/(Z+3/)2' 

and as tf never exceeds 200° [10272a], the coefficient of dtf must always be finite. 

Moreover, as the elements of this integral are divided by the great quantity (£-f-y)9, it is 

evident that the whole integral is very small; and by neglecting it, we obtain [10278]. 

f (4375) Substituting [10278] in [10271], then changing « into z' [10279'] and 

tf into <r— tf' [10278'], so as to correspond to the upper point F of the curve, 

fig. 168, 169, page 948, where we have the angle AFf'—tf', it becomes as in 

[10280]; observing that, at this point, the ordinate l-\-y becomes simply equal to l, 

because the fluid is supposed to terminate at the circular border of the lower surface of 

the disk. Now, dividing [10280] by a, substituting 1+ cos.7s' = 2cos.2^ot' [6], Int., 
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vff = the angle which is formed, in the plane of the generating section of the 

fluid, by two lines drawn through the upper point of contact of the fluid 

with the plane, in directions respectively parallel to the tangents of the 

surface of the fluid, and of the surface of the attracting solid, at an 

insensible distance from that point of contact; both these tangents 

being drawn in a downward direction, or towards the interior part or 

the fluid; 

z'= the extreme value of z, or the whole height of the column EA, which 

is raised by the disk. 

and then extracting the square root, we get z', as in [10281], neglecting the third and 

higher powers of a~h 

We must not use the value zs—t— zs' [10280«], for the upper limit of the surface, if 

the fluid rises ever so little on the outer rim FOPQ of the disk, fig. 170, 171. This will 

be evident by considering the simple cose, 

where a glass dish:, ivhose figure is that of a 

right cylinder with a circular base, is dipped 

into a vessel of water, to a considerable 

depth, and then gradually raised up in a 

vertical direction; taking care that the opera¬ 

tion is performed with sufficient steadiness to 

enable the fluid on the surface to adjust itself 

to its successive states of equilibrium. In 

order to form a more distinct idea of the figure 

of the surface of the fluid, in the different 

situations of the cylinder, we shall suppose, 

as in [10012m—o], that the rim or intersec¬ 

tion of the base of the cylinder with its 

curved surface, is rounded off in the form of 

a quadrant of a circle FOP, whose radius 

is extremely small. The cylinder being well 

moistened, the fluid will ascend on the vertical sides PQ, T U, of the cylinder, fig, 170, and 

will adhere, so as to form with them, at the upper part of the fluid, the angle zs'. In this 

case, the general value of the angle T)Kk — \a will become, at the side of the cylinder, 

and it will retain the same value, while the cylinder is gradually raised up in a 

vertical direction, until the upper part of the fluid has descended along the side QP to the 

point P. When the fluid has attained to the point P, the angle zs, corresponding to its 

summit, will increase by passing over the curved surface POF, as the cylinder is slowly 

elevated; so that, when this summit is at the point F, fig. 171, where the angle AFf'=zs'=0 

[10279, 10280d, 9359/c], we shall have zs = AFf-z?. Hence it appears that, while the 

summit of the fluid descends through the quadrantal arc POF, the angle zt increases from 

vol. iv. 239 

[10279] 

[10279'] 

[10280c ] 

[10280d] 

[10280/] 

[10280e ] 

[10280/] 

[10280g-] 

[10280g-'] 

[10280/i ] 

[10280/ ] 
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[10280] 

Then the equation [10271] will give 

&2/2 = 1 -f-COS.'Sl'- 
1—sin.3^'! 

3 a 

[10280&] 

[10280F] 

[10080* ] 

[10280*'] 

[10280m] 

[10280n] 

[10280o] 

[10280p] 

[10280A] 

[10280g ] 

[10280g'] 

[10280r] 

[10280r'] 

[10280s] 

[10280*] 

[10280w] 

[10280y] 

™ — to zs — TT, the whole increment being or a quadrantal arc. During the whole 

of this descent along the arc POF, the angle vs', which is formed by the upper part of the 

section of the fluid and the section of the cylinder at the same point, remains invariable, and, 

in the present hypothesis, is vs' — 0 [10280Z]; so that, if we put i for the acute angle which 

a vertical line, drawn through any point O of the quadrantal arc POF, forms with the arc 

at O, we may put generally vs = %<ir-J- i, for the value of vs, corresponding to the upper 

limit of the surface of the fluid, when it is at the point O. The values of the angle vs, 

corresponding to the points P, O, F, which we have found to be -i, v [10280k, Z'], 

respectively, have been computed upon the supposition that the angle vs' = 0 [10280Z] ; but 

if this angle has a finite value, the preceding expressions of vs [10280m] must be decreased 

by vs', and then they will become respectively y#— vs', £<*-}-i—vs', v—vs'; so that we 

shall have for the extreme limit of vs [102S0Z], corresponding to any point O of the arc 

POF, the following expression; 

vS = £tf-\- i — vs' ; 

in which i represents the angle corresponding to the circular arc PO, its least value being 

i = 0, its greatest value i = \v [10280m]. This extreme limit of the value vs is to be 

used instead of vs=-v — vs', given by the author in [10278] ; and the effect of making this 

alteration is equivalent to that of changing his value of vs', in [10280p], into vs'\<k— i; 
since, by this means, the expression vs = v— vs' [10280j/] changes into 

VS = V- (sj'-j-ltf-i) — —vs', 

as in [10280o], Making the same change in the value of vs' in the formulas [10280, 10281], 

they become respectively 

a22 = l + sin.(i-*■') — 
3 Zp/a 

z' = \ + U)~ jl-sin.W+fr-i>)j 

These expressions may be simplified by putting 

i = vs' — |'ji'-{-2u, or v = i<i— %vs', 

from which we get i — vs' = — (— 2v), ^vs'-\-^v — — v. Substituting these in 

[10280r], and then multiplying by a_1 = a2 [9323p], we get, by observing that 

l-f-sin.(i— vs) becomes 1 — sin.(£*- — L2v) = 1 — cos.2u = 2sin.2y [l], Int., 

2'2— 2a2. sin.2 v — a- .(1—cos.3v). 

This expression is the same as the equation (6) in page 232 of M. Poisson’s Nouvelle 

Théorie, fyc., neglecting terms of the order a4. If we neglect terms of the order a3, in 

[10280m], and extract the square root, we shall get very nearly 



X. Suppl. 2.] ADHESION OF A PLATE TO THE SURFACE OF A FLUID. 955 

whence we obtain very nearly 

z = 

/o , . (1 — sin.^sj7) _ -i 
\ / _. COS. h'Z —-. Height of the elevated column. 
y a 2 3/a, cos.^' L 

[10281] 

#7 = p/2.a.sin.«=^/2.a.sin.(i‘7r'-j-|i — |^7) [102805]. 

From this last expression of zit is evident that, while i increases, from i = 0 to its greatest 

value i—\7r [10280/], the value of zl will increase, and that z' will attain its maximum 

when i—%and then z'= i/2.a.sin.(^-tf—^Tx')==[/'2-a.cos.^ix'; which is the case 

treated of by La Place in [10280, See]. This maximum value corresponds to the state 

where the summit of the fluid is situated on the lowest point F of the arc P OF, as in fig. 171, 

page 953. If we put ■&' = (), as in the case of water with a glass disk [10280?], this 

maximum value of z' will become z'—\f2-«. In the same case of ix'= 0, if we put 

i — 0, we shall have, from [102805], v = whence sin.u = ^/J, and then the expression 

of z' [10280?r] becomes z' = a; this corresponds to the case where the summit of the 

fluid ascends to the point P, and agrees with the calculation in [94256;]. Hence it appears, 

that, when ^'=0, the value of z' increases with the angle i, from the upper point P, 

where ? = 0, and z' = a [10281a], to the lower point F, where ?=tjrrf, and #' = p/2-a 

[10280#], being its greatest value. This maximum value of z' must correspond very nearly 

to the situation of the disk when the greatest quantity of fluid is elevated, the radius of the 

disk being supposed much greater than z’ or a; and it being evident that this volume would 

be decreased, if the outer limit of the fluid were removed from F towards A, on the lower 

surface of the disk. 

In the case we have just considered, where water is elevated by a glass disk or cylinder, 

the external surface of the fluid MKP, fig. 170, 171, page 953, is always concave, and the 

lower part of the surface, near Mor L, has the level line of the fluid in the vase MEL for 

its asymptote. As the summit of the fluid descends along the arc POF, in consequence of the 

gradual elevation of the disk, the external surface of the fluid becomes grooved in fig. 171, 

at the point V, where the ordinate YV, or the distance of the surface from the axis AE, is a 

minimum, and the tangent to the curve is vertical, or tx = %it. The figure of the surface 

FVM may be very easily investigated by means of the equations [10271, 10266] ; and if 

we neglect the last term of [10271], on account of its smallness, we shall have, as in 

[10272c?], 

z — \/ 2. a. simp's?. 

At the point F, where zi — x— tx,= w [10280c, 9980m7], it becomes EA = \/2 • a.sin.^w ; 

and at the point V> where = [10281g], or p/2.sin.^ = 1, we get EY=a [10281*]. 

The difference of these two expressions is the depression of the point V below the lower 

surface of the disk, namely, 

AY— a.I p/2. sinAstf — 1 ]. 

COS.'Ztf -2sin.2^sî 
We have, from [347, 31, 1], Int., -- _ , 

tang.® sin.® 2sin.i[®. cos.£® 

differential of [10281?], dz = . d-x.cosA®, in [102666], we get 

substituting this, and the 

[10280m] 

[10280# ] 

[10280?/ ] 

[10280?/'] 

[10280z ] 

[10281a] 

[102816] 

[10281c ] 

[10281d] 

[10281c ] 

[10281/] 

[10281g] 

[102816] 

[10281* ] 

[10281ft ] 

[10281? ] 

[10281m] 

[1028ln] 
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[10282] 

[10281o ] 

[10281p] 

[10281g] 

[10281 r] 

[10281s] 

[10281* ] 

[10281u] 

[10281v] 

[10281w] 

[10281a: ] 

[10281i/ ] 

[10281z ] 

To obtain the volume of the whole column raised up, we must first multiply 

this value of P by the lower surface of the disk, or by A2, and then add to 

,7.._ dz / « T \ / 1 —2sin.2^OT \ a hd& . « 7 . , 
ay-7~ '-—j^.d-zr.COS.. ( ——:-—  -7Z’~—r- 7r.ttsr.Sin.ih3-, 

tang, s- \\/2 ) \2sm4sr .cos.^®-/ \/2 sin.^' \/2 

whose integral is 

V•J9çk ‘ sin^3r=— • hyp*log.tang4^r—|/2. a. cos.^ar-j-constant ; 

observing that, from [59, 54, 31], Int., we have 

\dnf t /, 1 \ (*.tang.+ nr idnr. (COS.lsr)-!2 
d.(hyp.log.tang.l-) = -55i^-=‘ tang, j nr 

idn4 
■ 2sin.|cr. COS.^sr ' ' sin^m- * 

The constant quantity in [10281p] must be so taken that, at the point F, fig. 171, page 953, 

where zr = w [10281/t], we may have y— 0; hence we get 

a _ 
constant = . hyp Jog.tang4w> -|- f2 • a. cos.^w ; 

substituting this in [1028lp], we obtain the general value of y, in the following form ; 

a . tang.^iü 
V = • hyp.log.r-g4-+s/2. «. (cos.it, — cos-W. 

At the point V, where far we have sin.izr = cos.i^==pT; consequently 

tang.iw = 
sm.è ; 

[41], Int., becomes tang.-4-w  Vi 
i+cos.à^ **“•» — —5-4- — rq:^f= i-p/2 

in [10281s], we get the value of y corresponding to the point V, namely, 

. Substituting these 

y==[k'hyP'loS’K1 + /2) • tang.iw 1 + a4/2• cos.it, — If. 

In the case of water with a glass cylinder, we have w,= 0 [10280t], and w = <rt [10281&] ; 

hence sin.|t, = l, cos.it, = 0, tang.^t, = 1 ; substituting these in [10281??t, w], we get 

very nearly 

AY = a.(^/2 — 1) = a X 0,4142. 

y — n^' hyP-log-C1 + /2) — a = — a X 0,3768. 

If we suppose, as in [9372o], that a = 3mil,88972, we shall get A Y= lmi ,611 ; 

y — — lral',466 ; which correspond to the case inhere the radius of the disk or cylinder is 

excessively large in comparison with a. The expressions [1028It, m, s, u, w, a?] agree with 

those of M. Poisson, in page 230 of his Nouvelle Théorie, fyc., by making some slight 

reductions. 

The supposition that the lower edge of the surface of the cylinder is terminated by the 

small circular arc POF, may be applied when the external surface of the fluid is convex, as 

in the case of mercury with a wet glass cylinder. In this case, we shall suppose that the 

mercury forms the acute angle w with the vertical side PQ of the cylinder, when the upper 

surface of the fluid rests against the point P ; and if we slowly raise up the cylinder in a 

[10282a] 
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this product the volume which surrounds the fluid cylinder whose base is the 

lower surface of the disk. This last volume is equal to the integral* * 

— 2*f(l + ÿ)'Zdy, taken from ro = 0 to *—to'; thus we shall have, for 

the expression of the whole volume V of the elevated column, 

V — A*. 
ifl. (1 —sin.^TO7) 

3a.cos.4TO' 
•2*.f(l+y)-zdy. 

We may rigorously determine this last integral in the following manner. 

The equation [10267], being multiplied by —(lJry).dy, gives, by 

integration,! 

— 2a .f (l + y). zdy — (l-\-y). sin.^ -j- constant. 

To determine the constant quantity, we shall observe that the integral must be 

taken between the limits to = 0 and 3* = # — to' [10283]; and we shall now 

show that (7-j-y).sin.OT is nothing when w = 0. For l-\-y becomes infinite 

when « is nothing; therefore, by reducing its expression into a series ascending 

according to the powers of w, the first term of this series will be ol the form 

A.. to r. Moreover, z being nothing when ^ = 0, if we also reduce its value 

into a series ascending according to the powers of •#, the first term of it will be 

of the form A'.^, r and r' being positive. Then the equation 

[10283] 

[10284] 

[10285] 

[10286] 

[10287] 

[10288] 

vertical direction, so as to bring the point O, which corresponds to the angle i, against the 

upper surface of the fluid, its inclination with the vertical will be and when this is 

equal to the fluid will become horizontal, and upon a level with the surface of the fluid 

in the vessel. Continuing still to elevate the cylinder, so that the upper part of the fluid may 

fall upon a point between O and F, the angle i-\-w will exceed Jtf, and the surface of the 

fluid near that point will become concave. 

* (4376) Continue the line kl, fig. 168 or 169, page 948, to meet ME in c; then the 

area CKicc = CKxKl= — zdy, multiplying this by the circumference described by the 

point K, in its revolution about the axis AE, it becomes —2v .(l-\-y).zdy, which 

represents the element of the volume of the fluid in question. Its integral is as in [10283] ; 

its limits being from the point M, where to = 0, to the point F, where tX — k— A [10280a]. 

Adding this to the quantity [10282], we get the whole volume V of the fluid, namely, 

y=npz' — 2<7r,f(l-\-y) .zdy \ and by substituting the value of z' [10281], it becomes as in 

[10284]. We may remark that, for convenience, we have inserted the symbol V in [10284], 

but it is not in the original work. 

j* (4377) This product is d<z.cos.'ti.(l-\-y) -|- dy.sm.zs——2a. {Iy). zdy, whose 

integral gives [10285]. 

[102826] 

[10282c ] 

[10282d] 

[10283a] 

[102836] 

[10283c] 

[10283tf] 

[10283e] 

[10283/] 

[10283g-] 

[10285a] 
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[10289] 

[10290] 

[10291] 

[10292] 

[10293] 

[10291a] 

[102916] 

[10291c ] 

[10291c?] 

[10293a] 

[102936 ] 

[10293c] 

[10293c'] 

[10293c? ] 

[10293e ] 

— = — tang.w [10266] 
*J 

will give, by noticing only these first terms, and observing that tang.-a becomes 

nearly equal to « when it is very small,'* 

r'.A'.tf" 
—-"—* ZS * 
r .A .vs~^ 

whence we deduce, by the comparison of the exponents of vsf 

1 —r = r'; 

(Z+y).sin.^ will therefore becomef A.z/, by substituting A.vs~r for l-\-y, 

and « for sin.-a; so that (l+y).sin.vs is nothing when ^ = 0; consequently 

* (4378) We have, in [10287, 10288], l+y=A.vs~r-\-hc.j z=A'.tf'+kc.; 

— tang.'zs:^:—tu — &e. [45], Int. Substituting these in [10289], it becomes 

r'. A1. vsr'~ldvs -4-&ec. 0 
-!—,— =— ns — ejc. ; 
— r.A.vs r 1cfaf-f-&c. 

and, as the first term of this equation must be the same in both members of the equation, we 

shall have 
r\A'.vsr‘~'dvs _ ^ 

— r. A. dix 

r'. A' 
whence we easily deduce [10291]. This may also be put under the form y.wr'+,‘ — vs ; 

and, to make the exponents of vs equal to each other, we must put r'-J-r = l, as in 

[10292]. 

f (4379) The first term of l-\-y [10291a] is A.vs~r, and the first term of sin.tf is vs 

[43], Int.; therefore the first term of their product (Z-j-y) .sin.w is A.vd~r—A.vir 

[10292]; and as r' is positive [10288], this will vanish when vs = 0; consequently the 

second member of the expression [10285] must give the constant quantity equal to nothing, 

and we shall have —2&.f(l-\-y').zdy==(l-\-y) ,s\n.vs. At the second limit, where vs=v-—vs' 

[10286], and l-\~y = l [10280/5], corresponding to the point jP, fig. 168, 169, page 948, 

the integral becomes —^^/{l-^-y) .zdy — l.sm.vs'. Multiplying this by -, we get [10294], 

and by putting sin.zs'=2sin|jp'.cos..^®' [31], Int., it becomes 

2t 
— 2tf./(I -j- y) • zdy — —. I. sin.ywcos.^to'. 

Instead of restricting the calculation to the particular value of vs, = v—-vs\ which is used by 

La Place in [10278', &tc.], we may use the more general expression vs = -f- i—vs 

[10280o], which requires that we should change vs' into vs'-j-^v— i [102802’], in 

La Place’s formulas; and by this means the expression [10294] becomes 
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the constant term of the preceding integral is nothing. We shall therefore 

have, bj observing that, at the other limit of the integral, « becomes *—and 

y — 0 [102806], 

-— 2it l + y) • zdy = -. I. sin.tf 
(L 

consequently the whole volume of the elevated column will be * 

*7T 

— <Hn.f{l-\-y).zdy = - .Z.cos .(i — «■'). 
CL 

Substituting this in the expression of the volume V [10233/], it becomes 

F=^'+J.Z.cos.Çî— *'). 

Multiplying this by the gravity g, and the density JO, we get the following expression of the 

mass M of the fluid, which is elevated by the disk ; 

M=ntgD ,l~z' -j- ~ .gD.Z.COS.(l--nr'). 

This may be reduced to the same form as the equation (1) in page 226 of M. Poisson’s 

Nouvelle Théorie, ^*c., by changing M, l, z', D, tf', a, into A, r, Tv, p, n — w, a~2, 

respectively, to conform to his notation. In the case treated of by La Place, where i = 

[10280y'], the value of V [10293g] becomes 

V=*Pz' + l.l. sin.»', 

which, by substituting the values of z', sin.®-' [10281, 10293c'], becomes as in [10295a] ; or, 

by reduction, as in [10295], corresponding to the case where the summit of the fluid is 

situated at F, fig. 171, page 953, on the lowest point of the quadrantal arc F OF. If i — 0, 

and ®' = 0, the expression [10293g] becomes V=tfPz'-\--.1\ and in this case, we have 

z' = u [10281a], also a=a~2 [102806] j therefore this value of F becomes 

F= 7rPa -j- tlar. 

The first term of the second member of this expression vPa is equal to the volume of the 

fluid immediately under the disk, which is in the form of a cylinder whose altitude is z' = a, 

and the radius of its base equal to Z; the second term îrZa2 is equal to the volume of the 

elevated fluid which is situated without this cylinder, being the same as that we have already 

computed in [10l07i] ; and these two expressions ought evidently to be equal to each other, 

because the action of the fluid cylinder [10293/] upon the external mass [10293r], is exactly 

the same as that of a glass tube of the same dimensions well moistened [9220]. 

* (4380) Substituting [10293(6] in [10284], it becomes 

jr w/2 • \/2. cos.^w' 7rl 
-r{ 1 — sin.3ys*'— 6sin.ycï'. cos.2^'] 

y'a 3a.cos.Jtf' 

and, by putting cos.2-ps'=l— sin.2^', in the last term, it becomes as in [10295]. 

[10294] 

[10293/] 

[10293g] 

[102936] 

[102936] 

[102936] 

[10293Z] 

[10293?n] 

[1029371 ] 

[10293o] 

[10293p] 

[10293g1 ] 

[10293r ] 

[10293s ] 

[10295a] 
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[10295] 

[10296] 

[10297] 

[10296a] 

[10296a'] 

[102966 ] 

[10296c] 

[10296d] 

[10296e ] 

[10296/] 

[10296g] 

[102966.] 

[10296Î] 

[10296ft ] 

v= nP .[/l2. COS.^-sj' <iu 

a 3a.cos.fn 
1 — 6sin.|E3' + 5sin.3Jis' [Volume of the ele-~] 

vated column. J 

We shall have the value of - by means of the following equation, given in 

[9358],* 

Scos.w' 

a h 
1 — 

6q. cos.35î 
(1 —sin.^')2. (1 -f-2sinV) 

[Elevation q in the | 
axis ofa tube whose I 
diameter is h. 

h being the interior diameter of the tube, q the height to which the lowest point 

of the included fluid is elevated above the level [9998', 10000]. In case the 

* (4381) In the calculation [10296, &ic.], the author supposes that the tube whose 

diameter is A = 2Z [10297, 9359], is formed of the same substance as the disk; and if this 

tube is dipped into the same fluid as that which is used with the disk, the elevation of the 

fluid, in the axis of the tube, will be represented by q [10297, &.C.], in conformity with 

the notation in [9353, &c.]. Then, if we compare [9346] with [10279, or 10280a], we get 

è' — ^qr — tf'î also [9328] ; hence [9358] becomes, by successive reductions, 

cos.®-' C 

! = -£-■ 1 
l 

q. COS.-nr 

l 

l—M. 

COS.-nr C 

a if 3g, eos.3isr 

(1-sin.3 nr') 

COS.2 nr/ 

-. (3cos.2«r' — 2-{-2sin.3sr') 

COS.®-' 

a l 1—-.(1 — 3sin.2w'-f-2sin.3®')? 
; 3g.COS.3ir/ v ) 

l cos.®-' C 

a l C. 3g. cos.3®- 
,.(1— sin.-ra-')2. (l-J-Ssin.^') I ; 

and, as l—\h [10296a], it may be changed into [10296]. Now, putting for brevity 

w= ——h .( 1 — sin.V]2. (1 -{-2sin.w'), we find that the preceding expression [10296] 
6g. cos.3®-' 

becomes q— ---.(1 — w). Dividing this by the coefficient of —, and neglecting w2, 

X h 
we obtain -==-/• ~i~ <7W)? as >n [10298]; so that the correction of the altitude q is 

2c0S.nr J- J- J 

qw} and if we put the corrected altitude qfqw^q', we shall have > 

hence, as a, •®-/, are given, we shall have q' inversely as h, as in [10299]. When c/ = 0, 

qW=ifi — ±l [10296e, a], as in [10299]; hence it appears that, when the fluid perfectly 

moistens the sides of the tube, and we have ©-'=0, we must increase the observed height 

of the lowest point of the elevated fluid q, by one sixth part of the diameter of the tube, to 
2 

obtain the corrected height q' — q-^lh] and then we shall have, from [102956], -==hq' 

This agrees with what we have already found in [93 i2x, 10003]. 
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fluid is depressed below the level, q becomes negative, and denotes the depression 

of the most elevated point of the interior fluid. This equation gives, very 

nearly, 

1_h_ 
a 2 cos .to' 

o-f- r-T\—/ • 0 — sin.^')2. (1 + 2shW) 
* ocos. -sr v v 

Thus, to obtain the elevations inversely proportional to the interior diameters of 

the tubes, we must add to the observed elevation q, the sixth part of the diameter 

multiplied by the factor 

(1 — sin.9#'). (l-f'Ssin.^') # 
cos.3^' ’ 

and this factor is reduced to unity when J is nothing. This correction is 

necessary in experiments made with great care, like those we shall now 

give an account of. M. Gay-Lussac has undertaken them, at my request, and 

has contrived a method of measuring the elevations and depressions of the fluids 

in transparent capillary tubes, by a process which gives to his experiments the 

correctness of astronomical observations ; so that we may with confidence adopt 

his results. Tubes were selected of a uniform calibre, and their interior 

diameters were ascertained by means of the weights of the columns of mercury 

which filled them; this being the most accurate method of determining the 

diameters. 

Observers do not agree in their experiments on the ascent of water in a 

glass capillary tube of a given diameter ; their results differ from each other at 

least one half [10322a—■g']. These differences depend, in a great measure, 

upon the greater or less degree of moisture on the sides of the tube. When 

the tubes are very wet, as they were in the following experiments, the water 

always rises very nearly to the same height, in the same tube. The first tube 

used by M. Gay-Lussac was of white glass, and its interior diameter was 

lmu,29441. He measured the elevation of the lowest point of the inner surface 

of the water above the level of this fluid, in a very large vessel, into which this 

tube was dipped at its lower end ; and found, by several experiments, which 

agree with each other, that it was equal to 23mi-,1634, the temperature being 

about 8°,5 of the centigrade thermometer. Here the angle ivas nothing 

[10280/r'], as the water perfectly moistened the sides of the tube. Augmenting 

this elevation by a sixth part of the diameter of the tube [10296&], we get 

23rai,,3791 ; multiplying this quantity by the diameter of the tube, we obtain, 

by what has been said in [10296#], the value of - ; hence we deduce 

vol. iv. 241 

[10297'] 

[10298] 

[10299] 

[10300] 

[10301] 

[10302] 

Experi¬ 
ments on 
water. 

[10303] 

[10304] 

[10305] 

[10306] 

[10306'] 

[10307] 
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[10308] 

[10309] 

[10310] 

[10310'] 

[10311] 

[10312] 

[10313] 

[10314] 

[10310a] 

[10310a'] 

[103106] 

[10310c ] 

[103104] 

? = 2«* l 2 * * * * * * = 30mi-mi-,2621, or - = a9 = 15mimi-,131, a = 3mi890. [Vai-wa,*-. 
J 7 OL 77 L tor water. J 

In a second glass tube, whose interior diameter was lmL,90381, M. Gay-Lussac 

observed, at the same temperature, the elevation of the lowest point of the 

interior surface above the level to be 15mi',5861, which gives 15mi-,9034, by 

adding to it the sixth part of the diameter of the tube [10296/r]. The 

elevation of the fluid in the first tube, being augmented in like manner, gives, 

by the formula [10296&], the corrected elevation of the second tube,* 15mi-,896, 

which differs but very little from the result of observation ; and this proves, 

First, that the corrected elevations are very nearly in the inverse ratio of the 

diameters of the tubes; Second, that, in very accurate experiments, the correction 

made by the addition of the sixth part of the diameter of the tubes is 

We may also determine the value of -, by means of the elevation of the 

lowest point of the surface of the water which rises between two glass plates, 

placed very near to each other, in vertical and parallel positions, and dipped into 

a vessel filled with that fluid. M. Gay-Lussac has found, by the mean of five 

experiments which differ but little from each other, that this elevation is 

equal to 13ml',574, the distance of the plates from each other being lrai-,069. 

This distance is exactly equal to the diameter of a cylinder of iron wire ; and to 

measure this diameter, several pieces of the same wire were placed at the side 

* (4382) This quantity 15“,896 is equal to 30ra!,2621 [10308] divided by lmi,90381 
2 

[10309]. The value of - , deduced from this experiment, is 

lmi-,90381X 15rai,9034 = 30raimi-,277, 

which differs from the value [10308], namely, 30mi-mi-,262, by the quantity omimi-,015. If 

2 
we had not corrected the altitudes for the sixth part of the diameter, the value of -, deduced 

from the first experiment [10305, 10305], would be 

lmi-,29441 X 23rai-,1634 = 29“,983 ; 

and that deduced from the second [10309, 10310], would be 

1“-,90381X 15mi,5861 = 29“,673, 

which differs from the preceding value 29rai-mi-,983 by the quantity 0mumi-,310, instead of 

0mi mi-,015 ; so that the error 0,310 is reduced to 0,015, or £§ths of it is taken away, by 

correcting the altitudes for the sixth part of the diameter of the tube. This agrees with 

[10312]. 



X. Suppl. 2.] ADHESION OF A PLATE TO THE SURFACE OF A FLUID. 963 

of each other, which, by the sum of their diameters, formed a considerable width ; 

this was carefully measured, and then divided by the number of these diameters. 

The plates were perfectly plane, and had been well moistened; the temperature 

during the experiments was about 16°. If we add to the observed elevation 

the product of the half distance of the plates by 1 — i*, * being the 

semi-circumference whose radius is unity, and then multiply the sum by 

the distance lmi,,069, we shall obtain the value of - , as in [10317g]. Hence 

we find * 

-= 14“-,524. 

This result must be increased a little, to reduce it to the temperature of 8°,5; for 

we have seen before that the attraction increases with the density of the fluid. 

It differs but little from the result 15mi,,131 [10308], given by the elevation of 

water in a glass tube, and this furnishes a new confirmation of the theory ; 

according to which, the elevation between parallel planes must be about half 

the elevation in capillary tubes of a diameter equal to the distance of the 

planes. We shall here adopt, in preference, the value of - , deduced from the 
di 

* (4383) The plates being perfectly moistened, we have, as in [10306'], ^' = 0, and 

H 1 
then ô'==%if [102966]; substituting this in [9453], also — == - [9328], it becomes 

& & 

S' 

in which q' [9452] represents the elevation of the fluid between two vertical and parallel 

planes whose distance is 2Z, and q [9430] the elevation of the fluid in a vertical tube 

whose radius is l; so that \q is nearly equal to the elevation of the fluid in a tube 

whose radius is 21 ; therefore, by [9410], Jq is nearly equal to the elevation of the fluid 

between two vertical, parallel planes, whose distance is 21; consequently iq is nearly equal 

to q1, or q==2q' nearly. Substituting this in [103176], it becomes 

2a.1 
? i 

• Si i>(i—i*) i ; 

then dividing by the coefficient of - and neglecting the square and higher powers of the 

small fraction we get ^■ = 2Z.fg,-f-7.(l — £*)£. Now, substituting the values [10314], 

namely, 2?=lmi-,069, q'= 13mi-,574, * = 3,1416, we get ^«=14™-,633, which differs 

a little from the value in [10317]. The value of - [10308] is 15mi,131, which differs but 

little from the preceding value 14mi‘,633 [10317A]. 

[10315] 

[10316] 

[10317] 

[10318] 

[10319] 

[10320] 

[10317a] 

[103176] 

[10317c ] 

[10317rf] 

[10317e] 

[10317/] 

[10317g-] 

[i03m ] 

[10317*] 
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[10321] 

[10322] 

[10323] 

[10324] 

[10325] 

[10326] 

[10327] 

[10328] 

[10329] 

experiment upon the narrowest tube [10305], and we shall therefore suppose, 

as in [10308], at the temperature of 8°,5,* 

- = 30“',2621, or - = 15mimi-,131 rr— a2. [ Valuos of i, Ct, for water.] 

w a L J 

This being premised, we find, by using both terms of the formula [10295], 

which expresses the volume of the elevated fluid, and taking for unity the cubic 

centimetre, that the volume of the fluid elevated by a circular disk of white 

glass, whose diameter is 118mi',366, will be expressed by f 

V= 60,5327 —0,9378. 

The weight of a cubic centimetre of water, at its maximum of density, is a 

gramme. But, the preceding experiments having been made at the temperature 

of about eight degrees and a half, the cubic centimetre of water will weigh 

rather less than a gramme. Noticing this correction, we find that the weight of 

the elevated column of water, at the moment when it is ready to detach itself, 

is 59sram-,5873. M. Gay-Lussac found by several experiments, which differ but 

[10322a] 

[103226] 

[10322c ] 

[10322d] 

[10322c ] 

[10322/] 

[10322g* ] 

* (4384) The value of - adopted in [10322], differs considerably from that in [9670], 

namely, 13R*',569, agreeably to the remark in [10303]. A paper, by Dr. Young, in the 

Transactions of the Royal Society, for 1805, page 71, contains the product of the distance 

of two planes, by the height of the water elevated by the capillary action, which represents 

nearly the value of ^ [10317g], as given by several authors in square inches of English 

measure. That of Newton is the same as in [9678], J — 0iL,01 = ^ = 6miml-,45, 
u* JLUU 

which is much too small. Musschenbroek makes it 0U',196, or nearly 13mi,mL; Weitbrecht, 

with considerable accuracy, 0u,0214==14raimi- nearly; Monge, 13mi-mi- nearly; 

Atwood, 0u,,265 = 17mimK nearly. Doctor Young finally assumes - = 0u-,2=12mimi‘,9 ; 

or ~ = 25rai-mi-,8, instead of 30mLmi-,2|! 1, which is used by La Place in [10322]. 

[10325a] 

[103256] 

[10325c] 

[10325d] 

f (4385) When the fluid is water or alcohol, we have, as in [10306'], w'=0, and then 

the expression of the elevated volume of the fluid [10295] becomes —— «-• 
a 

Now, by making the calculation in centimetres, we have, in [10322], - = 0C,C',302621, 

Z=i X 118mi-,366 = 5e,,9183 [10324], *=3,1416. Hence = 60,533, and 

-X- =0,9378, as in [10325]; their difference [10325a] is the volume of the elevated 
6 o- 
fluid, 59,595, which is to be corrected for the temperature, as in [10327J. 
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little from each other, that this weight was 59sran%40, agreeing, as well as could 

be expected, with the result of analysis. 

Some alcohol, whose specific gravity at the temperature of eight degrees, 

compared with that of water at the same temperature, was 0,81961, ascended 

in the first tube to the height of 9mL, 18235, the temperature being always 

eight degrees. The alcohol moistened the glass perfectly, so that we must add 

to this height the sixth part of the diameter of the tube [10296&, 10305], and 

it then becomes equal to 9ral>,39808. Multiplying this by the diameter of the 
2 

tube [10305], we get, as in [10307, &c.], the value of - , relative to this 

alcohol, namely, 

- — 12mum\1649, - == CC2 = 6ml,mi# 0824. « = 2mI‘,4662. [Values of CL, a, for alcohol.] 
a a L 

With this value we can compute the elevation of the alcohol in the second 

tube [10309], corrected by the addition of the sixth of the diameter of the tube, 

by dividing - by the diameter of that tube [10309]. This gives 6m,‘,38976, 

for the elevation which M. Gay-Lussac has found by experiment to be 

6mi-,40127. As these values differ so very little, it proves that the corrected 

elevations of the alcohol in different narrow capillary tubes, are inversely as the 

2 
diameters of these tubes. If we use the preceding value of - [10333], we 

find that the volume of the alcohol, elevated by the glass disk, which is used in 

the first experiment [10324], is equal to * 

V= 38,3792 - 0,3770 ; 

the cubic centimetre being taken for unity. Multiplying this by the specific 

gravity of the alcohol, 0,81961 [10331], gives the wreight of this mass of 

alcohol, equal to 31,1469 cubic centimetres of water, at the temperature of 

eight degrees ; and this last weight is equal to 31gram-,1435 ; which is therefore 

the weight necessary to detach the disk [10324] from the alcohol, when 

the temperature is eight degrees. M. Gay-Lussac found by experiment this 

* (4386) We have ? = 0ce,121649 [10333], also ?=5%9183 [10324], *=3,1416; 

hence np. ^//- = 38,379, and -.- = 0,377; and by substituting them in the 

expression of the elevated fluid [10325a], it becomes as in [10336]. This requires a 

reduction for the temperature, as in the case [10327—10329]. 

vol. iv. 242 

[10330] 

Experi¬ 
ments with 
alcohol. 

[10331] 

[10332] 

[10333] 

[10334] 

[10335] 

[10336] 

[10337] 

[10338] 

[10336a] 

[103366] 
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[10339] 

[10340] 

[10341] 

[10342] 

[10343] 

[10344] 

[10345] 

Experi¬ 
ments with 
oil of tur¬ 
pentine. 

[10346] 

weight to be equal to 31gram-,08, at the same temperature, which differs but very 

little from the result of the analysis. 

Some alcohol, whose specific gravity at the temperature of ten degrees, 

compared with that of water at the same temperature, was 0,8595, was 

elevated in the first tube [10304], 9mi-,30079, which gives 9mL,51649* for its 

2 
corrected elevation. Whence we find, relative to this alcohol, - = 12raimL,31905. 

a 

2 . . 
This value of - gives the weight necessary to detach the preceding disk from 

the surface of the alcohol, equal to 32grwn-,86 ; and M. Gay-Lussac has found 

by experiment 32gram-,87, agreeing exactly with the calculation. 

Lastly, some alcohol, whose density was 0,94153, at the temperature of eight 

degrees, was elevated in the first tube [10304], 9mi*99727, which givesf 
2 
- = 13mi,mi,,2198 ; consequently the adhesion of the preceding disk was equal 

to 37gram',283. M. Gay-Lussac found by experiment, at the same temperature, 

this adhesion equal to 37gram,,152. 

Some oil of turpentine, whose specific gravity, at the temperature of eight 

degrees, compared with that of water at the same temperature, was 0,869458, 

ascended in the first tube [10304] to the height 9mi-,95159, which gives t 

[10341a] 

[103416] 

[10341c] 

* (4387) One sixth part of the diameter of the tube [10305] is 0mi-,21573 ; adding this 

to 9mi‘,30079 [10341], gives 9mi,J51652, being nearly as in [10341]. Multiplying this by 

the diameter l™-,29441 [10305], we get - = 12'Bimi*,318, agreeing nearly with [10342]. 

2 
Reducing this to centimetres, it becomes - —0C% 12318 ; using this and l, v [10336a], we 

CL 

find that the expression [10325a] becomes 38,621—0,382 = 38,239; multiplying this by 

the density 0,8595, we obtain the weight 32grara-,86, as in [10343]. 

f (4388) Correcting the elevation 9mi,99727 [10344], by adding 0mi,21573 [10341a], 

[10344a] it becomes 10mi',213; multiplying this by the diameter of the tube l1™-,29441 [10305], we 

get, as in [103416]? \ — 13m!',2198. Using this with the values of Ï, [10336a], we find 

[103446] that the expression [10325a] becomes 40,0089 — 0,4097 = 39,5992; multiplying this by 

the density 0,94153 [10344], it becomes 37sram',283 nearly, as in [10345]. 

[10346a] + (4389) The corrected altitude is 9raU,95159 -f- 0mi,21573 = 10mi',16732, as is evident 

from [10346, 10341a], agreeing nearly with [10347]. This gives, by proceeding as in the 

[103466] last note, - = 10mi-,16732X 1”%29441 = 13miffii-, 1606, as in [10347]. Using this and l, t 
CL 
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2 
10mi‘, 16729 for its corrected elevation, and -, equal to 13mimî-,1606. Hence 

we conclude that the adhesion of the preceding disk to the surface of this fluid 

is equal to 34gram-,35. M. Gaj-Lussac has found, at the same temperature of 

eight degrees, this adhesion equal to 34sram-,104, which differs but very little 

from the preceding result 

M. Gay-Lussac has made several experiments upon the adhesion of the 

preceding disk to mercury. But to compare them writh the theory, we must 

know, first, the elevation of the mercury in a glass tube of a given diameter; 

second, the angle which the surface of the mercury forms with the glass, at the 

point of contact; and it is very difficult to ascertain these two points by 

experiment, on account of the friction of the mercury against the sides of the 

glass. This cause operates as an obstacle to the elevation or to the depression 

of the mercury in capillary tubes, and it has the effect to change considerably 

the angle of inclination of the surface of the mercury to that of the glass. The 

comparison of several observed capillary phenomena with the theory, has given 

for the mean value of -, relative to mercury, at the temperature of ten degrees, 

the values * * 

2«9 = 13mLmi-, - = a2 — 6rai,mL,5, a = 2mi-,5495 ; a 
rvalues of a, a,~] 
L for mercury, J 

and the acute angle formed by the sides of the glass, and by a plane which is a 

tangent to the surface of the mercury, at the extremity of the sensible sphere 

of activity of its sides, equal tof 48°; we shall therefore make use of 

these data, which may be rectified by further experiments. They make 

zs' = 152°, and ±n' = 76°. We may then find, by the preceding formula, that 

the weight of the column of mercury raised up by the above-mentioned glass 

[10336a], we find that the expression of the volume of the fluid [10325a] becomes 

39,919 — 0,408 = 39,511; multiplying it by the density 0,869458 [10346], we get the 

weight 34°ram-,35, as in [10348]. 

* (4390) Dr. Young, in the paper mentioned in [103225], supposes that the experiments 

on the depression of mercury in a tube, give for the value of - in English inches 0U,015 ; 
CL 

2 
which in French measure is - = 10mimi- nearly, which differs 3mU from that in [10351']. 

f (4391) This angle is represented in fig. 168, page 948, by AFf= 48°; hence 

AFf == 200°—48° = 152° = [10264/]. Dr. Young, in the paper mentioned in 

[103225], makes TO'=140a, = 155°,5, which differs a little from the preceding estimate. 

[10347] 

[10348] 

Experi¬ 
ments with 
mercury. 

[10349] 

[10350] 

[10351] 

[10351] 

[10352] 

[10353] 

[10354] 

[10346c] 

[10352a] 

[10353a ] 



968 THEORY OF CAPILLARY ATTRACTION. [Méc. Cél. 

[10355] disk, is* 207gram,,Q. M. Gay-Lussac has found very great differences in the 

results of his experiments upon this subject. In his observations upon the 

adhesion of a glass disk to the surface of a fluid, he suspended the disk from 

the end of the arm of a very accurate balance, which lifted it up vertically, by 

means of very small weights successively and slowly added to the scale at the 

end of the other arm. The sum of these small weights, at the moment when 

the disk was separated from the fluid, indicated the weight of the whole 

[10356] elevated column. Using this method with mercury, he found that the sum was 

greater or less, according to the intervals of time in which he added the 

successive weights; and by adding them at very great intervals, he was enabled 

[10356'] to increase the sum from 158?ram‘, to 296gram-. It depends, as we see by the 

preceding formula, upon the acute angle which the surface of the mercury 

forms with that of the glass, and it is very nearly proportional to the sine of the 

[10357] half of that angle;! now we know, by daily experience with a barometer, 

that this angle may be considerably increased when the mercury descends very 

[10358] slowly; the friction of the fluid against the sides of the tube impedes the 

descent of the particles of the fluid contiguous to those sides. The friction 

also prevents the mercurial column from separating from the disk. When it is 

[10359] separating, it begins to quit the borders of the disk; then it contracts more and 

more near the disk, until it wholly separates. The friction of the mercury 

* (4392) Substituting |tj' = 76° [10354], and - = 000-,13 [10351'], in the expression 
[10355a] a 

of the elevated volume [10295], it becomes tf^.y/0cc-,13.cos.76° -j- \vl.0,19768 ; 

substituting the values of it, l [10325c], and then multiplying by the density of mercury 

[103556 ] 13,6, it becomes 198=ram-,6 -}-8=rara‘,3 = 206=ram',9, as in [10355], nearly. This will be 

2 
[10355c] increased to about 218sram-, if we suppose £^'=67d‘,15m-, and - = 6mi-,5262, which are 

CL 

the values assumed by M. Poisson, in page 235 of his Nouvelle Théorie, ^-c. ; the result of 

[10355d] his calculation, given in page 236 of the same work, is 222"ram',464, differing a little from 

the above. 

[10357a] 

f (4393) We see, as in the last note, that the first term of [10295] is by far the greatest 

part of that expression of the volume of the elevated fluid ; so that the whole expression is 

very nearly equal to that term, 

irl~ •l/-' Y- a 
COS.Jsï', 

which is proportional to 
cos.Utf'= sin. J (it — zs') = sin.|Al Ff, 

fig. 168, page 948, as in [10357]. 
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against the lower surface of the disk ought therefore to prevent this effect, and 

to diminish, as in the descent of the barometer, the acute angle of contact of 

the surface of the disk with that of the mercury ; and if all the particles of the 

fluid column have the time necessary to accommodate themselves to the new 

state of equilibrium which results from it, we may easily conceive that we 

may increase considerably the whole weight necessary to detach the disk from 

the surface of the mercury. This weight would increase to nearly four hundred 

grammes, if the angle of contact was a right angle.* 

Disks of different substances, which are perfectly moistened by a fluid, ought 

to produce the same resistance to their separation from the fluid, if their 

diameters are equal; for then this resistance is produced by the adhesion of the 

fluid to its own particles, or to the stratum of the fluid which covers the lower 

surface of the disk. To verify this result, M. Gay-Lussac has placed in contact 

with water, a copper disk whose diameter was 116ml-,604; and he found, at the 

temperature of 18°,5, the weight necessary to detach it from the fluid was 

57gram-,945. If we suppose that the value of - relative to copper, is the 

2 
same as for glass, which is - = 30mi‘mi',2621 [10322], we shall find by the 

preceding formula [10325a], that the weight of the water which is raised up 

by the disk isf 57stam-,757 ; differing but very little from the results of the 

experiment. 

Experiments upon the adhesion of disks of different substances, at the 

surface of the same fluid, may serve to determine the ratios of their attractive 

forces upon this fluid [or rather the values of the angles to']. For, if we use 

* (4394) If we put to' = 100°, we shall have cosTto = sin.|^' = ^/i ; hence 

1 — 6sm.^^'-j-5sin.3^TO, = l—Tv/L dividing this quantity by cosTto/ = ^/J, it becomes 

2 
\/2 — 3,5 = — 2,086; and the function [10295], by putting - = 0CC',13, is reduced to the 

form ffZ* 1 2.y/0c-°-,13.0,13x2,086, which expresses the volume of the elevated 

fluid. Multiplying this by the density of the mercury 13,6, and then substituting the values 

of sr, l [10325c], we get the weight of the elevated column 382"ram,-f- lPram,==393sram', 

being nearly equal to 400srara’, the quantity mentioned in [10361]. 

f (4395) Substituting in [10325a] the value of ? [10322], and that of 2?=s 116mi-,604 

[10363], it becomes 57srara-,82 nearly, as in [10365]. 

vol. iv. 243 

[10360] 

[10361] 

[10362] 

[10363] 

[10364] 

[10365] 

[10366] 

[10361a] 

[103616] 

[10361c ] 

[10365a] 
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[10367] 

[10368] 

[10369] 

[10370] 

[10371] 

[10372] 

[10373] 

[10367a] 

circular disks of a very large diameter, this adhesion, as we have already seen, 

will be very nearly equal to * 

w?2 .^/2.cos.^ot'. D' 

\/a 
rApproximate value of"] 
L the elevated mass p. J 

D' being the density of the fluid ; therefore by putting p for the weight 

necessary to separate the disk from the surface of the fluid, the preceding 

quantity will be equal to p. The quantities D’ and a [9328] depend only 

upon the fluid; the values of cos.|ra', relative to disks of the same diameter 

and of different substances, are therefore proportional to the weight p; 

consequently cos.2^w' is proportional to y?2; but we have shown in [9935] 

that, [in the hypothesis of a perfectly homogeneous fluid, we shall have] 

p = p'. cos.2|to'; and as p' is relative to the fluid, the values of p corresponding 

to the different disks [in this hypothesis], will be proportional to the squares of 

the corresponding weights p. These values of p, as we have seen in [10141], 

correspond to equal volumes; to obtain the values corresponding to equal 

masses, we must divide them by the respective densities of the substances. 

They would be proportional to the attractive forces, if the law of attraction 

were the same for different substances. In this case, the respective attractions 

of these substances upon the fluid, are, with equal volumes, as the squares of 

the weights necessary to detach the disk from the surface of this [homogeneous] 

fluid. 

When a fluid perfectly moistens the disk, the experiments upon the adhesion 

of its surface indicate only the attraction of the fluid upon its own particles. 

But when it does not perfectly moisten the disk, its friction against the lower 

surface of the disk produces great varieties in the results of the experiments 

upon adhesion, as we have seen relative to glass disks, applied to the surface 

of mercury [10350, &c.]. It then becomes difficult to distinguish the result 

which would take place independent of this cause of anomaly, or to obtain 

correctly the attraction of the disk upon the fluid. 

We have seen, in [10056], that the angle of contact of mercury with glass 

vanishes in water; so that a surface of mercury, covered with water, in a glass 

capillary tube, would form a convex hemisphere. Hence it follows that, if we 

* (4396) This is the same as the first and most important of the terms of the expression 

of the elevated volume of the fluid [10295], multiplied by the density!)'; which must 

therefore represent very nearly the mass of that fluid 
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apply a glass disk to the surface of mercury, and then cover both the disk and 

the mercury in the vessel with a stratum of water, we shall have* 

which renders the preceding expression of the column of mercury elevated by 

the disk equal to nothing ; therefore it ought not to oppose any resistance to its 

separation from the mercury, which has in fact been found to be the case by the 

experiments of M. Gay-Lussac. 

ON THE FIGURE OF A LARGE DROP OF MERCURY, AND ON THE DEPRESSION OF MERCURY IN A 

GLASS TUBE OF A GREAT DIAMETER. 

We shall suppose that a large circular drop of mercury is placed upon a 

glass horizontal plane; then the section of its surface, by a vertical plane 

passing through its centre, will be very little curved at its summit; but in 

proceeding from that point towards the borders of the drop, the curvature 

will increase more and more, until the tangent of the curve is vertical. At this 

point, the curvature and the width of the section will be at their maximum. 

Below this point, the curve will approach towards the axis, and will finally 

terminate at the glass plane, forming with it an acute angle. We shall now 

determine the equation of this curve, putting f 

* (4397) We have the angle AFf=ir— tz' [10264e], and this vanishes in the case 

treated of in [10373]; hence we have zs, = tf; therefore sin.Jw' = l, cos.£?3/=0; 

substituting these in the expression of the volume of the elevated mass [10295], we find that 

its first term vanishes, and that the factor 
1 —ôsin.â'z^-bSsm.3^' 

cosip? of the second term becomes 

of the form so that, to obtain its value, we must, according to the usual rule, take the 

differential of the numerator, and divide it by the differential of the denominator, and it then 

becomes 

— Scos.^-sj'-j-f cos.J'tf'. sin.2Jra' 

— -Isin.^ztf' 

which vanishes, because it contains the factor cos4ct'=0; therefore the whole expression of 

the elevated column must vanish, as in [10375J. 

f (4398) Substituting g = H& [9328], in [9324], it becomes as in [10380]. This 

represents the equation of the section of the 

drop DdCBbAHF, fig. 172, resting upon 

the horizontal plane D'DEFF' ; AE is the 

vertical axis passing through the centre of its 

base E. Then the rectangular coordinates of 

any point B of the surface are AG = z, 

BG = u [10378, 10379]; also EG = z1 

[10378'], AE = q [10403]; the angle GBb = zs, EDd=*f [10264e] ; and it is evident 

[10374] 

[10375] 

'Q&fx - 

[10376] 

[10376'] 

[10374a] 

[103746] 

[10374c] 

[10380a] 

[103806] 

[10380c ] 
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Symbols. 

[10377] 

[10377/1 

[10378] 

[10378'] 

[10379] 

[103790 

[10379" ] 

[10380] 

[10380c? ] 

[10380e] 

[10380/] 

[10380g-] 

[10380/t ] 

[10380i ] 

[10380&] 

b = the radius of curvature at the summit or vertex A of the 

drop, fig. 172; 

q — the greatest height of the drop AE [10403] ; 

zk== the vertical ordinate AG of any point B of the surface of the drop, 

the origin of z being at the vertex of the drop A ; and the axis 

of z the vertical line AE drawn through this vertex A, in the 

direction of gravity; 

z' — q— z = the vertical ordinate EG, or height above the glass plane [10403] ; 

u = the horizontal distance BG of the same point B of the surface 

from the axis of 2 ; 

■attire angle GBb, which the tangent of the curve Bb makes with 

the ordinate BG [10405] ; 

•a'=the angle EDd, which the tangent of the curve Dd makes with 

the ordinate DE [10408']. 

Then we shall have, as in [9324], 

ddz 

dui* 2 

dz2\ I 

1+du*) 

1 dz 

u du (0 [ General equation"! 
of the surface. J 

that the top part of the curve must be very nearly horizontal, so that — will be very small. 

Thus, in the experiments mentioned in [10446], we have DF—100™-, and EA — 3mi‘ 

nearly [10447] ; hence it will evidently follow, that the part AB must be nearly level ; so that, 

if we neglect in [10380], and multiply the expression by u, it will become 

as in [10382] ; which will represent very nearly the equation of the curve, in all parts of it, 

excepting near the extremities DC, FH. For convenience in referring to the symbols, we 

have collected them together in the table [10377—10379"]; observing, however, that 

q, z', zi, in the original work, were defined in [10403, 10405, 10408']; we have also, in 

these definitions, made reference to fig. 172, which is not used by La Place. The equation of 

the surface [10380], changing its signs, is equivalent to that marked (b) in page 202 of 

M. Poisson’s Nouvelle Théorie, &fc., changing z into q — z' [10378'], which reduces the 
2 

equation [10380] to the form [10404]; then, putting 2aq-±-- = 2j3, a =a 2, and u = t; 

remarking that M. Poisson omits the accent on z, so that his z, in the equation (6), is 

equivalent to s' in [10404]. The process of integration to obtain z [10384] is used by 

M. Poisson, and he gives an equivalent equation (l), in page 213 of his work. The equation 

[10402], neglecting the small term with the divisor 8wy/2a, is equivalent to his equation (m)} 

page 214. Lastly, the equation [10426], is the same as his equation (o), page 217. 
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When the drop is very large, we can, in a great part of its surface, neglect the 

dz • • 
third power of —, and then the preceding equation is reduced to 

ctu 

ddz dz 'Zu fl f 0\ rEquation of the upper"] 

U ’ du? dll--/" = U‘ VV i Part of the drop. J 

Although this differential equation is much more simple than the equation 

[10380], yet it does not appear to be integrable by known methods; but we 

can satisfy it, by putting 

1 

Z=^z-f«d(e-{c 
u\j 2a. cos.p 

<xbt 

1 

U 

j- 7 Mv/2a.cos.p 1 

the integral being taken from tp = 0 to cp = * ; for then we have 

I-Value of z on the upper-j 
I surface of the drop, from I 
I the vertex towards the I 
L_borders. J 

* 

[10381] 

[10382] 

[10383] 

[10384] 

[10384'] 

[10385] 

* (4399) Taking the partial differential of z [10384], relative to u, we get 

[10386, 10387] ; substituting them in [10382], we obtain [10388], observing that the 

last term of z [10384] is easily reduced to 

1. r-TT 7 J_ _ 
abv 0 ^ abrr ’ * 0.6 ’ 

2u 
as in [10384']; and this produces in the term —2cl.uz [10382] the quantity -j-y, which is 

destroyed by the last term in [10382]. The general integral of [10388] is given in 

[10389], as is easily proved by taking its differential relative to <p, and substituting 

— sin.2© — cos.2<p'—1. This integral vanishes when <p = 0, and when <p — T, which are 

the two assumed limits [103S5]; therefore the proposed value of z [10384] will satisfy the 

differential equation [10382]; though it must not be considered as its general integral, with 

two perfectly arbitrary constant quantities. It is, however, sufficient for the present problem, 

because at the vertex of the drop, where u = 0, z = 0, the tangent of the curve is horizontal, 
dz 

which gives y = 0, and the radius of curvature is equal to b [10377]; and we shall soon 

show that these two conditions, which may be used for finding the values of the two 

arbitrary constant quantities in the present problem, are satisfied by the expression of z 

[10384]. For, in the first place, by putting w = 0, in [10384], it becomes 2 = 0. 

Moreover, by putting u — 0, in [10386], we get 

âb ■ ^ J•C0Sjp ; 

[10384a] 

[103846] 

[10384c ] 

[10384i] 

[10384/] 

[10384e ] 

[10384/] 

and since //p.cos.<p = sin.(p vanishes at the limits <p = 0, <p = tf, it becomes, as in 

dz 
[10384/], — == 0. Lastly, putting u = 0, in [10387], we obtain 

= y./j 2/p.cos.2p = — .fQ dq>.(l -j-cos.2(p) =:y°fo 4"ycos.2p. 

Now fd<p. cos.2>p = |sin.2(p vanishes at the limits <p = 0, <p = ?r; and as fQ7Tdcp = 7r, the 

vol. iv. 244 

[10384g-] 

[103846. ] 
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[10386] 

[10387] 

[10384t ] 

[10384Æ] 

[10384Z] 

[10384m] 

[10384îi ] 

[10384o] 

[10384p ] 

[10384g] 

[10384r ] 

[10384s] 

[10384* ] 

[10384m] 

[10384u ] 

dz 

du 

u v/2a.cos.? 

ddz 

du2 
— ‘fodcp. 2a. cos.3 cos'? ; 

expression [10384g] becomes —2 = -; but from [9326] we have, by putting — = 0, 

ddz 1 
— = —, R being the radius of curvature, which is here represented by 6 [10377J. This 

agrees with [10384^], and proves the correctness of the assumed value of z. 

We may remark that the particular form assumed by the author in [10384], for the value 

of z, may be derived from a more general expression containing arbitrary constant coefficients. 

Thus, if we put z— z— —, in [10382], it becomes — 2cmz~0; and if we 
ao L aw2 du 

assume for z the following expression, (for remarks upon which see note in page 1018.) 

z = e -fçdq. cmu‘ cos'p, 

which contains the arbitrary constant quantities e, m, /, (z" being a particular value of z not 

yet obtained,) we may dispose of these quantities so as to satisfy the differential equation in z. 

For if we substitute this assumed value of z [10384o], in the differential equation [10384m], 

we shall get an equation which is equivalent to [10388]. This may be put equal to 

me .s\n.cp.cmu'008-9 ; and if we compare its differential with that of the preceding equation, 

we shall find that they may be rendered identical by putting, as in [10384], m=y/2â, 

leaving e, f indeterminate ; finally, these two quantities may be used so as to make 

dz 
z—0, and — = 0, when u=0, as in [10384cT]; so that we shall finally obtain, after 

CL Iv 

making some reductions, the precise form assumed by the author in [10384] ; but we have 

not thought it to be necessary to insert the detail of these calculations. 

We shall put, for brevity, u\/2cï = u, and shall then develop the value of z [10384], 

in a series ascending according to the powers of u.cos.,, by means of the formula [55], 

Lit., which gives 

1C u2 u3 7 
« = • 1 u ./of • cos., + — .f0*dcp • cos.9 9 4- -/ord<P • COS.3 , + & c. £. 

Now if n be a positive integer, we shall have yH, .cos.w,===-.sin.w,, which vanishes when 

9 = 0, and when , = ;r; hence we have f0~d(p .cos.ncp= 0. From this it appears 

that, if we substitute, in [10384*], the values of cos.9,, cos.3,, &c. [6, 7, &c.], Int., all the 

terms depending on the uneven powers of cos.,, or on the uneven powers of u, will 

vanish ; and with the even powers of cos.,, it is only necessary to retain the constant part, or 

that which is independent of ,j so that we may substitute the following parts, deduced from 

[6—10, &c.], Int., 

cos/4, = —.- ; 1 2 
23 

cos.4,= I ^3. 
24‘L2; 

cos.6, 
1 6.5.4 

26' 1.2.3’ 
&c. [I0384to] 
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hence the first member of the equation [10382] becomes 

-f^dcp. 12au. cos.a(p -f- v/2a* cos.tp—2au}. c1^-cos'9 ; 

These are to be multiplied by dtp, and then integrated from 9 = 0 to 9==*, which is the 

same as to multiply them directly by hence the expression [103840 becomes, by 

successive reductions, and using u = «^/2a [10384s], 

1 C U» 1 2 u4 1 4.3 U6 1 6.5.4 } 
Z==drbiU2X^Xl + 1.2.3.4Xi4XL2^“l.2.3.4.5.6X26X1.2.3 ' C'S 

1 C ua u4 ufi 
;+&£C.; Jü?. — _l 

'a&*?2»~ 22.4a “ 22.42.62 

a b 02 L 02/12 ' 22.42.62 ‘ V 22 1 22.42 

If we suppose z, u, to be so small that we may neglect terms of the order w4, the expression 

[103842] will give z = — ; which is evidently the equation of a small osculatory arc, whose 

sine is u, versed sine z, radius b; agreeing with the notation in [10377—10379]. 

The angle ts [10379'], which the tangent to the curve makes with the radius u, may be 

• dz 
found by substituting the value z [10384;?] in the equation tang.2tf = — [10406a], from 

CL'll 

which we get 
1 ( 2w . . 4«3 

tang.-z? = ~b • j 2a. - + (2a)2 - 
22.42 

(2a)3. 
6u5 

22.42.62 
-f- Szc. 

If we substitute - 
a 

6m‘-,5 [10351'], in the expressions of z and tang.-a [10384.?, 10385c], 

they will become as in [10385c,/], respectively; the numbers included between the 

brackets being the logarithms of the coefficients, the index being as usual increased by 10, 

and in the last term of [103S5/] by 20, because these numbers are less than unity; 

1 . $[8.8860566]. w2 + [7.1700532]. m4 -j- [5.1018673]. m6 

+ [2.7838040]. u8 + [0.2719206]. u™ + kc.1 
a2) 

tang.z? = .\[9.1870866]. u + [7.7721132]. u3 + [5.8800186]. u5 

+ [7.6868940]. u1 + [9.2719206]. u* + kc. < 

These formulas were given by La Place in the Connaisance des Terns, for the year 1812, 

several years after the publication of the Second Supplement to this book, and were applied 

by him to the determination of the capillary action on the mercury in a barometer, as we shall 

see in [10443*]. 

If we put z = z — —, as in [10384m], the equation [10380] multiplied by ( 1 + —/, 

may be reduced to the form 

ddz 1 dz 

dxft u du ' + 2az-(1 + du2 

975 

[10388] 

[10384x] 

[10384^] 

[103842 ] 

[10385a] 

[103856 ] 

[10385c ] 

[10385c*] 

[10385c ] 

[10385/] 

[10385g-] 

[103856] 

[10385* ] 
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[10389] 

[10390] 

[10391] 

[10399] 

[10393] 

[10394] 

[10395] 

[10385* ] 

[10385Z] 

[10385m] 

[10385/i] 

[10385o ] 

[10385p] 

and its general integral is expressed by 

1 /— • uJ2a.cos.? , 
• V/2a.sin .cp.c -f constant. 

a b* 

The first limit of this integral being (p = 0 [10385], the constant quantity 

must be equal to nothing; and at the second limit, where cp— * [10385], it 

again vanishes; therefore the equation [10382] is satisfied. The preceding 

value of z is not the complete integral of the equation; but it suffices for the 

(I-2j 
present case, in which z and — vanish when u = 0. 

Putting cos.cp = 1 — 2sin.2Jj(j), in the preceding expression of z [10384'], 

we obtain 
^7,^/2 a 

— 2m ^/2a. sin,2i|? _1 

'Zb' 

[Value of z on the uppef 
surface of the drop, from 
the vertex towards the 
borders. 0 z=^u^d<f-c 

When 2u\/2& is a large quantity, which is the case near the borders of a great 

drop, the value of c ~in'a? becomes very small, and almost insensible, in 

case cp has a sensible value. Therefore, if we put the integral fdcp.c 2“v/2a‘sm‘ 

under the following form,* 

and the assumed expression [10384'] will give the following approximate value of z, as the 

integral of [ 103857] ; 

a&7T 
•To dip. c 

u \/2clij cos.» 

If we put, as in [9323p], a=a 2, the equation [10385ÎJ will become as in [10385m], and 

its integral [10385/c], as in [10385n], which will be of use hereafter; 

ddz . 1 dz / | dz2\ 2z / dz2\| 

du- ‘ u * dit \ ‘ du9-) a2 " \ ‘ du2/ 

tt2 . cos.? 

Z = -.f*dcp.C a 

If we make the same substitutions of z = z—-^7, a = a~2, in [10402], and neglect the 
ao 

term of the order u~l, we shall get for the approximate value of z, 

u,\/2a u </â 

2a Ow2ir 1/2 Y U Qb . lo/io. b \/27rs/2 

* (4400) The coefficient of dp.c neglecting the sign /, in the second 

member of [10396], is 

cos.3pp. (1 + ssin-2??) + 2sin.4|tp. (1 -f 2cos.2pp) ; [10396a] 
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fdy. W2a-Sin'^ =fd<p. cos.if.{ 1 + |sin.%)}. c-*"j*-***> 

+,f2dcp.sin.4+p. {1 + 2cos.2]-/]. c~2u^2a'sin' 

we may, without any sensible error, neglect this last term ;* then, puti 

but from [1, 6], Int., we have 

2 sin.4/p = 2 (sin.+p)2 = 2(a — |cos4p)2 = £ — cos. J-cp -J- |cos.2^p, 
and 

1 + 2 cos.+p = 2 -f- cos.£p ; 

the product of these two expressions is 

2 sin.4/p. ( 1 + 2 cos.+p) = 1 — f cos.yp -f- icos.3|-p ; 

substituting this and 1 + |sin.2yp = §— J-cos.2yp, in the factor [10396a], it becomes 

COS.^p. (j- |-COS.2^p) + (1 '|-COS.p-j- Jcos.^p), 

which, by neglecting the terms destroying each other, becomes 1 ; so that the first member 

of [10396] is reduced to the integral of the expression dcp.c 2mY2°..sin. & mu]tiplled by 

the factor [10396a], as in [10396]. 

* (4401) The limits of p [10385] being p = 0 and p=‘7i', we have 

1 nb i?sin.22-p )> 1 <(f, and l + 2cos.+p)>2<^3 ; 

therefore the second of these factors is nearly double that of the first; hence the 

element of the expression in [10396, line 1], is to that in [10396, line 2], nearly as 

, — 2m\/2a. sin.2£?> . . —2u t/2a. sai.2J? _T -r , . 2 . . _ , 
cos.|p.c to 4sin.+p.c . Now, if we substitute-=13mi,mi-[10351 ], 

and suppose the greatest value of 2u to be 100mi- [10446], we shall have 

2a==200/+= 111 

nearly; therefore the two terms of [10396], when near the borders of the drop at C and H, 

fig. 172, page 971, will be to each other nearly as cos.|p.c 111-sm' 2® to 4sin.+p.c—111"Sm’2^P, 

or as cos.ip to 4sin.4]p; so that when p is small, this last term must be much less than the 

first, and may then be neglected. Again, when p is very small, the factor c~111,sm-2^ ;s 

nearly equal to 1 ; but as p increases, it becomes quite small. For, if we put successively 

sin.|p equal to 0,1; 0,2; 0,3; 0,4, Sic. ; corresponding respectively to p equal to 

13°, 26°, 39°, 52°, kc., nearly ; the factor will become c~1U, tT4'44, 
— 9.99 —17.76 

c > c > and as c=2.71, nearly; these terms will be nearly represented by 

111 1 
3’ 85’ 20000’ 50000000 ’ ^c'5 resPect‘vely* In consequence of the smallness of this factor, 

when p is of a rather large magnitude, the elements of the integral in the second member of 

[10396] are nearly insensible, and may be neglected in comparison with those depending on 

vol. iv. 245 

[10396] 

[10397] 

[103966] 

[10396c ] 

[10397a] 

[10397a'] 

[103976 ] 

[10397c] 

[10397d] 

[10397c] 

[10397/] 

[10397g-] 
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[10398] 

[103980 

[10399] 

[10400] 

[10401] 

[10402] 

[10397A] 

[10399a] 

[103996 ] 

[10399c] 

[10399J] 

[10402a] 

[104026] 

or 
2 sin.2i(p = ft, 

t 
sin.|9 

\/2M/2a 

we shall have * 

c«v*s * c u ) i 
2= L . . j2dt.c ,,.U + -JL={—\ 

^b‘iry2uy/2o. qJ ( 4?-fy/2a) 

The integral relative to t must be taken from ft = 0 to ft = 2U\/2sx. [10399c] ; 

but, c~2uv/~a being by supposition an insensible quantity, we may take this 

integral from £ = 0 to t = infinite; and then we shall have, as in [8331], 

2fQ°° dt. y/n ; 
therefore,! 

u i/2a 

Z = = U + —1-- 
ü.b[/27r.Ui/2a. ( * 8u\/2v 

[Value of 2 on the upper"1 
surface of the drop, from I 
the vertex towards the I 
borders. J 

the smaller values of <p ; and as we have just shown that, for these smaller values of <p, the 

terms in [10396, line 2] are nearly insensible, we may neglect it wholly, and retain only 

the upper line, or that in [10396, line 1] ; and by substituting it in [10393], we get 

c«s/ 2a 
= —— .f^dcp. cos. £<p 41 + isin.2 £<p (. 

c—2«s/2a. sin.2J?> 

T6' 

* (4402) The differential of [10398'] gives, by considering <p, t, as the variable quantities, 
O fU 

d9.cos.^<p==^yy^yz_; substituting this and [10398'] in [10397A], we get 

r M 5,-1 *■ 2.~u 1 
~ 0.6:7 7/ [/2u y/2a ç, 2u^/2a ) a6’ 

which is easily reduced to the form [10399]. The limits of this integral are easily obtained 

from those in [10385]; since <p=0, gives, in [10398], t2=0, for the first limit; and 

cp — rf [10385] gives, in [10398], ft=2u^/2^, for the second limit, as in [10400]; and as 

this last quantity, in the experiment mentioned in the last note, is nearly equal to 111 

[103975], it will give c ~u^ a=c m, an insensible quantity ; whence it is evident that we 

may extend this last limit of t, to t— 00, as in [10400]. 

f (4403) From [1534o, p], we get f^ftdt.c tt=^fofJdt.c , observing that the 

elements of these integrals have the same values for -f- ^ as for — t ; substituting in the 

preceding integral the value [10401], we get ft dt. c =5^/3*. Introducing both these 

integrals into [10399], we obtain [10402]. 



X. Suppl. 2.] FIGURE OF A DROP OF MERCURY RESTING ON A PLANE. 

We shall now resume the differential equation [10380], which, by using the 

values of z\ q [10378', 10377'], becomes* 

dclz' 1 dz' 

2<xq — 2a z' — — 
2 
ft* 

[General differential equa-T 
tion of the surface. J 

We shall now put, as in [10265, or 10379'], & for the angle ivhich the tangent 

of the curve makes with the radius u ; and we shall have f 

dz’ 
—- = — tang.w, 
du b ’ 

or dz' — —du. tang.w; 

thus the preceding equation becomes 

. cos.tf + -. sin.ro = 2a q -f- 7 — 2az' ; 
du u * b 

multiplying the first term of this equation by —du. tang.®, and the others by 

the equal quantity dz' [10406], we obtain 

dz' 2 
— dvt.sin.ro + —.sin.a = 2aq,dz'Jri .dz' — 2az'dz'; 

u 1 b 

hence, by integration, we get 

cos ■m+f 
dz’. sin .to 

u 
,z'—az'2 -f- constant. 

To determine the constant quantity, we shall put to' [10379"], for the value of 

® [10379'], when z' is nothing; ro' will be the obtuse angle formed by the surface 

of the drop with the plane. Commencing the integral of the preceding 

* (4404) Substituting z — q—z' [10378'], and its differentials dz = — dz’, 

ddz = — ddz', in [10380], and then changing the signs of all the terms, we get [10404]. 

f (4405) The angle GBb, fig. 172, page 971, being represented by & [10379'], we 

evidently have tang.^=^ — —~ [10404a], as in [10406]; its differential gives 

ddz' 

du2 

[10404], 

rfTO 
moreover (1+ 

dz' 2\* , « M 1 
—) = (l + tang.%).=; substituting these in • _ 5 UJOiuv/r vl l X. i I n I "—\ -*■ 1 ^ ) - 5 

du cos.2to \ du2/ x cos.TO 

we get [10406'], by changing the signs of all the terms. The expression 
dz 

tang.TO=— gives 
du 

979 

[10403] 

[10404] 

TO 

[10405] 

[10406] 

[104067 

[10407] 

[10408] 

[10408'] 

[10409] 

[10404a] 

[10406a] 

[104066] 

[10406c] 

which will be of use hereafter. 
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■ôS 
[10409'] 

[10410] 

[10411] 

[10412] 

[10413] 

[10414] 

[10411a] 

[104116] 

[10411c ] 

K 

[10411c? ] 

[10411e] 

[10411/] 

[10411g-] 

[1041U] 

[10413a] 

[104136] 

equation with z\ we shall have constant — cos.™'. We shall at first neglect 

2 
the part under the sign of integration, also the term* - .z', and then we shall 

have nearly 

cos.-tf = 2a qz' — cl0/2-|- cos.to'. 

We may, for a first approximation, suppose z'=q, when the tangent is 

horizontal, or when cos.tf = 1 ; thus we shall have f 

or 
1 — C0S.w' = ag2, 

[ Approximate value of the"] 
height of the drop q. J 

2 
* (4406) The term -,z' is much smaller than the term 2<xqz', with which it is 

connected. For the ratio of the first of these terms to the second is —- ; and by [104141, 
ag6 

__ __ _ 1 
aÿ^^/aa-sin.^ra' nearly, may be considered as of the order p/2a =p/T4^ = p^7g [10351']; 

lrai- 8 
hence this ratio is of the order —; and as & [10377] represents the radius of curvature of 

the surface of the drop at the vertex A, fig. 172, page 971, where the curve is nearly 

horizontal, it must evidently be much greater than lmi-,8, when the radius l=ED — 50mi- 
2 

nearly [10397a']; therefore the term in question ~>.z' may be neglected in the first 

.... , r*dz'. sin.-cr . . 
approximation. Again, the integral J ———, whose approximate value is computed in 

[10420], is to the first term of the expression [10408], namely, cos.-tf, as 

2. \ /2 (COS.3.^ — COS.3^sA t0 ^ . 

31 * ^ ci," \ cos.-tf / ’ 

and we may consider the factor /0b-3.^'ro ^ as being in general of the order 1 ; so 

that the integral expression [1041 Id] may be considered as of the order —. ^/l. Now, 

putting l— 50mi- [10411c], and - = 13mLmi' [1035P], it becomes y^^/13 —/T nearly; and 

as this is so small, we may also neglect it, in a first approximation ; and then the expression 

[10408] becomes as in [10411], using the constant quantity [10409']. 

f (4407) As the point B, fig. 172, page 971, passes from C towards A, the angle zs 

[10379'] decreases, and becomes zs—0, at the vertex A, where z' — q [10377']. 

Substituting these values in [10411], we get at the vertex 1 =ag,2-|-cos.'z/, as in [10413]; 

from which we get aç,2 = l—'Cos.'5s'=2sin.* l 2|,z/ [1], Int. Dividing this by a, and 

extracting the square root, we get the approximate value of q [10414]. 
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therefore * 

which gives 

hence we get the following integral, 

dz'. sin.•zrf 

u 

dzs. sin.|TO. cos.2Jto 

u 

The preceding integral is insensible when the angle to is very small; for, 

although the denominator of the differential 'S*n— may be then very small, 
'll 

and even nothing, yet the expression itself is very small, and much less than 

when the angle to is larger, as we may easily prove.f In this last case, the 

[10415] 

[10416] 

[10417] 

[10418] 

* (4408) Substituting cos.ro' = l— aj2 [10413] in [10411], we get 

cos.trf = 2o.qz'— 0/2'2-{-1 —v-ÿ2; [10417a] 

hence, by transposition, 

a(?2 — %qz'-\-z’'*') = 1 — cos.ro = 2 sin.2 Jto [1], Int. [104176] 

Dividing by a, and extracting the square root, we get [10415], which is the same as the 

value of z [10378']. The differential of [10415] gives dz' [10416]; and by substituting it 

in the first member of [10417], it becomes as in its second member, observing that ^ 

sin.ro == 2 sin. Jro. cos. Jro [31], Int. 

f (4409) We shall suppose the point B, fig. 172, page 971, to be very near to the 

vertex A; then, drawing the tangent Bb and thè ordinate BG, we shall have the angle 

GBb — Tz [10379'], and BG = u [10379]. Now the arc AB, for a very small distance 

about the vertex A, being supposed to be circular, with the radius b; we shall have to equal 

to the angle formed at the centre of this circle, by the radii drawn through the points A,B; 

and from the nature of the circle, we shall have w = i?Cr = 5. sin.ro = 2&. sin .Jro. cos. Jro 

[31], Int. Substituting this in the second member of [10417], we get, when to, u, are 

very small, 

dz'. sin.TO 
u 

\ r*dvi. cos.Jro_ , /*dro 

^ âJ 2b ' y âJ 2b = 
Now, the upper part of a large drop being very little curved near the vertex, we shall have 

b quite large, and to small, even when u is of a considerable magnitude ; hence it is evident 

that the integral expression [10417] must be very small when the angle to is small; agreeing 

with the remarks in [10418, &tc.]. From what has been said, it is evident that we may 

neglect all the parts of the integral [10417], except where u is very large, and nearly equal to 

DE—I; and if we put u — l, and substitute also for dro.sin4to its value —2d.cos.jTO, 

vol. iv. 245 

[10418a] 

[104186 ] 

[10418c ] 

[10418c?] 

[10418e ] 
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Z 
[10419] 

[10420] 

[10421] 

[10422] 

[10423] 

[10418/] 

[10418g- ] 

[10422a ] 

[10421a] 

[104246 ] 

[10424c ] 

[10424oJ ] 

value of u is very neàrly equal to the semi-diameter of the circular section of 

the contact of the mercury with the plane. We shall put this semi-diameter equal 

to l ; and we may, without any sensible error, suppose u — l in the preceding 

integral; and then, by supposing the integral to commence with to = to', we shall 

obtain, as in [10418g-], 

therefore wre shall have # 

cos.w + 
3Z' 

2N 

substituting z' 

. 2 cos.tf-f-. 

^.{cos.3|to— cos.3^7} =^2a qf^J.z'—az^-f-cos.^7; 

q—z [10378'], it becomes 

?.{cos.3J?3 — cos.3|to7} = + (q — z) — &z2 + cos.ts7. 

Now, £ being nothing whenf ^ = 0, we shall have ^ equal to a series 

ascending according to the powers of z; by substituting it in the preceding 

-. 7 ./cos.2^. d. cos.^-stf, 
a l 

the expression of the second member of [10417] will become 

whose integral is %. \/^ .{cos.3^ -[-constant] ; and if we commence the integral at the 
ol v a 

point D, where zi = vd, the constant quantity will be cos,3|^', and the integral [10417] 

will become as in [10420]. 

* (4410) Substituting the constant quantity cos.-s* *' [10409'], and the value of the 

integral [10420], in [10408], it becomes as in [10421]; and by using z' — q— « [10378'], 

we get [10422], 

f (4411) At the vertex A, fig. 172, page 971, where the tangent to the surface is 

horizontal, we have z — 0 [10378], and to —0 [10413a]; substituting these values in 

[10422], we get 

1 + ^ • \/\ • U — cos.3|to'^ = ^ • q + cos.to ^' ; 

transposing cos.to', we get [10424]. Moreover, if we substitute, in the first member of 

[10422], the expression cos.to==1 — Jto2-]-^'534 —&tc. [44], Int., and then subtract from 

the resulting equation that in [10424], it will become 

*— + gj* \////'^• l— i(i!'ra2) j — 1 ^mZ °-z~5 

whence we can deduce to2, in a series arranged according to the powers of z, as is stated 

in [10423]. 
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equation, and comparing together the coefficients of these powers, the 

coefficient independent of z will give, as in [104246], 

1—-cos .zs' Jr~.\^///' ?.(1—cos.3Jw') =aç2-{-?.ç; 

i is a very small fraction, whose square may he neglected when the drop has a 

great width; and in this case, the preceding equation gives very nearly* 

4sin.K+g70S-y>. 
3cu.sin.£t3 a 

We shall now determine the constant quantity For this purpose we shall 

resume the equation f [10406, 10416], 

dz' = — du. tang.tf = — a \/\ * ^ • cos.J^ ; 

whence we deduce 
1 , ( 1 

du 
2/2. CL 

,drt.< —— -2sin.U/ 
(sin.^-sj z 

* (4412) Dividing [10424] by a, then substituting 

1\2 , o . 
1—cos.'r/=2sin.2ibtf/, also 

1 + ^)’ for 22 + S’ which may be done by neglecting the very small quantity 
(j2 

Q2, we get 
?.sin.9i«,+2\//?. 

(1 —cos.3^') 

3tt^ 1 (■+à)‘ 
Extracting the square root of this expression, we get 

a _l 1 = \ q:n i^/ I 2(1~C0S-3K) 

Developing the second member in a series, and retaining only the two first terms, it becomes 

as in [10426]. The neglected terms must be small, because they depend on the square and 

[104266], which, in the example [10411g], is of the higher powers of the factor 
3Z/2< 

order of the square and higher powers of /p, as is evident from the values of /2a = p;~ g 

and Z=50nii- [104116, c]. 

f (4413) Equating the two expressions of dz' [10406, 10416], we get [10427] ; now 

I • I ■ 11 • r-« -i 2sin.|cr. COS.èar . , , 
we have identically, as in [10281a], tang.-ra = ———■; dividing the two last 

expressions of [10427] by these expressions of tang.tf, and then changing the signs, we 

get du — --drtJ1 ~ 2s^~S^, which is easily reduced to the form [10428], or 
^ & sin>2 

dM/2o.= sin^w — dvi.svn.\zi, whose integral is as in [10429], as is evident from the 

formula [10281^]. 

[10424] 

[10425] 

[10426] 

[10427] 

[10428] 

[10426a] 

[104266 ] 

[10426c ] 

[10426i] 

[10427a] 

[104276] 

[10427c] 



984 THEORY OF CAPILLARY ATTRACTION. [Méc. Cél. 

[10429] 

[10430] 

[10431] 

which gives, by integration [10427c], 

u ^/j£ = log. tang. -f 2 cos.|^ -f constant. 

To determine the constant quantity, we shall observe that, when & = &' 

[10408'], we have u = l [10419]; and then [10429] gives 

constant = l\/ 2a—■log.tangT®' — 2cos.|«' ; 

therefore we shall have * 

[10432] 

[10433] 

[10434] 

[10435] 

tang.^ == tang.i'w 
! (u — l) <\j2a — Scos.^w-j-Scos.Jnr' 

c being the number whose hyperbolic logarithm is 1. This equation gives 

very nearly, when the angle * is very small, 

tang.tf = 4 tang. 4^ h c 
(u — V) . \/2a—4sin.2|tir' 

Now, if we take the differential of the expression of 0 [10402], in which w is 

supposed to be small, we shall have f 

[10432a] 

[104326] 

[10432c] 

[10432i] 

[10436a] 

[104366] 

[10436c ] 

[10436tf] 

[10436e] 

[10436/] 

* (4414) Substituting the value of the constant quantity [10431] in [10429], we 

obtain M^/27 = log.tang.4'OT-f“2cos.4'^—-log.tang.psï'—2cos.4^/, whence we 

deduce log.tang.^t3 = log.tang.^ro/-f-KM — Z)y/2<ï — 2cos.J-ra-f-2cos.^zs'\. Multiplying the 

terms between the braces in the second member by log.c = l, and then reducing to natural 

numbers, we get tang.^ra [10432]. When zs is very small, we shall have very nearly 

tang.4'^ = 4tang*'Kh also 2cos.4zff=2 nearly; and then we have 

— 2cos.yzrt -j- 2cos.Jw' = — 2-J~2cos.£5j' =— 2(1 —cos.yra') = — 4sin.2ptf' [1], Int. 

Substituting these in [10432], and then multiplying by 4, we get [10434]. 

f (4415) We have supposed, in [10381, Sic.], that the top part of the drop, for a 

considerable distance from the vertex A, fig. 172, page 971, is nearly horizontal ; so that 

w may become quite large, and almost equal to l [10419], while zs [10379'] is quite small; 

and it is for such small values of zs, and large values of u, that the expression of z [10402] 

is supposed to correspond. Now, taking the differential of this expression of z, relative to u, 

and dividing it by du, we get [10436] ; in which we may neglect the two last terms of the 

second member containing the divisor 8up/Sf, and its square, because these divisors are 

quite large; since we have seen, in [103976],. that, in the experiment there mentioned, 

2Mp/2a = lll, near the border of the drop. In this case, the expression [10436] will be 

reduced to its first term, 
d±__ l/2a.cMI'/2a 

du a b^/^TT ,u ’ 

dz dz! 
and since — =-•- = tang.-5i 

du du 
[10406a], we 

t/2üf Cu^2çx 
get tang.tn = -L— -— , for the value of tang.®, near the borders of the drop; and if 

ao i/2y .«\/2a 

we then suppose, as in [10419, 10430], u = l, in the denominator of this expression of 

tang.ro, it becomes as in [10439], 
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dz_ i/SS-c"^ Cj 

du &b\/%7r .Ui/2a C 

12 

8M/2a (8Mv/2a)8S’ 
g 

when l is very large, we may neglect, in this expression, the terms — g^— 

and-~=~2 5 i11 comparison with unity, and suppose, in the denominator, 
(8 m \/2<\Y i 

— l, which is the same thing as to neglect the powers of —y—, as we have 

dz 

du 

— u \/2tt 

taiw.tf = l/ 

u 

Cl/Z 
done in the preceding expression of tang.^, or — ; and then we shall have 

a .c 

ab 

If we compare this expression of tang.tf with that in [10434], we shall 

obtain * 

* (4416) Putting the two expressions of tang.13 [10434, 10439] equal to each other, 

and multiplying by ? we Set [10440]; and if we substitute the values 'zs/ = 152° 
y/a .CWv/2a 

[10450], a = T% [10351'], it becomes 

r 

0,43429 

1 A •—IX 0,3547 A —/X0.2409 
4=2.5854.l .c = 2.5854.Z .10 , 
ao 

the second of these expressions being deduced from the first, by substituting e = 10 

Multiplying [104395] by a=T23-, we obtain 

1=0,3977.ll io-'x°’2409, 

or i=2,5u.rKiolxvm. 

If Z is large, as for example 25mi', or more, the factor 10 ^x°>~409 becomes less than 10— 6, 

and this renders the expression [104395] so small, that it may be neglected, as in [10450']. 

If we substitute the same values of a [10439a], in [10426], we shall get 

1 Qmi- O] 41 

’3524+ -r^- 

Subtracting from this the expression [104395], we obtain 

q = 3mi,,3524 + — 2,5854. Z4. lO-^0^409. 

When Z is infinite, this expression of q becomes 

ç=3mi-,3524, 

which may be considered as the limit of the height of a drop when its diameter is very large. 

If Z=50rai-, the last term of [10439g] is insensible, and the expression of q becomes 
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[10436] 

[10437] 

[10438] 

[10439] 

[10439a] 

[104395] 

[10439c] 

[10439d] 

[10439tf'] 

[10439e ] 

[10439/] 

[10439g] 

[104395] 

[10439Î] 
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[10440] 

[10439&] 

[10439* ] 

[10439/w] 

[10439n ] 

[10439o ] 

[10439p] 

[10439g ] 

[10439r ] 

[10439s ] 

— I \J°2o.—4siu.2/jw' [Depression of the mercury I 
in a large tube. J 

<7 = 3^,3524-f-0™“,0442 = 3™-,3966, as in [10451]; hence it appears that q increases 

while Z decreases, always supposing Z to be a large quantity. There is, however, a limit to 

this increase, in the height of the drop, because, when the quantity of mercury decreases so as 

to make the drop become very small, all its dimensions, and therefore its height, must be 

very small. 

In the preceding formulas, Z is supposed to be given to find q ; but, instead of this, we may 

suppose the volume V of the fluid to be given, which is easily obtained by dividing the mass 

of the fluid by its density D, tx' and a being considered as known quantities. In finding 

q from V, it is necessary to obtain an analytical expression of V from the integral of the 

equation [10380] ; this is obtained in the following manner. Multiplying the equation 

[10380] by udu, and transposing the last term, we get 

ddz 

U'du + dz %udu 

O+Sf ' 0+3? 
— 2&zudu=0} 

whose integral is 

u. 
dz_ 

du n2 

(\ + —y 
\ “ duy 

— — ouzu? -j- a ./z iPdz — 0, 

as is easily proved by differentiation ; no constant quantity being added, because the integral 
7t 

vanishes when « = 0, and z = 0. Multiplying this by -, and transposing the three first 

terms, we get 
a 

*./? vPdz == . | 
Q , M2 U 

zw+^-~- 

dz 

du 

° y/ i +y 
Now the first member of this expression evidently represents the volume Z7" of the mercury 

in the upper part of the drop, and limited in the lower part by the horizontal circle passing 

through the ordinate y, at the distance z from the vertex. Substituting this symbol V in the 

first member, also sin.sr [104066“] in the second member, it becomes 

V= irw2. (z -f sin.ttf. 

To obtain the whole volume Y of the drop, we must substitute, in this expression, the values 

of z, u, w, corresponding to the point where the extreme limit of the drop touches the 

horizontal plane upon which it rests; hence we get for the whole volume of the drop the 

following expression ; 

•(*+a 
Trl 
a 

■. sin.w« [10439*] 
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This value of i gives, as in [9750a], the depression depending upon the 

capillary action, in a barometer tube of a large diameter. For it is evident that 

Substituting the value °f [10426], it becomes 

V a 

• -, , nl 1 
sin.Yro— _ .- sin. to 

a 

(1 — 3 cos.3£to7)] 
3sin.iTO' ' 

which is the same as the expression (p) in page 218 of the Nouvelle Théorie, fyc., of M. 

Poisson, changing Y, /, a, to7, into v, r\ a-2, v — to', respectively, to conform to his notation. 

If we substitute, in [10439m], the values of to7, a [10439a], it will become 

V= 10,6317. ?2—*7,0230.1. 

As an example of the use of this formula, we shall take an observation of Gay-Lussac, given 

by M. Poisson, in page 219 of his Nouvelle Théorie, <^c.; where the weight of the drop of 

mercury was 6sram-,013, its height q = 3rai',34, at a mean temperature when the density was 

~T7o~j that of water being unity. Dividing the weight in milligrammes 6013, by this density, 

we get the volume of the drop in cubic millimetres equal to X 6013 = 443,7 = U. 

Substituting this in [10439«], we get 443,7 = 10,5317. P — 7,0230.?; and from this 

quadratic equation we easily deduce 

?=6m!-,833. 

M. Poisson makes 1= 6mi',86S7, in page 220 of his work, where he uses the symbol r' 

instead of l; the difference of the two results arises from his using the values of to7, a 

[10355c], which differ a little from those which are used by La Place [10439a]. The value 

of l [104392] being substituted in [10439g], gives for the height q of the drop the value 

q = 3™-,52, instead of 3"%34, as found by observation [10439a]; the difference arises chiefly 

from the terms omitted in the approximate formula [10439g], which is designed only for 

larger values of l than that in the present example. M. Poisson, by a somewhat different, but 

equally imperfect approximation, makes ç' = 3mi-,1996, in page 221 of his work, where it is 

denoted by the symbol Ic. 

The points C, H, fig. 172, page 971, where to = correspond to the greatest value of 

u, ivhich ive shall represent by u; substituting these values of to, u, in [10432], and then 

putting 2cos.|TO = y/2, 2cos.Jto7 =2 — 4sin.2jTO/, we get 

tang.^=tang.^TO7.c(u^Z) s/2fl—s^+2-4sin^ 

Multiplying this by c~u\/2tt“2+ v7- . (tang.^TO7)"-1, we get 

zy&q—4sin.^'__ tang.frr _Uv/2a — 2+</2 
tang.psTO * 

Substituting this in [10440], and multiplying by a, we obtain 

1 

b 4 i/a. s/nl, /2a. tang^-rf• c 
\/2a—2+ <y2 

9. 

[104407] 

[10439m] 

[10439v ] 

[10439u>] 

[10439x] 

[10439?/ ] 

[10439z ] 

[10440a] 

[104406] 

[10440c ] 

[10440c? ] 

[10440e] 

[10440/] 

[10440g] 

[104406] 
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[10441] 

[10441'] 

[10440Î] 

[10440»'] 

[10440&] 

[10440Z ] 

[10440m] 

[1044Ort] 

[10440o ] 

[10440p] 

[10440^] 

[10442a] 

[104426] 

[10442c] 

the surface of the mercury in the tube is the same as that of the drop which 

we have just considered; but at the point where this surface is terminated, it 

makes with the sides of the tube, an angle whose complement is* w'. 

Now from [1028L], we have tang.^tf: 
V2 + 1 

and if we put, for brevity, 

m'pssU + ^5—ij 
y a 

we shall get, from [10440A], the value of b [10440/r], which is easily reduced to the form 

[10440Z], by putting, as in [9323p], a = a~2, 

_ W y/% 
_«-(y/2+i) \ / 

4 . y/2 ^ 1 

When l is very large, the factor \,/1 differs but very little from \S~ij and if we make this 

substitution in [10440Z], and then change b, a, u', into p., a, V, respectively, to conform to 

M. Poisson’s notation, we shall obtain the value of in page 216 of his work ; observing that 

he, like La Place, neglects terms of the order ~~j~} in these calculations. 

If we resubstitute, in [10440/], the value 2cos.J«' [10440e], and then reduce it to 

logarithms, we get, by a slight reduction, the formula [10440o] ; and by putting a=ot~2, it 

becomes as in [10440p], using tang.Jsr [10440»], 

y/2o 
u ==/-}- 

t/2 , 1 , tang.^ro' 
■ ^.cos.K— .-75=. hyp-log-tS^jV 
[/a. 

= Z-f a — 2. a. cos.Jtf' — hyp. log {( 1 + /2). tang.£tf'J. 

This expression is the same as that given by M. Poisson, in page 218 of his work, for finding 

the value of r', changing u, l, a, into l, r', a, n-—w', to conform to his notation. 

* (4417) In the annexed figure 173, FAbBdD represents the convex surface of the 

mercury in a large barometer or cylindrical tube 

DB'F'F, This surface touches the sides of the 

tube in the points D, F, situated on the horizontal 

line DEF, which is bisected, in the point E, ^ 

by the vertical axis EGA, passing through the 

vertex of the surface. Then, drawing through any point B the horizontal ordinate BG, and 

using a notation similar to that in [10377—10379 '] ; observing also that the letters of 

reference in fig. 173 are exactly the same as those in fig. 172, page 971, corresponding to a 

large drop; we shall have ■ 
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With respect to a fluid, which, like water and alcohol, completely 

AE—q, ED=l, AG—z, EG=z', GB=u, 

angle GBb — zs, angle EDd= to', &c., 

b being equal to the radius of curvature of the surface at the point A. Then by a slight attention 

to the method of calculation in the article [10377,10440], we shall readily perceive, that what 

has been proved relative to the surface of the drop, is also true relative to the surface of the 

fluid in the tube; remarking, however, that the mercury forms the acute angle D'D d = 48° 

[10353], with the horizontal plane J) D, fig. 172,p. 971, or with the vertical side of the tube 

DD', fig. 173 ; so that, in the case of the drop, we shall have, in fig. 172, to' =EDd [10409], 

or ■*' = « —D’Dd = 200° —48° = 152°, as in [10450]; but in the case of the tube, 

fig. 173, -a'—EDd becomes to =100° — 48° = 52°, as in [10441', or 10453]. The 

remarks we have here made relative to the convex surface of mercury, fig. 173, apply with 

hardly any variation to the concave surface of water, alcohol, 8zc. in a large tube, as in 

fig. 174. 
H 1 

If we substitute —• = - [9328] in [9355], we 

shall get 

_sin.y l (1 — cos 30')} 

^ aZ sin.t)''^ 5’* sin.9/ f 

the angle Ô' [9346] being the same as to' [10442Î] ; so that if wre substitute, in [10442Z], 

the values d' = TO' = 52° [10442Î], \=6mL,5 [10351'], we shall get 

4,7383 

*=-r 
0,2029.1, 

for the depression q arising from the capillary action in a barometrical tube whose radius is l, 

the unit of measure being a millimetre; observing, however, that, in computing this formula, 

it is supposed that l\f a is a small fraction, whose higher powers are neglected in the 

computation of the formula [9355]. M. Poisson, in page 287 of his Nouvelle Théorie, fyc., 

supposes ra'= 45rt_ 30m- = 50° 33'-i, and ~ = a2 = 6™-,5262; and by substituting these 

values in [10442Z], it becomes 

4,5743 
? = — — 0,1931.1, 

which agrees very nearly with the formula (1) in page 287 of his work, namely, 

4 5746 
q = — — 0,1932. Z+ 0,0559.13 ; 

observing that his symbols <5, a, correspond respectively to q, l, in La Place’s notation. 

Moreover, M. Poisson has used a somewhat different method in developing the series [9355], 

and has retained the small term depending on l3 which is neglected by La Place, on account 
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[10442] 

[10442<f] 

[10442e ] 

[10442/] 

[10442g-] 

[10442/i] 

[10442i ] 

[10442&] 

[10442Z ] 

[10442m] 

[10442»] 

[10442o ] 

[10442p ] 

[10442?] 

[10442?- ] 

[10442a] 
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[10442'] wets the sides of a glass tube, i will express, in such a tube, 

[10442s'] 

[10442£ ] 

[10442u] 

[10442v ] 

[lQ442w] 

[10442.r ] 

[104427/] 

[10442z ] 

[10443a ] 

[104436] 

[10443c ] 

[10443d] 

[10443e] 

[10443/] 

[10443g-] 

of its smallness The formula [10442^, or 10442;-] must not be used except for very small 

values of l, and we shall hereafter give some examples of its use. If we suppose the 

diameter of the tube 21 to be equal to a ten thousandth part of a millimetre, or Z = 0’™,0005, 

the expression of q [10442ft] will give q = 94766"“', being the same as is used by La Place 

in page 316 of the Connaissance des Terns for the year 1812, in a paper entitled 

Sur la Dépression du Mercure dans un Tube de Baromètre, due à sa Capillarité. When 

the radius of the tube is very great, we can determine the depression by means of the 

formula [10440], as is shown in [10455, he., 10456ft—f\. For intermediate values. of l, 

we may use a process of quadratures like that proposed by La Place in the paper just 

mentioned, for computing the table of depressions [10443z] of the upper point of the surface 

of the mercury arising from the capillary action. This table was first computed by M. 

Bouvard, by the formulas [10443g—§], and was afterwards corrected and augmented by him, 

in a paper inserted in the Connaissance des Terns for the year 1829, as in [10443z]. We 

shall now explain this method of quadratures as it is given by La Place in the 

above-mentioned paper. 

If we substitute the value of [9326], and that of sin.^j [10406c], in [10380], we shall 

get the following equation of the surface of the fluid, 

1 1 . 2 12 1 
— 4--.sin.z3 — 2a2T = :f, or — = -4-2az——.sin.-sf, 
R 1 u b ’ R b 1 u ’ 

which gives a very simple expression of the radius of curvature R of the generating curve, 

or curve formed by the section of the surface by a vertical plane passing through the axis of 

the tube. Therefore, if we consider this curve as being formed by a series of small arcs of a 

circle, described with different radii, and touching each other at their extremities, we can 

obtain the coordinates of the curve with so much greater degree of accuracy as the number 

of divisions of the amplitude shall be increased. The whole amplitude zJ = 52° [10453] is 

divided by La Place into 12 equal parts ; and the depression of the mercury in the barometer is 

assumed successively, by Bouvard, at 5mi-,0, 4ini-,5, 4mi',0, 3mu,5, 3mi',0, 2mi',5, 2mi-,0, lmi-,5, lml-,2, 

lmi 0. Below lm\0, the variations of the assumed values are 0mi-, 1 to 0rai‘,4 ; below 0mL,4, the 

variations are 0mi',05; finally, in the two last expressions, the depressions are supposed to be 

0mi,06, 0rai,03, Taking successively these depressions for the values of q, and using a=^]-5 

[10442/;;], and q = — [9354], we get the following expression of the radius of curvature b 

at the summit of the surface ; 

We shall now put 
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the elevation of the lowest point of the surface above the level 

Vr = the inclination of the side of the curve to the horizon, or value of to [10379'1, at 

the lower extremity of the division r of the arc; 

zr = the vertical ordinate, or value of z [10378], corresponding to that extremity; 

ur = the horizontal ordinate, or value of u [10379], corresponding to that extremity ; 

br = the radius of curvature R [10442y], at the same point; b being its value at the 

vertex [10442e] ; 

With this notation, the second of the equations [104422] becomes 

1 2 , ^ 1 . 
t = 7 T- 2a zT-. sin. vr. 
br b r ur 

The limits of the division r of the arc being Vr, Vr+i, and the corresponding radius of the 

circle being br, the difference of their sines to that radius will give the difference of the 

values of ur+1 and ur; and the difference of their cosines will give the difference of the 

values of zr+l and zr ; hence we easily deduce the following expressions, by using the 

formulas [19, 17], Int.; 

ur+l—u,.-{-2br.sin.f (Vr+l — Vr).cos.J(K-+i + Vr) ; 

zr+l=2,. + 2br. sin.J ( Vr+l — Vr). sin A( Vr+l -j- Vr). 

At the first division, where r=0, F0 = 0, these expressions become, by a slight 

reduction, 

uy=b. sin.J7], 21=25.sin.2F‘1. 

Instead of dividing the amplitude TO' = 52d' = 46d• 48m‘, into twelve equal parts, according 

to the directions of La Place, M. Bouvard takes ten arcs, of 4d' each, from 4d- to 40d>; and 

the remaining part of the amplitude he divides into two equal parts, of 3d- 24m- each. These 

values are used when the depression of the mercury exceeds lm\ When the depressions are 

less than lmi-, he uses the two formulas [10385e,f], selecting in the first place for u a value 

which will give, in the formula [10385/], the angle to or V equal to 4d\ Then this angle 

is successively augmented by 2/ till F=12d-; from 12d‘ to 40% the intervals were 4d>; 

from 40cL to 46d< 48m', the intervals were 3d- 24r,\ 

The values of u corresponding to the greatest amplitude 46d< 48’% being found for all the 

depressions [10443/ e], will represent the radii of the tubes, in which these depressions 

respectively occur. Upon examining this table, La Place found that the difference of the 

logarithms of the depressions, divided by the difference of the diameters of the tubes, forms a 

series of quotients which vary with extreme slowness ; and he makes use of this property to 

simplify the table by adjusting it to equal decrements of the diameters of the tubes. Thus, if 

a, a', are the depressions corresponding to the diameters d, d', we shall have 

log.a'—log.a „ 
~"d—d'—=c = constant; or log.a' — log.a = C. {d — d’). 

Then, if x be the depression which is required to be found for the diameter d1, which occurs 

in the table, we shall have, in like manner, log.æ — log.a = C.(d — dL) ; whence we get 

[10442% 

[10443/t ] 

[10443Î ] 

[10443*] 

[10443/] 

[10443m] 

[10443n] 

[10443o ] 

[10443p] 

[10443?] 

[10443r ] 

[10443s ] 

[10443/ ] 

[10443u] 

[10443a] 

[10443ia] 

[10443a: ] 
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[10443] 

[10443î/ ] 

[10443z] 

[10444a] 

[10444a'] 

[10444&] 

[10443f], and we shall have vs' = i*;* which gives for this elevation, 

log.a? = log.a-f-C. (d — dx) ; 

and, by means of this formula, the diameters of the tubes were arranged, as in the following 

table, so as to have a regular decrement of O'™-^, from to 2mi-, in the first column ; the 

second column contains the corresponding depressions, and the third column the differences 

of these quantities. 

Internal diameters 
of the tubes. 

Depressions. Differences. 
Internal diameters 

of the tubes. 
Depressions. Differences. 

21mi',0 0mi,028 
0m\004 

llrai-,5 0mU,293 
om ■,037 

20 ,5 0 ,032 
0 ,004 

11 ,0 0 ,330 
0 ,042 

20 ,0 0 ,036 
0 ,005 

10 ,5 0 ,372 
0 ,047 

19 ,5 0 ,041 
0 ,006 

10 ,0 0 ,419 
0 ,054 

19 5o 0 ,047 
0 ,006 

9 0 ,473 
0 ,061 

18 0 ,053 
0 ,007 

9 ,0 0 ,534 
0 ,070 

18 >0 0 ,060 
0 ,008 

8 0 ,604 
0 ,080 

17 >5 0 ,068 
0 ,009 

8 >o 0 ,684 
0 ,091 

17 ,0 0 ,077 
0 ,010 

7 0 ,775 
0 ,102 

16 ,5 0 ,087 
0 ,012 

7 ,0 0 ,877 
0 ,118 

16 ,0 0 ,099 
0 ,013 

6 ,5 0 ,995 
0 ,141 

15 ,5 0 ,112 
0 ,015 

6 ,0 1 ,136 
0 ,170 

15 ,o 0 ,127 
0 ,016 

5 ,5 1 ,306 
0 ,201 

14 ,5 0 ,143 
0 ,018 

5 1 ,507 
0 ,245 

14 ,0 0 ,161 
0 ,020 

4 1 ,752 
0 ,301 

13 ,5 0 ,181 
0 ,023 

4 ,0 2 ,053 
0 ,362 

13 >0 0 ,204 
0 ,026 

3 ,5 2 ,415 
0 ,487 

12 ,5 0 ,230 
0 ,030 

3 ,0 2 ,902 
0 ,692 

12 >0 0 ,260 
0 ,033 

2 3 ,594 
0 ,985 

11 ,5 0 ,293 2 ,0 4 ,579 

This table is calculated upon the supposition that the angle vs'— 52° = 46c1, 48m- [10442Î], 

and that, if the diameter of the tube be 0mi ,001, the depression <5 of the mercury will be 

£ = 94776mi- [10442f]; some small variations will be found if we use the values adopted 

y M. Poisson, namely, vs' = 45r}- 3CT [10442p], and i = 91492™’ [10442r]. 

* (4418) With water or alcohol, we have the angle D'Dd= 0, fig. 174, page 989; and 

then tf' —100° — D'Dd [10442A] becomes -5i' = 100o = |^ [10443]. Hence we have 

tang.^vs'—^Jj—^ [10440i]j and —4sin.2^' = — 2-}-2cos.|ra'= — [10440e] ; 

substituting these in [10440], it becomes as in [10444], or, as it may be written, 
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ab~ (l + v/2)-lA-V^* 
1,63476 /T— -W2Ï 

= - .--•Vlî/ÿa.-C 
/a 

c 
— I \/2a—2 -f- /g 

Elevation of water,"I 
&c., in a large tube. J 

We shall now compare these results with experiments. 

M. Gay-Lussac has observed, at the temperature of 12°,8, the thickness of 

a large drop of mercury, which was circular, and a decimetre, or 100™’, in 

diameter, resting upon a plane of white glass, perfectly horizontal. He found, 

by means of a very accurate micrometer, that the thickness was 3mi-,378. This 

value differs but very little from that which Segner found by a similar method, 

and which, being reduced to millimetres, is equal to 3mi<,40674. This thickness 

may be calculated from the preceding expression of * ç-j-^ [10426], putting, 

a 6 
.^/ 7T • C 

•2 + \/2 
• • \/1 y/2a • C V2tt 

[ 1 ~h[/2‘v " 5'lA 

Now, substituting the values of c = 2,71828, *r = 3,141592, we find that the factor between 

the braces becomes equal to 1,63476, and then the expression [10444] becomes as in [10445]. 

We may remark that, in the original work, by an error of the press, this factor 1,63476, is 

printed 3,63476. 

# (4419) When l— 50rau, the expression of — [104395] becomes insensible ; and by 

neglecting it in [10439/], we get q — 3rai',3966, as in [10439Î, or 10451]. This observation 

is discussed by M. Poisson, in page 218 of his Nouvelle Théorie, fyc., by a method which is 

the inverse of that in [10451, &c.]. For, instead of finding q from the assumed values of 

a, to', or a, w', he determines the angle w' or to', by the condition that it shall give, in the 

formula [10426], a value of q which is equal to 3mit,378, as in the observation of M. 

Gay-Lussac [10447]. With this, and an experiment on the depression of mercury in a glass 

tube, which gives a2.cos.w>' — 4mi-mi-,5746, M. Poisson finds a2 = 6mi,mi-,5262, instead of 

a2 = 6miim',5 [10351'], and wd = 45d' 30m-, instead of if—TO'=;480 = 43d-12m-, which are 

used by La Place, in [10450, &c.]. If we neglect the term 4, and the last term of 
ao 

[10426], which are quite small, in a large barometer, we get .very nearly q=.\/ ?.shi.£to'j 
r a 

substituting ^=13raimi- [ 10449'], and w' = 52° [10453], it becomes 

q = y/i3mi.mi.. sui.26° = lmi',432, 

for the difference of elevations of the mercury at the sides of the tube and at its vertex, as 

in [10453']. 

In all the calculations of this article, the drop of mercury is supposed to rest on a horizontal 
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2 
[104497] as in [10351'], - = 13mLmi-, and supposing the acute angle, formed by the 

[10450g-] plane of glass; and we may apply the same principles to other similar problems; as, for 

example, where the glass, upon which the drop rests, is in the form of a concave spherical 

[10450ft.] surface of a great radius. We may also suppose the drop to rest on another fluid, as in a 

case treated of by M. Poisson, in page 241 of his Nouvelle Théorie, &fc.} where a large drop 

of water or other fluid is supposed to be placed upon a surface of mercury contained in a 

[10450i ] vessel of great extent. We shall now give the methods of investigating the figures of the 

surfaces of the two fluids, supposing them to be mercury and water; it being very evident 

that the formulas which are used in this case may be applied to any other fluids, by 

[10450ft] merely varying the constant quantities, so as to adapt them to the case actually under 

consideration. 

[10450Z ] When a drop of water rests upon a surface of mercury, there are three distinct 

parts of these surfaces which are subjected to different conditions, and of course require 

different equations to express them. This is manifest in the annexed figure 175, in 

which Oo is a vertical axis passing 

through the centre of the drop ; 

[10450m] On/Na'A'AA"a" CnoHb"B"BB'b', 

a section of the drop by a plane 

passing through this axis ; and 

[10450» ] Wv GNat AtAA a'NnlOUB'BB/ bt FF, 

a section of the surface of the 

mercury by the same plane. Then 

the three surfaces we have alluded 

to are, First, the upper surface of 

[10450o] the drop A"oB", which we shall, for brevity, denote by S' ; this part is not in contact with 

the mercury, and its greatest horizontal diameter is the line CDH, the highest part of the 

drop being at the point o, in the axis Oo; Second, the lower part of the drop A'OB', in 

[10450p] contact with the mercury, and which we shall denote by Sf, O being its lowest point, and 

AEB the line of division between the upper and lower part of the section of the drop; 

M A4trA n Third, the section of the surface of the mercury WvG N'a A A, or FFb B B, wholly free 
[10450p'] _ J ' ' 

from the drop, which we shall denote by S. The distances of the points At, A , A , from 

[10450g] A, are supposed to be insensible, but greater than the quantity X [9240a], which expresses 

the limit of the corpuscular action; moreover, the distances of the points Bn Bf, B", from 

[10450r] I? are supposed to be insensible, but greater than X; and all the arcs Ata,, A'a', A"a", 

Bbp B'b', B''b", Nnt, are supposed to be infinitely small. The points F, G, are taken so 

far from the drop, that the parts FF, GW, may be considered as in the horizontal plane or 

[10450s] level of the mercury WvGt'tTFF. Finally, we shall suppose that a canal ntNzrv is 

drawn, as in [10020c], wdth two vertical branches rv, zn, meeting the surfaces in v, n, Ng, 
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surface of the mercury and by that of the glass, at the contact to be eqùal to 

the lower points r, z, being connected by a horizontal branch rz; also another canal vrz'N', 

whose vertical branches rv, z'N', are terminated at the surface of the mercury in v, N', and 

their lower points r, z', are connected by the horizontal branch rz'. 

We shall take O for the origin of the rectangular coordinates u, z ; the axis of u being 

the horizontal line Or, and the axis of z the vertical line Oo; these coordinates being 

supposed to correspond to the surface S’, we shall also suppose that the rectangular 

coordinates u, z', correspond to the upper surface S', and the coordinates u, z/5 to the lower 

surface Sp, hence 

Oz' — u, z'.Y' = z, are the coordinates of the point N' of the surface of the mercury S; 

Oz — u, zn — z', are the coordinates of the point n of the upper surface of the drop S'; 

Oz —u, zN—z(, are the coordinates of the point N of the loioer surface of the drop Sr 

We shall also use the following symbols; 

OE=f ET=q, TD=k, = TO = q+f, To = Jc + e, 

Qo=f-\-q-\-Jc-\-e — s, AE = r, CD — l; 

D — ihe density of the mercury; 

JJ'—xhe density of the water; 

g = the force of gravity. 

The principle of the equilibrium of the fluid in the canal vrz'N' will give the differential 

equation of the surface S, in like manner as in [9315]. For if we put B for the radius of 

curvature at the point N of the section GN'A, in the plane of the figure, and B ' for the 

radius of curvature at the same point N, in a plane perpendicular to the plane of the figure, 

the corpuscular action at N', in the canal N'z', in the direction of gravity, will be 

[9301]; the sign of B' being made negative, as in [9294'], because it 

corresponds to a concave arc whose centre is situated on the axis of revolution of the drop 

Oo. Adding this expression to the action of gravity in the canal z'N', which is represented 

by g.Dxz'N', we get the whole pressure at the point z', at the bottom of the canal 

In like manner, the corpuscular action at v being equal 

to K, the pressure at r will be K-\-g.DXrv. Putting these two expressions equal to each, 

and neglecting the quantities which destroy each other, we get, by observing that 

rv==TO==qJrf, and z'N' — z, 

1 1 
The value of —, is the same as that of — [9326'], changing z into z, the radical 

C?Z^\}- « 9 

1-f-—- r being supposed positive; and as z increases with u, dz, has the same sign as the 
dvr) 

constant differential du ; hence we have 
( 

995 

[10449"] 

[10450J ] 

[10450« ] 

[10450v] 

[10450w] 

[10450a; ] 

[10450y] 

[10450s ] 

[10451a] 

[104516 -j 

[10451c] 

[10451tf] 

[10451e ] 

[10451/] 

[10451g] 

[104516] 

[10451* ] 
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[10450] 48° [10353], which gives, in the expression just mentioned, ^' = 152° 

[10451Æ] 
JL 

B' 

1 dz 

u du 

' 6+-V V ^ duy 

[1045W ] 

Surface 

s. 
[10451m] 

In like manner, the value of ^ is the same as that of ^ [9326], changing the sign of ddz, 

because the surface AjN'G is convex, so that ddz must be negative; and we shall therefore 

have 
ddz 

1_du* 

B (i+;d0 (rfz9\| 
l-{- —J » 

we get, for the equation of the surface of the mercury S, not in contact with the drop, the 

following differential expression ; 

2 ldu% u du \ du V S 0 V 1 J \ du2/ 

The differential equations of the surfaces S/} S', are found by means of the equilibrium of 

the canal vrzNn, in the same manner as we have already explained in treating of two fluids 

[10451n] in a tube [10027«—z\. If we substitute the values of — [9326, 9326], in the equation 

(<fe2 \ | 
1-f faff’ changing z into z/5 to conform to the present 

notation, we shall get the following equation of the lower surface of the drop Sn in contact 

with the mercury ; 

i • £' • (1 ^ S) | =K-D —-|>0 (X + ; 

G being a constant quantity depending on the capillary action of the two fluids near 

the lower surface S/ [10027fc], and c a constant quantity [I0027o,/] to be determined by 

observation. 

In like manner, the equation of the upper convex surface of the drop S' [100272] is of the 

following form, If being changed into if] to conform to the notation of M. Poisson; 

-iH>.(i +1) = {D<gz'~ D'gn-c). 

Surface 

sr 
[10451o] 

[10451p] 

[104519] 

The values of may be deduced from [9326, 9326], by changing R into p,, and R 

into f ; whence we get 

[1045lr] 
1 

f* 

ddz 

difi 

1 dz 

u du 

(i + df\ v 

duy difi) 
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[10439a]; and if we neglect the term —, which becomes insensible relative 

observing that, in fig. 117, page 719, the lowest point O of the concave surface ON A is the 

origin of the rectangular coordinates OM—z, MN—u; the ordinate MN being horizontal, 

and the ordinate OM vertical, or in a direction from the origin O contrary to that of 

gravity; but in fig. 118, page 725, the highest point O of the convex surface ONA 

is the origin of the rectangular coordinates OM=z, MN=w, the ordinate OM 

being in the direction of gravity from the origin O. Hence it follows that, if we refer 

the formulas [10451r] to the upper part of the convex surface of the drop onC, 

we must take o for the origin of the rectangular coordinates om = z, mn — u, of any 

point n. This value of om = z, being subtracted from Oo = e [10450s], gives 

Om = zn — s—z; and as this is represented by z' [10450æ], we get s — z — z', whose 

differential gives dz = — dz\ ddz = —ddz’. Substituting these in [10451r], we get the 
11 

values of -, —n to be used in [10451q], which, by this means, becomes 

D'gz'—jO'gn — c\. ^1 -j- 
<hf\I 
day * 

This represents the equation of the upper or convex surface onC of the drop; H' being a 

constant quantity, depending on the capillary action of the fluid which forms the drop, and c 

being of the same value, as in [10451j?]. 

Having thus obtained the differential equations of the three surfaces S, Sn S' 

[10451m, 0, te], we shall now reduce them to more symmetrical forms, by putting the 

arbitrary constant quantity n [10027F] equal to TO or q-\-f which is the same as to 

change the origin of the coordinates z, z,, z', from the point O to T, using also the following 

additional symbols; 

H=g.D.a?, G = (D — D').g.u?, H'=D'.g. a'2, 

n = q+f, z= — z-\-n, Z/=,Z/ + 7t —= —*' + n + ^. 

2 
Now, substituting the values of H, z, in [10451m], multiplied by — —, we get [104526]. 

H 

The values of G, z/5 being substituted in [10451o], multiplied by —, give [10452c]; 
(x 

2 
and the values of H', z', being substituted in [10451 w], multiplied by — —, give 

[10452d] ; by this means the differential equations of the surfaces S, S/} S', become, 

respectively, 

ddz 1 dz / dz2\ 2z / dz2\| 

dw2 u du \ ‘ difi/ a2 ' \ ' du~) ’ 

ddz,, 1 dp A , /, 1_dgjfdz 

dxfi u du V duy o.f ' \ ~^du2/ ’ 

djhs' 1 df / . dz'y 2z' / dz'zy 

du? u'du \ ‘ dit2/ a2’ \ du?) 

[ 

[ 

Surface S of the mercury not! 
touching the drop. J 

Surface S, where the drop is in'] 
contact with the mercury. J 

[ 
Surface S' of the drop not in'] 

contact with the mercury. J 

250 

[loisty] 

[10451$] 

[1045K ] 

[10451u] 

[10451a] 

Surface 

S' 
[10451m] 

[1045lx ] 

[104511,] 

[10451z ] 

[10452a] 

[104526] 

[10452c] 

[10452d 1 
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[10450"] to a drop whose diameter is a decimetre or 100mi- [10450a], the 

[10452e] 

[10452/] 

[10452g-] 

[10452fc] 

[104525] 

[10452ft] 

[104521 ] 

[10452m] 

[10452»] 

[10452o ] 

[10452^] 

[10452g ] 

[10452r ] 

[10452/] 

The equations we have here computed are equivalent to those given by M. Poisson in his 

Nouvelle Théorie, fyc. For the equations [10451m, o, w\ are the same as his system of 

equations (a), page 242, changing the origin of z from the point O to the point T, or in 

other words by decreasing the values of z, z/3 z', by the quantity to conform to his 

notation, and putting u = t, u = a, D = p, JD' = p/. Moreover, the first of his equations 

(ct), page 242, is easily reduced to the form [104525]; the first of his equations (/), 

page 246, is reduced to the form [10452c]; lastly, the second of these equations (/) is 

reduced to the form [10452(5]. We may here remark, that the expressions of z(, z' 

[10451p], may be put under other forms, by the substitution of the value of c. For, the 

figure of the drop being that of a surface of revolution, if we put X for its radius of curvature 
\ 

at its lowest point O, where z/ = 0, we shall have R = R' = substituting this in 

[10027#], after changing z into z(, to conform to the notation of the surface S/} we get 

G 
c = — ~r(D — and by substituting it in the general expression of z, [10451pJ, 

G 
it becomes z, — z.— —-———-. In like manner, at the upper point o of the surface of the 

' ' [D — D).g\ ri r 

drop, where z' = s [10450z], and p, = /, we get, from [10027/], c==— -p D'g. (s—n) ; 
JJt 

and since s— n—lc-j-e [10450^,10451^], we finally get c —-}-D'g.(k -\-e) -, hence 

the general expression of z' [10451/] becomes 

; — z ' -p n -p Jc —p e —p 
H' ■z' + s-p 

H' 
[10450*, 10451*]. 

B'gy. ~ D'gfA. 

Substituting in z,, z/ [104525, o], the values of G, H, n [10451y, *}, we get 

z, = zr 
«s 

/ 

X 5 

a 2 
or =Z/ -p ~ ; 

, , , «''2 / , «'2 
z =—zJrzJr~ > or z — z; 

which are equivalent to the two equations given by M. Poisson in the lower part of 

page 245 of his Nouvelle Théorie, fyc. The origin of z, z/? z', is at the same point O, 

fig. 175, page 994 [10450m, &ic.], and as z = — z-\-n [10451*], also n—TO [10451#], 

it follows that the origin of z must be at the point T. Moreover, as 2:/=!z/-p—- [10452p], 
A 

the origin of zt must be on the continuation of the axis oO below O, and at a distance from 

O which is equal to p- ; the positive values of z being counted from their origin T in the 

direction of gravity TO, and the positive values of zt in the opposite or vertical direction 

from their origin below O. Lastly, it follows from the expression of *•' [10452:g], that the 
Ct'2 

origin of s' is on the continuation of the line Oo, at the distance s -f-— from O, or at 

k'2 
the distance — above o, and that the positive values of z' are in the downward direction 

oO, from its origin situated above o. 
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expression [10426, or 10439g], will give, for the thickness of the 

If we put the expressions of c [10452&, n] equal to each other, we shall get 

GX-H'.-^V'g.(k + e)-(D-B').gn = D'g.(]c + e + n)-Dgn 

= D'g.s — Dg.(q+f) [104512:], 

which is the same as the equation (e) in page 245 of the Nouvelle Théorie, fyc., of 

M. Poisson. 

The equations [104525, c, d], are integrated by approximation, in M. Poisson’s 

Nouvelle Théorie, fyc., by methods which are substantially the same as those which are used 

by La Place in calculating the figure of a large drop of mercury resting upon a plane surface 

[10380—10445]. It is not therefore absolutely necessary to go into a minute detail of these 

integrations, and the determination of the constant quantities ; because the reader can easily 

apply the methods of La Place to these objects, in case the dimensions and figure of a drop, 

in any experiment, should be proposed for examination. There are, however, some objects 

which require particular attention, and we shall therefore point out the general methods of 

solution, with such additional remarks as may be thought necessary for the elucidation of 

the subject. 

We have seen, in [10450, Sic.], that when a drop of mercury, fig. 172, page 971, rests 

on a glass plane DE, the curvature of the surface suddenly varies near the point D, so that 

the tangent changes from the direction ED, to another which is inclined to it by the angle 

48° [10450], while passing over a distance Dd which is insensible, but greater than the 

limits to which the corpuscular action is sensible. The same thing occurs on the surface of 

the mercury in passing over the space A'AAt, fig. 175, page 994, the drop of water acting 

in the same manner as a wet pane of glass or wet tube ; so that the angle of inclination of 

the two infinitely small arcs A'a, Atan or of the tangents drawn through them, may be 

represented by w? = 48°. In like manner there is a rapid change of the curvature of the 

drop in passing over the space AtAA" ; so that the angle of inclination of the two infinitely 

small arcs A'a', A"a”, may be represented by w' \ this angle being the same as that which 

would be observed if the drop were placed on a solid horizontal plane of mercury, supposing 

its action not to be in any manner affected by its becoming solid. If we now suppose that 

the lines Afat, A'a', A"a", form with the horizon, angles which are represented by 

zs, zs/} zi', respectively, we shall evidently have 

w = zs/ — zi, w'— zs'— to,; 

and from [22, 34']5 Int., we have 

sin.îi? = sin.(zst — zs) = sin.'zz .cos.mj1 — cos.-z^. sin.Ttf = cos.zs. cos.^. (tang.w ■—■ tang.ra). 

We find also, in like manner as in [104065, a], 

cos.®=^l +—J , cos.»(=[l+-] , «ang..=-, tang.*,= -. 

Dividing the last expression of sin.w [10453e] by cos.w.cos.w,, and then substituting the 

[10450'"] 

[10452?-"] 

[10452s ] 

[10452f ] 

[10452m] 

[10452m] 

[10452m>] 

[10452m j 

[10452y] 

[10452z ] 

[10453a] 

[104535] 

[10453c] 

[10453cf] 

[10453e ] 

[10453/] 
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f10450////] 

[10453g-] 

[10453A] 

[10453Î ] 

[10453*] 

[10453Z] 

[10453m] 

[10453w] 

[10453û ] 

[10453o'] 

Surface 

[10453p ] 

drop q, tlie following value, 

values [10453/], we get [104535]. In the same manner, we may find [10453Î], or more 

simply by derivation, by changing vst into vs', and vs into vst, which requires that we should 

change zt into z', and z into z,; consequently, also, w into w' [10453a]; 

<h, 

du 

dz' 

du 

dz 

du 

dz. 

:sm .w.^l + 

— — — = sm.Mr 
du 

dz%\h 

d^J ’ 

“ du*J 

dz?\h 

du~/ 

dz'2U 

du*) ’ 

and it is evident, from [10451/], that we may substitute in these equations dz= — dz, 

dzt = dz, dz' — — dz', also u — r [104502;]. These equations will serve to determine two 

of the constant quantities which occur in [104502-], after we have determined — , —-, —, 
1 L du du du 

by means of the integrals of the equations of the surfaces [104525, c, d\ ; and we shall now 

make some remarks relative to these integrals. 

Multiplying the equation [104525] by —dz.Ç 1-j- 

it may vanish when u— oo and 2 = 0, we get 

= 1 

dz^\—§ 
— ) , and taking the integral so that 

f/Z3 

1 + iL- ' dtft 

as is easily proved by taking the differentials, and making some slight reductions. In this 

equation of the surface GN'A.(, fig. 175, page 994, the ordinate u is never less than A.K 

or r [10450/] ; we rway therefore neglect the term under the sign f [10453/w], on account 

of its smallness, and then we shall have 

1 

1 + 
dz9 

du9 

i-2- 
«*■ 

Now, squaring and reducing this equation, we obtain 

(z2—o&).dz 

U 2^/2u2— z2* 

When 2 = 0, u becomes infinite, the origin of 2 and u being at the point T, and the 

positive values of z being taken in the direction of gravity TO [10452?*]. As z increases, 

u decreases, so that dz, du, must have contrary signs ; and the radical in the denominator of 

[10453o] must therefore be considered as positive. The integral of this equation is found as 

in [10181m, v], by taking the constant quantity so that m = ?*, when z=zq or z —f 

[104512, 104502] ; hence we get 

V8»2-*3 +171 -l0S- ’ 
M = r + \/2«2—g2 

remarking that we have here changed the sign of the arbitrary constant factor 

y/2«2 —ap/2 introduced into the logarithmic part of the expression [10181v], so as to 
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q = 3raL,39664 [10439*'], 

make the logarithm vanish when z — q [10453p], instead of making it vanish when z =— q, 

as in [10181s, t>] ; it being evident that this does not alter the form of du deduced from 

[10453^] ; so that it will correspond to [10453©], in the same manner as y [10181-u] 

corresponds to dy [10183m]. 

If we put u — —u, r = —r, and §f = q, in [10453o], and then change the signs of all 

the terms, we shall get, by some slight reductions, the following values of d\i, and of its 

integral u, r being the value of u when £ = q; 

da = 
fa»—s8 ).dz 

z /2a2--z2 

u =. r — \/2a2—g2 4- \/2a2—z2 - f- 
(“\/â — v/2«2_22).qo 

/2 °b- (a 0Î — /2a2—<f-).Z 

which will be of use hereafter. If we wish to obtain a more correct value of the integral of 

the equation [104526], we may substitute this value of u in the part of [10453m] which is 

under the sign /, and neglected in the preceding calculation; thus, by successive operations, 

we may obtain corrected expressions of m, arranged according to the powers of r, its first 

term being the value of the second member of the equation [10453/]. This term is, 

however, sufficiently accurate for practical purposes, and it is the same as that marked (d) in 

page 245 of the Nouvelle Théorie, fyc., of M. Poisson ; representing very nearly the 

equation of the surface of the mercury at a sensible distance from the drop. 

In those parts of the surface of the drop which are but little inclined to the horizon, we 

may reduce the differential equations [10452c, d], to linear forms, as in [10382], and their 

integrals may be found as in [10384], or rather as in [10385m, «]. For, by putting, in 

[10385m], z = Zj, a2 = a2, 6 = X, it becomes as in [10452c], and its integral [10385m] 

gives the value of zt [10453m]. In like manner, by putting z — z', a2 ; a b= ft, the 

equation [10385m] changes into [10452cZ], and its integral [10385m] gives the value of 

z' [10453a;], 

«2 TH cos.? 

«'2 • cos.? 

X being the radius of curvature of the drop at its lowest point O, and ft the radius of 

curvature at the upper point o, as in [10452*, Jc]. 

If we use the approximate value of the integral [10385/], these expressions of zt, z', 

will become as in [10454a, 6], which can be used when u is supposed to be considerably 

greater than a{ or a! ; 

X^/2-tïV2 

a'2 

ft\Z2v\/2 

251 

— uÿi 
a, 

A/s v u 

/- Të. 

v ?/, 
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[10451] 

[10453/] 

[10453g] 

[10453g'] 

[10453r ] 

[10453c'] 

[104535] 

[10453* ] 

[10453m ] 

[10453v] 

[10453m?] 

[10453* ] 

[10453y] 

[10453z ] 

[10454a] 

[104546 ] 
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[104510 

[10454c ] 

[10454cf ] 

[10454e ] 

[10454/] 

[10454g-] 

[10454ft] 

[10454t] 

[10454ft] 

[10454J ] 

which differs but little from the experiments [10447, 10448]. 

We may also find the integrals of the equations [10452c, d], by a process like that in 

[10404, Sic.] ; or in the following manner. Multiplying [10452c] by —dz,. f 1 ^) » 

integrating and transposing the second and third terms, we get [10454e]. In like manner, 

multiplying [10452/) by —dz,.(l-\---A , integrating and transposing, we get 

[10454/] ; the integrals being supposed to vanish when u — 0, 

7-777^—!+72-(** = 

^ 1 + ÂS 

dzy2 

di t2 
. du 

V/T+^’ 
K ^ du2 

«fa* 

1+**’ 

observing that, when w = 0, we have z/=0, z'=s [10450a?, y, z], also -'==-'=0 

— = =0, because the tangents at the points 0, O, are horizontal; and if we 
du du 
substitute these values of z/5 z', in the expressions of z,t z' [10452/, q\, we shall get, when 

2 /2 
U — 0, « = —, z' =—. If the arc ON=s be very small, we may consider it as a 

circular arc whose radius is X ; and then we shall have, from the usual rules for the 

differentials of circular arcs, &tc. [9328c, d], dzt : ds :: u : X; and as ds is, in this case, 

very nearly equal to du, we shall have very nearly , which is a very small 

quantity when the point N falls near the point O, where X is much greater than u. In 

like manner, -^7, = — is a very small quantity when the point n falls near to 0. We may 
du2 fjP- 

therefore neglect the second members of the integrals [10454e,/], when u is very small. 

These quantities may also be neglected when we increase the values of u so as to correspond 

to the approximate values of z,, z' [10453ic, x], because these values produce in 

^-2, ~, terms which have the great divisor X2, or ^. Finally, as we approach towards the 
du3 du~ 

borders of the drop, the value of u is so much increased, that we may even then neglect the 

second members of [10454e, /], on account of the divisor w; so that in all cases we may 

neglect these integral expressions. If we also neglect the terms of the first members divided 

by X2 or we shall get, by some slight reductions, 

u .'2 

"/ > 

1 + 
dzV 

du2 

:a'2—z'2; 

or, by squaring and reducing, 

[10454m] 
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M. Gay-Lussac has also observed, in a very large glass vessel whose sides 

were vertical, the distance from the point of contact of the surface of the 

mercury with the sides, to the highest point of that surface ; and he found it 

to be lmi\,455. This distance is, by what has been said, equal to 

[10450f']; and in this case we have to'= 52° [10442i] ; hence we find that 

du - 

du- 

{a? — z?).dz, 

Zy2«»-zâ* 

(a'2_2'gydz' ^ 

V v/2tt'8 —z'2’ 

observing that when u, z, are small, du, dzt, have the same signs; and the same remark may 

be made relative to du, dz' ; so that we may consider the radicals as positive in the 

denominators of the expressions of du [1045471, o]. 

The differential equations [10454m, o], are of the same form as [10453ç,/], and their 

integrals may be derived from that in [10453r]. Thus, if we change u, a, r, q [10453</, r], 

into u, a , r,f, respectively, the expression of du [104535''] will become like that of du 

[10454m]; and its integral u [104537-] will become as in [10454s], which represents the 

integral of [10454m]. In like manner, by changing u, a, r, q [104535', r], into u, a, Z,/', 

respectively, the expression of du [104535'] will become like that of du [10454©], and 

the value of u [10453/-], will become as in [10454£], which represents the integral 

of [10454o]; 

u- 

u- , i»g(“Vâ—yV2-*'2) •/'. : l — v/2a'2—y'2 -f ^/2a'2_2/2 . 
V/2 ‘ (a y/2 — v/2a'2 2). zhi 

r being the value of u [10454s] when z—f^ and Z the value of u [I0454C] when z'=f. 

If we suppose f to correspond to the point A, or the greatest value of z/5 we shall have 

zl — OE=f [10450z] ; substituting this in the value of zt [10452p], we get 
oc 2 

=/, and with this value of zt, the expression of u [10454s] becomes w = r. 

Again, if we suppose /' to correspond to the point C, or the greatest vdlue of the ordinate 

u [10454f], we shall have z' —OB =/-f- q -}- Zr = s — e [10450s;]; substituting this 
a'2 a/2 

in the value of z' [10452-5], we get z'= —(s—• e) -j- s -f- — = e -f- — 

When accurate experiments on the figure of a drop of water, or of any other fluid, resting 

upon a surface of mercury, shall be made, we may compare the results of the observations 

with the integral expressions given in this note, and, after determining the constant quantities 

which enter into the integrals, we shall have the formulas which give the figure and dimensions 

of the drop, and the figure of the surface of mercury; but it will not be necessary to enter 

into any discussion relative to this subject, because the whole calculation is similar to that 

which has been used in other cases of capillary attraction treated of in this work.. 

1003 

[10452] 

[10453] 

[10454n] 

[10454o] 

[10454p ] 

[10454^] 

[10454r ] 

[10454s ] 
Surfaces 
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[10454£] 

[10454m] 

[10454k] 

[10454m/] 

[10454x ] 

[104547/ ] 

[10454z] 
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£104530 

[10454] 

[10455] 

[10455'] 

[10456] 

this distance is equal to lmL,432, which differs but little from the result of 
the experiment. 

To compare the analysis of the depression of mercury in very large tubes 

with the result of observations, we have selected the experiments made by 

Mr. Charles Cavendish, reported in the Philosophical Transactions for the 

year 1776. They give, in English inches, this depression equal to 

0'"-,005 [= 0mi-, 1270], in a glass tube whose diameter is 0in,,6 [= 15ral ,24] ; 

and a depression of 0inq007 [= 0mi-, 1778], in a tube whose diameter is 

0m-,5 [= 12mi-,70] ; also a depression of 0in-,015 [= 0rai-,3810], in a tube whose 

diameter is 0in-,4 [== 10mi-,16]. The preceding expression of ~ [10440], by 

substituting -a'— 52° [10453], and reducing the results into English inches,* 

makes the depression 0,0038 in the first tube; 0,0069 in the second tube; 

and 0,0126 in the third tube ; which agree with the experiments as well as 

can be expected in these observations, where such small quantities are 
estimated. 

[10456a] 

[104566] 

[10456c] 

[10456tf] 

[10456e] 

[10456/] 

[10456g-] 

[104566] 

[10456Î ] 

[10456/c] 

* (4420) An English inch is equal to 25mi',3918 [9678] ; multiplying this by the diameters 

t5o-j t4(T [10455], and taking half the corresponding products, we shall get the corresponding values 

of the radii of the tube in millimetres, 7m'-,62,6mi',35, 5rai',08, nearly. Substituting these succes¬ 

sively for l, in [10440], and putting ot'=52° [10455'], ^ = 13mimK [10449'], we obtain the 

corresponding values of — in millimetres, 0rni-,0954, 0mi-,1762, 0miy3187, which, being divided 

by 25,3918, give the values of ^ in English inches, namely, 0in-,0038, 0in,0069, 0in,0126, 

respectively, as in [10456]. These differ but very little from the results of the experiments in 

[10455], namely, O’” ,005, O'" ,007, 0m‘,015, respectively. M. Poisson computes the values 

of —, or S in his notation, and finds, in the three preceding examples, £ = 0ini-,0945, 

<5 = 0™',1747, <5 = 0’m-,3175, in page 290 of his Nouvelle Théorie, fyc., by a method which 

is very nearly the same as that in [10440], though varying a little in its form, and including 

some very small quantities which were neglected by La Place, as in [10442s, /]. These 

three examples include the three greatest diameters in the table of Mr. Cavendish ; his 

two smallest diameters are 0!n,10 = 2rai,54, and 0in-,15 = 3rai',81, and the observed 

depressions <S = 0",140 = 3mi-,556, and <S = 0in',092 = 2mi-,336, respectively. These 

depressions are computed by M. Poisson by the rule given by him in [10442r], and found to be 

c5=3rai’,4712, and <5=2ra\4199. La Place’s rule [10442^] gives <5=3mh,4733, £=2n%1008, 

respectively; which agree very nearly with the observations; the result of M. Poisson’s 

calculation for the larger tube being rather more accurate than the other, on account of his 

carrying on the series to terms of the order l3 in [10442r]. Similar results would be obtained 

by comparing the depressions computed by the formulas [10440, 10442^], with those given in 

the table [104432;], for the greatest and least diameters. 
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M. Gay-Lussac found, by the mean of five experiments, the elevation of the 

lowest point of the surface of alcohol, in a glass tube whose diameter was 

10ml-,508, equal to Qrai,,3835. The temperature was 16° during these 

experiments, and the specific gravity of the alcohol was 0,813467, at this 

temperature. The lowest point of the same fluid rose, at the same temperature, 

to the height of* 9mL,07850, in a glass tube whose diameter was lmi-,2944; 

whence we deduce 

- = 12-SQ806. 
a 1 

The formula [10445] gives 0mi',3374 for the elevation of the alcohol in a large 

tube, in which, by experiment, this elevation was 0mL,3835. The difference 

0rai-,0461 is within the limits of the errors of the experiment and of the 

formula, which is only an approximation. 

GENERAL OBSERVATIONS. 

From what has been said, we perceive the agreement which is found between 

the capillary phenomena and the results of the law of attraction of the particles 

of the bodies, decreasing with extreme rapidity, so as to become insensible at 

the least distances perceptible to our senses. This law of nature is the source 

of chemical affinities ; like gravity, it is not arrested at the surfaces of bodies, 

but penetrates them, acting beyond the point of contact, but at irnperceptible 

distances. Upon this depends the influence of the masses in chemical 

phenomena, or the capacity for saturation, whose effects have been so beautifully 

developed by M. Berthollet. Thus two acids, acting upon the same base, are 

divided in proportion to their affinities with it ; which would not take place, 

if this affinity acted only when in contact ; for then the most powerful acid 

* (4421) We have changed the value 7mi-,07850, given in the original work, into 

9™',07850, to correct a supposed typographical mistake, and to make the observation agree 

with the calculated result in [10459] ; and we may remark that this corrected value agrees 

very nearly with an observation of M. Gay-Lussac given by M. Poisson, in page 225 of his 

2 
Nouvelle Théorie, fyc. To find -, from the observation [10458], we must proceed as in 

[10296A], and add one sixth part of the diameter of the tube 1™ ,2944 [10458], or 

0mi-,2l59 to the height 9mi-,0785, and then multiply the sum 9mi,,2944 by the diameter 

l™-,2964; the product 12™,0306 gives the value of ~, as in [10459]. Using this value of 

-, and that of 2Z=10™',508 [10457], we find that the expression of ~ [10445], 

becomes 0™-,3374, as in [10460]. 

VOL. IV. 252 

[10457] 

[10458] 

[10459] 

[10460] 

[10460'] 

[10461] 

[10460a] 

[104606] 

[10460c] 

[1O460<2 ] 

[10460e ] 
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would retain the whole base. The figure of the elementary particles, the heat, 

and other causes, being combined with this law, modify the effects of it. The 

discussion of these causes, and of the circumstances which develop them, is the 

most delicate part of chemistry, and constitutes the philosophy of that science, 

making known to us, as much as possible, the intimate nature of the bodies, the 

law of the attractions of their particles, and that of the foreign attractions which 

operate upon them. 

The particles of a solid body have that position in which their resistance to a 

change of situation is the greatest possible. Each particle, when it is removed 

from that situation an infinitely small space, tends to return to it by means of 

the forces which act upon it. It is this which constitutes the elasticity with 

which we may suppose all bodies to be endowed, when the figure of the bodies 

is but very little changed. But when the relative situations of the particles 
r" 1 n à ai /I v eu ■*- 

suffer considerable changes, these particles will form new states of stable 

equilibrium, as happens with hardened metals, and generally with bodies which, 

by their softness, are susceptible of retaining all the forms which may be given 

to them by pressure. The hardness of bodies, and their viscosity, appear to me 

to be only the resistance of the particles to these changes in the state of 

equilibrium. The expansive force of heat being opposed to the attractive force 

[10462] 0f the particles, it decreases little by little their tenacity or mutual adhesion 

by successive increments; and when the particles of a body oppose only a 

very slight resistance to a change of relative situation, within its surface, it 

becomes a liquid. But its viscosity, although very much weakened, still exists, 

until, by an increase of temperature, it becomes nothing, or insensible. Then 

[10463,] each particle, in all positions, suffers the same attractive force and the same 

repulsive force of heat; it yields to the slightest pressure, and the liquid enjoys 

a perfect fluidity. We may with probability conjecture that this takes place 

with those liquids which, like alcohol, have a temperature far above that in 

which they begin to congeal. This influence of the figure of the particles is 

[10464] very sensible in the phenomena of congelation and crystallization, which 

become much more rapid by immersing in the liquid a piece of ice, or a crystal 

formed from the same liquid ; the particles of the surface of this solid, are 

presented to the liquid particles which touch them, in the situation the most 

favorable to their union with them. We can easily conceive that the influence 

[10465] of the figure, when the distance increases, must decrease much more rapidly 

than the attraction itself. It is so with the astronomical phenomena depending 

upon the figure of the planets, as the precession of the equinoxes ; for this 

influence decreases as the cube of the distance, whilst the attraction decreases 

only in the ratio of the square of the distance. 
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Therefore it appears that the state of solidity depends upon the attraction 

of the particles, combined with their figure ; so that an acid, although it may 

exert upon a base a less attraction at a distance than upon another base, yet 

it will combine and will crystallize in preference with the former, if the figure 

of its particles is such as to render its contact with that base more intimate. 

The influence of the figure, although it may continue sensible in viscous fluids, 

is nothing in those which enjoy a perfect fluidity. Lastly, every thing leads us 

to believe that, in a gaseous state, not only the influence of the figure of the 

particles, but also that of their attractive forces, is insensible in comparison with 

the repulsive force of heat. These particles appear to be only an obstacle to 

the expansion of that force ; for we may, without changing the tension of any 

given magnitude of gas, substitute for several of the particles disseminated 

through this mass, a like number of particles of another gas. This is the 

reason why several gases placed in contact are finally mixed together in a 

uniform manner; for it is only in this case that they are in a stable state 

of equilibrium. If one of these gases is vapor, the equilibrium is not stable 

except when the vapor is equal or less in quantity than that of the same vapor 

which would be diffused at the same temperature in a void space equal to that 

occupied by the mixture. If the vapor is in greater quantity, the excess must, 

for the stability of the equilibrium, be condensed under a liquid form.* 

* (4422) We may. in this connexion, mention the subject of a newly-discovered capillary 

phenomenon, first observed by M. Dutrochet, and named endosmose, which is treated of by 

M. Poisson in page 296, he., of his Nouvelle Théorie, fyc., and explained in nearly the 

following manner. 

When two different liquids A and A' are separated by a membrane BCC'B', which, for 

greater simplicity, we shall suppose to be limited by the horizontal surfaces BC, B'C', fig. 176, 

one of these liquids, as, for example, the lower one A, will A / __ _ 
. , . .. . . A. J^iq.176. 

penetrate the membrane, and, if it be very thin, will pass 

through it, and mix with the upper liquid A', till it is 

raised up considerably above its natural level, and this is 

what constitutes the phenomenon of endosmose. M. 

Dutrochet found that it occurs when certain inorganic 

substances are used instead of a membrane, as for 

example when a thin lamina of slate is employed. 

In considering the nature of this phenomenon, we shall 

suppose a canal OO', of a very small diameter, to pass 

through the whole thickness of the membrane, and we 

shall suppose at first that neither of the liquids has 

penetrated into it. Then, if the two liquids are not of such a nature as to rise up in a tube of 

[10466] 

[10467] 

[10468] 

[10469] 

[10469a] 

[104696 ] 

[10469c ] 

[10469d ] 

[10469e j 
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[10469'] The consideration of the stability of the equilibrium of a system of particles 

[10469/] 

[10469g*] 

[10469/t] 

[10469Î] 

[10469&] 

[10469^ ] 

[10469/zi] 

[10469n] 

[10469o] 

[10469p] 

[10469? ] 

[10469r] 

[10469s ] 

[10469f] 

[10469m] 

[10469v ] 

the same matter as this canal, they will not penetrate into the interior of the canal, but will form 

the convex surfaces DEF, D'EF', at the two extremities, like mercury at the side of a 

portable barometer, in which a very small capillary aperture has been made. If, on the 

contrary, the two liquids are susceptible of wetting the membrane, or of rising in a tube of the 

same matter as this membrane, they will penetrate into the interior of the canal OO'. At the 

beginning, both surfaces will be concave, as GHI, G 'll'F ; but when they meet each other, 

they will have a common surface KLM, so that one of them will be more or less concave, 

and the other convex. Then the motion will continue from O towards O', if the surface of 

the fluid H be concave, as is the case in the present figure; but from O' towards O, if the 

surface of the fluid A' be concave ; so that in the first case, for example, some of the fluid A 

will pass wholly through the membrane, and begin to mingle with the fluid A', and thus 

produce a mixed fluid whose density will depend on the portions of the two liquids of which it 

is composed ; and with this change in the density, there very naturally follows a corresponding 

change in the capillary action between the mixed fluid and the membrane. 

From what has been said, it is manifest that, if the membrane is traversed by an extremely 

great number of canals similar to OO', we may extend to all of them the remarks we have 

applied to one, and the liquid A will ascend in all the canals which satisfy the conditions 

mentioned in [10469&]. Although the membrane is supposed to be homogeneous, it will not, 

however, be impossible that, on account of the different disposition of the particles along the 

different canals, or from some other cause, there may be a disposition to descend along some 

of the canals, instead of ascending as is supposed in [10469Î, &,c.] ; then there will be 

simultaneously, through these canals, a chief motion of the fluid A towards A', and a much less 

motion of the fluid A' towards A, as appears to be indicated by experiments. From the law 

of the ascent of fluids in capillary tubes [9361, &,c.], it will follow, that, when other 

circumstances are alike, the difference of the level of the mixed fluid on both sides of the 

membrane, will be inversely proportional to the diameters of these canals ; so that the intensity 

of the phenomenon will decrease with the increased diameter of these canals, and the 

endosmose will be insensible when the tissue of the membrane becomes quite open. The 

principal and essential condition of the phenomenon is the difference of the two liquids ; it will 

never be produced if they are both of the same nature, or have the same properties relative to 

capillary action. In order that the membrane may not be unfit for the purpose of the 

production of the phenomenon of endosmose, it is necessary that its contexture should be 

such that it can be traversed by very slender canals through its whole thickness, which is 

most commonly the case with any organic membrane. On the other hand, the liquids suffer 

a considerable friction along the sides of these canals, on account of the smallness of their 

diameters ; this friction may balance the capillary action, and prevent the two liquids from 

penetrating sufficiently deep into the membrane to meet each other and form a common 

surface, so as to change the concavity of the surface of one of them into a convexity, as in 
[10469A] ; on this account, a too great thickness of the membrane may be an obstacle to the 

production of endosmose. 
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reacting upon each other, is very useful in the explanation of many phenomena. 

In like manner as in a system of solid and fluid bodies, affected by gravity, the 

principles of mechanics make known several states of stable equilibrium ; and 

chemistry affords, by a combination of the same principles, several permanent 

states of equilibrium. Sometimes two principles unite together, and the 

particles formed by their union unite to those of a third principle. Such, in all 

probability, is the combination of the constituent principles of an acid with a 

base. In other cases, the principles of a substance, without being united 

together, as they are in the substance itself, are united to other principles, and 

form with them some triple or quadruple combination ; so that this substance, 

extracted by a chemical process, is then a product of this operation. The 

component particles may also be united by different faces, and thus produce 

some crystals, differing in form, hardness, specific gravity, and in their action 

upon light. Lastly, the condition of a stable equilibrium appears to me to be 

what determines the fixed proportions according to which different principles 

are combined in a great number of circumstances. All these phenomena depend 

upon the form of the elementary particles, upon the laws of their attractive 

force, upon the repulsive force of heat, and perhaps upon other forces yet 

unknown. Our ignorance of these data, and their extreme complication, do 

not permit us to reduce the results to mathematical analysis. To compensate 

for this, we can compare together those facts which have been well ascertained, 

and deduce from their comparison certain general relations, which, by 

connecting together a great number of phenomena, form the basis of the 

chemical theories, whose applications to the arts are thus rendered more 

extensive and perfect. 

At the surface of a fluid, the attraction of the particles, modified by the 

curvature of the surface and of the sides of the vessel which contains it, 

produces the capillary attraction. Therefore these phenomena, and all those 

which chemistry presents, correspond to one and the same law, of which now 

there can be no doubt. Some philosophers have attributed the capillary 

phenomena to the adhesion of the fluid particles, either to each other, or 

to the sides of the vessels which contain them; but this cause is not sufficient 

to produce the effect. Tor, if we suppose the surface of water, contained in a 

glass tube, to be horizontal, and upon a level with that of the water in the 

vessel into which the tube is dipped by its lower end ; the tenacity of the fluid, 

and its adhesion to the tube, would not curve this surface and render it concave. 

To produce that, it is necessary to suppose that there is an attraction in the 

upper part of the tube, which is not immediately in contact with the fluid. 

253 

[10470] 

[10471] 

[10472] 

[10473] 
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[10475] 
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[10477] 
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Besides, the surface of the fluid contained in the tube, if it were concave, would 

be drawn vertically downwards by the vertical columns of the fluid adhering to 

[10478] it ; and when the surface is convex, as is the case with mercury in a glass tube, 

or with water in a tube having a convex drop at its lowest end [10016], this 

convex surface will be pressed perpendicularly in each of its points by the 

weight of the superior columns of the fluid. This surface would not, therefore, 

be the same in these two cases, and the capillary phenomena would not follow 

the same laws; which is contrary to experience. We must, therefore, admit 

[10479] that the phenomena do not depend wholly upon the action at the point 

of contact, but upon an attraction which extends beyond it ; decreasing with 

extreme rapidity. 

The viscosity T>f fluids is so far from being the cause of the capillary 

phenomena, that it is, on the contrary, a cause of disturbance. The phenomena 

[10480] do not rigorously conform to the theory, except when the fluid enjoys a perfect 

mobility; for the forces upon which the phenomena depend are so small, that 

the slightest obstacle may modify the effects of them in a sensible manner. It 

is to the tenacity of water that we must attribute the considerable differences 

which have been observed by philosophers, in the elevations of this fluid in 

glass capillary tubes of the same diameter. The second manner in which we 

[10481] have considered the capillary action, shows us that the interior surface of a 

tube raises at first a lamina of water ; this raises a second, which draws up a 

third ; and so on towards the axes of the tube. The existence of these laminæ 

may be rendered sensible, by means of some grains of dust adhering to the 

[10482] sides of the glass; we see these little bodies agitated by the impulsion of these 

laminæ, before the surface of the liquor has risen up to them. The attraction 

of these laminæ upon each other is in an oblique direction to the surface of the 

sides, and tends to make the particles of the second lamina penetrate within 

the first; which cannot be done without raising it up or breaking it. When 

[10483] the tube is but very little moistened, this first lamina, which is then very small, 

resists these efforts, by its adhesion to the glass and the viscosity of its particles. 

And, if I am not mistaken, this is the reason why Newton and M. Haüy have 

found the ascent of water in a glass tube of a millimetre in diameter to be only 

[10484] about thirteen millimetres [9670], whilst, in a similar, well-moistened tube, the 

water has risen to the height of above thirty millimetres [10322]. 

At the top of a glass tube, the first laminæ of water cannot ascend any higher 

without altering the figure of their upper surface ; and at the moment when this 

[10485] surface becomes convex, it tends to depress the fluid below it, and thus presents 

an obstacle to its ascent. This cause, together with the viscosity of the fluid, 
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and its adhesion to the glass, accounts for the small resistance which the 

water meets in its elevation, when it comes near the extremity of the tube ; 

a resistance which ought to be nothing, and is so in fact, in fluids which, like 

alcohol, have a perfect mobility. 

The friction of the fluid against the surface of the sides, and the adhesion 

of the air at the surface of the bodies, are also causes of anomaly in capillary 

attractions. It is necessary to notice them in the comparison of any experiment 

with the theory, and the agreement will be found more complete as these 

causes have less influence. 

It is almost impossible to determine, by experiment, the intensity of the 

attractive force of the particles of bodies ; we only know that it is incomparably 

greater than the capillary action. We have seen already, that water supports 

itself above the level in the axis of a capillary tube, by the difference of the 

actions of the fluid upon its own particles, at the surface of the fluid in the 

vessel in which the tube is dipped, and at the surface of the fluid within the 

tube. This difference is the action of the liquid meniscus cut off by a 

horizontal plane drawn through the lowest point of this last surface ; and this 

action is measured by the height of the elevated column. To obtain the action 

of the whole mass of the fluid, we shall suppose, in an indefinite mass of 

stagnant water, an infinitely narrow vertical canal to be placed, having its sides 

infinitely thin, so as not to prevent the action of the particles without the canal 

upon the column of water contained within it; and we shall determine the 

pressure of this column upon a base perpendicular to the sides of the canal, 

and placed at a sensible distance below the surface of the fluid ; this base being 

taken for unity. It is easy to show that, if we have several similar canals, of the 

same width, but of different lengths, in each of which the water may be urged 

by different forces, varying according to any laws whatever, the pressures of 

this fluid upon the bases of the canals, will be to each other as the squares of the 

velocities acquired by bodies setting out from a state of rest, and moving in a 

vacuum through the whole length of these canals, supposing that they are acted 

upon at each point by the same forces as those which act upon the corresponding 

particles of water, included in the canal* If the action of water upon its 

* (4423) The calculations we have made in [8158«—p\ may be used in illustrating the 

remarks of the author on this subject, by varying a little his hypothesis, and supposing the 

infinitely narrow canal [10489] to be external relative to the attracting fluid, instead of 

internal. In this case, by referring to fig. 107, page 448, we may suppose that the upper part 

of the attracting fluid is limited by the horizontal surface AE, and that its lowest surface BD 

[10486] 

[10487] 

[10488] 

[104887 

[10489] 

[10490] 

[10491] 

[10491a] 

[104916 ] 
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own particles be equal to its action upon light, it would follow, from [8174, &c.], 

that the square of the velocity acquired in the canal of which we have spoken, 

[10491'] would be equal to* 2AT, the density of water being taken for unity. In a 

canal whose height is s, and in which the constant force is equal to gravity, 

[10492] the square of the acquired velocity is 2gs, g being the force of gravity, or 

twice the space which gravity causes the body to describe in the first unit of 

[10491c ] 

[10491c?] 

[10491e ] 

[10493/] 

[10491g-] 

[10491A] 

[10491?] 

[1049U] 

[10491?] 

[10491m] 

[10491n] 

[10491o] 

[10491/7 ] 

[10491?] 

[10491r] 

[10492a] 

[104926 ] 

is at a great distance from AB. The attracted canal is represented by TD, drawn 

perpendicular to the surface AE, and continued upwards far beyond the limits of the capillary 

attraction of the fluid AEDB. Then, using the same notation as in [8158—8162"], namely, 

TD = s' [8159], and p equal to the density of the fluid, supposing it to be constant [8158A], 

we shall have p.TT(s') [8158A], for the attraction of the fluid AEDB upon a mass of the 

fluid represented by unity, situated at D. Multiplying this by ds', we get p.ds'.Tlfs1), for 

the attraction of the mass AEDB upon the portion of the canal ds1. Integrating this from 

s' = 0 to s'=oo, we get the whole action or pressurep at the base T of the canal; so that 

we shall have p — p ,f^ds '. IT/ (s ') ; and if we use the abridged symbol K = f'ds '.Tigs') 

[8162], we shall have 
y? = ZP; 

and if we put p = 1, as in [10491'], it becomes p = K, agreeing with the calculation in 

[9254], where the radius b of the external surface of the fluid AE is infinite, as in the case 

treated of in fig. 107, page 448. We have, in [8162', 8162"], n for the velocity of a 

ray of light when at a sensible distance from the attracting mass AEDB, and n for its 

velocity at any point D after the attraction has had a sensible operation ; then we have 

generally, as in [8164&], 

n2 — n2 = 2 JSfp — 2fp .ds'.Tigs'). 

At the point T of the surface of the fluid where s' = 0, the integral part of the expression 

[10491?] vanishes; and if we suppose n to be the velocity of the light at that point T, we 

shall have 
n2— ?a2 = 2/fp, 

or, by substituting [10491 h], 
n2 — n2 = 2p. 

If we suppose the initial velocity of the ray to be nothing, or n = 0, the expression [I0491o] 

will become 
n2 = 2p ; 

and, in this case, the pressure p will be as the square of the acquired velocity n ; as in 

[10491]. 

* (4424) Putting p = l, as in [10491'], we find that the increment of the square of the 

velocity of the ray 2JYp [8174] becomes 2K, as in [10491']. Moreover we have, as in 

[67c], 2g, for the square of the velocity acquired by falling from rest, by the force of gravity, 

through the space 5; as in [10492]. 
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time, which we shall suppose to be a decimal second. The pressure of the 

columns of water upon the bases of the two canals will therefore be to each 

other as 2K is to 2gs ; therefore, if they are equal, we shall have 

In the present hypothesis, this value of s represents the height of a second 

canal, in which the water is supposed to be acted upon only by gravity, and 

always with the same force as it has at the surface of the earth, so as to 

produce a pressure of this fluid on the base of this second canal, which is 

equal to the whole action of the indefinite mass of water upon the water in 

the first canal. 

We have, by means of the formula [8192],* 

R9 — 1 

where n is the space described by light in a unit of time [8162'], or in one 

second [10493], and R equal to the ratio of the sine of incidence to the sine 

of refraction, in the passage of a luminous ray from vacuum into water; 

therefore we shall have 
(R2— l).n2 

s = —-^—-—. 4g 

Using the most exact values of the sun’s parallax and the velocity of light, we 

find that s exceeds ten thousand f times the sun’s distance from the earth. 

[10493] 

[10494] 

[10495] 

[10496] 

[10497] 

[10498] 

[10498'] 

* (4425) Putting p = l [10492a], in [8192], and changing i [8191'] into R [10497], in 
4 k 

order to conform to the present notation, we get —-=R2— 1, as in [10496] ; which gives 

(#2_r).n2 H [10495a] 
K—-£-; hence s [10494] becomes as in [10498]. 

t (4426) We have,in [8523—8524], R = fff, or R = t nearly; hence R2—1 = £> 

and, by substitution in [10498], we get s = ^.—. Now, by taking a sexagesimal second for 
o 

the unit of time, and using English measures, we have g = 32 feet = mile nearly; hence 

s = d^X 165n3 = 32n3 nearly; and as the velocity of light per second is w = 195000 miles, 

it becomes s = 32.(195000)2 * = 12.1011 miles nearly; and as the sun’s distance from the 

earth is 95.106 miles, the value of s, expressed in parts of the sun’s distance, will be 
12.10U 

s — 12000 nearly, which exceeds 10000, as is observed in [10498']. Therefore, if we 
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[10496a] 

[104966 ] 

[10496c ] 

[10496J ] 

[10496c ] 

[10496/] 
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[10499] 

[10500] 

[10501] 

[10503] 

[10502'] 

[10503] 

[10504] 

[10505] 

Such a prodigious value of the action of water upon its own particles, cannot 

be admitted with any probability: therefore it appears that this action is much 

less than the action of water upon light, but it is extremely great relative to the 

capillary action, and from this arises a very great compression in the strata ol 

liquids. For if, within an indefinite mass of stagnant water, we suppose an 

infinitely narrow canal to be placed, whose sides are infinitely thin, and whose 

ends terminate at the surface of the water; the fluid strata of the canal, placed 

at a sensible distance below that surface, will suffer by the action of the water 

near one of its extremities a pressure K [9259, 9262], which will be balanced 

by an equal and opposite pressure, produced by the action of the water towards 

the other extremity ; each stratum of the comprised liquid is therefore 

compressed by these two opposite forces. At the surface of the fluid, this 

pressure is evidently nothing; it increases with extreme rapidity from this surface, 

and becomes constant at the least sensible distance below it. 

These great variations in the compression may sensibly vary the densities of 

the strata of a fluid very near to its surface ; and in the mixture of two fluids, 

as alcohol and water, they may produce variations not only in the densities of the 

fluid strata extremely near to the surface, but also in the proportion of the two 

fluids, included by these strata and the fluid lamina adhering to the sides of the 

tube. These variations have no influence upon the refraction which, when the 

luminous ray has arrived at a sensible distance below the surface, is the same 

as if the nature and density of the liquid did not suffer any change 

[8231, 8235] ; but they can have upon the capillary phenomena a very sensible 

influence, which seems to be indicated by several experiments of M. Gay-Lussac, 

admit the Newtonian theory of the emission of the particles of light, it will follow, as in 

[10499], that the action of water upon its own particles is much less than its action upon 

[10496g-] light; but we cannot make this inference if we adopt the wave theory [8137e, &ic.]. Upon 

H 
the same principles, we may find the ratio of the capillary action — to the corpuscular action 

[10496ft] x H 
K. This ratio is expressed by e in [9253g] ; so- that we have e = —.y > an(b by substituting 

[10496Î ] X=sg [10494], it becomes e=s * . or, sinee q = ^ [9354], we finally get e = ~> ÿ 

being, as in [9353], the elevation of water in a capillary tube whose radius is b, which is only 

[10496ft] a few millimetres, and s being the immense distance spoken of in [10498'] ; so that, upon these 

principles, e may be considered as an excessively small quantity, as we have already stated in 

[9253ft:]. 
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upon the elevation of different mixtures of alcohol and water in capillary 

tubes. 

A lamina of insulated water, whose thickness is less than the radius of the 

sensible sphere of activity of the particles, suffers, then, a much less compression than 

a similar lamina placed within a considerable mass of that fluid ; it is natural from 

thence to conclude that its density is much less than the density of that mass. Is 

it unreasonable to suppose that this is the case with the aqueous envelop of 

vesicular vapor, which by this means becomes lighter, and m an intermediate state 

between that of liquid and vapor ? 

We have not noticed, in this theory, either the pressure of the atmosphere or 

the repulsive force of heat. The consideration of these forces is unnecessary, 

because they are the same upon the whole surface of the fluid,* and they are 

independent of its curvature. Therefore heat has no influence upon capillary 

phenomena, except by decreasing the density of fluids ; and experience shows 

that, in fluids having a perfect mobility, the variations of these phenomena, 

produced by the increment of temperature, are exactly such as are given by 

the theory. 

The effects of the capillary action being reduced to a mathematical theory, 

there is only wanting, in this interesting branch of physical science, a series of 

very accurate experiments, by means of which we may compare the results of 

the theory with nature. The necessity of such experiments is felt in proportion 

as physical science becomes more perfect, and falls within the domain of 

analysis. We may then obtain with great precision the results of the theories; 

and, by comparison with very accurate experiments, we may elevate these 

theories to the greatest degree of certainty that natural science is susceptible 

of. Fortunately, the experiments which Rumford and Gay-Lussac have made 

upon the capillary phenomena, have left but little to be done relative to this 

subject; and we have seen the agreement of this theory with the results of 

Gay-Lussac, who has introduced into this kind of experiments the accuracy of 

astronomical observations. 
W 

When we have at length ascertained the true cause of any phenomenon, it is 

* (4427) If there be any difference of the heat, in consequence of the great difference 

of the pressures near the surface of the fluid, or from any other cause, it has no other effect 

than to alter the function <p(/) [9173e], which represents the capillary action; but this does 

not alter the form of the resulting force [9254], but merely the values of the constant 

quantities K,H, which occur in it; as in [9173/, Sic.]. 

[10506] 

[10507] 

[10508] 

[105087 

[10509] 

[10510] 

[10511] 

[10508a] 

[105086] 
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an object of curiosity to look back, and see how near the hypotheses that have 

been framed to explain it approach towards the truth. One of the oldest and 

most commonly received opinions relative to the capillary action is that of Jurin. 

This author attributes the elevation of the water in a glass capillary tube, to 

the attraction of the annular part of the tube, to which the surface of the water 

[10512] is contiguous and adheres; “for,” he says, “this is the only part of the tube 

from which the water must recede on its subsiding, and consequently the only 

one which, by the force of its cohesion or attraction, opposes the descent of the 

water. This is also a cause proportional to the effect which it produces, since 

that periphery and the column suspended are both in the same proportion 

as the diameter of the tube.” (Philosophical Transactions, No. 355, 1718; 

Hutton’s, &c., Abridgment, vol. 6, page 333.) Clairaut, in his Treatise on the 

[10512'] Figure of the Earth, objects to this method of using the principle, that the 

effects are proportional to the cause, except we ascend to a first cause ; and 

that we ought not to do it when we examine an effect arising from the 

combination of several particular causes, unless we estimate each one 

separately. Therefore, although we should admit that the glass ring alone, 

which adheres to the surface of the water, is the cause of the elevation of this 

[1Q513] fluid, we must not thence conclude that the weight of the elevated fluid is 

proportional to its diameter; because we cannot ascertain the force of that ring, 

except by summing up the attractions of all its parts. Clairaut, therefore, 

substituted, instead of Jurin’s hypothesis, an accurate analysis of all the forces 

which keep a column of water suspended in equilibrium in an infinitely narrow 

canal passing through the axis of the tube. But this great mathematician has 

not explained the most noted capillary phenomenon, namely, that of the ascent 

[10534] or descent of a fluid, in a very slender tube, in the inverse ratio of the 

diameter of the tube ; he merely observes, without any proof, that an infinite 

number of laws of attraction would produce this phenomenon. The supposition 

which he makes, that the action of the glass is sensible, even upon the particles 

situated in the axis of the tube, must have led him astray from the true 

explanation of the phenomenon ; but it is remarkable that, if he had used the 

hypothesis of an attraction insensible at sensible distances, and had applied to 

the particles situated within the sphere of activity of the sides of the tube, the 

analysis of the forces which he used for the particles situated in the axis, he 

would have been led not only to Jurin’s result, but also to those which we have 

obtained by the second method we have used in computing the capillary action. 

[10515] We see by this method, that, if the fluid perfectly wets the sides of the tube, 
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we may imagine that the part of the tube which is immediately above the 

surface of the fluid, and at an insensible distance, is the only part which tends 

to elevate it, and keep it suspended in equilibrium, when the weight of the 

elevated column exactly balances the attraction of this annulus of the tube. 

This approaches very near to Jurin’s theory, and leads to his result, namely, 

that the weight of the column is proportional to the circumference of the 

interior base of the tube; and this result maybe extended generally to any 

prismatic tube, whatever be its interior form [9986', 99886], and the ratio of 

the attraction of its particles upon the fluid to the attraction ol the particles of 

the fluid upon each other. 

The resemblance between the surface of a fluid drop, or the suiface of a fluid 

contained within a capillary space, and the surface with which geometricians 

were occupied at the time of the origin of the differential calculus, under 

the name of the catenarian curve, or the elastic curve, &c., naturally led 

several philosophers to consider fluids as being enveloped by similar surfaces, 

which, by their tension and elasticity, impressed upon the fluids the forms 

indicated by experiment. Segner, who was one of the first that formed this 

idea, was very sensible that it was only a fiction, which might be useful to 

represent the phenomena, but that it ought not to be admitted except it 

corresponded to the law of an attraction insensible at sensible distances. 

(Tom. 1. of the early Memoirs of the Royal Society of Gottingen.) 

Therefore he endeavored to establish this dependence; but, by the examination 

of his reasoning, it is easy to discover the inaccuracy of it, and the results which 

he has obtained are a sufficient proof of it. For example, he finds, that it is 

only necessary to notice the curvature of the vertical section of a drop, and not 

that of the horizontal section, which is not correct. Besides, he has not 

perceived that the tension of the surface is the same, whatever be the 

magnitude of the drop; which a correct reasoning would have made known 

to him. Moreover, we see, by the note which terminates his researches, 

that he was not well satisfied with them himself. When I was occupied 

upon this subject, Mr. Thomas Young was likewise making upon it the 

ingenious researches which he has inserted in the Philosophical Transactions 

for the year 1805. In comparing, as Segner had done, the capillary action to 

the tension of a surface which would envelop the fluids, and applying to this 

force the known results of the tension of surfaces, he has discovered that it is 

necessary to notice the curvature of the fluid surfaces in two directions 

perpendicular to each other ; he has also supposed that these surfaces, with the 

vol. iv. 255 

[10516] 

[10517] 

[10518] 

[10519] 
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same fluid, form with the sides of the tube the same angle, when they are made 

of the same substance, whatever may be their figure; which, as we have seen, 

is not correct at the extremities of these sides.* But he has not attempted, 

like Segner, to derive this hypothesis from the law of the attraction of the 

particles, decreasing with extreme rapidity, which is indispensable for 

confirming it. This cannot be done but by a rigorous demonstration, like that. 

[10520] we have given in the first method, to which the explanations of Segner and 

Mr. Thomas Young correspond, as that of Jurin does to the second method. 

[10519a] 
* (4428) This remark of La Place is not correct, as we have already stated in 

[10012a, &c.]. 

Note.—The equation [10384o], of page 974, appears not to have received the final 

revision of the author, and to have been left in an imperfect state by the omission, at the end, 

of z", which has been subsequently inserted, together with the parentheses contained in the 

succeeding line, in which the signification of z" is defined. 
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